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AN UNCERTAINTY PRINCIPLE FOR MÖBIUS

INVERSION ON POSETS

MARCEL K. GOH

Abstract. We give conditions for a locally finite join-semilattice P to
have the property that for any functions f : P → C and g : P → C
not identically zero and linked by the Möbius inversion formula, the
support of at least one of f and g is infinite. This generalises and gives
an entirely poset-theoretic proof of a result of Pollack. Various examples
and nonexamples are discussed.

1. Introduction

In harmonic analysis, the celebrated uncertainty principle states that a
function and its Fourier transform cannot both have small support, where
the notion of “small” is made precise in various ways by different theorems.
A 2011 paper of P. Pollack proves an analogue of this principle in which the
Fourier transform is replaced by the number-theoretic Möbius transform [1].
Concretely, it is shown that the support of an arithmetic function and that
of its Möbius transform cannot both be finite. The proof is short and uses
basic properties of complex power series. Stronger theorems related to the
asymptotic densities of the functions involved were subsequently proved by
P. Pollack and C. Sanna [2]

One is led to wonder whether Pollack’s original result, which can be ex-
pressed in entirely poset-theoretic terms, has a purely poset-theoretic proof.
In this note, we show that such a proof does indeed exist, and that it is
general enough to also apply to the poset of all subsets of N ordered by set
inclusion.

2. The main theorem

In this section we establish definitions and notation before proceeding
with the proof of our main theorem. Details concerning these definitions
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can be found in any introductory text on enumerative combinatorics; see,
e.g., R. P. Stanley’s textbook [4].

Our main object of interest is a poset (P,≤). An interval in a poset is a
subset of the form [x, y] = {z ∈ P : x ≤ z ≤ y} for some elements x, y ∈ P .
A poset is said to be locally finite if every interval in it is finite. An element
0̂ such that 0̂ ≤ x for all x ∈ P is called a bottom element. For any element
x ∈ P , the principal order ideal generated by x is the set {y ∈ P : y ≤ x}.
This is denoted by ⟨x⟩ for short.

An element z ∈ P is said to be an upper bound of elements x and y in P
if z ≥ x and z ≥ y. If such a z has the property that for all upper bounds
z′ of x and y, z ≤ z′, then z is uniquely defined, denoted by x ∨ y, and said
to be the join of x and y. This operation is commutative and associative,
so we may speak of joins of any finite number of elements. A poset is called
a join-semilattice if it contains a join of any finite set of its elements.

We say that an element z ∈ P covers an element y ∈ P if z ≥ y and
y ≤ z′ < z implies that z′ = y. If the poset P has a bottom element 0̂, then
any element that covers 0̂ is called an atom.

The Möbius function µP of a poset P with bottom element is a func-
tion from the intervals of P to the complex numbers obtained by setting
µP ([x, x]) = 1 for all x ∈ P and recursively putting

µP ([x, y]) = −
∑

x≤z<y

µ(x, z)

for all x ≤ y in P . For brevity we write µP (x, y) instead of µP ([x, y]). The
Möbius inversion theorem states that if f is a function from P to C and
g : P → C is given by

g(y) =
∑
x≤y

f(x)

for all y ∈ P , then for all y ∈ P we have

f(y) =
∑
x≤y

µP (x, y)g(x).

We shall say in this case that g is the Möbius transform of f .
Last but not least, for a function f : P → C the support of f is defined to

be the set of x ∈ P such that f(x) ̸= 0. Our main theorem gives conditions
on a poset under which f and g defined as above cannot both have finite
support.

Theorem 2.1. Let P be a locally finite join-semilattice with bottom element.
Suppose that for every y ∈ P , there exist infinitely many z ∈ P such that

i) z covers y; and

ii) for all x ≤ y, µP (x, z) = µP (x, y)µP (y, z) = −µP (x, y).

Then for any f : P → C that is not identically zero, the support of f and
the support of its Möbius transform g cannot both be finite.
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Proof. If g has infinite support we are done, so suppose that g has finite
support and choose y with f(y) ̸= 0. Let S be the support of g and let
T = S ∪ {y}. Let m =

∨
T be the join of these elements. Let z be an

element of P that covers y and note that if ⟨z⟩ \ ⟨y⟩ contains an element
x ∈ S, then z = x ∨ y, so z ∈ ⟨m⟩. We have shown that if z /∈ ⟨m⟩, then
S ∩ ⟨z⟩ \ ⟨y⟩ = ∅.

