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FREIMAN’S THEOREM FOR SOLVABLE GROUPS

TERENCE TAO

ABSTRACT. Freiman’s theorem asserts, roughly speaking, if that a fi-
nite set in a torsion-free abelian group has small doubling, then it can
be efficiently contained in (or controlled by) a generalised arithmetic pro-
gression. This was generalised by Green and Ruzsa to arbitrary abelian
groups, where the controlling object is now a coset progression. We ex-
tend these results further to solvable groups of bounded derived length,
in which the coset progressions are replaced by the more complicated
notion of a “coset nilprogression.” As one consequence of this result, any
subset of such a solvable group of small doubling is is controlled by a
set whose iterated products grow polynomially, and which are contained
inside a virtually nilpotent group. As another application we establish
a strengthening of the Milnor-Wolf theorem that all solvable groups of
polynomial growth are virtually nilpotent, in which only one large ball
needs to be of polynomial size. This result complements recent work of
Breulliard-Green, Fisher-Katz-Peng, and Sanders.

1. INTRODUCTION

Define an additive set to be a pair (A, G), where G = (G, +) is an abelian
group and A is a finite non-empty subset of G; we shall often abuse notation
and refer to (A,G) just as A. Given two additive sets (A, G), (B,G), we
define the sumset A+ B := {a+b : a € A,b € B} and difference set
A—B:={a—b:a € A bec B}, as well as the reflection —A := {—a : a € A}.
We also define the iterated sumset kA := A+ --- + A for k > 1 (where k
summands appear on the right-hand side), with the convention 0A = {0},
and the iterated sum-and-difference-set

thA:=k(-Au{otud) = | jA-jA
3:3'>0
J+i'<k
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Define the doubling constant of an additive set (A,G) to be the ratio
|2A]/|A|, where |A| denotes the cardinality of A. We have the well-known
inverse theorem of Freiman [13] that classifies (up to constants) the sets of
small doubling in the integers:

Theorem 1.1 (Freiman’s theorem in Z). [13] Let (A, Z) be an additive set
of integers of doubling constant at most K for some K > 1. Then there
exists a generalised arithmetic progression P of rank Ok (1) and cardinality
|P| <k |A| which contains A.

See Section 1.2 below for the asymptotic notation used in this paper, and
Appendix A for the definition of a generalised arithmetic progression.

In [17], Green and Ruzsa generalised Freiman’s theorem to arbitrary
abelian groups:

Theorem 1.2 (Freiman’s theorem in abelian groups [17]). Let (4,G) be
an additive set of doubling constant at most K for some K > 1. Then
there exists a coset progression H + P of rank Ok (1) and cardinality |H +
P| <k |A| which contains A. (See Appendix A for the definition of a coset
progression.) Furthermore we have H + P C £0k(1)A.

This result was deduced from the following closely related fact (see [17,
Section 5]; the case G = Z was treated earlier in [5] and [24]):

Theorem 1.3 (Ruzsa-Chang’s theorem in abelian groups [17]). Let (A, G)
be an additive set of doubling constant at most K for some K > 1. Then
+4A contains a coset progression H + P of rank Ok (1) and cardinality
|H + P| >k |Al.

Indeed, one easily verifies (using the Ruzsa-Pliinnecke sum set estimates,
see e.g. [32, Chapter 2]) that an additive set (A, G) of doubling constant
at most K can be covered by Ok (1) translates (by elements in £5A4) of the
coset progression H + P C +4A identified in Theorem 1.3, and the union
of these translates can be contained in a slightly larger coset progression in
+0K(1)A. (See also [3, Section 6] for further discussion.)

Now we consider the analogous situation for non-abelian groups. Define
a multiplicative set to be a pair (A, G) where G = (G, -) is a multiplicative
group and A is a finite non-empty subset of G. We can define the product
set A-B :={ab:a € A b € B}, reflection A™! := {a7! : a € A}, the
iterated product set A* := A--. A, iterated product-quotient-set

A = (Au{1yua ),
doubling constant |A2|/|A|, and tripling constant |A3|/|A|, in exact analogy
with the additive case. We adopt the notation [] , A; := A;--- A, and
H'}:n A; == A, --- A; for multiplicative sets (A1,G),...,(An, G); note the

order of multiplication is important when G is not abelian.
It is also convenient to introduce the following definition.
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Definition 1.4 (K-control). Let K > 1. A multiplicative set (A, Q) is said
to be K-controlled by another multiplicative set (B,G') if G' is a subgroup
of G, if |B| < K|A|, and there exists another finite non-empty subset X of
G with | X| < K such that AC (X -B)N(B-X).

Remark: Observe that if (A4, G) is K-controlled by (B,G’) and B has dou-
bling constant at most K, then

|A-A|<|X-B-B-X|<K*B-B| <K?B|<K*A|.

Thus small doubling of A is implied by small doubling of B if A is controlled
by B. We also observe a transitivity property: if (A,G) is K-controlled
by (B,G"), and (B,G’) is K'-controlled by (C,G"), then (A,G) is KK'-
controlled by (C,G").

The coset progression H + P obtained in Theorem 1.3 can be easily shown
to Ok (1)-control A (viewing the ambient group G multiplicatively). Thus
we see that in the abelian case, sets of small doubling are controlled by coset
progressions. It is of interest to understand what the analogous controlling
sets are in non-abelian groups.

Our results in this paper will mostly be restricted to solvable groups. A
solvable group which is particularly easy to analyse (and which serves as a
simple model case for our more general results) is the lamplighter group:

Definition 1.6 (Lamplighter group). Let F% be the additive group
F% = {(2;)icz : v; € Fo for all i € Z},

where Fy is the field of two elements, and let (F%)qy be the finitely generated
subgroup of FZ consisting of those sequences (z;)icz with at most finitely
many x; non-zero. Let T : F% — FQZ be the shift automorphism T(x;);cz =
(zi_1)icz; this preserves (F%)q. The extended lamplighter group Z x F% is
the set {(n,x) : n € Z,z € FZ} with the group law

(n,z) - (n',2') = (n+n', T (z) + ).

The lamplighter group Z x (F2Z)0 is the subgroup of Z X Fg in which the
second coordinate lies in (FZ)o.

Our first main result, which we prove in Section 2, classifies all sets of
small doubling in the lamplighter and extended lamplighter groups up to
constants.

Theorem 1.7 (Freiman’s theorem for the lamplighter group). Let (A, Z x

FQZ) be a multiplicative set of doubling constant at most K for some K > 1.

Then A is Ok (1)-controlled by a set B which is of one of the following forms:
1.) B ={0} x V for some finite-dimensional subspace V of FZ.

2.) B={(n,¢(n)+v):nc PwveV}, whereV is a T -invariant finite-

dimensional subspace of FQZ for some d > 1, P C dZ is a generalised

arithmetic progression of rank Ok (1), and ¢ : P — F% is a function
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whose graph n +— (n, $(n)) Freiman isomorphism modulo V' in the
sense that

(n1,0(n1)) - (n2, d(n2)) = (n3, d(n3)) - (n4, ¢(n4)) (mod V)
whenever ni,ny,ng,ng € P are such that n1 + ny = n3g + ng.

If A C Z x (F%)o, then one can take V to be a finite-dimensional subspace
of (F%)o in Case 1, and can take V to be trivial in Case 2.

Remark: In the converse direction, it is easy to see that the sets B of the
above form have small doubling, and thus any set controlled by them does
also. This result strengthens an earlier result of Lindenstrauss [21], who
showed that the lamplighter group does not admit a Fglner sequence of
sets of uniformly small doubling constant. Note that while FQZ contains
plenty of finite-dimensional invariant subspaces (e.g. the space of L-periodic
sequences for some fixed period L), (F%)o contains no non-trivial invariant
subspaces, which helps explain why the situation is simpler in that case. In
view of the above theorem, it seems of interest to classify all possible Freiman
isomorphisms from generalised arithmetic progressions into (F%)g (or into
F2Z modulo an invariant subspace V'), but this appears to be a somewhat
difficult task.

Now we turn to more general solvable groups. We will also consider a
special subclass of solvable groups, which we will call “totally torsion-free
solvable groups”:

Definition 1.9 (Totally torsion-free solvable group). Let G = (G,-) be a
group. The derived series GO > G > ... of G is formed by setting
GO .= @ and Gt .= [G(i),G(i)] fori=20,1,...; observe that these are
normal subgroups of G. A group is solvable if G is trivial for some I,
known as the derived length of G. A group G is torsion-free if every non-
identity element in G has infinite order (thus if a € G and a"™ =1 for some
non-zero n, then a = 1). A solvable group G is totally torsion-free if G/G(i)
is torsion-free for every i.

Example 1.10. The axz + b group of affine transformations x +— ax + b is
a solvable group of derived length 2 which is totally torsion free. However,
if one considers the subgroup G of transformations x — ax + b in which a
is a power of 3, and b is an integer divided by a power of 3, then this group
s still solvable of derived length 2, and is torsion-free, but is mo longer
totally torsion-free. Indeed, one easily verifies that |G, G| consists of the
translations x — x + b in which b is an even integer divided by a power of
3, and thus G/G(l) contains elements of order two (e.g. the image of the
translation x — x + 1).

Next, we need to generalise the notion of a coset progression to the vir-
tually nilpotent setting.
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Definition 1.11 (Coset nilprogression). Let G = (G, -) be a group and 1 >0
be an integer. For each1 <i <1, letr; > 0 be an integer, let H; o = (H;0,+)
be a finite abelian group, and let H;; := {—N;j,...,N;;} for 1 <j <y be
intervals. Suppose we have maps ¢;; : H; j — G for 0 < j < r; obeying the
following properties, where we abbreviate

Ai = ¢io(Hip) - i (Hip,); Asii=Ap--- A
e foralll<i<land 0<j <r;, we have
(1) 5i5(0) = 1.
o Forany1<i<1,0<j<ry andn,n’ € H;j withn+n' € H,;,
we have
(1.2) i j(n)dij(n') € Asit1 - dij(n+n').
o Foranyl1<i<1,0<j,j <r;,né€H;; andn' € H; 1, we have

(1.3) (03,5 (n), dijr(n')] € Asita.

e Foranyl <i <1 <1,0<j<r,0<j <ry, neH, and
n' € Hy ji, we have

(1.4) [pwrj(n), dij(n)] € Asiv1 - dio(Hio) - Dimax(i—1,0)(Himax(j—1,0))-

Then we refer to the multiplicative set

(A>1,G) = (f[ ﬁ bij(Hij), G)

i=l j=0
as a coset nilprogression of derived length [, ranks r1,...,7r;, and volume
H£:1 H;;O |H; j|. (If 1 =0, we adopt the convention that A>1 = {1}.)
If the groups H; o and maps ¢; o are trivial, we refer to the coset nilpro-
gression stmply as a nilprogression.

Examples 1.12. The only coset nilprogression of derived length 0 is {1}.
A set (A, G) is a coset nilprogression of derived length 1 and rank r if and
only if it is a coset progression of rank r in an abelian subgroup of G (which
we view additively). The sets B in Case 2 of Theorem 1.7 are coset nil-
progressions of derived length 2 and ranks 0,7, where r is the rank of the
underlying generalised arithmetic progression P. If G is a 2-step nilpotent
group, e1,es € G, and N > 1, then the set

A= {[61,62]7“267111632 N1, Ng,Nig € Z; \n1|, ’ng‘ S N; ‘77,12’ § 100N2}

is a coset nilprogression of derived length 2 and ranks 1,2. If (A,G) is a
coset nilprogression of derived length | and ranks r,...,7;, and 0 — H —
G' — G — 0 is a finite abelian extension of G (thus one has a projection
homomorphism © : G' — G with kernel isomorphic to the finite abelian
group H) then (7=1(A),G") is a coset nilprogression of derived length | + 1
and ranks ri,...,r,0.
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Example 1.13. The following examples were contributed by Harald Helf-
gott. Let p be a large prime, let F' = F}, be the finite field of p elements, and
G C SL3(F) be the group of upper-triangular 3 X 3 matrices of determinant
one and coefficients in F'; this is a solvable group of derived length 3. Then

the set
k

rf oz y
A= 0 sk z cx,y, 2z € F;—N<EkEZN»,
0 0 (rs)~*

where N > 1 is an integer and r,s € F\{0} are invertible elements, is a
coset nilprogression of derived length 3 and ranks 1,0,0. Indeed, we have
HLQ = {1}, H171 = {—N,. . .,N}, H270 = F2, H370 = F with

k0 0
prak):=(0 s& 0
0 0 (rs)™*
1 = 0
p20(x,y) =10 1 y
0 01
1 0 =z
qbg,o(z) = 0 1 0
0 0 1
In a similar spirit, the set
r* ms oy
A= 0 rk z Yy, z€F;—-M<m<M;—N<EkE<N
0 0 r2

for integers N, M > 1, r € F\{0}, and s € F is a coset nilprogression of
derived lengths 3 and ranks 1,1,0 with Hyio = {1}, H;; = {—N,...,N},
Hyo=F, Hy={-M,...,M}, and H3 g = F; we leave the construction of
the ¢; ; to the interested reader.

Remark: The property of being a coset nilprogression is preserved under
Freiman homomorphisms' of sufficiently high order. We will use this fact
implicitly in Section 4, when we lift a coset nilprogression from one group
G’ to an extension G of that group. Also, given that doubling constants
are preserved by Freiman isomorphisms, it is reassuring to know that coset
nilprogressions are also, if one seeks to relate the former concept to the
latter.

