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EXPANDING POLYNOMIALS FOR SETS WITH ADDITIVE
STRUCTURE

SANJANA DAS, COSMIN POHOATA, AND ADAM SHEFFER

ABSTRACT. The expansion of bivariate polynomials is well-understood
for sets with a linear-sized product set. In contrast, not much is known
for sets with small sumset. In this work, we provide expansion bounds
for polynomials of the form f(z,y) = g(xz + p(y)) + h(y) for sets with
small sumset. In particular, we prove that when |A|, |B|, |A + A|, and
|B + B| are not too far apart, for every ¢ > 0 we have

\f(A B)\ —Q |A‘256/121—s ‘B|74/12175
) |A+A|108/121‘B+B|24/121

We show that the above bound and its variants have a variety of appli-
cations in additive combinatorics and distinct distances problems.

Our proof technique relies on the recent proximity approach of Soly-
mosi and Zahl. In particular, we show how to incorporate the size of a
sumset into this approach.

1. INTRODUCTION

1.1. Background. Most multivariate polynomials f have the following cu-
rious property: Given any set A C R, if we evaluate f on all inputs drawn
from A, the resulting set of outputs is much larger than A. For example,
for the polynomial f(z,y,z) =z + yz, any finite set A C R satisfies

(1.1) [{f(a1,a2,a3) | a1,a9,a3 € A} = Q(|A]*?),

and it is conjectured that the exponent % can be replaced with 2 — ¢ for any
e > 0 (see [22] and [32] for slightly better bounds and further discussion).
Many problems can be reduced to studying such expansion properties of
polynomials, and the study of these properties is currently an active and
exciting research front; for example, see [20, 33, 21, 3].
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More formally, for a polynomial f € R[zq,..., x| and sets Ay,..., Ax C
R, we write

f(A17"'7Ak):{f(a17"'7ak)‘alEAla"wakeAk}'

We say f is expanding if for any sets Aj,..., Ay C R of size n, the set
f(Aq,..., Ag) has size asymptotically larger than n (which we write as
‘f(Al, ces ,Ak)‘ = w(n))

In this paper, we focus on the case of bivariate polynomials f € R[z,y].
In [8], Elekes and Rényai fully characterized which bivariate polynomials
are expanding.

Theorem 1.1 (Elekes—Rényai). Let f € Rz, y] be a polynomial, and sup-
pose that there do not exist polynomials p,q € R[x| for which

(1.2) f(a,y) = g(p(x) +aq(y))  or [flz,y) = g(p(x) - q(y))-
Then for all sets A, B C R with |A| = |B| = n, we have |f(4, B)| = w(n).

The constant in the asymptotic notation of Theorem 1.1, as well as in
similar bounds throughout the paper, depends on deg f.

The condition in Theorem 1.1 that f is not of the special form f(z,y) =
g(p(x) + q(y)) or f(z,y) = g(p(z) - ¢(y)) is necessary — if f were of the
first special form, then we could construct sets A and B of size n for which
|f(A, B)| = ©(n) by taking p(A) and ¢(B) to be arithmetic progressions with
the same difference. Similarly, if f were of the second special form, then we
could take p(A) and ¢(B) to be geometric progressions. So polynomials
of these special forms are not expanding, which means Theorem 1.1 fully
answers the qualitative question of which polynomials are expanding.

It is then natural to ask for quantitative lower bounds on |f(A, B)| when
we know f is expanding. The first such bound was proven by Raz, Sharir,
and Solymosi [21].

Theorem 1.2 (Raz—Sharir-Solymosi). Let f € R[z,y] be a polynomial
which is not of either special form in (1.2). Then for all sets A, B C R,
we have

f(A, B)| = Q(min{|AP® B[, |1, |BI*}).
This was then improved by Solymosi and Zahl [30] to the following bound.

Theorem 1.3 (Solymosi—Zahl). Let f € Rlz,y] be a polynomial which is
not of either special form in (1.2). Then for all sets A, B C R, we have

|f(A, B)| = Q(min{|A]** |B**|A]”,|B|*}).

In particular, when |A| = |B| = n, Theorem 1.3 gives | f(A, B)| = Q(n®/?).
For more information on expanding bivariate polynomials and their appli-
cations, see [6].
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1.2. Our expansion results. In this paper, we consider the following ques-
tion: Can we prove stronger expansion properties if we know that A and B
are ‘additively structured’? To make this precise, we define the sumset of a
set A CR as
A+A={a+d |ad € A}

Intuitively, a set with a small sumset is similar to a generalized arithmetic
progression (for more details, see [34, Chapter 7]). For this reason, we say
that such sets are additively structured. So we want to prove stronger lower
bounds on |f(A, B)| when A+ A and B + B are small.

Throughout this paper, we work over R. We work only with polynomials
of the form

f(@,y) =g(z +p(y)) + h(y)

for single-variable polynomials g, h, and p. Although this is a rather re-
strictive form, it encompasses the polynomials that arise from at least two
natural problems — the problem of showing that A and g(A) cannot both
have small sumsets (where we consider f(z,y) = g(z)+g(y)), and the prob-
lem of bounding the number of distinct distances between two lines (where
if our lines are the z-axis and x = sy, we consider f(z,y) = (z — sy)? +y?).
We derive new results for both problems, which we discuss in Subsections
1.3 and 1.4.

Remark: Many of the applications that we will discuss involve the case where
p = 0, meaning that f is of the form

f(z,y) = g(x) + h(y)

for some g,h € R[z]. These polynomials are not expanding in general, as
they are of the first special form in (1.2). But the sets A and B in the
construction we used to show they are not expanding do not have additive
structure when deg g,deg h > 2. So unlike in results such as Theorems 1.1,
1.2, and 1.3, we can still hope to get lower bounds on |f(A, B)| for such
polynomials.

Our first result considers the setting where only the set A has additive
structure.

Theorem 1.5. Let f € R[z,y] be of the form f(x,y) = g(x + p(y)) + h(y)
where g, p, and h are single-variable polynomials, degg > 2, and degh > 1.
Then for every € > 0, there is some ¢ > 0 such that for any A, B C R with
|[A+ Al < C|A|3/2, we have

28/13—¢ | 1p14/13—¢ 8/3 | p|1/3—¢
|f<A,B>\—Q<min{'A’ B~ 1415 AAFAAHB\})

(where both ¢ and the implicit constant depend on deg f and € ).

In the regime where |A| = |B] = n and |[A+ A| = ©(n) (intuitively,
this means that A has the maximum possible additive structure), Theorem
1.5 gives a bound of |f(A4, B)| = Q(n?%/13-2¢). Meanwhile, when A + A
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is reasonably small and B is much smaller than A (e.g., |A+ A| < |A|"/®
and |B| < |A|Y/®), Theorem 1.5 implies that |f(A, B)| = Q(|A||B|). This is
tight, as we always have |f(A, B)| < |A||B].

We prove a stronger bound when both A and B have additive structure.

Theorem 1.6. Let f € Rx,y] be of the form f(x,y) = g(xz + p(y)) + h(y)
where g, p, and h are single-variable polynomials and deg g,degh > 2. Then
for every € > 0, there is some ¢ > 0 such that for any A,B C R with

|A+ A| < c|A]P? and |B + B| < |B|"?, we have

|A’256/121—5 ‘3’74/121—5

|f(A,B)| =Q <min{

|A+A|108/121 |B_|_B|24/121’

| A[T4/29 | p|28/29—< )
36/29 12/29° A", [A][B]
|A+ Al |B + B|

(where both ¢ and the implicit constant depend on deg f and €).

In the regime where |A| = |B| = n and |A+ A| and |B + B| are both
O(n), Theorem 1.6 gives a bound of |f(A, B)| = Q(n!8/11-2),

Remark: Similarly to the sumset of A, the difference set of A is defined as
A—A={a—d |a,d € A}.

Theorems 1.5 and 1.6 also hold if we replace all the sumsets with difference
sets; the same proofs work, with straightforward modifications.

1.3. Applications to sum-product type bounds. We now discuss some
applications of Theorems 1.5 and 1.6.

The sum-product problem concerns the statement that a set A C R cannot
be both additively and multiplicatively structured. To make this precise, we
define the product set of A as

AA = {ad | a,d € A}.

Similarly to the additive case, we think of A as multiplicatively structured
if its product set is small. Erdés and Szemerédi [13] conjectured that for
any set A, either its sumset or product set must be of near-maximal size.

Conjecture (Erdés—Szemerédi). Let ¢ > 0. Then for any set A C Z, we
have

max{|A + Al [AA]} = Q(|A7).
Erdés and Szemerédi [13] proved that max{|4 + A|,[AA[|} = Q(|A]*"9)

for some § > 0. Several authors have improved the value of § and generalized
the result from Z to R; the current best bound is due to Rudnev and Stevens
23], who showed that we can take § = & + 2= — ¢ for any € > 0.

One commonly studied variant of this problem concerns the statement
that for a strictly convex function g, the sets A and g(A) cannot both be

additively structured — more precisely, A + A and g(A) + g(A) cannot
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both be small. (The case g(x) = —loga corresponds to the sum-product
problem.) The current best bound for this problem is due to Stevens and
Warren [32]. (For definitions of the asymptotic notation Q*(-) and O*(-),
see Section 2.)

