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HOLLOW POLYTOPES WITH MANY VERTICES
SRINIVAS ARUN AND TRAVIS DILLON

ABSTRACT. Given a set S C R%, a hollow polytope has vertices in S but
contains no other point of S in its interior. We prove upper and lower
bounds on the maximum number of vertices of hollow polytopes whose
facets are simplices or whose vertices are in general position. We also
obtain relatively tight asymptotic bounds for polytopes which do not
contain lattice segments of large length.

1. INTRODUCTION

A subset T of a point set S C R is called empty in S if every point in T
is a vertex of conv(7) and no other point of S is contained in conv(7); in
short, conv(T) N S = Vert(conv(T)). Empty polytopes in a discrete set S
are strongly connected to the intersection properties of that set with convex
bodies:

Theorem (Hoffman [14]). Given a set S C R?, let h(S) be the minimal
positive integer, if any exists, such that the following Helly-type theorem
holds:

For any finite family F of convex sets in R?, if every h(S)
or fewer sets in F contain a point of S in their intersection,
then (F contains a point in S.

Then h(S) equals the maximum number of vertices of an empty subset of S.

For instance, any empty subset of Z% has at most 2% vertices: If T' C Z¢
has at least 2¢ + 1 points, then two of them, say z and y, have the same
parity in every coordinate, so (x4 y) is an integer point in conv(T) that is
not a vertex. On the other hand, T = {0, 1}% is empty in Z¢. So h(Z?) = 24,
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which proves the following theorem (first proved by Doignon [11] and later,
independently, by Bell [6] and Scarf [21]):

Theorem. Let F be a finite family of convex sets in R%. If the intersection
of any 2% or fewer sets in F contains an integer point, then (\F does, too.

A subset T of a point set S C R"™ is called hollow in S if the interior
of conv(T") contains no points of S. There is a large literature on so-called
hollow polytopes, much of which is focused on the classification of hollow
polytopes up to unimodular equivalence. There is also a strong connection
between hollow polytopes and the celebrated Flatness Theorem (stated as
Theorem 2.4 in this paper). See [16] for a recent survey of these aspects.

In this paper, we seek bounds on the number of vertices of hollow poly-
topes, in essence importing a central question about empty polytopes to the
world of hollow polytopes.

Since many of our results are asymptotic, we will use standard order of
magnitude notation: for two functions f(k,d) and g(k, d), we write f = O(g)
to denote that there is an absolute constant ¢ > 0 such that f(k,d) <
cg(k,d) for all £k and d. Similarly, the notation f = Og4(g) indicates that
there is a positive function ¢(d) such that f(k,d) < ¢(d) g(k,d) for all k and
d. We write f = ©4(g) if f = O4(g) and g = O4(f). We will also say that a
set in R? is in “general position” if no d + 1 points of the set are contained
in a hyperplane.

The main results of the paper are as follows.

Theorem 1.1. If P is a hollow polytope in Z% in which every facet is a
simplex, then P has at most 2¢ vertices. Furthermore, if the vertices of P
are in general position, then P has O(d2(log d)3) vertices.

As we describe in Section 2, to obtain any bound on the number of ver-
tices, some restriction (such as simplicial facets or vertices in general posi-
tion) must be imposed; these two conditions seem fairly reasonable.

In Section 3, we relax the emptiness condition differently and prove bo-
unds on the number of vertices of polytopes that contain no “lattice seg-
ments” of large length.

Theorem 1.2. If P is a convez lattice polytope in R? which does not contain
a set of the form {x,x +y,v + 2y,...,x + ky} with z,y € Z% and y # 0,
then P has Oq(k?1) vertices.

d
We also construct a polytope with @d(k(d_l)m) vertices containing no

such set.
We conclude in Section 4 with several open problems.

2. INTERIOR LATTICE POINTS

How many points of Z¢ can a hollow polytope contain? As it turns out,
arbitrarily many. Take, for example, the lattice rectangle [0, 1] x [0, n]. Even
the number of vertices can be arbitrarily large:
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Observation 2.1. For any d > 3, there is a convez polytope P in Z% with
arbitrarily many vertices such that the only lattice points in P are in its
vertices, edges, or two-dimensional faces.