Remark: In the case that G is totally torsion-free, we will be able to replace
coset nilprogressions by nilprogressions throughout this paper. However,
the cosets appear to be necessary once this hypothesis is dropped. On the

LA Freiman homomorphism ¢ : A — A’ of order k from one multiplicative set (A, G) to
another (A’,G) is a map ¢ : A — A’ such that ¢(a1)--- ¢(ax) = ¢(b1) - - ¢(bx) whenever
ai,...,ak,b1,...,br € A are such that a1 ---ax = by -+ - bg.
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other hand, it is plausible to conjecture that one could be able to gather
together all the finite groups in a coset nilprogression and quotient them
out. More precisely, one could conjecture that every coset nilprogression is
controlled by a set A containing a finite subgroup which is normal in A,
and such that after quotienting out by this normal subgroup, one obtains
a standard nilprogression without any cosets. (Similar conjectures have
also been advanced by Harald Helfgott and by Elon Lindenstrauss (private
communications).) The results in this paper do not establish this fact, but
it is plausible that a refined analysis along these lines could establish this
sort of result.

Just as coset progressions are model examples of abelian sets of small
doubling, coset nilprogressions turn out to be model examples of (solvable)
small doubling:

Lemma 1.16 (Polynomial growth of nilprogressions). Let (A, G) be a coset
nilprogression of derived length | and ranks r1,...,r;. Then we have

for alln > 1.

We prove this lemma in Section 3. The main result of this paper is the
following converse to the above proposition in the solvable case:

Theorem 1.17 (Freiman’s theorem for solvable groups). Let (A,G) be a
multiplicative set in a solvable group G of derived length at most 1 and of dou-
bling constant at most K for some K,l > 1. Then there exists a coset nilpro-
gression (A', G) of derived length | and all ranks O (1) and volume ~f ; | Al
which Op (1)-controls (A, G). Furthermore we have A’ ¢ A*Oxi(1),

If G is totally torsion-free, we can ensure that A’ is a nilprogression rather
than a coset nilprogression.

Remark: Our proof of Theorem 1.17 is completely effective, and in prin-
ciple one could write down explicit values for the bounds O ,(1) given
above. However, due to our reliance on tools such as the Szemerédi regu-
larity lemma, the bounds are incredibly poor (roughly speaking, they are
an [-fold iterated tower exponential in K), and so we do not attempt to
quantify them here.?

2Note added in proof: thanks to recent improvements in additive combinatorics tech-
nology, in particular the lemmas in [6] and [27], one could avoid use of the regularity
lemma here and obtain bounds which are “merely” of iterated exponential type rather
than iterated tower-exponential. However, there are still exponential losses in these lem-
mas and so even if one optimistically assumes a “polynomial Freiman-Ruzsa conjecture,”
these methods do not seem to lead currently to polynomial bounds. On the other hand,
in the case of solvable linear groups over C, the recent results in [2] only have exponential
losses in the constants, while for simple linear groups the best results are polynomial in
nature (see [4], [15], [23], and [34] for the most recent results in this highly active area),
and so it is conceivable that some refinement of these techniques could eventually lead
to polynomially quantitative results, conditionally on a polynomial Freiman-Ruzsa type
conjecture.



144 TERENCE TAO

Remark: Theorem 1.17 generalises Theorem 1.3 (which is basically the [ = 1
case). It is not a completely satisfactory description of the sets of small
doubling in a solvable group, because we do not have a completely explicit
classification of coset nilprogressions; this problem is analogous to the prob-
lem of classifying the Freiman isomorphisms appearing in Theorem 1.7 (and
broadly analogous to the infamous extension problem for groups, in particu-
lar having a similar “cohomological” flavour), and will not be pursued here;
see however [3] for some relevant recent progress in this direction.

In spite of the above deficiencies, we can use Theorem 1.17, together with
some basic properties of coset nilprogressions, to establish some non-trivial
applications. For instance, we have the following result, proven in Section
3:

Lemma 1.20 (Virtual nilpotency of nilprogressions). Let (A, G) be a coset
nilprogression of derived length | and ranks r1,...,r;. Then the group (A)

is nilpotent of step Oy .. (1) and is generated by Oy, ... r,(1) generators.

If (A,G) is a nilprogression rather than a coset nilprogression, then (A)
is itself nilpotent of step Oy, . r,(1) and is generated by Oy, . (1) gener-
ators.

Remark: Lemma 1.20 is not terribly surprising, in view of Lemma 1.16,
and the close connection between polynomial growth and virtual nilpotency
(see [18, 22, 35]). As mentioned in Remark 1.15, one could conjecture a
stronger result than Lemma 1.20, namely that A is Oy, (1)-controlled
by a set which becomes a nilprogression of rank and step Oy, (1) after
quotienting out by a normal subgroup.

Combining Lemmas 1.16 and 1.20 with Theorem 1.17, we conclude

Corollary 1.22 (Freiman’s lemma for solvable groups). Let (A,G) be a
multiplicative set in a solvable group of derived length at most I, and a
doubling constant of at most K. Then there exists subgroups N < H < G,
with N nilpotent of step Ok (1) and generated by O (1) generators with
index O (|A|9% (1)) in H, such that A is O (1)-controlled by a subset A’
of H. Furthermore we have A’ C ATOri(1) and |(A)*"] <) nOxi] A
for alln > 1.
If G is totally torsion-free, one can take H = N.

This theorem asserts, roughly speaking, that any set of small doubling in
a solvable group is controlled by a subset of a virtually nilpotent group of
bounded rank. It is analogous to Freiman’s lemma [14] that an additive set
in a torsion-free abelian group of small doubling is contained in a subgroup
generated by a bounded number of generators. Again, one could conjecture
that stronger results hold.

In a similar spirit, we have the following result, proven in Section 8:
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Theorem 1.23 (Milnor-Wolf type theorem). Let G be a solvable group of
derived length at most [, let S be a finite set of generators for G. For any
r >0, let Bg(r) := S*) be the ball of radius r. Suppose that |Bs(R)| < R?
for some d >0 and R > 1. If R is sufficiently large depending on l, d, then
G is virtually nilpotent. More specifically, G contains a nilpotent subgroup
N of step Oy q(1) and index O(RC-¢(M). Furthermore, we have the bound

|Bs(r)| <ipq rOa)
for all T > R.

This strengthens a classical theorem of Milnor [22] and Wolf [35], which
asserts that any solvable group of polynomial growth must be virtually nilpo-
tent; the above result gives a more quantitative version of that statement,
which only requires polynomial growth at a single (large) scale, and gives
some control on the nature of the virtual nilpotency. As one consequence of
this stronger statement, we see that balls in solvable groups cannot transi-
tion from polynomial growth to non-polynomial growth at large scales.® In
view of Gromov’s celebrated theorem [18] that extends the Milnor-Wolf the-
orem to arbitrary finitely generated groups of polynomial growth, it seems
of interest to ask whether there is an analogue of Theorem 1.23 for groups
that are not necessarily solvable.? (It may also be that Corollary 1.22 can
similarly be generalised to non-solvable groups.)

Finally, we mention two auxiliary results, which were established in this
paper in order to prove the above theorems, but which may have some
independent interest. In Proposition B.5 we establish a variant of Sark6zy’s
theorem, which roughly speaking will state that if an additive set is densely
contained inside a coset progression, then some iterated sumset of that set
will itself contain a large coset progression. In Proposition C.3 we show that
every multiplicative set A of bounded doubling controls a large set whose
iterated sumset is mostly contained in A - A~!; the point here is that the
number of iterations can be taken to be rather large.’

1.1. Connections with other non-abelian Freiman theorems. The
work here complements some recent work in [2], [3], [12], and [26]. For in-
stance, the Freiman-type theorems here essentially reduce the study of sets
of small doubling in the (virtually) solvable case to the (virtually) nilpotent
case. The latter case is then studied further in [3], [12]. For instance, in
[12] it was shown (by many applications of the Baker-Campbell-Hausdorff
formula) that if A was a multiplicative set of small doubling inside a simply
connected nilpotent Lie group G of bounded step, then the logarithm of A

30f course, the reverse transition from non-polynomial growth to polynomial growth is
easy to attain. Consider for instance a large finite group generated by a set whose Cayley
graph has large girth; balls in this group grow exponentially at first, but are ultimately
constant.

4Note added in proof: this question has now solved affirmatively; see [29].

5Note added in proof: this result has since been significantly strengthened, see [6, 27].
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(which can be viewed as an additive set in the Lie algebra of G) had small
(additive) doubling and could thus be controlled by the additive Freiman
theorem. This analysis was then taken further in [3], in which it was shown
that if A was a multiplicative set of small doubling inside a torsion-free nilpo-
tent group of bounded step, then A was controlled by a nilpotent progression,
which is a special case of the coset nilprogressions studied here, but with
significantly more structure. More precisely: the torsion components H; g
are trivial, the ¢; ; are homomorphisms ¢; j(n) := €';, the generators e; ;
are formed as commutators of a list eq,...,ex of base generators (ordered
in a standard fashion), and the lengths N;; are products of base lengths
Ni, ..., N, where the exponents correspond to the weight of each base gen-
erator in the commutator e; ;; see [3] for further discussion. These results
combine well with our results in the case when G is totally torsion-free, in
which case they assert that any multiplicative set in G of bounded doubling
is controlled by a nilpotent progression. The situation seems to be more
complicated however in the presence of torsion, as this seems to generate
some non-trivial “cohomology.”

In a somewhat different direction, the work of [26] relates sets of polyno-
mial growth (thus |A"| < n?|A| for all large n) with balls in a translation-
invariant pseudo-metric, in the case when G is a monomial group (a concept
which overlaps with, but is not entirely equivalent to, that of a solvable
group). Note that the nilpotent progressions studied in [3] are essentially
balls of this type. This provides part of an alternate path to non-abelian
Freiman theorems, although the precise connection between small doubling
and polynomial growth is not well understood yet, except in the abelian
(and nilpotent) settings, where one can pass from one to the other fairly
easily.

The results of [3] have been extended very recently to linear solvable
groups in [2]| (private communication).

1.2. Notation. We use the asymptotic notation X < Y,Y > X or X =
O(Y) to denote the estimate |X| < CY for some absolute constant C, and
X ~Y for X < Y <« X. We will often need the implied constant C' to
depend on one or more parameters, in which case we shall indicate this by
subscripts unless otherwise noted, thus for instance X <k Y means that
|X| < CkY for some quantity Cx depending only on K.

We combine the above asymptotic notation with the sumset and product
set notation, e.g. Ok (1)A denotes an iterated sumset kA = A+ --- 4 A for
some k = Ok (1), etc.

Because we wish to reserve AF for the k-fold product set A---A of a
set A, we will use the notation A®* to denote the k-fold Cartesian product
AX - x A

Given a subset A of a group G, we use (A) to denote the group generated
by A.
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Let G = (G,+) be a group. The commutator [g, h] of two group elements
g,h € G is defined as [g,h] := ghg~'h™!. The commutator [H, K| of two
subgroups H, K < G is defined as the group generated by the commutators
[h,k] for h € H,k € K. The lower central series G = G1 > Gy > --- of a
group G is defined recursively by G1 := G and G;41 := [G, G;]; a group G is
nilpotent of step at most s if Ggy1 is trivial. A group is virtually nilpotent
if it has a nilpotent subgroup of finite index.

2. THE LAMPLIGHTER GROUP

We now prove Theorem 1.7, which is a much simpler result than Theorem
1.17 but already contains some of the key ideas, most notably a focus on
analysing group actions of a multiplicative set A on an additive set E which
have small “doubling constant” in some sense.

In view of Lemma A.4(i) (and the transitivity property mentioned in
Remark 1.5), we may assume without loss of generality that A is a K-
approximate group (see Definition A.2), rather than merely a set of small
doubling. We allow all implied constants to depend on K, and henceforth
omit the dependence of K in the subscripts.

Let 7 : Z x FZ — Z be the canonical projection, thus ker(r) = F% is
abelian. By Lemma A.5(i), 7(A) C Z is also a K-approximate group. By
Theorem 1.3 (or from the results in [24] or [5]), w(A) is controlled by a
generalised arithmetic progression P C 7(A*) of rank O(1). In particular,
()] ~ |P].

Let C > 1 be a large constant depending on K to be chosen later. By
dropping all small dimensions of P, we may assume that all dimensions
Ni,...,N, of P are at least C. We may also of course assume that the
generators v1,..., v, of P are non-zero.

By Lemma A.5(iii), (ker(7)NA)3 C FZ is a O(1)-approximate group of
cardinality ~ |A|/|P]; by Theorem 1.2 (or Ruzsa’s Freiman theorem [25]) we
can thus find a subspace W of F% containing (ker(m) N A'09)3 of cardinality
~|Al/|P|.

Consider the set E := ker(m)NA?Y. Clearly E C W. From Lemma A.5(ii),
we have |E| ~ |W|. Also, if v € P, we see on conjugating E by an element
of A*N 7= t({v}) that T¥(E) C ker(m) N A?® C V. Thus for 0 < n < C, the
linear space

W,, = Span( U Ta1v1+Farvy (E))

—n<ai,...,ar<n

is a subspace of V' of cardinality ~ |W|. These spaces are also non-decreasing
in n. By the pigeonhole principle (and the fact that finite-dimensional sub-
spaces of W have cardinality equal to a power of 2), we thus conclude (if
C' is large enough) that there exists 0 < n < C such that W,, = W, ;.
Setting V' := W,,, we conclude that |V| ~ |W| ~ |A|/|P|, that V contains
ker(m) N A%°, and V is invariant with respect to 7% for i =1,...,7.
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There are two cases. If 7 = 0, then |V| ~ |A], and from Lemma A.4(iii)
we see that V' O(1)-controls A? and hence O(1)-controls A, and we are in
Case 1. Now suppose instead that r > 0. Setting d > 1 to be the greatest
common divisor of the v1,...,v,, we conclude that V is T%invariant. Also
we have P C dZ.