Theorem 1.8 (Stevens—Warren). Let g: R — R be conver. Then for all
sets A C R, we have

49/19
9(4) + 9(4)| = (:jL A,) .

In particular, for all A C R, we have
max{|A + A|, |g(A) + g(A)[} = Q7 (|A]*/*).

Theorem 1.6 leads to the following improved bound when g is a polynomial
of degree at least 2.

Corollary 1.9. Let g € R[z] be a polynomial with degg > 2, and let € > 0.
Then for all sets A C R such that |A+ A] < |A[*?, we have

B |A|30/11—E
19(A) + g(A)] = Q (\A+A!12/11 :

In particular, for all A C R, we have
max{| A+ A|,|g(4) + g(A)|} = QAP*7).

Lower bounds on max{|A + A|,|g(A) + g(A)|} are one way of quantifying
the notion that g ‘destroys additive structure.” Another way of quantifying
this is by considering the case where A + A is minimal and analyzing how
big g(A) + g(A) must be. This has been studied from the perspective of
convex sets. A set C' = {c1,...,¢,} C R is conver if

cp—c1<cg—Cca<---<Cp—Cp-1-

Equivalently, C' is a convex set if and only if C = g([n]) for a convex function
g. The problem of proving that convex sets must have large sumsets has been
studied by many authors; Schoen and Shkredov [24] proved that |C' + C| =

Q*(|C|14/9)
In the extreme case where |A + A| = ©(|A]|), Theorem 1.8 of [32] gives
l9(4) + g(A)] = Q" (JA]"),

which in particular means |C + C| = Q*(|C|**/*) for any convex set C' (this
slightly improves the bound of [24]). Meanwhile, when ¢ is a polynomial,
Corollary 1.9 gives

l9(4) +g(4)] = 2(|4]"™"7).

This is a stronger bound, but for a less general class of functions g.
Finally, several authors have proved more general lower bounds on

max{|A + 4|, |g(A) + B|}
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for arbitrary sets B. Shkredov [29] proved the following bound. (Before [32],
this gave the best lower bound on max{|A + 4|, |g(A) + g(A)|}.)

Theorem 1.10 (Shkredov). Let g: R — R be continuous and convex. Then
for all sets A, B C R with |A| = |B|, we have

o ‘A|50/21
l9(A) +C| = <’A+A|37/42 :

When g is a polynomial, if we apply Theorem 1.5 with f(z,y) = g(z)+v,
then we get the following result, which is an improvement when |A + A| <

|A[?5/Y97¢ for any fixed & > 0.

Corollary 1.11. Let g € Rz| be a polynomial with degg > 2, and let £ > 0.
Then for all sets A, B C R with |A| = |B|, we have

' ’A‘32/13_€ |A’3—E
A)+ B|=Q [ min , .
s+ B ( {|A+A|12/13 A+ AP

As opposed to Theorem 1.5, Corollary 1.11 does not include the condition
|[A+ Al < c|A|3/2. This is because when |A 4+ A| = Q(]A|3/2), the second
term in Corollary 1.11 is O(|A|), which means the bound of Corollary 1.11
is still true in this case.

1.4. Applications to distinct distances problems. Next, we discuss
some applications of Theorems 1.5 and 1.6 to distinct distances problems.
For two points p,q € R2 we write d(p,q) to denote the distance between
them. For a set of points P C R?, we write

A(P) ={d(p,q) | p,q € P}.
Similarly, for two sets of points Py, P2 C R, we write
A(PlaPQ) = {d(pu Q) ’ pE Pl)q € PQ}

The study of distinct distances started with the following question by
Erdds [10]: What is the minimum possible number of distinct distances that
n points in the plane can form? In other words, what is the minimum value
of |[A(P)]| over all sets P of n points? Erdds showed that when P is a \/nx/n

lattice, we have |A(P)| = O( \/lgﬂ) The problem of proving a comparable

lower bound on |A(P)| was studied by many authors; finally, Guth and
Katz [14] proved that any set P of size n satisfies |A(P)| = Q(&), which
almost matches Erdds’s upper bound.

While the above question is almost fully resolved, most distinct distances
problems are still wide open. We now discuss some applications of our results
to two of these problems.
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1.4.1. Distinct distances between two lines. The first problem we consider
is about the minimum number of distinct distances between points on two
lines: Let ¢1 and ¢ be two lines, and let P; and P» be finite sets of points on
01 and ¢y, respectively. How small can A(Py,P2) be? This question is one
of the most elementary distinct distances problems, in the sense that each
point is defined by a single coordinate. However, it is still far from solved;
this makes it a central distinct distances problem.

We have |A(P1, P2)| = Q(|P1| + |P2]). When ¢; and ¢ are parallel or
orthogonal, this is tight. Indeed, when /¢; || ¢2, we can take equally spaced
points on the two lines; when ¢; L {5, we can take P; = {(1/a,0) | a € [m]}
and Py = {(0,vb) | b € [n]}. However, when ¢; and /5 are neither parallel
nor orthogonal, the number of distances is significantly larger; the current
best lower bound is due to Solymosi and Zahl [30].

Theorem 1.12 (Solymosi—Zahl). Suppose that {1 and ¢y are neither parallel
nor orthogonal, and let Py C ¢1 and Po C £y be finite sets of points. Then

|A(Py, Po)| = Qmin{ [Py 74 [Py |Py] L [Pa]}).

The problem of lower-bounding A(P;,P) is an expanding polynomials
problem. Indeed, let ¢; be the line y = 0 and {3 the line x = sy (this
setup allows the lines to be orthogonal, but not parallel). Let A be the
set of x-coordinates of P; and B the set of y-coordinates of Py. Then the
polynomial

fla,y) = (x — sy)* +

is the square of the distance between the points (z,0) and (sy,y), which
means |A(P1,P2)| = |f(A4,B)|. Theorem 1.12 immediately follows from
applying Theorem 1.3 to this polynomial f (if s # 0, then f does not have
either special form in (1.2)).

Using Theorems 1.5 and 1.6, we can get improved bounds in the case
where A and B have additive structure, which also hold when ¢; and /5 are
orthogonal. For these bounds, we use the variants of Theorems 1.5 and 1.6
with difference sets rather than sumsets (see Remark 1.7) because difference
sets have a simpler geometric interpretation here — we have |[A — A| =
2|A(Py)| —1 and |B — B| =2|A(P2)| — 1. So we can view these bounds as
stating that if there are few distinct distances within P; and Py (relative to
their sizes), then there are many distinct distances between them.

To simplify the bounds, we restrict our attention to the case |A(P1)| <
|731|5/4; this condition ensures that in both Theorems 1.5 and 1.6, the first
term is smaller than the second. Then Theorems 1.5 and 1.6 imply the
following bounds.

Corollary 1.13. Let {1 and ¢y be two lines which are not parallel (but may
be orthogonal), and let Py C {1 and Py C ly. If |A(P)] < |731|5/4, then for
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all e > 0 we have

. P 28/13—¢ P. 4/13—¢
IA(P,P2)| = Q (m1n{| 1 G )‘|122/‘13 NN
1

Corollary 1.14. Let £1 and {2 be two lines which are not parallel, and let
Pi C 6 and Py C by, If|A(PY)| < [P1|** and |A(P2)| < |Po|*®, then for
all € > 0 we have

‘ |P1 ’256/12175 |P2|74/12175 9
(AP Pl =@ i) 13 oo oS | iz P11 PRI -

1.4.2. Heawy lines in configurations with few distances. After Guth and Katz
[14] almost fully resolved the question of the minimum number of distinct
distances n points can form, it became natural to try to characterize the
point sets that achieve this minimum. In fact, Erdés [12] asked this question
decades earlier — specifically, he asked whether any such point set must
have ‘lattice structure.” As a first step towards such a statement, he asked
whether any such point set must have a line containing Q(nl/ 2) points, or
even just (n®) points. A variant of a proof of Szemerédi (communicated in
[11]) shows that there must be a line containing 2(y/logn) points, and [26]
shows that we can improve this bound to Q2(logn).

Meanwhile, we have substantially better bounds in the opposite direction,
showing that there cannot be too many points on a single line. Sheffer, Zahl,
and de Zeeuw [28] proved that in a set of n points forming o(n) distinct
distances, no line can contain Q(n7/ 8) of these points. Raz, Roche-Newton,
and Sharir [19] then improved this to the following bound.

Theorem 1.15 (Raz-Roche-Newton-Sharir). Let P be a set of n points
such that |A(P)| < in. Then every line { satisfies [( NP = O*(n*3/52),

Combining the ideas of [28] and [19] with Corollary 1.13, we get the
following very slight improvement.

Corollary 1.16. Let P be a set of n points such that |A(P)| < tn. Then
for all e > 0, every line { satisfies [ NP| = O(n13/16+6)'

1.5. Almost tight bounds. Interestingly, several authors have studied the
expansion of polynomials on sets with multiplicative structure, and this
problem is much better understood. Chang [4] first studied this problem
for the specific polynomial f(x,y) = z+y and proved that when AA is very
small, this polynomial essentially has the maximum possible expansion.