Since P is locally finite with a bottom element, ⟨m⟩ is finite; thus by our
hypothesis there exist infinitely many z satisfying both conditions (i) and
(ii) that lie outside of ⟨m⟩. Fix an arbitrary such z and expand

f(z) =
∑
x∈⟨z⟩

µP (x, z)g(x)

=
∑
x∈⟨y⟩

µP (x, z)g(x) +
∑

x∈⟨z⟩\⟨y⟩

µP (x, z)g(x).

By the observation just proved, the second summation is zero, and by con-
dition (ii),

f(z) =
∑
x∈⟨y⟩

µP (x, y)µP (y, z)g(x) = µP (y, z)f(y) = −f(y) ̸= 0.

Hence we see that f(z) ̸= 0 for infinitely many z. □

3. Examples

Let us say that a poset P adheres to the uncertainty principle if for all
pairs of functions f, g : P → C linked by the Möbius inversion formula, at
most one of f and g has finite support. In this section we show that our
theorem applies not only to the divisibility poset treated by Pollack’s paper,
but also to the poset of all finite subsets of N.

The divisibility poset. Let P be the set N of natural numbers, partially
ordered by divisibility. The Möbius function is µP (x, y) = µ(y/x), where
µ : N → {−1, 0, 1} is given by

µ(n) =

{
(−1)k, if n is the product of k distinct primes;

0, if n is divisible by a perfect square.

This is a multiplicative function, in the sense that µ(mn) = µ(m)µ(n) when-
ever gcd(m,n) = 1. We use this in our proof of Pollack’s result on arithmetic
functions.

Proposition 3.1 (Pollack, 2011 [1]). Let f : N → C be a function not
identically zero and let g : N → C be given by

g(n) =
∑
d|n

f(d),
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so that

f(n) =
∑
d|n

µ(n/d)g(d).

Then the support of f and the support of g cannot both be finite.

Proof. Let y ∈ N be given. There are infinitely many z covering y, as we
can let z = qy for any prime q. For any such z and for all d dividing y,

µP (d, y)µP (y, z) = µ(y/d)µ(z/y)

= µ(y/d)µ(q)

= µ(qy/d)

= µ(z/d)

= µP (d, z),

since µ is a multiplicative function. Lastly, note that for each z covering y,
µ(z/y) = µ(q) = −1 ̸= 0. Thus by Theorem 2.1 we are done. □

Our proof only requires elementary number theory and the properties
of posets, but a downside is that it uses the infinitude of primes. Hence
we cannot use Proposition 3.1 to give an alternative proof that there are
infinitely many primes, as Pollack did in his paper.

Finite multisets of a countably infinite set. A multiset on a ground
set X is a function m : X → N. A multiset m is said to be finite if∑

x∈X m(x) < ∞. We can place a partial order on the set of all finite
multisets of X by saying that m ≤ m′ if for all x ∈ X, m(x) ≤ m′(x).
When X is countably infinite, this is isomorphic to the divisibility poset
above, since every integer n can be uniquely represented by the multiset mn

mapping a prime p to the exponent of p in the factorisation of n. Thus we
see that the poset of all finite multisets on a countably infinite set adheres
to the uncertainty principle.

Finite sets of natural numbers. Having dealt with multisets, we now
turn to ordinary sets. Let P be the collection F of all finite subsets of N,
ordered by divisibility. In this context the Möbius function µP is given by
µP (S, T ) = (−1)|T |−|S| for all S ⊆ T . It is not difficult to show that this
poset satisfies the hypotheses of Theorem 2.1.

Proposition 3.2. Let f : F → C and let g : F → C be given by

g(y) =
∑
x⊆y

f(x),

so that

f(y) =
∑
x⊆y

(−1)|y|−|x|g(x).

Then the support of f and the support of g cannot both be finite.
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Proof. Let y ∈ F be arbitrary. There are infinitely many z covering y, since
we can take y ∪ {n} for any n ∈ N \ y, and for any chain of sets x ⊆ y ⊆ z,
we have

µP (x, y)µP (y, z) = µF (−1)|y|−|x|(−1)|z|−|y| = (−1)|z|−|x| = µP (x, z).

Hence P adheres to the uncertainty principle, by Theorem 2.1. □

Of course there is nothing special about N here; our proof applies just as
well to any other countably infinite set.