Now consider the symmetric set B := V - (7~}(P) N A%). On the one
hand, from Lemma A.5(ii) we have 7(B) = P. On the other hand, since V'
contains ker(7) N A2 and is invariant under any shift arising from P, we see
that ker(w) N B* = V. We conclude that B takes the form

B=Jn¢n)+Vv

nepP

for some function ¢ : P — F% whose graph n — (n, ¢(n)) is a Freiman iso-
morphism modulo V' in the sense that (n1, ¢(n1))- (n2, ¢(n2)) = (n3, ¢(ns))-
(n4, ¢(ng)) (mod V') whenever ni,ng,n3,ng € P are such that ny + ny =
n3 4+ n4. This makes B into a O(1)-approximate group of size |P||V| ~ |A].
We thus see that B O(1)-controls 7~!(P) N A% which (by Lemma A.4(iii))
O(1)-controls A*, which O(1)-controls A, and we are in Case 2 as desired.

Finally, if A was initially in Zx (F%)g instead of ZxFZ, then we can repeat
the above arguments with F% replaced by (F%)o throughout. Since (F%)q
does not contain any non-trivial finite-dimensional T%invariant subspaces
for any d > 1, we obtain the final claims in Theorem 1.7.

3. PROPERTIES OF COSET NILPROGRESSIONS

We now prove a number of basic facts about coset nilprogressions stated in
the introduction, including Lemma 1.16 and Lemma 1.20 from the introduc-
tion. All the properties here are rather trivially true for coset progressions,
and the generalisation to coset nilprogressions is relatively routine, requiring
mostly a certain amount of “nilpotent algebra” bookkeeping.

It is convenient to introduce the following notion.

Definition 3.1 (Dilation). Let
1
A=T1]1] ¢is(His)
i=1 j=0
be a coset nilprogression of derived length | and ranks ry,...,r;. For any

tuple M = (M; j)i1<i<ii<j<r, Of nonnegative integers, we define the dilate
AM of A to be the set

1 r;
AM = T[T r(Hi )™
i=l j=0
with the convention that M; is always equal to 1.

We have the following basic estimates:
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Lemma 3.2 (Multiplication laws). Let A = (A, G) be a coset nilprogression
of derived length | and ranks r1,...,1, and let M = (M;j)i<i<i;1<j<r;s
M= (M] )1<i<iq<j<r; be tuples of nonnegative integers. Then we have
(3.1) AM . AM . pMAM

where M = (M; jh<i<ii<j<r; 15 of the form

M,j = M;; + Ol,rl,...,n( Z M; i + Z Z Mi’,j’)

J<j'<ri 1<4'<i 0<5/<ry

(again adopting the convention M; o = 1) and similarly for M'. In a similar
spirit, we have

(3.2) (AM)=1 = AM,

Proof. We begin with (3.1). The claim is vacuously true for | = 0, so suppose
inductively® that { > 1 and the claim has already been proven for [ — 1.
Next, we induct on (keeping [ fixed). If 1 = 0, then we can write

AM = (As)M . ¢y o(H1p), where Asy is a coset progression of derived
length [ — 1 and ranks rs,...,7;, and M is the truncation of M formed by
omitting the (empty) ¢ = 1 component of M and then relabeling. Thus
AMAM = (A50)M - 10(Hig) - (Az2)™ - $10(Hi o).
Let a € ¢1,0(Hi1 ), then from (1.4) we have
a-ij(Hij)-a™" C Asipr - dio(Hip) -~ ¢i(Hij)
forall 2 <i<land 1< j<r;, and similarly
a-¢ij(Hip)-a~' C Asiyr - ¢io(Hio) - ¢i0(Hip).
On the other hand, from (1.2) one has
(3.3) bi0(Hip) - ¢i0(Hio) C Asiv1 - ¢io(Hio).
By repeated application of the induction hypothesis, we thus conclude that

a-(Aso)™ a7l C (Az2)]\7,

if the constants used in the definition of M’ are chosen appropriately. We
conclude that

®io(Hip) - (AZQ)W C (As)™M" - ¢ 0(Hi )
and hence

AMAM — (As)M - (As)M' - $10(Hi ) - ¢1.0(Hip)-

6The reader may wish to work out some small cases by hand, e.g. [ =2, 71 =r2 =1, to
get a sense of what is going on here. The arguments here are similar to those that establish
that a group generated by a set .S is nilpotent of step s if all s+1-fold iterated commutators
of the generators vanish; there is a very similar “nilpotent” or “upper triangular” nature
to the algebra involved here.
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Using (3.3) and the induction hypothesis again, we obtain the claim (after
modifying the definition of M’ slightly).

The case 71 > 0 can be recovered from the inductively preceding case
r1 — 1 by a very similar argument which we omit (the only real differences
are that one uses (1.3) as well as (1.4), and we no longer have (3.3), and so
must allow the factors of ¢;,,(H;,,) to accumulate).

To prove (3.2), observe from (1.2) (setting n’ := —n) that

¢ij(Hij) ™' C ASiy, - ¢ij(Hiy)

forall 1 <¢ <land 0 < j <r; Iterating this repeatedly and then using
(3.2) we obtain the claim. O

From the above lemma and a routine induction argument we see that

(3.4) ATk A(kci’j)léisl;lgsm

for all £ > 1 and for suitable choices of constants ¢; ; depending only on
l,r1,...,r; (one wants ¢; ; to be decreasing in j, and very rapidly increasing
in ).

Now we cover AM by A.

Lemma 3.3 (Covering properties of coset nilprogressions). Let (A,G) be
a coset nilprogression of derived length | and ranks r1,...,r;, and let M =
(M; j)1<i<ii<j<r; be a tuple of non-negative integers. Then the set AM is
Oty (14 2221 Z;;l Miyj)olﬁn »»»»» n (M _controlled by A.

Proof. We allow implied constants to depend on [, 71, ..., 7;, and abbreviate
Zi’:l > jo1 M as [M|. As in Lemma 3.2, we induct on [, the [ = 0 case
being trivial. In view of (3.2), it suffices to show that AM C X - A for some
set X of size |X| < (1 + |M|[)°W.

First consider the case 11 = 0. Then AM = AY . ¢ o(Hyp), and the
claim follows from the induction hypothesis. Now suppose inductively that
r1 > 0, and the claim has already been proven for r; — 1.

Write my ,, := |Mi,,/2|. By repeated use of (1.2) (and (1.1)), we can
express any element of ¢ ., (Hy )71 as a word consisting of O(|M]) el-
ements of Ase or AZ3, O(|M]) instances of ¢, (m1) OF ¢1p (M1ry) Y,
and a single instance of an element of ¢y, (Hi ). Permuting these terms
using (1.3), (1.4), and Lemma 3.2, one eventually arrives at

¢1,7’1 (HLTl)Ml’Tl - {¢1,7‘1 (erl)n n= O(’MD}

j -'(z)lr (le )
A SiSB1<j<r; Pl 1
>2 :

The left-hand side here is the final term in AM . Inserting the above inclusion
and using (1.3), (1.4), and Lemma 3.2 repeatedly, one eventually obtains

AM {1 (my)" s n = O(M)} - (AOM - G1py (Hi )
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where A’ is the coset nilprogression formed from A by decrementing r; by
1 (thus dropping Hi,, and ¢1,,), and M’ is some tuple with all exponents
O(1 + |[M[)°®M . Applying the induction hypothesis we see that (A")M" c
X'+ A’ for some |X'| < (14 |M[)°M). Since A = A’ ¢y, (H1 ), We obtain
the claim. (]

Combining (3.4) and Lemma 3.3, we obtain:

Corollary 3.4 (Coset nilprogressions control their sumsets). Let (A, G) be
a coset nilprogression of derived length | and ranks r1,...,r;. Then for any

Remark: This corollary implies that coset nilprogressions behave very much
like Oy, .. (1)-approximate groups, though they are not quite so, mainly
because coset nilprogressions are not quite symmetric (cf. (3.2)).

It is clear that Lemma 1.16 is an immediate consequence of Corollary 3.4.
Now we turn to Lemma 1.20. We begin with a purely algebraic lemma.

Lemma 3.6 (Finite extensions of nilpotent groups are virtually nilpotent).
Let G be a nilpotent group of step s generated by k generators, and let G' be
a finite extension of G, thus one has the short exact sequence

0—-H—-G —-G—0

for some finite abelian group H. Then G’ contains a subgroup N of index
O, x(|H|) P+ which is nilpotent of step s generated by O (1) generators.

Proof. We allow all implied constants to depend on s, k. We may view H as
a normal subgroup of G', with G = G'/H. Let 7 : G’ — G be the projection
map, and eq,...,e, be a set of generators for G. We lift each e; up to an
element e € 7 1({e;}) of G'.

Since H is abelian, we see that the conjugation action of G’ on H descends
to an action p : G — Aut(H) of G on H. Let us first consider the special
case when p is trivial, or equivalently that H is a central subgroup of G’;
since G is nilpotent of step s, this makes G’ nilpotent of step s + 1, with
the (s + 1)"" commutator group G’ 41 in the lower central series contained
in H. Then we set N to be the group generated by {gM”G/SH‘ : g € G} for
some large integer M = O(1). On the one hand, 7(N) is clearly a normal
subgroup of G, and G/m(N) is an M!|G’,  ;|-torsion nilpotent group of step s
generated by k generators, and thus 7(N) has index Oy (|H|?M) in G; since
G’ is an extension of G by H, we conclude that N has index Oy (|H|M) in
G’. On the other hand, the (s 4 1)"* commutator group of N is generated
by s + 1-fold commutators of gM'IGs+1l for ¢ € G'. By repeated use of the
commutator identity

(3.5) [zy, 2] = [x, [y, 2llly, 2][, 2]
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and exploiting the nilpotency of G’, we see that we can express any such
s + 1-fold commutator in the form
P P
fi 1(n) 'fJJ(n)

for some fi,...,f; € G\, and some polynomials Py(n) of degree O(1)
whose coefficients have numerator and denominator O(1), and with vanish-
ing constant term. Setting n := M!|G_ | for M = O(1) large enough and

using Lagrange’s theorem f IGonl = 1 for all f € G, we see that these
commutators vanish, and so NN is nilpotent of step s. This concludes the
claim when p is trivial.

To handle the general case when p is non-trivial, we need a key claim:
given any e € G and h € H, there exists an integer 1 < n < |H|O(1)
depending on e, h such that the normal subgroup N~ of G generated by e
fixes the element h (with respect to the action p). To see this, observe from
the nilpotency of G that Nen is generated by O(1) iterated commutators,
each of the form

(3.6) [...[e" eql] - €]
for some 0 < r < s and 1 <iy,...,4, < k. By repeated use of the commu-
tator identity

[zy, 2] =[x, [y, 2]]ly, 2] [z, 2]
and exploiting the nilpotency of G, we see that we can express (3.6) in the
form

flPl (n) . 'ffJ(n)

where J = O(1), fi,...,fs depend on e, e;,...,e; but are independent
of n, and the Pj(n) are polynomials of degree O(1) whose coefficients are
rationals of numerator and denominator O(1). Furthermore, since (3.6)
vanishes when n = 0, we can ensure that P;(0) = 0 for all j.

For each 1 < 5 < J, we see from the pigeonhole principle applied to the
sequence h, p(f;)h, p(fj?)h, ... that there exists an integer 1 < n; < |H| such
that p(f™)h = h. If we set n := M!n;---ny for some sufficiently large
integer M = O(1) (so that n = O(|H|9W)), we see that P;(n) is a multiple
of n;j for each 1 < j < J, and thus all of the commutators (3.6) fix h. Since
these commutators generate Nen, the claim follows.

Next, we lift each e; arbitrarily up to some element e} € n1({e;}). Since

the s + 1-fold iterated commutators of eq, ..., e, vanish, we have
(3.7) [.., [6;1, 6;2], .. ,egsﬂ] =t hiy, i, €EH
for all 1 <q,...,i541 < k and some h;,,. ;... € H.

By the claim just proven (and taking least common multiples), we can
find an integer 1 < n < |H|O(1) such that Ne» fixes all of the h;, i ., or
equivalently that h;, . ; ., is centralised by F_l(Ne?). Since the 77_1(]\7@?)
are normal, they also centralise h;, . ; ... If we let H " < H be the normal
subgroup of G’ generated by h;,,. ;. ., and all its conjugates, we thus see
that H' is centralised by each of the F_I(Ne?).
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If we now let N be the subgroup of G’ generated by (e})", ..., (e})", then
we see that each of the (e})™ centralise H', and so N centralises H. The
claim now follows from the case of trivial p discussed at the beginning of the

proof. O

Remark: If H is not abelian, then one can obtain a weaker version of Lemma
3.6 in which the index of N is only shown to be O(|H|)°°eIH) rather than
O(|H|)°™M. We sketch the proof as follows. The conjugation action of G’
on H yields a homomorphism ¢ from G’ to Aut(H). On the other hand, a
greedy argument shows that H is generated by O(log |H|) generators, and
so |Aut(H)| = O(|H|)®Ues ) Thus the kernel of ¢—i.c. the centraliser
Ce/(H) of H—has index O(|H|)?UgH) "and so the projection 7(Cer(H))
of this centraliser has index O(|H|)?°glH]) in G’. An easy application of
the pigeonhole principle then yields a positive integer N; = O(|H|)OUogH)
for each 1 < i < k such that (e})"i lies in this projection. The group G’
generated by (e})Ni has index O(|H|)?U0°8HD) in G’. Thus, replacing G’ by
this group if necessary (and replacing H by G'NH, and G by ﬂ(é/ )), we may
assume that all the e; centralise H, i.e. H is central, and we can now argue
as in the case of trivial p as before. The author does not know, however, if
the full strength of Lemma 3.6 holds in the non-abelian case.