Theorem 1.17 (Chang). Fiz ¢ > 0. Then for all sets A C R with |AA| =
o(|A|log |A]) (with the constant in the asymptotic notation depending on )
and all sets B C R, we have

A+ B| =Q(lA]|B|'™).
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The second author [18] then studied this problem for general polynomials
and showed that when AA is very small, all polynomials f € Rz, y| except
those of a certain special form have the maximum possible expansion.

Theorem 1.18 (Pohoata). Let f € Rlz,y| be a polynomial which is not of
the form g(p(zx,y)) for some single-variable polynomial g and some mono-
mial p, and let K be a constant. Then for all sets A with |AA| < K |A|, we
have

|f(4,4)] = Q(AP).

In contrast, Theorems 1.5 and 1.6 only lead to maximum expansion when
A is much larger than B. In the special case where f(z,y) = 2 + y? and
A = B, we obtain a bound that does give nearly the maximum possible
expansion when A 4+ A is minimal, using different methods.

Proposition 1.19. Let A C R be a finite set with |A+ A| < K |A|. Then

we have
2
2 a2 _ ||
O )

1.6. Overview of techniques. We now give a high-level overview of the
techniques we use to prove Theorems 1.5 and 1.6.

Expanding polynomials are often studied using incidence geometry. In
particular, Raz, Sharir, and Solymosi [21] proved Theorem 1.2 by studying
the quantity

(1.3) ‘{(al,ag,bl,bg) c A2 X 32 ’ f(al,bl) = f(ag,bg)} ,

which we think of as the energy associated to f. If f(A, B) is small, then
this energy must be large (by Cauchy—Schwarz); so to lower-bound f(A, B),
it suffices to upper-bound this energy. To do so, they set up a collection of
points and curves whose incidences correspond to 4-tuples of this form, and
then used incidence bounds to upper-bound the number of such 4-tuples.

The way we use the information that A + A is small is by using the fact
that every a € A can be written as « —a’ for a« € A+ A and @’ € A in |A|
ways (if we choose @, then a@ = a+a’ is automatically in A+ A). So instead
of working with the energy (1.3), we work with

]{(al,ag,a’l,aé,bl,bg) € (A—I-A)2 x A% x B? ‘
flan —al,br) = flaz — ay, ba)}.

As before, if f(A, B) is small, then this quantity must be large; and we can
again get upper bounds on it using incidence bounds. When A + A is small,
our incidence problem will have a smaller set of points, leading to better
bounds.

The proofs of Theorems 1.5 and 1.6 both follow this basic setup. In both
cases, the same curve may repeat multiple times in our incidence problem.
The main difference between the proofs is that in the proof of Theorem 1.6,
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we use the additive structure of B to get better control on curve multiplici-
ties.

The above approach does not lead to good bounds; we amplify these
bounds by using proximity. Solymosi and Zahl [30] introduced the idea of
proximity in order to prove Theorem 1.3. Roughly speaking, instead of
considering all 4-tuples satisfying f(a1,b1) = f(as2,b2), they restricted their
attention to ones where a; and as, as well as b; and by, are ‘close’ to each
other. These proximity conditions shrink our lower bound on the number
of such 4-tuples in terms of |f(A, B)|, but they also shrink the number of
points and curves in the incidence problem. It turns out that they shrink
the upper bound on the number of incidences by a smaller factor than they
shrink the lower bound, giving us a better bound on |f(A, B)|. Intuitively,
this is because among solutions to f(a1,b1) = f(ag, ba), there is a correlation
between a; and ag being close and b; and bs being close. Thus, imposing
both proximity conditions does not shrink the lower bound by much more
than imposing one would.

Our proofs work by incorporating proximity into the ideas mentioned
above — instead of considering all 6-tuples satisfying f(a; — a},b1) =
f(ag — ab,ba), we only consider pairs (aq,as), (af,ab), and (b1, be) whose
two elements are close. This shrinks our upper bound on the number of inci-
dences by a smaller factor than the lower bound, resulting in better bounds
for |£(A, B).

The organization of this paper is as follows. In Section 2, we state a few
preliminaries needed for our proofs. In Section 3, we present a simpler ver-
sion of our proofs without proximity (obtaining weaker bounds), to illustrate
some of the other main ideas — in particular, how we set up the incidence
problem and make use of the additive structure of A and B. In Section 4,
we give an outline of the actual proofs with proximity (for both Theorems
1.5 and 1.6), and in Sections 5-7, we fill in the details of this outline.

To avoid this paper becoming too long and technical, we do not include the
proofs of Proposition 1.19 and Corollary 1.16, and of two lemmas (Lemma
4.2 and 6.3) used in the proofs of Theorems 1.5 and 1.6. For the full details
of these proofs, see the arXiv version [5].

2. PRELIMINARIES

In this section, we state a few preliminaries that we will need for our
proofs. We use standard asymptotic notation:

e 2 = O(y) means there is a constant ¢ > 0 such that x < cy;
e © = Q(y) means there is a constant ¢ > 0 such that x > cy;
e z = O(y) means we have both x = O(y) and = = Q(y).

We use O*(-) and Q*(-) to suppress logarithmic factors — more precisely,
x = O*(y) means there are constants c,d > 0 such that = < cy(logy)?, and
x = Q*(y) means there are constants ¢, d > 0 such that 2 > cy(logy) ™.

All logarithms are base 2.
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2.1. Incidence bounds. Our proofs rely on an incidence bound for alge-
braic curves from [25]; in this subsection, we give a few relevant definitions
and state this bound.

For a polynomial f € Rz, y|, we write

2(f) = {(z,y) € R?* | f(z,y) = 0}.
We say a set v C R? is an algebraic curve if v is nonempty and we can write
v = Z(f) for some nonconstant polynomial f € Rz, y].

We say a polynomial f € Rz, y] is reducible if we can write f = fi fo for
nonconstant polynomials f1, fo € Rz, y]; we say f is irreducible if it is not
reducible. We say an algebraic curve v is reducible if we can write v = Z(f)
for some irreducible f € Rz, y].

We say a collection of curves C is a k-dimensional family if the curves
in C are of the form Z(f) for polynomials f € R[z,y| whose coefficients
are themselves polynomials in k parameters p1, ..., pg. More formally, this
means there is a polynomial F' € R[z,y, p1,...,pg] such that if we write

fp17~~-,pk (l',y) = F(x7y’p1a cee apk)

(where we think of py,...,pr € R as fixed, and f,, .
x and y), then we have

C = {Z(fp17...,pk) ’ P15 Dk S R}

We define the degree of C as deg F' (more precisely, the minimum value of
deg F over all F' which could be used to define C). For example, the collection
of circles in R? is a 3-dimensional family of degree 2, corresponding to

F(x,y,21,2,23) = (x — 21)" + (y — 22)°
For a collection of points IT and a collection of curves I' in R?, we say an

incidence between II and T" is a pair (p,y) € II x I where p lies on . We
write

, as a polynomial in

_ 2

I(ILT) = {(p,7) e IxT [ p €}
to denote the number of incidences between II and T'.

We will then use the following incidence bound, due to Sharir and Zahl
[25]. (Sharir and Zahl actually work in a somewhat more general setting,
but the setting we have given here is easier to describe and is enough for
our purposes.)

Theorem 2.1 (Sharir-Zahl). Let I be a set of points in R?, and T' a set of
(distinct) irreducible algebraic curves in R? from a k-dimensional family of
degree d. Then for all € > 0, we have

2k 5k—6
I(I1,T) = O[T [D[S=E4 4 (TP P 4 1] + 1)
(where the implicit constant depends on k, d, and €).

In our applications of Theorem 2.1, we will always have k = 3, in which
case this bound gives

I(ILT) = O( M [D /1 4 1 2/3 |03 4 |11| + |T)).
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2.2. Irreducibility of polynomials. When applying Theorem 2.1, we will
need to ensure that certain polynomials are irreducible; we now state a result
that we will use for this purpose.

We say a polynomial f € R[z,y] is decomposable if we can write f(z,y) =
q(r(z,y)) for some r € R[z,y] and ¢ € R[z] with degq > 2. We say f is
indecomposable if it is not decomposable.

The following result is a combination of theorems of Stein [31], who proved
this result with R replaced by C, and Ayad [1], who proved that for poly-
nomials in R|z, y|, decomposability over R is equivalent to decomposability
over C. (See [21] for more details.)

Theorem 2.2 (Stein, Ayad). If f € Rlz,y] is indecomposable, then there
are at most deg f values of A € R for which f(x,y) — X is reducible.

2.3. Cutting curves into monotone pieces. For the lower bounds in-
volving proximity, we will need a statement that any algebraic curve can
be split into a constant number of monotone pieces. To formalize this, we
say a set M C R? is monotone if either for all (z1,1) and (z2,y2) in M
with 21 < z9, we have y; < y9, or for all such (z1,y;) and (x2,y2), we have
Y1 = Y2

Fact. For any constant-degree nonconstant polynomial f € Rx,y], we can
partition Z(f) into O(1) monotone sets (where the constant depends on

deg f).

