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UNIFORM CONVERGENCE OF AN ASYMPTOTIC

APPROXIMATION TO ASSOCIATED STIRLING

NUMBERS

E. RODNEY CANFIELD, J. WILLIAM HELTON, AND JARED A. HUGHES

Abstract. Let Sr(p, q) be the r-associated Stirling numbers of the sec-
ond kind, the number of ways to partition a set of size p into q subsets
of size at least r. For r = 1, these are the standard Stirling numbers
of the second kind, and for r = 2, these are also known as the Ward
Numbers. This paper concerns asymptotic expansions of these Stirling
numbers; such expansions have been known for many years.

However, while uniform convergence of these expansions was conjec-
tured by Hennecart, it has not been fully proved. A recent paper by
Connamacher and Dobrosotskaya went a long way by proving uniform
convergence on a large set. In this paper, we build on that paper and
prove convergence “everywhere”.

1. Introduction

We begin by stating preliminaries to define the Hennecart Stirling ap-
proximation whose uniform convergence we shall be considering. Then this
section states our main uniform convergence theorem, Theorem 1.1.

The proof of the main theorem is the subject of Section 2. It depends
heavily on the main theorem (Theorem 1.1) in [2], which proved uniform
convergence on a smaller set.

Finally, Section 3 gives conjectures as well as some graphs illustrating
the precision of asymptotic approximations. Also, it provides a new detail,
Theorem 3.1, which is needed both in our proof and the proof of Theorem
1.1 [2].

1.1. Definitions. This presentation starts by introducing some of the build-
ing blocks of the formulas central to this paper.

Let Sr(p, q) be the r-associated Stirling numbers of the second kind, the
number of ways to partition a set of size p into q subsets of size at least
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r. In this paper, we only use p ≥ 1 and 1 ≤ q ≤ p/r. It is standard to
define Sr(p, q) = 0 at all other pairs (p, q), except Sr(0, 0) = 1. There are
several explicit formulas for Sr which we introduce where they are needed.
A contour integral formula useful for asymptotic theory is Equation (2.18),
and a formula suited to exact integer calculations for r = 2 is given in
Equation (3.2).

Now we turn to the main ingredients of Hennecart’s asymptotic formula
for Sr. Define

Br(z) := ez −
r−1∑
k=0

zk/k!, Qr(z) :=
zB′

r(z)

Br(z)
.

Note as z → 0,

Br(z) =
zr

r!
+O(zr+1)

It is well-known that Qr is invertible for z > 0 (see [2] Lemma 3.2), and in
Theorem 2.3, we prove something more general (but with less quantitative
power than Lemma 3.2 of [2]); hence we can define an inverse function
ξr : (0, r) → (0,∞) as

ξr = Q−1
r .

[4] and [2] rely on the function

z0 := Q−1
r

(
p

q

)
= ξr

(
p

q

)
.

1.2. Our main theorem; convergence of the Hennecart approxima-
tion formula. The approximation to Sr provided in [4] is with

Fr(p, q) =
p!

q!(p− rq)!

(
p− rq

e

)p−rq (Br(z0))
q

zp+1
0

√
qt0

Φ′′(z0)
,(1.1)

where qt0 = p− rq and Φ(z) = −p ln(z) + q lnBr(z), recalling z0 = ξr(p/q).
Define

Hr(z) :=
Br−1(z)Br(z) + zBr−2(z)Br(z)− zB2

r−1(z)

2B2
r (z)

(1.2)

Then Φ′′(z0) = 2qHr(z0)/z0. Note that Hr(z) =
1
2Q

′
r(z).

The main result of this paper asserts uniform convergence of this approx-
imation, as conjectured in [4].

Theorem 1.1. For all r ≥ 1, the asymptotic approximation

Sr(p, q) ∼ Fr(p, q)(1.3)

converges as p → ∞, uniformly for 1 ≤ q < p/r. Precisely,∣∣∣∣Fr(p, q)

Sr(p, q)
− 1

∣∣∣∣ ≤ Er(p) for all 1 ≤ q < p/r
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for some function Er(p) that depends on r and p only; also for each r we
have Er(p) → 0 as p → ∞.

Proof. The proof takes the remainder of this paper and culminates in Sec-
tion 2.6. □

2. Proofs

Our proof depends heavily on the proof of the main theorem of [2], so we
begin by stating it in our notation. Then in Theorem 2.6, we state (and
confirm) a variant of it which has the weaker hypothesis

qz0 = qξr(p/q) → ∞ as p → ∞.

In Theorem 2.7, we show that qξr(p/q) → ∞ indeed holds under the as-

sumption p− rq = Ω(p1/5).
Next, in Theorem 2.8, we prove an approximation that holds when p−rq =

o(p2/5) by an entirely different approach than [2]. Theorem 2.9 shows this
new approximation is indeed uniformly equivalent to Hennecart’s formula.

These two regions (p− rq = Ω(p1/5) and p− rq = o(p2/5)) overlap, hence
we get uniform convergence of the Hennecart approximation as claimed by
Theorem 1.1. The details of this are handled in Section 2.6.

2.1. The CD approximation formula and CD’s theorem on its con-
vergence. Closely related to the Hennecart approximation is a formula
introduced in [2]. They prove its convergence in a broad range, and our
proofs build on it.

The CD approximation (same form as from [2]) is based on the function
Cr defined by

Cr(p, q) := Fr(p, q)(p− rq)!

(√
2π(p− rq)

(
p− rq

e

)p−rq
)−1

(2.1)

=
p!(Br(z0))

q

2q!zp0
√
qπz0Hr(z0)

(2.2)

We shall use heavily the main theorem of [2] and so we now state it.