Now we can prove Lemma 1.20. We begin with the case of coset nilpro-
gressions. We induct on the derived length [ of the coset nilprogression, as
the case | = 0 is vacuous. We allow all implied constants to depend on
l,r1,...,r;. We expand

A=¢ro(Hio) - dur(Hyp,)  Aj—1- - Ar.

Observe from Definition 1.11 that ¢;o(H; ) is a finite abelian subgroup H
of G that is normalised by (A), and that ¢;o(Ho) - ¢1r,(Hr,) generates
a larger abelian subgroup V' of G that is also normalised by (A). Observe
that H C A, so in particular |H| < |A].

Let m: (A) — (A)/V be the quotient map. Observe that m(A;_1--- A1)
is a coset nilprogression of derived length [ — 1, ranks rq,...,7;_1, and car-
dinality O(|A]), which generates the group (A)/V. Applying the induction
hypothesis, we conclude that (A)/V contains a nilpotent subgroup N of step
O(1), index O(|A|°M), and generated by O(1) generators.

The group (A)/H projects onto (A)/V in the obvious manner; pulling
back N, we obtain a subgroup N’ of (A)/H which still has index O(|A|7M).
Since V/H has O(1) generators, we see that N’ is generated by O(1) gener-
ators; as IV is nilpotent of step O(1), we see from (1.3) and (1.4) that N’ is
also nilpotent of a slightly larger step O(1).

Finally, as (A) projects onto (A)/H, we can pull N’ back to a subgroup
N" of (A) of index O(|A|°M). Applying Lemma 3.6 to the short exact
sequence

0—-H—N'—-N -0
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we obtain the claim.

In the case of nilprogressions, all finite abelian groups are trivial, and
an inspection of the above argument shows that we can take N = (A)
throughout the argument (as there is never any need to pass to a subgroup
of finite index). Indeed, the claim is significantly simpler in this case (Lemma
3.6 does not need to be invoked). We leave the details to the reader.

4. THE KEY PROPOSITION

In this section we state the key proposition, describing sets of small “dou-
bling” with respect to the action of an approximate group, and show how it
implies Theorem 1.17.

Proposition 4.1 (Key proposition). Let G = (G,-) be a multiplicative
group, and V = (V,4) be an additive group. Let p : G — Aut(V) be an
action of G on V, let K > 1, let A be a K-approximate group in G, and let
E be a centred subset of V' (see Appendixz A for definitions). Suppose also
that

(4.1) p(A%)(2E)| < K|E|
where
p(A)(E) = {p(a)(v) : a € A;v € B},
Then there exists a coset progression
H+P=H+{nuvi+- +n0,:0a; €Z,|ni|] <N; foralll <i<r}
in'V of rank r = Ok (1) and
Ny >Ny >--- >N,

that contains E with

(4.2) |H||P| <k |E|,
as well as a centred subset A’ of A with
|A'| >k |A]

such that for every a € A', we have p(a)(H) = H and
p(a)vj = haj+ najiv1 + -+ Najj-10j-1 + )
for all1 < j <71 and some hg; € H and integers ng;; for 1 <i <j—1
with
|na,j,¢] <LK NZ/N]
Furthermore we have H + P C Ok (1)p(A%)(2E).

Remark: In the converse direction, if G,V,p, K, H, P are as in the above
proposition, A’ C G, and E C H+ P obeys (4.2), then it is not hard to verify
that |p(A’)(2F)| <k |E|. Thus, up to constants, and the refinement of A6
by a multiplicative factor, the above proposition is a tight description of sets
E which have small “doubling” with respect to an approximate group A.
The conclusion of this proposition can be viewed as a quantitative assertion
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that the action of A’ on E is “virtually unipotent.” The exponents 8 and 16
can certainly be lowered, perhaps all the way to 2, but we will not attempt
to do so here.

In the remainder of this section we show how this proposition implies
Theorem 1.17. To begin with we do not assume that G is totally torsion-
free, and discuss at the end of the section what changes when this additional
assumption is added.

We induct on I. The case” | = 1 follows from Theorem 1.3, so suppose
that [ > 2 and that the theorem has already been proven for [ — 1.

Fix A,G,l, K; we allow all implied constants to depend on K,I. By
Lemma A.4(i) we may assume without loss of generality that A is a O(1)-
approximate group.

Let GO be the I commutator group in the derived series G = G,
G =[G, W], thus G is an abelian normal subgroup of G. Write
G’ == G/GW, thus G is an abelian extension of G’ (which is solvable of
derived length at most I — 1) by some abelian group V = (V,+) = G,
which we view additively. Let 7 : G — G’ be the projection map. We shall
abuse notation and identify ker(7) with V.

As in Section 2, we define E := ker(7) N A?°, thus by Lemma A.5 E is a
centred subset of V' of cardinality |E| ~ |A|/|m(A)|. The group G acts on V

by conjugation:

p(g)(v) == gvg™",

and we have
p(A®)(2F) C ker(m) N A
and thus by Lemma A.5
|p(A%)(2E)| ~ |E.
Applying Proposition 4.1, we can find a coset progression
H+P=H+{nvi+--+n0,:0a; €Z,|n;|] <N foralll<i<r}

in V of rank r = O(1) and

N1 >Ny >--- >N,
that contains F with
(4.3) [HI|P| ~ |E|

and a centred subset A’ of A0 of cardinality |A’| ~ |A| such that for every
a € A, we have

(4.4) pla)(H) = H
and
(4.5) pla)vj = haj +naj1v1 + -+ N jj-10j-1 + v

"One could also use [ = 0 as the base case for the induction.
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forall 1 < j <r and some h,; € H and integers n, ;; for 1 <i < j—1 with
Na,j,i| < Ni/Nj.

Furthemore we have H + P C O(1)p(A2?)(E). In particular, H + P C
vV n AW,

By (4.5), the additive group (H + P) < V generated by H + P is invariant
under the action of (A’) < G generated by A’; in particular, (A") now acts
on the quotient space V/(H + P). This action is not necessarily trivial, but
we can stabilise the most important portion of this action as follows. More
precisely, let C' > 1 be a large integer (depending on K,[) to be chosen
later, and consider the set V' N A®. By Lemma A.5, this set has cardinality
Oc(|E)), and the sumset (V N AY) + H + P also has cardinality O¢(|E|).
Since the coset progression H + P itself has cardinality O(|E|), we conclude
that V N A® can be covered by O¢(1) translates of H + P. In particular, if
we let S C V/(H + P) denote the image of V' N A® under the quotient map
wgep:V — V/{(H + P), we conclude that |S| <¢ 1.

Let Stab(S) denote the subgroup of (A’) which fixes every single element
of S. We claim that this stabiliser group has large intersection with (A’)2,
and more precisely that the set

|Stab(S) N (A")?| >c¢ |A].

To see this, consider the action of A’ on S. Since A’ C A6, we see that
the image of S under this action must lie in the set mgp(V N ACHOM),
which has cardinality O¢ (1) by the same argument used to bound |S|. Thus
there are only O¢ /(1) possible combinations for the way that a given element
a € A’ can act on S. By the pigeonhole principle, we can thus find a subset
A" of A" of size |A”| >¢ |A’| ~ |A] such that the action of any two elements
of A” on a single element of S are identical. This implies that any element
of A” - (A”")~! must lie in Stab(S) N (A’)2, and the claim follows.

Next, we claim that (Stab(S) N (A4’)*)? can be covered by O(1) translates
of Stab(S) N (A")%. To see this, let X C (Stab(S) N (4")*)? be a maximal
set such that the dilates X - (Stab(S) N (A4’)?) are disjoint. This implies in
particular that the dilates X - A’ are disjoint. But this dilates also lie in
(A" c A, Since |A'4|,|A’| ~ |A|, we conclude that |X| = O(1). By
maximality, we see that

(Stab(S) N (A))? c X-(Stab(S) N (4)?) N (Stab(S) N (4")?)
C X-(Stab(S) N (4")%)
and the claim follows.

Now let B := 7(Stab(S) N (A")*). From the above discussion we see that

(B,G) is a centred set of doubling constant O(1). (A key point here is

that the doubling constant of B is uniform in C.) On the other hand, from
Lemma A.5 we have

|B] > [Stab(S) N (A)Y] / (JA]/ [m(A)]) >c |r(A)].
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Since G’ is solvable of derived length at most [ — 1, we may apply the
induction hypothesis and find a coset nilprogression

B' ¢ B°W ¢ r(Stab(S) N (4")°W)

of derived length [ — 1, ranks r1,...,7-1 = O(1), and volume ~¢ |7(A4)]
which O(1)-controls B, and in particular has cardinality |B’| >¢ |7 (A)].

Observe that as V is abelian, the action of G on V' descends to an action
of G’. In particular, the elements of B’ act on V, and preserve (H + P), thus
also act on V/(H + P). By construction, all elements of B’ also preserve
each element of S.

We have obtained a coset nilprogression B’ in G’ that relates to m(A); we
now need to build a coset nilprogression A’ in G that is similarly related to
A. By Definition 1.11, we have

1 ri
B =[] [I¢15(H:y)

i=l—1j=0
for finite abelian groups H;o and intervals H; ; = {—N;j,...,N;;} for 1 <
t<l—1land 1< j<r—1andmaps ¢;;: H;; — G, obeying the various

properties in that definition.

For each 1 <i <[ —1and 0 < j <1y, the set ¢; j(H; ;) is contained in
B’, and hence in 7(Stab(S) N (4")°M)). We may thus factor ¢; ; := 7 o ¢~5”
for some lifted map 5” . H; ; — Stab(S) N (4)°(); we can also ensure that

@j (0) =1 for all 4, j. These maps ¢; ; will form the first { — 1 levels of the
coset nilprogression A’; we will fill in the final level of A’ shortly.
The various inclusions enjoyed by the ¢; ; in Definition 1.11 then lift to

similar identities for ¢, modulo an error in ker(7w) = V. For instance, for
any 1 <i<1—1,0<j < and n,n’ € H;; with n+n’ € H; ; we have

$ij(1)bi (') € Vi jpmr - A1+ Aigr - Gij(n+n)
for some v; j . € V where
Ai = ¢io(Hig) - Givi(Hir,)-

Note that all factors other than v; j,, »/ in the above inclusion are contained
in AW and thus Vijmm €V N AC if C is large enough; thus

(4.6) $15(n)ij(n') € (VO AS) - Ay Ay - dij(n+ 1),

In a similar spirit, we have

(4.7) (i j(n), dij(n))] € (VNAC)- Ay Ay
forall1<i¢<1=1,0< j,j/ <r,nc Hi,j, and n’ € HiJ/, and
(4.8)

(i 1 (n'), dij(n)] € (VNAS)-Aci1-Gi0(Hip) - - gi,max(jfl,O)(Hi,max(jfl,(]))
forany 1 <i <i<l,0<j<r;,0<5 <rp.
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By definition of S, we have 7y p(V N AC) for 1 <j<Jliein S. In
particular, for any a € Stab(S) N (A’) and v € V N A, the action of a on v
is trivial modulo (H + P), thus

(p(a) —1)(V N AY) c (H + P).
On the other hand, we see from (4.5) that (A’) acts unipotently modulo H
on (H + P), in the sense that
(p(ar) =1)---(plar) = 1)(H + P) C H

for all ay,...,a, € (A’). Combining this with the previous observation, we
thus have

(p(a1) = 1) -+ (p(ar) = D(plar11) = 1)(VNAS) C H
for all ay,...,a, € Aj_1---Ay. To exploit this, we define the sets Ey,...,
B,y CVoas

Ei=H+ |J (pla)=1)(p(a;) — 1)(V N A%),
1<k<y
ar€A; 1A

thus Bg = VNAY, B; cVNACTOW F.. = H, and

(49) [(I,’U] - Emax(j+1,r+1)
foral0<j<r+1,ac A_1---A;,and v € Ej.

We have

E;j c VAW g pcvnAoW
and thus
|Ej + H + P| < |[VN AW <0 |A|/|x(A)]
thanks to Lemma A.5. On the other hand, since H + P contains E, we
have |H + P| > |A|/|m(A)|. We conclude that E; can be covered by O¢(1)
translates of H + P, indeed we may write
Ej C {6]'71,. . .,ej,sj} +H+P

for some s; = O¢(1) and e;1,...,¢j5; € Ej, with 5,11 =1 and e,411 = 0.
From (4.9) we see that
(4.10)  a,€ji] = emax(j+1rt1)iass T Pagi T Naji 1+ + NajirUr
forall a € A4j—1--- A1, 0 < 3 <r+1land1l < i < 55, and for some
1 < dgji < Smax(j+1,0+1)s Some hgj; € H, and some integers ng j; with
INajikl < Nifork=1,...r.