Proof. Let x1,...,x, be the vertices of a convex n-gon in Z? C Z¢, and let
e; be the ith standard basis vector. Then conv(xi,...,Zn,€3,...,€4) is a
polytope with n 4+ d — 2 vertices. O

In order to obtain meaningful upper bounds, we therefore must impose
some further restrictions. To that end, let holg,(Z?) denote the maximum
number of vertices of a hollow lattice polytope whose vertices are in general
position. It is not obvious that holgp(Zd) is finite, either; while the general
position condition is restrictive, we still have the freedom of allowing many
integer points on the boundary of the convex hull.

In fact, holg,(Z?) is finite, and one crucial fact implying this is that a
polytope whose vertex set is in general position has simplices as facets.
Therefore, we also define hola (Z?) as the maximum number of vertices in
a hollow simplicial lattice polytope. Since any hollow lattice polytope with
vertices in general position is simplicial, holg,(Z?) < hola(Z%). Our first
result is that hola (Z?) is finite.

Theorem 2.2. hol (Z9) < 2.

Proof. We will show that for any hollow simplicial lattice polytope, we can
construct an empty lattice polytope with the same number of vertices.
Assume that P is a simplicial lattice polytope whose boundary contains
a lattice point x that is not a vertex. Let y be a vertex of the minimal-
dimension face of P that contains z, and let ) be the polytope whose vertex
set is {z} U vert(P) \ {y}. Then @ is a simplicial lattice polytope with
strictly fewer nonvertex lattice points on its boundary and the same number
of vertices as P. By induction on |P N Z%, there is an empty polytope
with the same number of vertices as P, so Doignon’s theorem implies that
|vert(P)| < 2¢. O

The bound in Theorem 2.2 is not necessarily sharp for d > 2, but we
unfortunately do not have a better bound for simplicial polytopes. For
polytopes whose vertices are in general position, however, we can obtain a
much better bound using the concept of lattice width.

Definition 2.3. The width of a convex body K C R in the direction of a
vector v € R is
K) = — mi .
wy(K) = max(z, v) — min(z, v)

The lattice width of a convex body K is

wr(K) = vegzr}ii\r}{o} wy (K).

The lattice hyperplanes orthogonal to an integer vector v are those hyper-
planes orthogonal to v that intersect Z¢. Two adjacent lattice hyperplanes
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orthogonal to v are distance 1/||v|| apart. So if w,(K) = «, at most a + 1
lattice hyperplanes orthogonal to v intersect k, and if wy (K) = «, then there
is a lattice vector v such that at most a4 1 lattice hyperplanes orthogonal
to v intersect K.

In 1948, Khinchine [18] proved the fundamental fact that any convex
body containing no lattice points has bounded lattice width. The minimal
upper bound on this lattice width is called the flatness constant. A series
of works improved Khinchine’s upper bound; Kannan and Lovéasz in 1988
provided an elegant proof that the flatness constant in R is at most d? [17].
On the other hand, the flatness constant is at least d: Any convex body
contained in the interior of the lattice simplex conv(0,de,...,des) has no
lattice points, and the lattice width of this simplex is d. Recently, Reis and
Rothvoss obtained an upper bound that is near optimal:

Theorem 2.4 (Flatness theorem, Reis—Rothvoss [20]). If K is a convex
body in R? that contains no lattice points, wr(K) = O(d(logd)?).

We can apply this result to obtain an improved upper bound for holg, (74).
Theorem 2.5. holy,(Z4) = O(d*(log d)?).

Proof. Let X be a set of integer points in Z¢ in general position such that
conv(X) is hollow and vert(conv(X)) NZ? = X. Let ¢ € conv(X). Then
K = %(conv(X) —¢) + ¢ is a convex body that contains no lattice points.
Using Theorem 2.4, we obtain a vector v such that K intersects at most
O(d(log d)?) lattice hyperplanes orthogonal to v; therefore conv(X) inter-
sects at most O(d(log d)?) lattice hyperplanes orthogonal to v, as well. Each
lattice hyperplane contains at most d points of X, so X can contain no more

than O(d?(log d)?) points. O

Theorem 2.2 and Theorem 2.5 together imply Theorem 1.1.