Fact 2.3 can be proven by cutting Z(f) at its intersections with Z(9; f)
and Z(0,f); each piece (i.e., connected component) of the result is mono-
tone, and we can use Bezout’s theorem together with the argument in [25,
Section 2.2] to bound the number of pieces this creates. (This in fact gives
a partition of Z(f) into connected monotone sets, but we will not need
connectivity in our applications of Fact 2.3.)

3. WARMUP: A SIMPLER ARGUMENT WITHOUT PROXIMITY

In this section, we sketch a simpler version of the argument that does not
use proximity, and ends up with the weaker bounds of

‘A|26/11_6 |B’2/11_6
|A+A’12/11

A13/3 |1 /3—¢
’|A+’A"4/3, AP 141 B]

9

(3.1) |f(A, B)| = Q<min{
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in place of Theorem 1.5 and

’A‘Qﬁ/ll—a ’B|52/99_E

|A’8/3 |B‘26/27_£ )
|A+ A|™°|B+ B

(3.2) |f(A, B)| =0 (min{

in place of Theorem 1.6. For simplicity, in this section we assume that
|A| ~ |B| and that A + A is not much bigger than A (then the first terms
in both bounds are the smallest ones, so these are the bounds we will end
up with). Later in the current proof, when we apply Theorem 2.1, this
assumption will make the first term dominate the bound of the theorem.

For brevity, we set d = deg f. We also use 7 to denote a small error
parameter which we will eventually take to be sufficiently small with respect
to g; its purpose is essentially to keep track of all ‘subpolynomial’ factors.
The implicit constants in our bounds may depend on d and 7.

First, instead of directly working with f(A, B), we work with the set

Q = {(a1,a2,b1,b2) € A> x B*| f(a1,b1) = f(az,b2)}

(we think of |Q| as the energy associated to f). By Cauchy—Schwarz, we
have

Q1= I{(a,b) | f(a,b) =6}
é

(X5 [{(a,0) | f(a,b) = 0}))
[f(A, B

>

2| 2
(3.3) _ |AFIBF
|f(A, B)|
So to lower-bound |f(A4, B)|, it suffices to upper-bound |Q)|.
With the irreducibility condition of Theorem 2.1 in mind, we say a pair
(b1,by) € B? is bad if either g(z) — g(y) + h(b1) — h(b2) or h(z) — h(y) +
h(b1) — h(bs) is reducible, and we define

Q' = {(a1,a2,b1,b2) € Q| (b1, b2) not bad}.

We can show that bad pairs do not contribute too much to Q@ — specifically,
we have

1Q\ Q| = O(A]|B]).
(We will later state this as Lemma 5.2, which we prove in Subsection 5.2.)
If |Q] <2|Q\ Q|, then this means |Q| = O(]A]||B]), and (3.3) implies that
|f(A,B)| = Q(|A]|B]|). So we can assume [Q| > 2|Q\ Q'|, which means
Q' = (|QD).
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To use the fact that A + A is small, we consider the set
R = {(041,042,(1/1,(1/2,()1,()2) S (A + A)2 X A2 X 32 |
f(al - alla bl) = f(OQ - al27 b2)7 (bla b2) not bad}

On one hand, we have |R| > |A4]*|Q/| = Q(|A]*|Q|) — this is because
given any (a1,as,b1,b2) € Q', we can choose a},al, € A arbitrarily and set
a1 = a1 +a) and ag = ag + ab to get an element of R'.

On the other hand, we can get upper bounds for |R| by setting up an
incidence problem with points representing (a1, ag) and curves representing
(ay,ah, b1, ba), such that incidences between these points and curves corre-
spond to elements of R, and applying Theorem 2.1. More precisely, we
define a set of points

II=(A+ A2
We define a multiset of curves I' where for each (a},ab,b1,b2) € A? x B?
such that (b, b2) is not bad, we include the curve defined by f(x1—a},b1) =
f(za — ab, be), or more explicitly

(3.4) g(z1 — aj 4+ p(br)) + h(b1) = g(x2 — a5 + p(b2)) + h(b2).

Then we have |II] = |[A+ A* and |T| < |A]*|BJ?, and |R| = I(II,T) by
definition.

The curves in I" are defined by the three parameters aj —p(b1), ab —p(b2),
and h(b;) — h(b2); this means they belong to a 3-dimensional family, as
defined in Subsection 2.1. Also, all curves in I' are irreducible, since if the
curve defined by (3.4) were reducible, then (b1, b2) would be bad. So we are
in a setting where we can apply Theorem 2.1 to bound I(II, T").

However, Theorem 2.1 can only be applied to a set of distinct curves,
while our collection I' may contain repeated curves. To handle this, we
first dyadically partition I" based on curve multiplicity — more precisely, for
each m € {2°,2!,...}, we let ', be the portion of I consisting of curves
with multiplicities in [m, 2m) (where we include curves in I';, with the same
multiplicities as in I'). Then the multisets I',,, partition I', so

IALT) =Y I(ILTy).

Then for each m, we let T}, be the variant of T',,, where each curve appears
only once, so that I(II,I',,) = ©(m - I(IL,T},)). We can now use Theorem
2.1 to bound I(II,T7)), as I}, is a set of distinct irreducible algebraic curves
from a 3-dimensional family; this gives

(3.5) I(I,Ty,) = O(m |T|S/M |17 |9/114n
+m I3 |0, 3 4 m [T + T, ).

For simplicity, right now we only consider the first term of this bound.
(When we sum over m, the contribution of the first term ends up dominating
when |A| = |B| and A+ A is small, which is the regime we are focusing on.)
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We will get an upper bound on m|I”,, |% ™ by bounding each of m/|T", | and
m?|T",|. For the former, we have m|I", | < 2|1|:‘|; TS each curve in I'}, appears
at least m times in I". For the latter, m*|I",| is at most the number of
pairs of 4-tuples (a}, al, b1, be) and (aj, alj, b3, by) producing the same curve.
Given the equation of a curve of the form (3.4), the coefficient of the second-
highest power of 21 uniquely determines a)j — p(b1); similarly, the coefficient
of the second-highest power of zo determines a, — p(bs). Finally, once we
know a} — p(b1) and al, — p(bs), the constant term uniquely determines
h(b1) — h(bg). This means two 4-tuples producing the same curve must
satisfy

So if we define the set

S = {(b1,ba, c1,¢2) € B? x B? | h(by) + h(c1) = h(bz) + h(ca),
(b1, b2), (c1,c2) not bad},
then we have m?|I", | < |A]*|S].

Now we have upper bounds on both m|I | and m?|I" |, and we can
combine them to get a bound on m|I”, %! by writing

m| L, [ = (T, )7/ (m?0, ) < 7/ A S P
Then for each m, the first term of (3.5) satisfies
m ’H‘G/ll ‘F/Tn’9/11+r] S ’A‘18/11+277 ’B‘14/11+2n ’A + A‘IZ/ll ’8‘2/11
(after plugging in |II| = O(|A + A|*) and |T| = O(|A* | BJ?)).
Finally, our dyadic partition has at most O(log|B|) = O(|B|") values of
m, since the argument we used to bound pairs of identical curves also shows

that all curve multiplicities are O(|B]). So summing this bound over all
chunks of the partition, we get

IR| = ZI(Hv T,) = O(|A[8/1+20 ‘3’14/114-377 A+ A2/ 51211,

Now combining this with the lower bound |R| = €(| A|2 1Q|) gives
(3.6) Q] = O(JA| /142 | g/ 4 AR S/,

Our goal was originally to get an upper bound on |Q|, and (3.6) bounds
|Q| in terms of |S|, so now we want an upper bound on |S|. In the setting
of Theorem 1.5, where we do not have any information about the additive
structure of B, we simply use the crude bound

S| =0(IBI)
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(this bound comes from the fact that once we choose by, by, and cq, there
are O(1) choices for ¢y such that h(b1) + h(c1) = h(b2) 4+ h(c2)). This ends
up giving (3.1) (or rather, its first term), our weaker version of Theorem 1.5.

Meanwhile, in the setting of Theorem 1.6, where we do have information
about the additive structure of B, we can do better than this crude bound.
The point is that S is almost exactly the analog of Q if we were working
with the polynomial h(z) + h(y) on B x B, rather than with f(z,y) =
g(z + p(y)) + h(y) on A x B (except that we exclude bad pairs from S).
And so far our argument has given an upper bound on |Q| in terms of |S]|,
so if we run it again for this new setting, then we will end up with a similar
upper bound on S| in terms of |S| itself.