We can now finish building the coset nilprogression A’. Let M > 1 be a
large integer (depending on K, [, C') to be chosen later. We set

rLi=r-+8 +---+81

and define Hy, ..., H;,, and the maps %M : H; — G as follows:

e M) is the finite abelian group H, and QZLO : H — G is the inclusion
map.
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e For 1 <i<r, Hy; is the interval {—M""IN;, ..., M"™" I N;}, and
¢1,; is the map n — nv;.
e For 0 <j <rand1<i<sj, if we set
= s 4+ 81 i,
then H;; is the interval {—1,0,1}, and &l,i/ is the map n +— ne; ;.
We set B B
Ay = dio(Hio) - Gur,
and
A/ = Al"'Al-
Using (4.6), (4.7), (4.8), and (4.10) and the abelian nature of V' (which con-
tains all of A;), we see (if M is large enough) that A’ is a coset nilprogression
of derived length [ and ranks ri,...,7 = O¢(1). Also, from construction
we have
A ¢ AOmc),
Finally, from construction we also have
|A'| > |B'[|H + P| >c |m(A)||E| > |A],
Since B’ has volume ~¢ |w(A)|, A’ has volume
~uc [T(A)INy -+ Ny [ H| ~ [A].

By Lemma A.4(iii), we see that (A’)*3 Ops¢(1)-controls A. But from Corol-
lary 3.4, A’ O¢(1)-controls (A")*3. We conclude that A’ Oy c(1)-controls
A, thus closing the induction. This concludes the proof of Theorem 1.17
assuming Proposition 4.1 when G is not assumed to be totally torsion-free.

When instead G is totally torsion-free, the abelian group V is torsion-free
and so the finite subgroup H in that argument is trivial. Also, G/ G® is
also totally torsion-free. Thus in this case one can inductively eliminate the
finite groups H; o and maps ¢; o from the coset nilprogression, replacing it
by a nilprogression.

It remains to prove Proposition 4.1. This is the purpose of the next few
sections of the paper.

5. OBTAINING A NEAR-INVARIANT SET

In the hypotheses of Proposition 4.1, we have a set F which expands by
a multiplicative factor K under the action of the set A*. The first step
in the argument will be to modify F and A* so that the expansion factor
becomes extremely close to 1, so that the (modification of the) set E' becomes
almost invariant with respect to the action of (the modification of ) A%. More
precisely, we show

Proposition 5.1 (Existence of near-invariant set). Let G,V, K, A, E be as
in Proposition 4.1, and let ¢ > 0. Then there exists a set E' C p(A%)E with

|E'| >k ||
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and a centred subset A" C A* with
A > ke |A]
such that
(5.1) (@) (ENE| < 2|
forallae A'.
Remark: From the triangle inequality we see from (5.1) that
Ip(a)(ENE'| < je| E'|
for all j > 1 and all a € (A4").

The remainder of this section is devoted to the proof of this proposition.
We fix K and allow all implied constants to depend on K. We may assume
that |E| is sufficiently large depending on K, ¢, since otherwise we could take
A" := A and E' := {0}.

Let kg be the first integer larger than ¢~**". Applying Proposition C.3
(with ¢ replaced by k; "), we can thus find a centred set D C A? with
|D| > |A| such that for every 1 < k < ko, one can find at least (1 —
ko 19| DI* tuples (di,...,dy) € D®F such that

dl...dkEAQ.

100

In particular, we have

p(dr) -~ p(di)(E) C p(A®)(E)

for a fraction 1 — O(ky '%) of the tuples (di,...,dy) € D®F.
To motivate the argument which follows, let us temporarily “cheat” by
pretending that ¢ vanishes, thus

p(DP)(E) C p(A%)(E)

for all 0 < k < kp. On the other hand, the cardinalities |p(D¥)(E)| are
increasing in k and vary between |E| and |p(A%)(E)| = O(|E|) (thanks
to (4.1)). Thus, by the pigeonhole principle, we can find a centred set
E' := p(D¥)E for some 0 < k < ko such that we have the near-invariance
property |p(D)(E")| < (1 + O(%))]E'\, as required (cf. the selection of V'
from the increasing sequence of subspaces Wy, W, ... in Section 2).

We now give a variant of the above argument in which we do not need to
pretend that € vanishes.

Lemma 5.3 (Existence of a near-invariant set). Let the notation and as-
sumptions be as above. Then there exists a centred set E' C p(A%)E with
|E'| ~ |E| ~ |A]/|7(A)| such that p(dd')(v) € E' for 1 — O(ko_l/lo) of the
triplets (d,d’,v) € D x D x E'.

Remark: The quantity & /10 can be improved here, but any expression

which decays to zero as kg — oo would suffice here. The parameter € has
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served its purpose with this lemma and will not appear in the rest of the
argument.

Proof. For each 0 < k < ko, define the functions f;, : V. — R™ recursively
by setting fo = 1g to be the indicator of F, and

(5.2) frr1(v Z fr(p
deD
From Young’s inequality we see that the [ norms

el o= (3 15@)R)

veV

are non-increasing in k, and in particular that
(5.3) | fellizory < B2,
On the other hand, we clearly have

il =D 1) = |EL.

veV

We can also expand
1
fr = D Yo o) pld)E
di,...,dx €D

(recall that D is centred). By construction, all but O(ky '%|D|¥) of the
summands are supported in F,, thus

(5:4) flln o e,y < kg 1B
and thus (if € is small enough)
(5:5) 1kl () > ]
and hence by Cauchy-Schwarz (and (4.1))
iz > B2,
Applying the pigeonhole principle, we can thus find 0 < k < kg such that
I fettllizay = (1= Oy D) I fullizevy
Squaring this using (5.2), we see that

|2 DD sl (p(d)0) = (1= Oky N frllEeqry

d,d'eDveV
On the other hand, from Cauchy—Schwarz we have

> felo (o(d)v) < I fulley

veV
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for all d,d’ € D. By Markov’s inequality, we conclude that for 1 — O(k, 1/ 2)
of the pairs (d,d’) € D x D

> (o)) fi(p(d)v) = (1= Oky ) I felqry:

veV
and thus by the parallelogram law

2 j—
S | fuloldyw) = filpt@))|” < ko el
veV
and thus (by (5.3) and the centred nature of D) we see that
2 —
(5.6) > | felotdd ) = fuw)| < kg 2IE]

veV

for 1 — O(ko_l/Q) of the pairs (d,d') € D x D.
On the other hand, from (5.3), (5.4) we see that

2 2
El< > @] < [HO) < IEL
VeV fi,(v)~1 veV
By the pigeonhole principle, we may thus find a threshold A ~ 1 such that
2
> s> 1B
vEV: fr(v)>A
and
2 —1/10
(5.7) > | fe()|” < kg "B
veEViA—kg O fr(v) <A
Fix this threshold, and let
E' = {ve p(A?)(E) : fr(v) > A} u{0}.

Observe that E’ is centred and contained in F; from (5.4) (and the crude
bound || fg[lie(vy < 1) we see (if ¢ is small enough) that

2
> fe@)]" > |E|
veE’
and thus (again using the crude bound || fil[see vy < 1)
'] > |E|
and thus (from (4.1)) |E’'| ~ |E| ~ |A|/|x(A)]| as required.
Let (d,d’) be one of the pairs for which (5.6) holds. Then by Markov’s
inequality, we have |f(p(dd')v) — fr(v)]? < k61/4 for O(k, 1/4\E|) values of
v. Thus for (1 — O(k61/4))|E’| choices of v € E’, we have v # 0 and

Ji(pldd'y) = fi(v) + O (kg ')
and thus fi(p(dd')v) is either greater than A, or between X and A\ — k,
(for ko large enough). By (5.7), the latter only occurs for O(k, 1/10\E|)

—-1/10
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values of v. If the former occurs, then by (5.4) we see that p(dd')v lies in
E’ for all but at most O(ky '°°|E|) values of v. Setting ¢ small enough, we
obtain the claim. O

Let E’ be as in the above lemma. Then, by construction, we have
D7 |ptdd)ENE'| < kg DB
dd'eD
and thus by Markov’s inequality
H(d, d)e D xD:|p(dd)E\E| > kgl/2O|E|H > |DJ?
which implies
—-1/20
Hd € D2 |p(d)ENE'| > kY |E’|H > D).
If we denote the set on the left-hand side by D’, then D’ is symmetric,
D' c D? ¢ A* and |D’| > |A|, and
IP(d)E\E| < kg /*| B
for all d € D', and the claim follows from the choice of k.

6. OBTAINING A COSET PROGRESSION

The next step is to replace the set E’ obtained in Proposition 5.1 with a
pair of proper coset progressions.

Proposition 6.1 (Locating a good coset progression). Let G,V, K, A, E be
as in Proposition 4.1, and F : RT — R™ be a function. Then there exists
1 <M <g,r 1 and a F(M)-proper coset progression H+ P C V containing
E of rank Ok (1) and size

(6.1) \H||P| <k ,m |E|,

a subgroup H' of H of index |H/H'| < a1, an integer 1 <1 < a1, and
a centred subset A’ of A* with

|A'| >k r | A
such that
(6.2) p((A)FOD)(H' 4+ B) C H + P,

where the refinement P, of P is defined in Lemma B.3. Furthermore, we

have H + P C Cp(A2)(E) for some C = Og(1).

Proof. We allow all implied constants to depend on K. Let € > 0 be a small
number (depending on K, F') to be chosen later. By Proposition 5.1 (and
Remark 5.2) we can find E' C p(A?)(E) with |E’| >k |E| and a centred set
A’ ¢ A* such that

(6.3) (@) (EV\E'| < jel B

for all j > 1 and all a € (A').
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From (4.1) we have [2p(A?)(E)| < |p(A2)(E)|. Applying Theorem A.10,
we can place p(A2)(E) (and thus E and E’) inside a F(M)-proper coset
progression H + P of rank 7 = O (1) and size |H||P| = M|p(A?)(E)| for
some 1 < M <z 1, where F is a function depending on F' and K to be
chosen later. Furthermore we have H+P C Cp(A?)(E) for some C = Ox(1).

Applying Proposition B.5, we can find a subgroup H’ of H of cardinality
|H'| >y |H| and 1 < m,l < 1 such that every element of H' 4+ P, has
> |E'[*™ representations of the form vy + -+ 4+ vy, — wy — - -+ — wy, with
Viy. .., Wy € B

The only property that has not yet been established is (6.2). Let a €
(A)FD) Then every element of p(a)(H' + P;) has >y |E'|*™ representa-
tions of the form vy + -+ + vy, — w1 — + -+ — Wy, With vy, ..., Wy, € p(a)(E).
On the other hand, from (6.3) we see that p(a)(E’) only differs from E’ by
O(F(M)e|E'|) elements. Recall that M = Og(1). Thus, if ¢ is sufficiently

small depending on F' we see that every element of p(a)(H' 4+ F)) can be
represented in the form vy +---+v,, —wy — -+ —w,, with v,--- ,w,, € E'.
Since £/ ¢ H + P, we conclude that p(a)(H' + P) € H + 2mP. The
claim now follows by replacing P by 2mP (and adjusting M accordingly,
and choosing F' sufficiently rapidly growing). O

The condition (6.2) gives a tremendous amount of structural information
on how A’ acts on H + P. For instance, we have

Corollary 6.2 (Existence of invariant torsion group). Let the hypotheses,
conclusion, and notation be as in Proposition 6.1. If I is sufficiently rapidly
growing (depending on K ), then there exists a group H < H" < H such
that p(a)H" = H" for alla € A'. (In particular, |H/H"| < 1.)

Proof. From (6.2) we see that for any a € (A)FM) p(a)(H') is a finite
subgroup in H + P. Since H + P is F(M)-proper, we conclude (if F(M)
is large enough) that p(a)(H') C H, thus p((A’)7)(H') C H for all 0 < j <

Now consider the groups (p((A’)?)(H’)). The order of each such group is
a multiple of the order of the previous group, and this order lies between
|H'| and |H| for 0 < j < F(M). Since |H'| >k |H|, we thus conclude
from the pigeonhole principle (if F' is sufficiently rapidly growing) that there
exists 0 < j < F(M) such that

(p((A))(H)) = (p((AY ) (H")).
Setting H” := (p((A’)7)(H')) we obtain the claim. O

Corollary 6.2 partially describes the action of A’ on the H component of
the coset progression H + P. Now we turn attention to the P component.

Corollary 6.3 (Virtually unipotent action modulo H). Let the hypotheses,
conclusion, and notation be as in Proposition 6.1. We express P as

P={njvy+---+nv,:n; € Z,|n;| <N; foralll <i<r}.
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Then if F is sufficiently rapidly growing (depending on K ), then for each
1 <i<r with N; > 12, and every a € A', we have

p(a)(lw) = haﬂ‘ + Z Na,i,jVj
j=1

where hq; € H and each ng;j is an integer with

<K Nj/N;.