As for lower bounds, the lattice simplex conv(0,ey,...,eq) shows that
hola (Z%) > holgp(Z?) > d + 1. A simple construction slightly improves this
lower bound.

Proposition 2.6. hola (Z%) > 2d.

Proof. We utilize an example from [23, p. 11]. Let 1 be the vector with
1 in each coordinate. The set X = {e;}¢; U {1 — ¢;}¢; lies in the unit
cube {0,1}%, so conv(X) is hollow. Moreover, X is symmetric about the
point % - 1, so there is an affine transformation taking X to the standard
cross-polytope; therefore conv(X) is simplicial. O

3. LATTICE SEGMENTS

We now investigate polytopes which avoid certain point sets in their con-
vex hull. The simplest possible example of this is prohibiting segments of a
given length.
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Definition 3.1. We use [z,y] to denote the line segment with endpoints x
and y. If x,y € Z% with Hx,y] N Zd| = k, we say that [z,y] is a lattice
segment of length k£ — 1.

Notice that a single point has length 0. We first consider the maximum
number of lattice points a polytope can contain without containing a lattice
segment of length k.

Proposition 3.2. If P is a convez lattice polytope in R¢ and P does not
contain a lattice segment of length k, then |P N 79| < k<.

Proof. If |[P N Z% > k% + 1, then there are two lattice points x,y € PN Z%
whose coordinates are equal modulo k. If we set z = 1(y — x) € Z%, then
r,x+z,x+2z...,x+kz = yis a set of k41 colinear lattice points contained
inside P; so P contains a lattice segment of length at least k. ([

Since the hypercube [1, k] contains exactly k¢ lattice points but no set
of k + 1 colinear lattice points, this inequality is tight. On the other hand,
such lattice polytopes contain many fewer vertices. (This is Theorem 1.2.)

Proposition 3.3. Any convez lattice polytope in R¢ that does not contain
a lattice segment of length k has Og(k=") wertices.

Proof. We proceed by induction. The theorem is true if d = 1, since every
polytope in R! has at most 2 vertices. Suppose that P is a convex lattice
polytope in R? with no lattice segment of length k. If |PNkZ? > 2, then P
contains a lattice segment of length k. Thus |P N kZ9% < 1. By translating
P by an integer vector, we may assume that P N (2k)Z¢ = ().

In this case, ﬁP does not intersect the integer lattice. By the Flatness
Theorem, there is a constant ¢4 so that 2—1kP has lattice width at most c4; so
P has lattice width at most 2c4k. This means that there is an integer vector
v such that at most 2cqk + 1 lattice hyperplanes orthogonal to v intersect
P. Every vertex of P lies on one of these hyperplanes, and each hyperplane
has at most Og(k9=2) vertices by induction. So P has at most Oy(k?1)
vertices. (]

On the other hand, there is a lattice polytope with almost the same
number of vertices and no lattice segment of length k.

Proposition 3.4. There is a convex lattice polytope in R with no lattice
segment of length k and @d(k(d_l)d%l) vertices.

Proof. Take P = conv (%Bd N Zd), where B¢ is the unit ball in R%. Since
PC %Bd, it does not contain a lattice segment of length k. On the other
hand, Béarany and Larman [5] proved that P has G)d(k(d_l)#l) vertices. [

4. OPEN PROBLEMS

Although we obtain lower and upper bounds for hola(Z%), they are far
apart asymptotically: We only know that 2d < hola(Z%) < 2¢. Is the
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growth rate of hola (Z%) truly exponential, or is it much slower? There is an
asymptotic difference in the bounds for holgp(Zd), as well, though the gap
is less dramatic.

Problem 4.1. Improve the asymptotic bounds for holg,(Z%) and hola (Z4).

Also, our bounds for the number of vertices of a lattice polytope in R?
that does not contain a lattice segment of length &, although close, do not
quite match. We suspect that our lower or upper bound is tight, but make
no conjecture which it is.

Problem 4.2. FEstablish tight asymptotic bounds on the mazximum number
of vertices of a lattice polytope that does not contain a lattice segment of
length k.

And, of course, “lattice segment of length k” can be replaced by any
family of point configurations, for a whole constellation of related problems.
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