So we define the set

T = {(617&271)/17[)/2701762) S (B + B)2 X 32 X 32 |
h(B1 — b)) + h(c1) = h(Ba — by) + h(ca), (c1, c2) not bad},

which is the analog of R for this new setting. Then we have |T| > |B|*|S],
while we can get an upper bound on |7| by setting up an incidence problem
in the same way as before. Combining these bounds gives

’S‘ _ O<‘B’10/11+577 |B + B’lQ/ll ‘8’2/11)

(this is the same bound as in (3.6), but with A replaced with B and Q with
S). And now we can cancel out |S|?/!! from the right-hand side to get

(3.7) S| = O(|B|"**™ B + BI/*),

and plug this upper bound into (3.6) to get an upper bound on |Q|. This
ends up giving (3.2) (or rather, its first term), our weaker version of Theorem
1.6.

4. OUTLINE OF THE FULL PROOF

In this section, we give an outline of the proofs of Theorem 1.5 and 1.6,
in which we state the key steps as lemmas; we will prove these lemmas in
the following sections.

As in Section 3, we set d = deg f, and we let 1 denote a small error param-
eter meant to keep track of subpolynomial factors, which we will eventually
take to be sufficiently small relative to €. The implicit constants in our
asymptotic notation may depend on d and 7, but not anything else.

As mentioned in Subsection 1.6, the way we improve the weaker bounds in
Section 3 is by using proximity. Roughly speaking, instead of working with
R itself, we work with a ‘proximity-restricted’ variant where we require the
two elements of each of the pairs (a1, a2), (a},d)), and (b1, b2) to be ‘close’
to each other.

To state such a proximity condition on pairs from a set X, we write
X =A{z1,29,...,x,} with 1 < 29 < -+ < z,. For z € X, we let ix(z)
denote the index of z in X (i.e., the index i for which = = z;). For example,
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if X ={1,2,5,6,7}, then ix(6) = 4. For a parameter ¢t € [0,1], we say a
pair (z1,z2) € X2 is t-close if

lix (z1) —ix(22)] < t]X].
If t|X| < 1, then this definition is silly; but if ¢ | X| > 1, then a ©(¢)-fraction
of pairs (z1,z2) € X? are t-close. Throughout the argument, we leave ¢ as
a parameter and assume that ¢ |A|,¢|B| > 1. When we set a value of ¢ in

Subsection 7.1, we will verify that it satisfies these inequalities.
Then the proximity-restricted variant of R we work with is

Ri = {(a1, 0, ay, ay, by, by) € (A+ A)? x A% x B? |
flan = ay,br) = faz — ay, ba),
(a1, a9), (a},ab), (b1,bs) t-close, (by,bs) not bad}.
Explicitly, these proximity conditions mean that
liata(ar) —iaya(az)| < t[A+A[,
|ia(a) —ia(as)| < t]A],
lip(b1) —ip(b2)| < t[BJ.
For example, when we say (a1, a2) is t-close, the ambient set is A 4+ A.
In Section 3, we had the lower bound |R| = Q(|4*|Q]). The following

lemma shows that the proximity conditions do not shrink this lower bound
by too much.

Lemma 4.1. We have |R;| = Q(2 |A]*|Q|) — O(t |A® | B)).

More explicitly, this notation means that there are constants ¢, > 0
such that

(4.1) IRi| > c-t2|A?|Q| — ¢ - t]|A]®|B].

The second term in Lemma 4.1 comes from the removal of bad pairs, and we
will eventually set ¢ large enough to make this term negligible. When focus-
ing on the first term, this bound captures the intuition that our proximity
conditions are ‘correlated’ — even though we are imposing three proximity
conditions and each shrinks a set of pairs by a factor of ¢, we only lose two
factors of ¢ in the lower bound. (This is, very loosely, the intuition behind
why proximity leads to a better bound.)

We next set up an incidence problem corresponding to R; and upper-
bound |R:| using incidence bounds, in the same way as in Section 3. There,
curve multiplicities in our incidence problem for R were controlled by S.
Here they will be controlled by the set

(4.2) S = {(b1,b2,c1,¢2) € B* x B* | h(b1) + h(c1) = h(ba) + h(ca),
(b1,b2), (c1,c2) t-close and not bad},

which is a proximity-restricted variant of S. Then this incidence argument
leads to the following upper bound on |Ry|.
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Lemma 4.2. We have |R¢| = O((I) + (IT) + (IIT) + (IV)), where
(I) _ t2 |A|18/11+277 |B‘14/11+37] |A + A|12/11 |St|2/117 (III) —¢ |A + A|2 |B’ ’
(ID) = 3 [A[Y B | A+ AP |82, (IV) = £ |A]"[B]*.

To finish the argument, we need an upper bound on |S;|. For the proof
of Theorem 1.5, we use a crude bound similar to the one in Section 3 — we
have

|S:| = O(t|B).

This is because if we choose b; and ¢y, then there are ©(¢ |B|) choices for bo
such that (b, b2) is t-close, and O(1) choices for ¢3 such that h(by)+h(ci1) =
h(b2) 4+ h(c2). If we plug this bound on |S;| into Lemma 4.2 and combine it

with Lemma 4.1, and set
|A] !B|>
(=0 (1421
Q|

we end up with Theorem 1.5. (The reason for this choice is that it is the
smallest we can make ¢ while ensuring that the subtraction in Lemma 4.1 is
negligible.)

For the proof of Theorem 1.6, we will use the additive structure of B to
get a better bound on |S;|. Unlike in Section 3, we cannot do so by directly
reusing the above argument (where we used the additive structure of A to get
an upper bound on |Q| in terms of |S;|), because it would not maintain the
proximity restriction. The issue is that if we defined a proximity-restricted
variant of 7 in the same way as R; (our proximity-restricted variant of R),
the analog of Lemma 4.1 would only give a lower bound on its size in terms
of |S], not |S|.

We overcome the above issue by defining a more complicated proximity-
restricted variant of 7 whose size we can lower-bound in terms of |S;| (and
can again upper-bound using incidences). Combining these bounds leads to
the following upper bound on |S;|.

Lemma 4.3. Assuming that degh > 2 and |B + B| < |B\4/3, we have
|St| _ O(tll/g ’B|10/9+8n |B + B’4/3)

Up to subpolynomial factors, the bound on |S;| in Lemma 4.3 matches
(3.7) (our upper bound on |S| from Section 3), with an additional factor of
t11/9. Finally, plugging this bound on |S;| into Lemma 4.2 and combining it
with Lemma 4.1, and setting the value of ¢, gives Theorem 1.6.

We prove Lemma 4.1 in Section 5. We omit the proof of Lemma 4.2, which
is nearly identical to the argument used to upper-bound |R| in Section 3;
for the details of this proof, see the arXiv version [5]. We prove Lemma 4.3
in Section 6. Finally, in Section 7, we put these lemmas together to deduce
Theorems 1.5 and 1.6.
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5. A LOWER BOUND ON R;

In this section, we prove Lemma 4.1, which states that adding the prox-
imity conditions to R does not decrease the lower bound on its size by too
much. The proof consists of two fairly disjoint parts. We will use the fol-
lowing lemma to handle the proximity conditions. (For the definition of a
monotone set in R?, see Subsection 2.3.)

Lemma 5.1. Let M C A x B be monotone. Then there are Q(t2 |A|* | M|?)
6-tuples

(al,ag,all,alz,bl,bg) S A% x A? x B?

with (a1, b1), (ag,ba) € M such that all the pairs (a1, as) € A2, (a},ab) € A2,
(a1 +dy,as +ah) € (A+ A)2, and (b1, b2) € B? are t-close.

When ignoring the proximity conditions, there are exactly |A|* |M|? such
6-tuples; so Lemma 5.1 shows that the proximity conditions only cost a
factor of ¢2.

We will use the following lemma to handle the exclusion of bad pairs.

Lemma 5.2. We have |[{(a1,a2,b1,b2) € Q| (b1,b2) bad}| = O(|A| |B|).

We prove Lemma 5.1 in Subsection 5.1 and Lemma 5.2 in Subsection 5.2.
In Subsection 5.3, we put them together to deduce Lemma 4.1.

5.1. Handling the proximity conditions. In this subsection, we prove
Lemma 5.1. To do so, we first define a function ¢: A — R as

WeAlA ala+d
ola) = Zesatraltt2)

Since @(a) is the average of various indices of elements of A + A, it takes
values in [1,|A + A|]. Also, ¢ is increasing, since increasing a only increases
each term a + o’ in this sum (and therefore its index in A + A).
Let the elements of A be z1 < -+ < x4, and let the pairs in M be
(w1, 21), -, (Wyar)s 2a1)), sorted so that wy < -+ < wjpy and either 21 <
- <z OF 21 2 e 2 2| (we can sort M in this way because M is
monotone). Finally, let k = [g5¢|M|]| and £ = |1t |Al].

Claim 5.3. There are at least 1 |M| indices 1 < i < |M|—k for which we

have
ia(Yive) —ia(y) < t]A],
(5.1) lig(zi) —iB(zipr)| < t|B],
t|A+ Al
©(Wirk) — o(yi) < —

Proof. For each of these three conditions, we will use an averaging argument
to show that only a small fraction of indices i fail to satisfy the condition.
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For the first condition, we have
|M|—k

Z (ta(Yivr) —ia(yi) < k|A] <

=1

t|M]A]
32

since this sum telescopes and leaves k positive and k£ negative terms, each
of which is at most |A|. Since each term in the sum is nonnegative, at most
5 | M| of its terms can exceed t|A].