M,

Proof. From (6.2) we see that for any a € A’ p(a)(F)) is a progression in
H + P. In particular, we have

p(a)(lvi) = o+ D> Naijv
j=1

for some h,; € H and some integers ng; ;j with |ng; j| < N;. Furthermore,
we have n;p(a)(lv;) € H+ P for all 1 <n; < N;/l. Applying this (and using
the fact that H + P is 2-proper) we obtain the claim. O

By repeatedly exploiting the pigeonhole principle, we can improve the
conclusion of Corollary 6.3 by refining A’ by a constant factor:

Proposition 6.4 (Genuinely unipotent action modulo H"). Let the hy-
potheses, conclusion, and notation be as in Proposition 6.1, Corollary 6.2,
and Corollary 6.3. We arrange the dimensions N; of P in decreasing order,

Ny >Ny >--- > N,.
Then there exists a centred set A" C (A')? C A® with |A”| >k |A| such that
for every a € A" and each 1 <i < r with N; > 12, we have
i—1
(6.4) p(a)(10;) = o + Y najlvy + lu;
j=1
where hq; € H” and each n; o ; is an integer with
na.ij| <x Nj/Ni.
Remark: One corollary of (6.4) is that
(p(A") = 1)+ (p(A") = 1)(H" + P) c H"
where (p(A) — 1)(E) := {p(a)v —v : a € A,v € E}. Thus, in some sense,
the action of A” on H” 4+ P, is unipotent modulo H”.
Proof. We allow all implied constants to depend on K, thus for instance
I=0(1) and r = O(1), and |[H/H"| = O(1).
We begin by analysing the action of A’ on lv;. From Corollary 6.3 and
the decreasing nature of N; we see that the possible values of p(a)(lvi) as

a ranges over A’ can be covered by O(1) translates of H”. Thus, by the
pigeonhole principle, we can find a subset A; of A" with |A1| > |A'| > |A|
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such that p(a)(lvy) — p(a’)(lvy) € H” for all a,a’ € Ay. Since the action of
A’ leaves the finite group H” invariant, we may thus write

pla)(lvr) — p(a')(1vr) = pla')(A),)

) e H" We can rearrange this as

for some h aa!

p((a") a)(tvr) = A1), + oy
We thus conclude that for every a in the centred set A" - Ay, we have
(6.5) p(a)(lvy) = bV + lv;

for some h, € H"; note that this is the i = 1 version of (6.4).

Now we analyse the action of A1 on lve. From Corollary 6.3 we see that
the possible values of p(a)(lvg) as a ranges over A ' - A; can be covered by
O(1) translates of H” + {lnjv1 : |n1| < Ni/Na}. Thus, by the pigeonhole
principle, we may find a subset A, of A7'- Ay with |A}| > |A| such that

p(a)(lvg) — p(a)(lvg) € H” + {lnqvy : [n1| < 2N1 /Ny }

for all a,a’ € Al. From (6.5) (and the fact that p(a’) preserves H”) we thus
have

pla)(lva) — p(a)(wn) = p(a) (B, +n?), 1vy)

for some h((lz()l, € H” and an integer nfé ,, with \n((f()l, 1| <€ Ni/Ny; we rear-
range this as

p((a') " a)(lvg) = h((i)l/ + n((f()l,’llvl + lvo.
Thus for every a € (A5)~! . A}, we have

(6.6) p(a)(lvy) = ) + ngilvl + lvg

for some hi? € H" and some integer nfi of size O(N1/N3). This is not quite
(6.4) for i = 2, because the set (A5)~! - A} lives in (A’)* rather than (A’)2.
But this can be easily fixed as follows.® Since |A|,|A7" - Ay],|A1| ~ |A]
and A C Afl - Ay, we see from the pigeonhole principle that there exists
a1 € A7 such that

|AL N (a7h - Ay)| > A

Thus if we set Ag := (a1 - A5) N Ay, then Ay C Ay C (A’)? and |As] > |A].
Also, we have Ay - Ay C (A))~'- Al, thus (6.6) now holds for all a € A5 *- As.

We can continue in this fashion, repeatedly using the pigeonhole principle
to build a nested sequence of sets Ay D Ay D --- D A, which obey more
and more cases of (6.4). Since r = O(1), the final set A, will still have
cardinality > |A|, and the claim follows (taking A” := A1 A,). O

8The same fix would allow one to substantially lower the exponents 8 and 16 in Propo-
sition 4.1; we omit the details.
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7. CONCLUSION OF THE ARGUMENT

We are now ready to prove Proposition 4.1. Let G,V, p, K, A, E be as in
that proposition, let F': R™ — R™ be a suitably rapidly growing function
(depending on K), let H, P,l, H" be as in Proposition 6.1 and Corollary
6.2, and let A” C A® be the set in Proposition 6.4. We allow all implied
constants to depend on K, thus P has rank r = O(1), | = O(1), |E| ~
|H + P| ~ |H" + Py, and |H/H"| = O(1).

By construction, we have
E.H"+P CH-+P.
We conclude that there exist eq,...,e; € E with J = O(1) such that
Eclei,...,ej} +H"+ P,
By the pigeonhole principle, we can find 1 < j < J such that
|EN(e; + H" + P)| > |E|.
From (4.1) we have
U e@(EBn(e;+H"+R)| < B
acA
From Corollary 6.2 and Proposition 6.4, we have
p(A")(H"+ P) c H' + CP,

for some C' = O(1). We conclude that each set p(a)(E N (e; + H" + P)))

has cardinality ~ |E| and is contained in p(a)(e;) + H” + C'F,. By a greedy

algorithm, we thus see that set {p(a)(e;) : a € A"} can be covered by O(1)

translates of H” + 2CP;, and hence by O(1) translates of H” + Pj.
Similarly, from (4.1) we have

J
U U sl@ei +p(a) (BN (e + B + P))| < ||
i=1acA”

and so by arguing as before we see that {p(a)(e;) + p(a)(e;) : 1 <i < J;a €
A"} can also be covered by O(1) translates of H” + P,. Subtracting, we
conclude that

{pla)(e;)):1<i< J;ae A"y C{f1,. .., fu}+H' + P
for some fi,..., far € V with M = O(1). In other words, we have

p(a)(el) = fma,i + Zaji
forall 1 <i:<Jandaec A”, where 1 <m,; <M and z,; € H' + P,.
Since M, J = O(1), we may apply the pigeonhole principle and find inte-
gers 1 <myq,...,my < M and a subset A" of A” with size |A"”'| ~ |A]| such
that

p(a)(el) = fmZ + Zaji
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forall 1 < i < J and a € A”. In particular, for any a,a’ € A" and
1 <1< J, we have

p(a)(ei) — pla')(e:) € H + 2P
Applying Corollary 6.2 and Proposition 6.4, we thus have

pla)(e;) — pla’)(e:) = p(a’) (Ya,ar,i)
for some y, o; € H” + CP, and some C' = O(1). We rearrange this as

p((a/)_la>(ei) =€ + Yo i-
Thus, if we set A’ := (A")~1. A" we have
pla)(e;) = hai+ Nai1vr + - 4 NgirUr + €

foralla € A" and 1 <i < J, with h,; € H"” and each n,; ; being an integer
of size O(Nj).

Proposition 4.1 now follows by taking H to be H”, and P to be the
progression

Pl—i—{3161+...+sJeJ:sjE{—l,O,l} forlgjgj}

(thus tacking J dimensions of 1 at the end of the existing dimensions {N;/I* :
N; > 12} of Pj; the various properties claimed in that proposition can be
easily verified. The proof of Proposition 4.1 (and thus Theorem 1.17) is
complete.

8. A MILNOR-WOLF TYPE THEOREM

In this section we prove Theorem 1.23. Let the notation and assumptions
be as in that theorem. We allow all implied constants to depend on I, d, and
we assume that R is sufficiently large depending on these parameters. We
may as well assume that S is symmetric (since otherwise we just replace S
with SU S™1).

By hypothesis, |Bg(R)| < ROM) . By the pigeonhole principle, there thus
exists a radius R%® < ry < R%Y (say) such that Bg(rg) has doubling con-
stant O(1). Applying Theorem 1.17, we can find a coset nilprogression A
of cardinality and volume ~ |Bg(r¢)|, derived length [, and ranks O(1) con-
tained in Bg(O(rp)) which O(1)-controls Bg(rp). In particular, there exists
a set X C Bg(O(rg)) of cardinality | X| = O(1) such that

Bs(’r‘o) Cc X A

Suppose that there exist two distinct elements x, 2’ of X such that z - A*10
and 2’ - A*10 overlap. Then both z- A and 2’ - A are contained in A*?!, and
we have

BS(T()) C (X\{x’}) . Aim.
Repeating this procedure O(1) times, we eventually obtain a covering of the
form

Bs(rg) C X' A*"
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for some X’ € X and some n = O(1), such that the sets z- A¥19" for x € X’
are disjoint.

Fix X’ and n. For each r, let X/ be the set of all z € X’ such that - A*"
intersects Bg(r). These are subsets of X’ which increase in r, thus by the
pigeonhole principle there exists r1 = O(1) such that X = X] ..

Ifz € X] and s € S, then z- A" intersects Bg(r), thus sz- A*" intersects
Bg(r1+1), thus sz - A*™ intersects 2’ - A" for some 2’ € X|. , — X, . As
the 2/ - A¥10" are disjoint, we see that 2/ is uniquely determined by s and
z; thus s determines a map p(s) : X, — X, from X to itself defined by

p(s)(x) := 2’. In particular, sz - AT" intersects p(s)(z) - A", and so
sw € p(s)(x) - AFOW,
which implies that
(8.1) S- X, C X -A*O0),
We iterate this to obtain
(S)- X, C X, -(A4).
Since S generates G, we conclude that
G =X, - (A),

thus (A) has index O(1) in G. By Lemma 1.20, we conclude that G contains
a nilpotent subgroup of O(1) generators, step O(1), and index O(|A|?(V) =
O(ROM),

Next, we return to (8.1) and iterate it again to obtain

Bs(r)- X}, C X,, - A*O0
for any r > R. Since X] C X C Bg(R), we conclude that
Bg(r) € Bg(R) - ATO0) . Bg(R).

Applying Lemma 1.16, we have |ATO0)| « rOM|A| « O, Since by hy-
pothesis |Bg(R)| < ROM <« O we obtain |Bg(r)| < 1), and Theorem
1.23 follows.

Remark: It seems plausible that one could improve the polynomial growth
bound |Bg(r)| < 1) for r > R further, to establish a doubling bound
|Bs(2r)| < |Bg(r)| for » > R. In order to do this, one presumably first
needs to establish a doubling version of Lemma 1.16, but we will not pursue
this matter. (Because of virtual nilpotency of G, it is not difficult to see
that in the asymptotic limit r — oo, we have |Bg(r)| = (C 4 o(1))r? for
some constants C' > 0 and some integer D = O(1), but this only settles the
question in the case of extremely large r.)
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A. PRODUCT SET ESTIMATES

It is convenient to replace the notion of a set of small doubling by that of
a K-approximate group (cf. [31], [32, Chapter 2])

Definition A.1 (Centred set). A centred set in G is a multiplicative set
(A, G) that contains the group identity 1 (thus in particular A¥ c A for
k < k') and is also symmetric (thus A~' .= {a™' : a € A} is equal to A).

Definition A.2 (K-approximate group). Let K > 1. A K-approximate
group is a centred set (A, G) such that there exists a set X C G with | X| < K
such that A2 C X-ACA-X-X and A2C A-X C X-X-A. Note that
this in particular implies that

A% < K*1A]
forall k > 1.

Examples A.3. Finite subgroups of G are l-approximate groups. Geo-
metric progressions are 2-approximate groups. Balls in nilpotent groups of
bounded rank (with respect to the word metric on a bounded set of generators)
are O(1)-approximate groups. The homomorphic image of a K -approximate
group s another K -approximate group. The Cartesian product of two K-
approxzimate groups is a KK'-approrimate group. If 7 : H — G is a finite
extension of G, and A is a K-approzimate group in G, then 7~ 1(A) is a
K -approzimate group in H. If A is a K-approzimate group, then AF is
a K*-approzimate group for any k > 1, and A* and A K*='-control each
other.

Lemma A.4 (Small doubling controlled by K-approximate groups). Let
K>1.

(i) If (A, G) is a multiplicative set of doubling constant at most K,
then there exists a Oy (1)-approzimate group B C A*3 that O (1)-
controls A.

(ii) If (A, G) is a multiplicative set of tripling constant at most K, then
A®3 is a Ok (1)-approzimate group that Ok (1)-controls A.

(ii) If (A, G) is a K-approximate group, and A" C A is such that |A’| >
|A|/K, then (A3 is a Og(1)-approzimate group which O (1)-
controls A.
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Proof. For (i), see [31, Theorem 4.6]. For (ii), see [31, Corollary 3.10]. For
(iii), see [31, Corollary 3.10] and [31, Lemma 3.6]. Indeed, the bounds here
are polynomial in K, although we will not exploit this. U

Now, we investigate how approximate groups behave in group extensions.

Lemma A.5 (PrOJectlon lemma). Let G be an extension of a group G with

projection map T : G — G, and let (A G) be a K-approximate group for
some K > 1.

(i) m(A) is a K -approzimate group.
(ii) For any h € 7(A) and k > 3, we have
[ (R} N (A ] i [A] [7(A)].
(iii) For any k > 3, (ker(m) N (ﬁ)k)g’ is a O i(1)-approxzimate group of
cardinality ~g i, |Al / |7 (A)].

Proof. Part (i) follows from the more general observation that the homo-
morphic image of a K-approximate group is another K-approximate group.
To prove (ii), if we set E := 7~ L({h}) N (A)¥, then we see that

|A- BE| < [(A)F) <k A
Splitting A into the fibres 7~ ({a}) of 7, we conclude that
7(A)||E| <k |A]

thus yielding the upper bound for (ii). To obtain the lower bound, observe
from the pigeonhole principle that there must exist hg € m(A) such that

|7 ({ho}) N A] > |A] / |=(A)).
Taking quotient sets, we conclude that
!ker ﬂA2’ > }A’/‘ﬂ' }

and then multiplying by an arbitrary element of 7#=({h})N A we obtain the
claim. B

Finally, from (ii) we see that ker(m) N (A)" is a centred multiplicative set
of tripling constant O 1 (1) and cardinality ~g j |A|/|7(A)|, and (iii) then
follows from Lemma A.4(ii). O

Remark: For a more refined statement about the structure of A in terms of
7(A) and ker(7) N (A)¥, see [31, Lemma 7.7].