4. Nonexamples

It is worth noting that many infinite posets do not adhere to the un-
certainty principle. Perhaps the simplest example is given by the set N of
natural numbers under the usual definition of ≤. On this poset it is easy to
check that if we let g(1) = 1, g(2) = −1, and g(n) = 0 for all n ≥ 3, then
for f(n) =

∑
m≤n g(n) we have f(1) = 1 and f(n) = 0 for all n ≥ 2.

The following proposition gives a simple necessary condition for a poset
P to adhere to the uncertainty principle.

Proposition 4.1. For a locally finite poset P to adhere to the uncertainty
principle it is necessary that for all x ∈ P , the set

Sx = {y ∈ P : µP (x, y) ̸= 0}

is infinite.

Proof. Suppose there is x ∈ P such that Sx is finite. Let

g(y) =

{
1, if y = x;

0, otherwise.

Clearly the support of g is finite. Then since

f(y) =
∑
x≤y

µP (x, y)g(x) = µP (x, y)

for all y ≥ x and f(y) = 0 for y ̸≥ x, we conclude that the support of f is
contained in Sx. Hence P does not adhere to the uncertainty principle. □

Thus the fact that P = (N,≤) does not adhere to the uncertainty principle
is explained by the formula

µP (m,n) =


1, if m = n;

−1, if m+ 1 = n;

0, otherwise,

which implies that, for example, µP (1, x) is nonzero only for x ∈ {1, 2}.

Arbitrary convolutions. Let Int(P ) denote the set of all intervals in a
poset P . When P is locally finite we define the incidence algebra to be
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the algebra (over the complex field) of all functions from Int(P ) to C, with
multiplication given by the convolution operation

(α ∗ β)(x, y) = (α ∗ β)
(
[x, y]

)
=

∑
x≤z≤y

α(x, z)β(z, y).

The identity element of the incidence algebra is the function δP (x, y) defined
by

δP (x, y) =

{
1, if x = y;

0, otherwise.

The constant function ζP (x, y) = 1 is called the zeta function, and the
Möbius inversion formula is equivalent to the statement that µP and ζP are
inverses to one another in the incidence algebra; that is, µ ∗ ζ = ζ ∗ µ = δ,
where here (and in the rest of the section) we dispense with subscripts

for brevity. (When P has bottom element 0̂ we associate to any function

f : P → C the function f : Int(P ) → C given by f(0̂, x) = f(x) and
f(z, x) = 0 for all z ̸= 0.)

A 2014 paper of C. Sanna [3] generalises the density result of Pollack
and Sanna found in [2] to arbitrary Dirichlet convolutions. In this vein, we
formulate a more general definition of our own. We shall say that P adheres
to the uncertainty principle with respect to (α, β) if α and β are inverses of
one another in the incidence algebra of P and whenever f : P → C and
g : P → C are functions linked by the relations

f(y) =
∑
x≤y

α(x, y)g(x) and g(y) =
∑
x≤y

β(x, y)f(x),

at most one of f and g can have finite support. Thus our previous definition
of adhering to the uncertainty principle is the same as doing so with respect
to (µ, ζ) under our new definition.

It is trivial to adapt the proof of Proposition 4.1 to the more general case.

Proposition 4.2. Let P be a locally finite poset and let α and β be inverse
to one another in the incidence algebra of P . Then for P to adhere to the
uncertainty principle with respect to (α, β), it is necessary that for all x ∈ P ,
the sets

Sx = {y ∈ P : α(x, y) ̸= 0} and Tx = {y ∈ P : β(x, y) ̸= 0}
are both infinite.

Proof. Let x ∈ P and suppose one of the sets above is finite. Define the
function f or g (depending on whether Tx or Sx is finite) accordingly and
proceed as in the proof of the previous proposition. □

Observe that Proposition 4.1 only had to consider µ because ζ has infi-
nite support for any infinite poset. The necessary condition put forth by
Proposition 4.1 is of course subsumed by the covering criterion found in
Theorem 2.1, since any z covering y necessarily has µP (y, z) = −1 ̸= 0.
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One wonders whether the covering condition is necessary, and furthermore
if the multiplicativity condition (ii) in that theorem can be removed. We
formulate the following hopeful conjecture in the broader context pertaining
to Proposition 4.2.

Conjecture 4.3. Let P be a locally finite join-semilattice with bottom ele-
ment and let α and β be inverses to one another in the incidence algebra of
P . Then P adheres to the uncertainty principle with respect to (α, β) if and
only if for all x ∈ P , the sets

Sx = {y ∈ P : α(x, y) ̸= 0} and Tx = {y ∈ P : β(x, y) ̸= 0}
are both infinite.
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