The same reasoning shows that at most 3% | M| indices fail to satisfy the
second condition, and that at most § |M| indices fail to satisfy the third. So
we are left with at least

1 1 1 1
N A _ _ - > =
M| =k = o5 [M| = o5 [M] = 7 [M]| 2 5 |M]
indices which satisfy all three conditions. O

Claim 5.4. Suppose that aj,a2 € A are such that a; < ag and p(az) —
¢(a1) < §t|A+ A|. Then there are at least 1 |A| indices 1 < i < |A] — ¢
such that

(5.2) z'A+A(a2 + xH_g) — iA+A(CL1 + QZZ) <t ‘A + A| .

Proof. Similarly to the proof of Claim 5.3, we use an averaging argument to
show that only a small fraction of indices 7 fail to satisfy this condition. For
this, we consider

|A]—£

> (iaralas + wige) —iaralar + ),

i=1

which we can split as

|Al—¢
(5.3) Z (iata(az + xite) — taralaz + x;))
i1
|A|—¢
+ Z (tatalag + x;) —iaga(ar +x3)).
i1

The first sum telescopes and leaves £ positive and negative terms, each
between 1 and |A 4+ A|, so

|A[—¢

; ; tIAlI|A+ A
Z (iayalaz +xipe) —iaralas + ;) < LA+ A[ < ||8|
i=1
For the second term, by assumption we have
|4
] ; t|Al|[A+ A
Z(2A+A(a2 + ;) —iaralar + ;) = |A| (e(a2) — p(ar)) < M

i=1 8
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The second term of (5.3) is missing the last few terms of this sum, but the
absence of these terms can only make it smaller, so it satisfies the same
upper bound. This means

|A|—¢

j . tIAI|A+ A
Z (ZA+A(G2 + $i+e) - 1A+A(a1 + xz)) < ‘H4”
i=1

and since all terms in this sum are nonnegative, at most i[A\ of them
can exceed ¢ |A + A|. This means at most  |A| indices i fail to satisfy our
condition, so at least

1 1
Al—0—-=|Al> = |A
Al 141> LA
indices do satisfy it. U

Proof of Lemma 5.1. To produce a 6-tuple (a1, as, al, ay, by, ba) as in Lemma
5.1, we first choose an index i satisfying (5.1), which can be done in at least
% |M| ways by Claim 5.3, and an index ¢ < j < i+ k, which can be done in
kE+1> 3%15 |M| ways; and we set
(a1,01) = (yi,2i) and (a2,b2) = (y;,%;).
Then a; < ag, and (5.1) means that (a1,a2) and (b1, bs) are t-close and
t|IA+ A
plaz) o) < TAEAL
(Here we are using the fact that if (5.1) holds, then it still holds if we replace
the index i + k with any i < j <i+k.)
Now we choose an index ¢’ satisfying (5.2), which can be done in at least
1 |A] ways by Claim 5.4, and an index 7’ < j' < ¢’ + ¢, which can be done in
(+1> Lt|A| ways; and we set
ay =xzy and ah=zy.
Since |ia(a)) —ia(ah)| < € < t]A|, we have that (a},d)) is t-close, and (5.2)
means that (a; + @, as + ab) is t-close as well (again, if (5.2) holds, then it
still holds if we replace i + k with any ¢ < j < i+ k). So our 6-tuple satisfies
all the conditions of Lemma 5.1.
The above process shows that the number of 6-tuples (a1, ag, al, ab, b1, ba)
satisfying the conditions of Lemma 5.1 is at least
1 1 1 1 1
S |M| -t M- 5 Al <t A] = ——£ [ AP M O
2 32 2 8 1024
5.2. Handling bad pairs. In this subsection, we prove Lemma 5.2, our
upper bound on the contribution of bad pairs to Q. Recall that (b1, by) € B2
is bad if and only if either g(x) — g(y) + h(b1) — h(b2) or h(x) —h(y) +h(b1) —
h(b2) is reducible. We will first use Theorem 2.2 to bound the number of
bad pairs; to apply this theorem, we need the following observation.

Claim 5.5. For every nonconstant p € R|x|, the polynomial p(z) — p(y) is
indecomposable.
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Proof. Assume for contradiction that p(x) —p(y) is decomposable, so we can
write
p(z) —ply) = q(r(z,y))

for some polynomials r € R[z, y] and ¢ € R[z] with deg ¢ > 2. Let the leading
coefficients of p and ¢ be ¢, and ¢y, and let r, be the sum of the monomials in
r of degree exactly degr. Then the sum of the maximal-degree monomials in
q(r(x,y)) is cqr(z,y)4°89, while the sum of the maximal-degree monomials
in p(x) — p(y) is cp(x98P — yde8P) 50 we have

o @87 — 5P = cyr ) et

The two sides must have the same degree, so degp = (degq)(degr); then
letting z = % and dividing by y4°8? gives

cp(zdegp — 1) = cqri(2, 1)desa,

In particular, this means some multiple of z9°8? — 1 is the (deg q)th power
of some polynomial (namely 7.(z,1)). But this is impossible, as its complex
roots all have multiplicities 1, rather than multiplicities divisible by deggq.

O

Proof of Lemma 5.2. Claim 5.5 allows us to apply Theorem 2.2 to g(z)—g(y)
and h(z) — h(y). Then by Theorem 2.2, at most deg g + deg h < 2d values
A € R satisfy that g(x) — g(y) + A or h(z) — h(y) + X is reducible, so there
are at most 2d possible values of h(b;) — h(b2) among bad pairs (b1, b2).
Furthermore, given the values of h(b1) — h(b2) and by, there are at most d
ways to choose by. So there are at most 2d - |B| - d = O(|B|) bad pairs.

Finally, once we have chosen a bad pair (b1, b2), to have (a1, az2,b1,b2) € Q
we must have f(a1,b1) = f(agz,be), i.e.,

glar +p(b1)) + h(b1) = g(az + p(b2)) + h(ba).

This means after choosing aj, there are at most d = O(1) choices for as.
So in total, the number of 4-tuples in Q for which (by, b2) is bad is O(|B| -
Al - 1) = O(|A[ | B]).- 0

5.3. Proof of Lemma 4.1. We first define
Ri = {(a1,a9,d},ab, by, by) € A x A® x B*| f(a1,b1) = f(ag, ba),
(a1,a2), (ay,ab), (a1 + al,ag + ab), (b1, bs) t-close}.
First, we can use Lemma 5.1 to prove a lower bound on |7€t|
Claim 5.6. We have |R¢| = Q(¢2 |A]? |Q)).

Proof. We will consider each 6 € f(A, B) separately and show that the
number of elements of R; where f(a1,b1) = f(az2,b2) = § (which we refer to
as the contribution of § to Ry) is Q(t2|A[*) times the number of elements
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of @ with f(ai,b1) = f(az,b2) = 0 (which we refer to as its contribution to
Q). To do so, first define

Ks = {(a,b) € Ax B| f(a,b) = 0};

then the contribution of § to Q is | Kj|.

Meanwhile, by Fact 2.3, we can partition the curve defined by f(z,y) =0
into O(1) monotone sets. One of these sets must contain at least a constant
fraction of Kj; let My be the subset of K lying in this set, so that |Ms| =
O(]Ks|) and M; is monotone.

Then applying Lemma 5.1 to Mj; gives that the contribution of § to 7A€Jt is
Q7 |AP? | Ms]*) = Q@ AP | K51%),

which is Q(¢2 |A|?) times the contribution of § to Q.
Finally, summing over all § € f(A, B) gives that |R;| = Q(¢? |[A]*|Q|). O

Now given any (a1, az,a), ab, b1, be) € R, where (b1, b2) is not bad, we can
produce an element of R; by setting a; = a3 + @} and as = az + a). To
bound the number of elements of 7/?:5 where (b1, b2) is bad, Lemma 5.2 gives
that there are O(|A||B|) choices for (a1, a2, b1, b2) for which (by, b2) is bad,
while there are O(t|A[*) choices for (a,db), so there are

O(Al|B| - t|A]*) = O(t|A] |B])

such elements of 7/5,5 Then the number of elements of 7,5 where (b1, b2) is
not bad is at least

[Ri| = O(t|AP |B]) = Q(t* |A]*1Q]) - O(¢ |A]° | B]),

and each such element of 7?15 produces an element of R;; this finishes the
proof of Lemma 4.1.

6. AN UPPER BOUND ON S;

We now prove Lemma 4.3, our upper bound on |S;| when B has additive
structure. We assume in this section that degh > 2 and |B + B| < |B|*/?,

as in the hypothesis of Lemma 4.3.

6.1. Overview of the proof. We first give an overview of the proof, where
we explain the main ideas and state the key steps as lemmas; we prove these
lemmas in the following subsections.