The following result follows immediately from the main result in [17]; the
case G = Z is of course Freiman’s original theorem [13]; the case when G
has bounded torsion is in [25].
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Definition A.7 (Generalised arithmetic progression). A (symmetric) gen-
eralised arithmetic progression (or progression for short) in an abelian group
G = (G,+) is any set P of the form

P={nuvi+- - 4+nw,:n; €Zn;| <N foralll <i<r}

for some vy,...,v, € Z and Ni,...,N, > 1. We refer to r as the rank of
the progression. If t > 1, we say that the progression P is t-proper if the
sums

nvL + -+ Npvy

forn; € Z, |n;| < tN; are all distinct. We say that a progression is proper
if it is 1-proper.

Remark: Technically, the progression should refer to the data (r,v1,..., v,
Ny, ..., N,) rather than the set P (since there are multiple ways to represent
a single set as a progression, but we shall abuse notation and use the set
P to denote the progression instead. Similarly for the concept of a coset
progression below.

Definition A.9 (Coset progression). A (symmetric) coset progression in
an abelian group G = (G,+) is any set of the form H + P, where H is a
finite subgroup H of G, and P is a generalised arithmetic progression

P:{n1v1+---+nrv,,:ni€Z,|ni|§Nifo7"alllgz’§r}.

We refer to r as the rank of the coset progression. If t > 1, we say that the
coset progression H + P is t-proper if the sums

h+nyvy + -+ + npop

for h € H, n; € Z, |n;| < tN; are all distinct. We say that a coset progres-
ston is proper if it is 1-proper.

Coset progressions have already appeared in Theorems 1.2, 1.3 in the
introduction. We now give a variant of Theorem 1.2 that ensures some
properness to the coset progressions.

Theorem A.10 (Proper Green-Ruzsa’s Freiman theorem [17]). Let (A, G)
be an additive set with doubling constant at most K for some K > 1. For
any function F : RT — R™, we can find1 < M < p 1 and a F(M)-proper
coset progression H + P of rank O (1) and cardinality M|A| that contains
A. Furthermore we have H+ P C C(AU{0}U—A) for some C = Ok r(1).

Proof. This will follow from Theorem 1.2 by a standard “rank reduction
argument” which we now give. We run the following algorithm to find M
and H + P.

Step 0: By Theorem 1.2, we can find a coset progresion H + P of rank
Ok(1) and cardinality Og(A) that contains A, with H + P C
C(AU{0}U—A) for some C = Og(1).



174 TERENCE TAO

Step 1: Set M := |H + P|/|A|, and set r to be the rank of H + P. If
H + P is already F(M)-proper, then STOP. Otherwise, move on
to Step 2.

Step 2: Since H + P is not F(M)-proper, we may invoke [33, Lemma
5.1], and contain H + P in a coset progression H' 4+ P’ of rank at
most 7 — 1 and cardinality Op (| H + P|). Furthermore we have
H' + P' C C(H + P) for some C' = O, p(ap)(1).

Step 3: Replace H + P by H' + P’ and return to Step 1.

Observe that the rank of H + P decreases by at least 1 each time one passes
from Step 3 to Step 1, and so the algorithm terminates in O (1) steps.
The quantity M increases to Op (1) in each iteration, so is ultimately
bounded by Op (1), and the claim follows. O

B. SARKOZY TYPE THEOREMS

A classical result of Sérkozy[28] asserts that if A C {1,..., N} and k|A| >
CN for some sufficiently large absolute constant C, then kA contains an
arithmetic progression of length comparable to N; see [20] for a more precise
result, and [30] for various generalisations and extensions. In this appendix
we give several results of this type, in which A now lives in a finite group,
generalised arithmetic progression, or coset progression.

Lemma B.1 (Sirkozy-type theorem in finite abelian groups). Let G =
(G,+) be a finite abelian group, and let A C G be such that |A| > J|G]
for some 0 < § < 1. Then there exists a positive integer 1 < m <5 1
and a subgroup H of G of index |G/H| <5 1 such that mA —mA contains
H. In fact, we have the stronger statement that each element h of H has
>5 |G|?™ representations of the form h = aj+ -+ ay — by — - - — by, with
A1y Qm,b1,. .., by € A.

Remark: This should be compared with Bogulybov’s theorem (or Theorem
1.2(i)), in which one can take m = 2, but the subgroup H is replaced by a
coset progression.

Proof. We use Fourier analysis. By increasing d if necessary, we may take
|A| = 6|G|. Let G be the Pontryagin dual, consisting of all homomorphisms
x+— &-x from G to R/Z. We let € > 0 be a small quantity depending on §
to be chosen later, and introduce the spectrum

Y= {€e G149 > (1—¢)s?}

where

- 1
14(8) == @l > la(@)e(—¢-x)

zeG
is the Fourier transform of A, and e(z) := ¢*™*. We can write

iA(£)|2 = \GlP Z cos(27r(§ (x— y)))

z,y€A
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and
—|1A( = |G\2 Z ( — cos(2m(¢ - (m—y))))
z,yeA
Let £ € 3. Then from the elementary estimate
1 — cos(2m8) ~ dist(6, Z)?
for any 6, we have
1 — cos(2mnf) < n%(1 — cos(2m6)
and hence
— ‘iA(ng)f < n?ed?
for any integer n > 1, and in particular that
‘iA(nf)‘ ~ 0

for all 1 < n < ¢/y/e for some absolute constant ¢ > 0. Combining this
with Plancherel’s theorem, we see (if € is small enough depending on §) that
these n& cannot all be distinct, and so we conclude that every £ € 3 has
order Ogz(1). On the other hand, another application of Plancherel shows
that |2| <s 1. We conclude that the subgroup (X) of the abelian group G
generated by ¥ also has cardinality Os(1). Thus, if we let

H:={zeG:{-z=0forall £ € (X)}

be the orthogonal complement of (X), then (by another application of Plancherel)
we see that |H| >; |G]|.
Now let m be a large integer depending on d, € to be chosen later, and let
h € H. The number of representations of h as a1+ -+ amy — b1 — -+ — by,
as is well known, can be expressed via the Fourier transform as

G ST [1a(©)) e - €).

ce@

The contribution of the ¢ = 0 term is 6°™|G|>*™. The contribution of the
other elements of ¥ is non-negative. As for the remaining contributions, one
can bound them by

O(|G|2m(1 o 8)m—152m—2 Z'iA(é)f) — O(|G|2m(1 o 8)m—162m—1)
ceG
thanks to Plancherel. If m is large enough, this error term is dominated by

the main term, and the claim follows. U

Lemma B.3 (Sarkozy type theorem in progressions). Let G = (G,+) be
an abelian group, and let

P:{n1v1+---+nTvT:ni€Z,\ni\SNiforalllgigr}

be a proper generalised arithmetic progression in G of rank r. Let A C P be
such that |A| > 6|P| for some 0 < § < 1. Then there exists positive integers
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1 < m,l <5, 1 such that P, C mA — mA, where P, is the generalised
arithmetic progression

P = {lnlvl + - inpvp iy € Zy|ng| < Ni/l2 foralll <i< r}.

In fact, we have the stronger statement that each element v of P, has >s,
|P|?>™ representations of the form v = a1 + - + am — by — -+ — by, with
A1y Qmy b1, ..., by € A

Remark: This result can probably deduced from the powerful results in [30]
(after using Freiman isomorphisms to map the progression into the integers),
however for sake of self-containedness we present a Fourier-analytic proof
(analogous to the proof of Lemma B.1) here.

Proof. We will fix §, r and allow all constants to depend on these parameters.

It suffices to establish the case when G = Z" and v1, . . ., v, is the standard
basis of Z", since the general case can then be obtained by applying the
homomorphism (n1,...,n,) — nivy + - - - + n,v, from Z" to G. (Note that

the presence of a kernel in this homomorphism will work in one’s favour,
since P is proper.)

The Pontryagin dual of Z" is the torus (R/Z)", and we have the Fourier
transform

€A

(note the conventions here are slightly different from that in the case of finite
groups G).

Let £ > 0 be a small number (depending on §,7) to be chosen later, let
[ > 1 be a large integer (depending on ¢,d,7) to be chosen later; let & > 0
be an even smaller number (depending on [,&,d,7) to be chosen later, and
let m > 1 be a large integer (depending on &’,1,¢,0,7) to be chosen later.
We introduce the spectrum ¥ C (R/Z)", defined by

= {g € (R/Z) : |1a0))* > (1 - 5)\A|2}.

This is an open subset of (R/Z)". Observe that it contains the box R, for
some small constant ¢ = ¢, > 0, where

Rei={(61- &) ¢ I < s/N; forall 1 <i <1}

and ||¢] is the distance from & € R/Z to the origin.
Now let £ € ¥. Arguing as in Lemma B.1 we see that

La(ng)] ~ |A]

for all integers n with |n| < cs=1/2 for some absolute constant c¢. Thus we
can find bounded coefficients |ay,| < 1 for |n| < ce=/? such that

‘ Z apda(né)| > e 124l

In|<ce—1/2
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The left-hand side can be rearranged as
> > ane(—ng-a)| >l
TEA |n|<ce—1/2
By Cauchy-Schwarz we conclude that
2 -1 -1
S| X anel-ng-a)| > NAl~ L
zEP |n‘§cg_l/2

Observe that if 0 < s <1 is a sufficiently small absolute constant, then
[ eteeo) de] > 1P

for all x € P. We conclude that
2 2
Z ‘/ e(§ - x) dﬁ‘ ‘ Z ane(—ngm)‘ >, 1/|P).
z€Z" R WSCE—l/Q
By Fourier analysis, the left-hand side can be rearranged as
Z @y mes((né + Rs) N (0 + Ry)).
n,n/:n|,|n’|<ce—1/2

The summand is bounded by O(1/|P|), and vanishes unless (n —n')¢ € Rs.
We conclude that

{(n,n) : |n|,|n'] < ce™ 2 (n—n)e e Rs}| > e L,

If ¢ is sufficiently small, we conclude that there exists 1 < n” < e~1/2 such
that n”’¢ € R,. If we let M = O(1) be the least common multiple of all
integers 1 < n” < ¢71/2 and let T' C (R/Z)" be the finite subgroup of the
torus (R/Z)" consisting of the M*" roots of unity, we conclude that

(B.1) Y C T+ R,.

We can require that [ is a multiple of M.
Now let v € P,. The number of representations of v as a; + -+ + ay, —
b1 — -+ — b, can be expressed via Fourier analysis as

; 2
[ @ e(w-¢) d;
(R/Z)"
since this number is clearly real, we can also express it as

/ ‘1,4(5)‘%” cos(2mv - &) dE.
(R/Z)"

We consider the contributions of various portions of this integral. For £ in
the rectangle R./, we have |14(§)| > (1 — O(¢'))|A| and cos(27h - &) > 1,
and so the contribution of this rectangle is

> (1= 0()) ™ AP Ra| > (1—0()) ™ AP 1,
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Next, for £ € ¥\ R/, we see from (B.1) and the definition of P; that cos(27v-
€) > 1, and so the contribution of this region is non-negative. Finally, we
turn to the contribution when & ¢ 3., which we can bound by

m— m— 1 2 m— m—

of( - apm? [ (i) de) = 0((1 ~ o AP
R/Z)"

thanks to Plancherel’s theorem. If we choose m large enough depending on

g,€’, the error term is dominated by the main term, and the claim follows.
O

We now unify the above two lemmas into a single proposition.

Proposition B.5 (Sarkozy-type theorem in coset progressions). Let G =
(G, +) be an abelian group, and let

H+P=H+{nvi+ - +n,.:n; €2Z,|ni| <N; foralll1 <i<r}

be a proper generalised arithmetic progression in G of rank r. Let A C
H + P be such that |A| > 0|H||P| for some 0 < § < 1. Then there exists
a subgroup H' of H with cardinality |H'| >, |H| and positive integers
1 <m,l <5, 1 such that H + P, C mA — mA, where P, is as in Lemma
B.3. In fact, we have the stronger statement that each element h + v of the
coset progression H' + P, has >;, |H|*™|P|*™ representations of the form
h+v=a14+---+am—by— - — by withay,...,am,b1,...,b, € A.

Proof. The arguments are basically a pastiche of those used to prove Lemma
B.1 and Lemma B.3. As there are no new ideas here, we give only a sketch
of the proof. We allow all implied constants to depend on 9, r.

As in Lemma B.3, we may assume that G = H x Z", and that v1,...,v,
are the basis vectors of Z". The Pontryagin dual is then G = H x (R/Z)",
with Fourier transform

Ta€n) = 3 el ye(=n-a)
(h,x)eA
for ¢ € H and 7 € (R/Z)". We give G the obvious Haar measure dm, being
the product of counting measure on H and normalised Haar measure on
(R/Z)".

Now let € > 0 be a small quantity depending on § to be chosen later, and

let ¥ C G be the set

= {(&n) € G:[La&n) > 1 —o)|AP/|H}.

Repeating the arguments in Lemma B.3 with minor changes, we see that if
¢ is sufficiently small depending on §, then

S c T+ ({0} x Ry)

for some small absolute constant s > 0, where T' := {(&,) € G : M(€,n) =
0} and 1 < M <. 1is an integer.
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The arguments in Lemma B.3 also show that if (1,71),..., (&, mn) € 2
are such that (&,m) — (&,n;) € {0} x Ry for all 1 < i < j < n, then
n <. 1. From this we conclude in particular that the projection 7(X) from
H x (R/Z)" to H has cardinality O.(1). By the preceding discussion, we
also see that every element of 7(X) has order O.(1). We conclude that the
group (m(2)) generated by 7(X) is a subgroup of H of cardinality O-(1).

Let H' be the orthogonal complement of (w(X)), then |H'| >. |H|. Now
let [ be a multiple of M depending on & to be chosen later, let ¢ > 0
be a small quantity depending on [, to be chosen later, and m to be a
large integer depending on &’,1,¢ to be chosen later. We let (h,v) be an
element of H' + P;. The number of representations of (h,v) of the form
a1+ -+ am — by — -+ — by, with aq,...,b,, € A can be expressed via
Fourier analysis as

2m 1 2m . .
e [ st hetn- o) dn.

{eH

As in Lemma B.3 (decomposing into the regions (£,7) € {0} x R.r, (§,n) €
Y\({0} x R.s), and (§,7m) ¢ X) one can show that this expression is >, o/
|A|?™ if m is large enough, and the claim follows. O

C. A BALOG-SZEMEREDI TYPE LEMMA

Given a bipartite graph G = (V,W, E) between two vertex sets V, W
(thus E is a subset of V' x W), we define the edge density § of the graph as
d := |E|/|V||W], and say that the graph is e-regular for some £ > 0 if we
have

|E N (V! x W) = §|V'[[W]| < e|V[|W]|
for all V' C V and W’ C W, or equivalently if

(C.1) |Evevwew (1e(v,w) = 0) f(v)g(w)| < e

for all f, g bounded between 0 and 1.
We recall a k-partite formulation of the famous Szemerédi regularity
lemma:

Lemma C.1 (Szemerédi regularity lemma). Let Vi,..., Vi be disjoint finite
sets, and for each 1 < i < j < k let E;j C V; x V; be a bipartite graph
connecting V; and Vj. Let ¢ > 0. Then for each 1 <1 < k we can partition
Vi=Vi1U--- UV, with M; = Oy (1), where
o Foralll < a,8 < M;, we have |V;o| ~ |Vig| (and in particular,
Vial ~ [Vil/M; ~pe | Vi)
e Foralll < i< j <k, and for 1 — O(e) of the pairs of integers
1<a< M andl <3 < Mj, the restriction of E;j to Via, Vg is
e-regqular.

We now conclude a Balog-Szemerédi type result in noncommutative groups.
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Proposition C.2 (Balog-Szemerédi type lemma). Let A be a finite non-
empty subset of a multiplicative group G = (G, ) such that |A- A7 < K|A|
for some K > 0, let ky > 1 be an integer, and let € > 0. Then there exists
a subset A" of A- A7V with |A'| >k kye |A| such that for every 1 < k < ko,
there are at least (1 — ¢)|A'|?* tuples (a1, ...,a9) € (A% such that

alaglagazl e agk_lagkl eA- AL
Proof. We fix kg, K and allow all implied constants to depend on these
quantities.
From the Cauchy-Schwarz inequality we have

Els

A AT > A3

’{(alaQQaa3aa4) € A®4 : (llagl = &3&11}‘ 2
We thus conclude the existence of a set D C A- A~ of “popular quotients”
with the property that |D| > |A|, and such that every d € D has at least
> | A representations of the form d = alagl with a1, as € A.

Fix D. We set Vo := D, Vi := A, V5 := A, and define the bipartite
graphs Eog; C Vo x Vi, Ega C Vh x Vi, by declaring (d,aq) € Vp x V4 and
(d,a2) € Vy x Vo whenever d € D, ay,as € A are such that d = alagl. From
the preceding discussion we see that Fy1, Egs have edge density > 1. In fact,
every d € D is connected via Ep; to > |A| vertices in Vi, and connected via
Ep2 to > |A| vertices in V5.

Let £1 > 0 be a small quantity (depending on kg, K) to be chosen later,
and let €2 > 0 be an even smaller quantity (depending on ko, K,e1) to
be chosen later, and so forth up to e9x,+1, which is a very small quantity
depending on all previous quantities. Applying Lemma C.1, we may find
partitions V; = V;1 U--- UV, for i = 0,1,2 with M; = O, (1) such that
Via ~ |A|/M; for all 1 < o < M;, and such that for each i = 1,2, that
the restriction of Ep; to Voo X Vg, is eap,+1-regular for 1 — O(eq) of all
1<a< My, 1<p <M,

Applying Markov’s inequality, we may find 1 < ag < My such that for
each ¢ = 1,2, the restriction of Ey; to Voo X Vi g, is €op,41-regular for 1 —
O(eaky+1) of all 1 < B; < M;. The set Vp o will ultimately be our choice for
the set A’.

Fix ag as above. If i = 1,2, 1 < j < 2kg, and 1 < G; < M;, let us call j5;
(4, 7)-good if the restriction of Ep; to Vj o X Vj g, is €2ky+1-regular and has edge
density at least ¢;, and (4, j)-bad otherwise. Observe that the total number
of edges in Ejy; between Vj o, and (4, j)-bad cells V; g, is < €;|Vp,a0||A|. Thus
(by Markov’s inequality), if we pick d € V4, uniformly at random, then
with probability 1 — O(E;/Q), there are at most O(E;/2|A’) edges between d
and (4, 7)-bad cells.

On the other hand, the total number of edges in Fp; between Vg o, and V;
is > |V.aol|A|. Thus we see that there are > M; cells that are (7, j)-good
for each 1 < j < 2ky.
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Let us now fix 1 < k < kg, and pick di,...,ds; € Vpq, uniformly and
independently at random. By the above discussion and the union bound,
we see that with probability 1 — O(si/ 2), we have that there are at most
0(5]1-/2|A|) number of edges between d; and (i, j)-bad cells for any 1 < j,1 <
2k and ¢ = 1,2. Let us now condition on this event, which we will call F.

For each a1 € A, and define aq,...,as;11 € G recursively by solving the
equations
dl = alagl
dg = a3a2_1
ds = a;;a;l
d4 = a5aZ1

1
dog = agk110y), -

Observe that for fixed dy, . .., dsg, the as, ..., asi41 are determined uniquely
by a1, and the maps a; — a; are injective for j = 2,...,2k+1. Furthermore,
each a; depends only on a1 and dy,...,d;_1.

For each 1 < j <2k +1, we let f;(di,...,dj—1) denote the number of a;
such that a1, ...,a; all lie in A. We now claim that for each 1 < j <2k +1,
that we have

(02) fj(dl, - ,dj_l) >>€17~--)5j—1 ’A’

with probability 1 — 0(61/2).

We prove this by induction on j. When j = 1 we have fi() = |A| and the
claim is clear, so suppose now that 2 < 57 < 2k + 1 and that the claim has
already been proven for j — 1. To fix the notation we shall assume that j
is even; the arguments for odd j are virtually identical and are left to the
reader.

By induction hypothesis, we may already condition d,...,d;_2 so that
fj—l(dlv s 7dj—2) >>€17-~-75j72 |A|
Thus there exist >, ., , |A| choices of a; (and hence as,...,a; 1) such
that a1,...,a;_1 all lie in A.

On the other hand, we know (because of our conditioning to F) that d;_o

is connected to at most 0(5]1-£21|A]) vertices in (2, j — 1)-bad cells. Thus, by
deleting those vertices from consideration, we obtain >, .. , |A| choices
for aq,...,a;-1 € A such that aj_; lies in a (2,5 — 1)-good cell.

On the other hand (again by our conditioning to E), the random variable
dj—1 is uniformly distributed on a subset of |Vj .| of density > 1, even
after conditioning on di,...,d;_2. Using the regularity and density of the
(2,7 — 1)-cells, we conclude that with probability 1 — 0(51/2), that > e;_1
of the aj_1 listed above are connected via Fys to dj_1. By definition of Fp
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and a; (and the hypothesis that j is even), this implies that a; € A. Thus

we have (C.2) with probability 1 — O(a}/ 2), closing the induction.
Applying (C.2) with j = 2k + 1, we conclude in particular that for 1 —

0(81/2) of all tuples (di, . . ., doi) € VE2F, that there exists at least one choice

0,a0 ?
of a; (and hence aq, ..., as,y1) such that aq,..., a1 € A. Applying the

telescoping identity
didy dzdy - dyy = a1a2_k1+1

we conclude that
didy tdsdy - dyl € A ATL

Setting A’ := V{ o, (and choosing ; sufficiently small depending on ¢), we
obtain the claim. (|

We can strengthen the above result slightly by ensuring A’ is centred, at
the (necessary) cost of now placing A’ in A - A~! rather than A:

Proposition C.3 (Balog-Szemerédi type lemma, again). Let A be a finite
non-empty subset of a multiplicative group G = (G,-) such that |A- A7 <
K|A| for some K > 0, let kg > 1 be an integer, and let € > 0. Then there
exists a centred set D C A - A~ with |D| >k ke |A| such that for every
1 < k < ko, there are at least (1—¢)|D|* tuples (d,...,dy) € D®F such that

dl---dkEA-A_l.

Proof. We may assume that |A| is large depending on K, kg, €, since other-
wise we may just take D = {1}. Observe that it will suffice to construct
a symmetric set D rather than a centred set D with the desired proper-
ties, since we can convert a symmetric set into a centred one simply by
adding {1}, and the properties of D do not change significantly (adjusting
e if necessary).

Let & > 0 be a small number depending on kg, € to be chosen later. Again,
we may assume |A| large depending on K, ko,e,&’. Applying Proposition
C.2, we may find a subset A’ of A- A1 with |A'| >k, |A| such that
for every 1 < k < ko, there are at least (1 — &’)|A’|?* tuples (ay,...,a9) €
(A")®2?k such that

(C.3) alaglagazl e agk_lagk,l eA- AL
We now use the probabilistic method. Let ai,...,a, be elements of
A’ drawn uniformly and independently at random, and let dq, ..., dyja| €

A - A1 be the quantities
d: = P S d. ._ . -1
j = 02005415 Gy+|Ar) 2= 25410,

and let D := {dy,...,dg 4} Then D is clearly a symmetric subset of A-A1
with |D| < 2|A'|.
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For each d € D, let u(d) be the number of representations d = d; of d,
where 1 < j < 2| 4’|, thus

(C.4) > u(d) =214
deD

Observe that if 1 < 7, 5/ < 2|A’| are such that |j—j'| # 0,]|A’|, then d;, d; are
independent, and the probability that d; = d; is at most 1/|A’|. Summing
over all j, ' (treating the exceptional cases |j — j'| = 0,|A’| separately) and
rearranging, one obtains that

E)  pu(d)? < |4
deD
Thus by Markov’s inequality, with probability at least 0.9, we have
(C.5) > u(d)® <A
deD

which by Cauchy-Schwarz and (C.4) implies that |D| ~ |A’|.

Next, observe that if 1 < k < kg and 1 < jq,...,j; < 2|A'| are such
that no two of the j;,jy are equal or differ by |A’|, then d;,...,d;, are
independent, and by (C.3) we see that

dj, ---dj, € A- A7}

with probability 1 — O(g’). Summing over all choices of k and ji,...,jk
(again treating the exceptional cases separately), we see that

ko
1
BY ol (i< S 24 di o di £ 4 A7 < @
k=1

Thus by Markov’s inequality, with probability at least 0.9, we have

ko

1
§ W}{l Sty <204 i dj o dj, EACAT < €
k=1

and thus
(C.6) {1 <ji,oogn <204 tdj - dy, ¢ A A7} < 1A

for all 1 < k < ko. Thus with probability at least 0.8, (C.5) and (C.6) both
hold. We now select ay, ..., a4/ so that this is the case.
We rearrange (C.6) as

o uldh) - pldy) <o €)AF < €'|DI
di,edp €D
d1~~dk€A~A71

In particular this implies that
{(di,....dy) € D®* :dy---dpy g A- A7'} <, €'|D|F

and the claim follows by choosing ¢’ sufficiently small depending on kg,e. [
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Remark: In the case when G = (G, +) is abelian, we may invoke Theorem 1.3
and obtain a stronger result of a similar flavour, namely that +4A contains
a coset progression H + P of size comparable to A, and thus also contains
a set of the form kA’ — kA’ for some A’ of size comparable to A, for any
fixed k. It is thus reasonable to conjecture an analogous statement in the
non-commutative case; for instance, if A is a K-approximate group, and
k > 1, one would expect the existence of a set A’ of size > i, |A| such that
(A"F < A1 (say). Unfortunately our methods do not seem to establish
such a result.

Remark: Because of our reliance on the Szemerédi regularity lemma, the im-
plicit bounds in the above results are extremely poor (of tower-exponential
type). In view of the polynomial strengthening of the Balog-Szemerédi the-
orem [1] due to Gowers[16], it is natural to expect these bounds to be im-
provable here also. Note however that the best bounds for the Green-Ruzsa
results are still exponential in K, and so we do not know how to obtain a
polynomial bound in the above results even in the abelian case.’

INote added in proof: in [6], [27] a significantly strengthened version of Proposition C.2
was established, in which the € error was eliminated, and the tower-exponential bounds
were improved to exponential bounds by avoiding an appeal to the regularity lemma.
However, the methods in these papers appear to still only give exponential bounds even
after assuming a polynomial version of Freiman’s theorem, so further techniques would
still be needed to reach the polynomial case.