The motivation behind the proof is that S; is essentially an analog of Q
for the polynomial h(z)+ h(y) on B x B (in place of f(z,y) on A x B), but
with additional proximity conditions — recall that we defined

Q - {(al)CLQ)blvb2) S A2 X B2 | f(alvbl) = f(a27b2)}7
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while we defined

S = {(b1,ba, ¢1,¢2) € B% x B%| h(by) + h(c1) = h(b2) + h(ca),
(b1,b2), (c1,c2) t-close and not bad}.

So far, we have proven an upper bound on |Q| in terms of |S;| by defining
Rt = {(061,042,(1/1,(1/2,131,()2) € (A+ A)2 X A2 X _B2 ’

f(Oll - a/17b1) = f(aQ - a/27b2)a
(a1, a2), (a1, a3), (b1,b2) t-close, (b1,b2) not bad},

proving a lower bound on |[R;| in terms of |Q| (Lemma 4.1), and proving
an upper bound on |R;| in terms of |S;| using incidence bounds (Lemma
4.2). We will use a similar approach to prove an upper bound on |S| in
terms of |S;| itself — we will define a set somewhat analogously to R; for
the polynomial h(z) 4+ h(y), prove a lower bound on its size in terms of |Sy|,
and prove an upper bound on its size using incidence bounds.

However, we cannot define this set completely analogously to R, because
unlike in Lemma 4.1 (which gave a lower bound on |R;| in terms of |Q|), here
we need to incorporate the proximity conditions in S; into our lower bound.
So we instead define an analog of R; with ‘looser’ proximity restrictions, so
that we are able to get a good lower bound on its size in terms of |S;|. To
do so, we first define

P = {(by,b2) € B*| (b1, b2) t-close and not bad},

so that &; is a subset of P x P. We first need to find a subset Rx S C Px P
such that each pair (b1, b2) € R corresponds to roughly the same number of
pairs (c1,c2) € S — we will define our analog of R; by only considering the
portion of S; that lies in R x S, and we will use this property to prove the
desired lower bound. Intuitively, R being small will weaken our final bound
on |S;| by forcing us to use looser proximity conditions, while S being small
will strengthen our bound by allowing us to use fewer curves in the incidence
problem. The following lemma (whose proof crucially relies on the symmetry
of our setting) allows us to ensure that these sets are the same size, so that
these considerations balance each other out.

Lemma 6.1. There exist sets R, S C P such that the following statements
hold:

e We have |S; N (R x S)|=Q(|B|7"|S])-

o There is some m such that for each pair (b1,b2) € R, there are

between m and 2m pairs (c1,c2) € S for which (by,be,c1,c2) € S.
o We have |R| =|S].

Then we define S = S; N (R x S), and we let

_ |R| _ 19
r = max 5,1 and s= 5 -
64t | B| 64t | B|
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Note that r,s € (0,1) and 7 > s. The analog of R; we work with is the set

7;,1“ - {(Bluﬁ?vbllab/2701562) S (B + B)2 X B2 X S |
h(B1 + 1) +h(cr) = h(B2 + by) + h(cz), (B, Ba2), (b}, bh) p-close}.

Compared to the direct analog of R;, we have weakened the proximity con-
ditions on (1, B2) and (b}, b,) based on how small R is. We also draw (cy, ¢2)
only from S, rather than just requiring it to be t-close and not bad (which
would correspond to drawing it from P).

We will first prove the following lower bound on |7 ,| in terms of |S|.

Lemma 6.2. We have |T;,| = Q(L|B|*|S;|).

We will then use incidence bounds to prove the following upper bound on

| Terl-
Lemma 6.3. We have |T;,| = O((I) + (IT) + (III) + (IV)), where

ST o 14s 12/11 | @ 12/11 t )
(D) = Sy |BPYM B+ Bl S, (1) = 2 |B||B + B,

15711 .

sV 4/3 st2 4
() = =5 BB+ B[ S, (av) === B[,

We prove Lemma 6.1 in Subsection 6.2 and Lemma 6.2 in Subsection 6.3;
we omit the proof of Lemma 6.3, which uses the same ideas as the proof of
Lemma 4.2 (see the arXiv version [5] for the details). In Subsection 6.4, we
combine these bounds to deduce Lemma 4.3.

6.2. Restricting the host sets. In this subsection, we prove Lemma 6.1.
To do so, we rewrite the definition of S; as

St = {(b1,b2,c1,¢2) € P x P | h(by) — h(b2) = h(ca) — h(c1)}.

We then split S; based on the common value of h(by)—h(bs) and h(c2)—h(c1),
which we denote by . More precisely, for each 6 € h(B) — h(B), we define

Ps = {(b1,b2) € P | h(b1) — h(b2) = 0},

so that §; = (Js(Ps x P_s). Note that P is symmetric, meaning that (b2, b1)
is in P if and only if (b, b2) is. This means |Ps| = |P_s| for every ¢, so

(6.1) MED 71
1)
We now dyadically partition the values of § based on |Ps| — for each
m € {2°,2, ...}, we define
A, ={6 € h(B) — h(B) | | Ps| € [m,2m)}.

Since we have |Ps| < |B|? for all d, there are O(log|B|) = O(|B|") parts
in this dyadic partition, so there must be some m which accounts for an
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Q(|B|™")-fraction of (6.1). In other words,
> 1B = (B s,

0EAM
Finally, we fix such a value of m and set R = (Jsca  P5 and S = {Usecn,, P-s-
These sets have the properties described in Lemma 6.1 — we have S;N (R X
S) = Usea,, (Ps x P—s), and the fact that [Ps| = |P_s| for all § implies that
|R| = |S].

6.3. A lower bound on 7;,. In this subsection, we prove Lemma 6.2, our
lower bound on |7;,.|. First, to provide some intuition for Lemma 6.2, we can
try to produce a 6-tuple in 7; , by starting with some 4-tuple (b1, be, c1,c2) €
Sy, choosing a L-close pair (b},b,) € B?, and setting 81 = by + b} and

B2 = by + bly. There are
[N
O -|B|I°|Sf
<r| 1| t‘)

ways to make these choices, and the resulting 6-tuple (81, 82, b, b5, c1,¢2)
satisfies all the conditions in the definition of 7; ,, except possibly the prox-
imity condition on (S, 82). Our proof of Lemma 6.2 will show that a pos-
itive proportion of 6-tuples produced in this way do satisfy the proximity
conditions on (51, f2).

The definition of r implies that r > ¢. If r = ¢, then the desired statement
is immediate, as the proximity condition on (81, 52) is vacuous. So it remains
to consider the case where 7 > ¢, in which |R| = 647t | B|*.

For simplicity, we assume without loss of generality that at least half of
the pairs (b1, b2) € R satisfy by < by (otherwise we can swap the roles of the
indices 1 and 2). Let R’ be the subset of R consisting of these pairs, so that
|R'| > 32rt | B|?.

We will handle the proximity condition on (31, 32) in a similar way to
how we handled the proximity condition on (a1, a2) in Section 5. We define

P: B— R as
Y wepiBrp(b+ 1)
b = s
Y(b) B

so that 1 is increasing and takes values in [1,|B + B|].
Let the elements of B be y; < -+ < yjp|, and let k = |t|B][]| and { =
5 |Bl]-
Claim 6.4. There are at most 4r |B| indices 1 < i < |B| — k for which
t|B+B
(6.2) V(Yirr) — (yi) > |4r|

Proof. We use an averaging argument similar to the one from Claim 5.3.
We have

|B|—k

> @Wlyirr) — (i) < k|B+ B| < t[B||B+ B,
i=1
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since this sum telescopes and leaves k positive and negative terms, each at
most |B + B|. All terms in this sum are nonnegative, so at most 4r |B| of
them can be greater than - |B + B|. O

Claim 6.5. Suppose that by < by and 1(by) —(b1) < = |B + B|. Then for
at least 1 |B| indices 1 < i < |B| —{, we have

. . t|B+ B
(6.3) iB+B(b2 + Yite) —ip+p(b1 +yi) < |T|

Proof. Similarly to the proof of Claim 5.4, we sum ip g(ba+yire)—ip+p(b1+
y;) over all 1 <1 < |B| — ¢, and split this sum into

|B|—¢ |B|—¢
Y (it yird) —ipenba+y) + Y (ipepb2+4i) —ipen(b+ui)-
i1 i=1

The first sum telescopes, so it is at most ¢|B+ B| < & |B||B + B|, and
the second sum is at most |B| (¢(b2) — ¢(b1)) < £ |B||B + B|. Combining
these gives that

|B|—¢

: , 3t|B||B + B
Z (/LB+B(b2 + yz+€) - ’LB+B(b1 —+ yz)) S |’|8T‘
=1

Finally, since all terms in this sum are nonnegative, at most 2 |B| of them
can be greater than £|B + B|. So the number of indices i satisfying the
given inequality is at least

3 1
IB|—¢—2|B|> - |B|. O
8 2

Proof of Lemma 6.2. First, we say that an element y; € B is friendly if
1 <i < |B| — k and i satisfies (6.2). Otherwise, we say y; is unfriendly. By
Claim 6.4 and the fact that t < r, the number of unfriendly elements of B
is at most
4dr |B|+ k < 4r|B|+t|B| < 8r|B].

This means the number of pairs (by,b2) € R’ in which by is unfriendly is at
most

8r|B|-2t|B| = 16rt|B|?,
since given by, there are at most ¢ |B| 4+ 1 < 2t |B] choices for bs such that
by < by and (by, by) is t-close. Then since |R'| > 32rt |B|?, there are at least
16rt|B|* = 1 |R| pairs (b1,b2) € R’ for which by is friendly. By definition,
any such pair satisfies ¢(b2) — ¥(b1) < £ |B + B.

Then we can construct 6-tuples (81, B2, b}, b5, c1, c2) in Tz as follows. We
first choose (b1,b2) € R’ such that by is friendly, which can be done in at
least 1 |R| ways. Then we choose an index i satisfying (6.3) (which can
be done in at least 1 |B| ways by Claim 6.5) and an index i < j < i+ ¢
(which can be done in £ + 1 > & |B| ways), and set b} = y; and by = y;
(this immediately means (b}, b5) is L-close). We then set 81 = by + b and
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B2 = by + bl; then (6.3) means that (S1,2) is %—close. Finally, we choose
some (c1,c2) € S such that (b1, b2, c1,c2) is in Sf; this can be done in at
least m ways (where m is as in Lemma 6.1). So this gives at least

1,1 t to
“|R|-=|B|-—|B|-m=—|B[* m|R
1 | Bl 5Bl o 1Bl -m = |BI"-m|R|

choices. Finally, we have 2m |R| > |Sf| (since each (b1, b2) € R corresponds
to at most 2m choices of (c1,c2) € S for which (b1, b2,c1,c2) € SF), giving
that .

> |BI*|S}]. O
> —|BIS/]

6.4. Finishing the proof. Finally, in this subsection we put together Lem-
mas 6.1, 6.2, and 6.3 to prove Lemma 4.3, our upper bound on |S;|. First,
combining Lemmas 6.1 and 6.2 gives

t _
7irl =2 (GBS

|7

We now combine this with the upper bound on |7 | from Lemma 6.3, split-
ting into cases according to the largest term of this upper bound.
CaSE 1: term (I) is largest. In this case, we get

t o s7/1142 32/11+45n 12/11 | o 2/11
SBIEISH =0\ g5 1B B+ B 1S ’

which rearranges to

7/9411/9
S =0 (Sf/g BB+ 3’4/3> '
T

And since r > s and r, s < 1, we have s7/9 < 7“4/9; so this means
[Si| = O/ [ BI"/9+5 | B 4 B|'?),

giving the bound in Lemma 4.3.
CASE 2: term (II) is largest. In this case, a similar computation gives

s1/2¢
Lw=0<wﬂm“w+mﬁzomm“w+m%

Using the facts that ¢ |B| > 1 and |B + B| < |B|*/?, we can check that this
is smaller than the bound from Case 1, as

t|B|377|B+B|2 §t11/9|B|2/9+8"|B—|—B]2 §t11/9|B\10/9+877|B—|—B|4/3.

So Lemma 4.3 is true in this case as well.
CASE 3: term (III) is largest. In this case, a similar computation gives

[Si| = O(1BI”"*"|B + BJ),

and since ¢ |B| > 1, this is smaller than the bound from Case 2.
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CASE 4: term (IV) is largest. In this case, a similar computation gives
St = O(st | B[**™).

Since s < 1 and |B| < |B + B|, the above bound is also smaller than the
bound from Case 2.
We conclude that Lemma 4.3 is true in all four cases.

7. COMPLETING THE PROOFS

We now perform the final computations needed to complete the proofs of
Theorems 1.5 and 1.6.

7.1. Setting the value of t. First, we need to set the value of ¢ that we
will plug into our lemmas. Before doing so, we note that there is at most
one a € R for which g(a+p(y))+h(y) is constant (as a polynomial in y). By
removing this value from A if it is originally present (i.e., applying Theorems
1.5 and 1.6 to A\ {a}), we can assume g(a+ p(y)) + h(y) is nonconstant for
all a € A.

Our goal is to get an upper bound on |Q| by combining the lower bound
on |R;| from Lemma 4.1 with the upper bound on |R;| from Lemma 4.2. For
this, we need the first term on the right-hand side of Lemma 4.1 to dominate
the second. Other than this, we would like ¢ to be as small as possible. So
we set

Al B
(7.1) t=C-—1—
Q|
for a sufficiently large constant C' (depending on the implicit constants in
Lemma 4.1).

As mentioned in Section 4, we need to check that ¢ < 1and¢|A|,t|B| > 1.

e To check that ¢ |A| > 1, we claim that |Q| = O(|A]?* |B]). To see this,
imagine constructing a 4-tuple (a1, az,b1,b2) € Q by first choosing
ai, az, and by. Then we know the value of f(ag,bs) = g(az+p(b2))+
h(b2); and g(a2 + p(y)) + h(y) is a nonconstant polynomial in y of
degree at most d, so there are at most d = O(1) choices for ba.

Then as long as the constant C' in (7.1) is sufficiently large, we
indeed have t|A| > 1.

e Similarly, to check that t|B| > 1, we claim that |Q| = O(|A||BJ?).
To see this, if we first choose a1, b1, and by, then we know the value
of f(ag,b2) = g(az + p(b2)) + h(b2), which means there are at most
d = O(1) choices for as.

e Finally, it is not necessarily true that this choice of ¢ satisfies t < 1.
But if ¢ > 1, then we have |Q| = O(|A||B|), and using Cauchy—
Schwarz as in (3.3) gives

AP 1B _
<

This is where the final terms of Theorems 1.5 and 1.6 come from.

[f(A,B)| = Q(lAl|Bl).
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7.2. Proof of Theorem 1.5. We now perform the final computations for
Theorem 1.5. For our value of ¢, Lemma 4.1 gives that |R;| = Q(t2 |A|*|Q)),
while Lemma 4.2 gives an upper bound on |R;| in terms of |S¢|. Since in
the setting of Theorem 1.5 we do not know anything about the additive
structure of B, we simply use the crude bound

|S:| = O(t|BF).

We then plug this into Lemma 4.2 and combine the result with the lower
bound from Lemma 4.1, performing casework on which term from Lemma
4.2 is largest.

CAsE 1: Term (I) is largest. In this case, we get that

+2 |A|2 |Q‘ _ O(t24/11 ’A|18/11+2n |B|20/11+3T] ’A + A|12/11).
Rearranging and plugging in our value of ¢ gives
10| = O(t2/11 |A]_4/11+27’ |B\20/11+377 A+ A|12/11)

0 |A|72/11+27’] |B’2+377 ’A + A|12/11
B ‘Q‘2/11 ’

and this rearranges to
|Q’ — O(‘A|72/13+277 ‘B|22/13+317 |A+ A’12/13).
Finally, applying Cauchy—Schwarz as in (3.3) gives that

‘A|2 |B‘2 B ’A‘28/13—2n |B‘4/13—377>

[f(A,B)| = —Q<

Q|

giving the first term of Theorem 1.5.
CASE 2: term (II) is largest). In this case, we get

21A121Q| = O |A[*® | B[P+ | A 4 A%,

|A+A|12/13

which rearranges to
Q= O(A*? [BI*17]A + A|'?).

After applying Cauchy—Schwarz, this gives the second term in Theorem 1.5.
CASE 3: term (III) is largest). In this case, we get

2 |A[*1Q] = O(t|A + A" | B]).

By (7.1), we have t|Q| = O(|A||B|), so |A]*> = O(|A+ A|*). This contra-
dicts the assumption of Theorem 1.5 that |A + A| < c\A|3/2 (if ¢ is suffi-
ciently small), so this case cannot occur.

CASE 4: term (IV) is largest. In this case, we get |Q| = O(|B[?), which
by Cauchy-Schwarz gives |f(A, B)| = Q(|A|?), corresponding to the third
term in Theorem 1.5.

We conclude that Theorem 1.5 holds in all cases.
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7.3. Proof of Theorem 1.6. Finally, we perform the computations for
Theorem 1.6. We again have |R;| = Q(t2|A|*|Q|), while this time when
using the upper bound on |R;| from Lemma 4.2, we plug in the upper bound
on |S| from Lemma 4.3. We can again perform casework on which term
in the resulting bound is largest. The cases where term (III) or (IV) is the
largest is the same as in Subsection 7.2 — the case where (III) is largest gives
a contradiction, and the case where (IV) is largest gives | f(A, B)| = Q(|A]?).
In the case where term (I) is largest, we get

t2 |A’2 ‘Q| — O(tQO/Q |A|18/11+27] |B|146/99+5T] |A+A|12/11 |B + B|8/33).

After plugging in the value of ¢, rearranging to isolate |Q|, and repeating
the above Cauchy—Schwarz argument, we obtain the first term of the bound
of Theorem 1.6.

Similarly, when term (II) is largest, we get

t2 |A’2 ’Q‘ _ O(t56/27 ‘A|4/3 ‘B’28/27+477 |A + A’4/3 ’B + B‘4/9),

which ends up giving the second term of Theorem 1.6. So Theorem 1.6 is
true in all cases.
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