Theorem 2.1. (Theorem 1.1 from [2]) Let r be a fixed positive integer. The
asymptotic approximation

Sr(p, q) ∼ Fr(p, q)(2.3)

converges as p → ∞ uniformly for all δ1p < q < (1− δ2)p/r, where p and q
are integers, and δ1 and δ2 are any positive constants.

The goal of this paper is to remove the need for δ1 and δ2. We begin by
showing CD’s result holds as long as qz0 → ∞, even without the inequality
δ1p < q < (1− δ2)p/r.

Now we observe that the CD approximation and Hennecart’s formula
converge to each other, with the only difference between them being the
ratio between (p− rq)! and its Stirling approximation:
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Lemma 2.2. For all r ≥ 1 and any sequence h(p) with h(p) → ∞ as p → ∞,
we have that

Fr(p, q) ∼ Cr(p, q)(2.4)

is uniformly convergent for 1 ≤ q ≤ (p− h(p))/r as p → ∞.

Proof. The conversion needed here between Cr (CD’s formula) and Fr (Hen-
necart’s formula) is due to [2] (after their Equation 4.1); they perform alge-
braic manipulation discussed in Section 2.1. By definition of Cr in terms of
Fr in Equation (2.1),

Cr(p, q)

Fr(p, q)
= (p− rq)!

(√
2π(p− rq)

(
p− rq

e

)p−rq
)−1

.(2.5)

Note Equation (2.5) is equal to the ratio of (p − rq)! and the Stirling ap-
proximation to (p− rq)!, so asymptotically as p− rq → ∞,

Cr(p, q)

Fr(p, q)
= 1 +O

(
1

p− rq

)
,(2.6)

which is uniformly convergent to 1 as p− rq → ∞. Note p− rq ≥ h(p) and
h(p) → ∞ by assumption, so p− rq → ∞. □

2.2. Preparatory lemmas on the behavior of Qr. This subsection pro-
vides results on the behavior of Qr = xB′

r(x)/Br(x).
CD Lemma 3.2 shows that 1/(r + 1) ≤ Q′

r(z) ≤ 1 for all z > 0, hinging

on the behavior of zr−1

(r−1)!Br(z)
. While this suffices for our needs, we include

a result that is less quantitative (it merely shows Q′
r(z) > 0) but works for

a general class of functions. Its proof also is based on a new idea.
Theorem 2.3 shows Qr(x) is strictly increasing at each x ∈ [0,∞). Then

Theorem 2.4 and Theorem 2.5 state asymptotic behavior of Qr and Q−1
r .

Lemma 2.3. Suppose that

B(x) =
∑
j≥0

ajx
j(2.7)

is an entire function with aj ≥ 0, and at least two of the coefficients are
strictly positive. Then

xB′(x)

B(x)
(2.8)

is entire and is a strictly increasing function over x ∈ [0,∞).
In particular, for each positive integer r, we have Qr(x) = xB′

r(x)/Br(x)
is strictly increasing at each x ∈ [0,∞).

Proof. Let D be the operator (x d/dx). Then

DB(x) =
∑

ajjx
j
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and

(D)2B(x) =
∑

ajj
2xj

The product DB(x)×DB(x) is the sum over certain pairs (i, j) of

aiajijx
i+j .

The product B(x)× (D)2B(x) is the sum over the same pairs (i, j) of

aiaji
2xi+j .

The product B(x)× (D)2B(x) is the sum over the same pairs (i, j) of

aiajj
2xi+j .

It follows that the difference

[B(x)× (D)2B(x)] − [DB(x)]2(2.9)

is the sum over the same set of pairs (i, j) of

(1/2) aiaj [i
2 + j2 − 2ij]xi+j

By hypothesis we have aiaj ̸= 0 for some i ̸= j, so the difference (Equa-
tion (2.9)) is strictly positive for x ∈ (0,∞).

It remains only to note

x
d

dx

xB′(x)

B(x)
=

xB′

B
+

x2B′′

B
− x2(B′)2

B2

=
[B(x)× (D)2B(x)] − [DB(x)]2

B2
.

This finishes the proof of the main lemma. To prove the last assertion, note

Br(z) =
∞∑
k=r

zk/k!(2.10)

is entire with at least two nonzero coefficients, so the first part of the lemma
implies

Qr(z) =
zB′

r(z)

Br(z)
(2.11)

is increasing. □

Now we provide results on the asymptotics of Qr and Q−1
r as well as the

behavior near the point Qr(0) = r.

Lemma 2.4. Fix an integer r ≥ 1. Then

Qr(z) = (r − 1)(1− 1/z +O(1/z2)), (z → −∞)

Qr(z) = r +
z

1 + r
+O(z2), (z → 0)

Qr(z) = z(1 +O(zr−1/ez)) = z(1 +O(1/z)), (z → +∞)
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Corollary 2.5.

Q−1
r (x) =

−(r − 1)

x− (r − 1)
+O(x− (r − 1)), (x → r − 1)

Q−1
r (x) = (r + 1)(x− r)(1 +O(x− r)), (x → r)

Q−1
r (x) = x(1 +O(1/x)), (x → +∞)

Proof. We just prove the lemma, since the corollary follows directly from it.
The second equation is obvious from dividing Taylor series expansions

B′
r(z)

Br(z)
=

(zr−1/(r − 1)! + (zr/(r)! + · · ·
(zr/(r)! + (zr+1/(r + 1)! + · · ·

=
r

z

1 + z/r +O(z2)

1 + z/(r + 1) +O(z2)

=
r

z

(
1 + z/(r(r + 1)) +O(z2)

)
For the third equation, since r ≥ 1, we have B′

r(z) = Br−1(z), so

Qr(z) =
zBr−1(z)

Br(z)
(2.12)

=
z(Br(z) +

zr−1

(r−1)!)

Br(z)
(2.13)

= z

(
1 +

zr−1

(r − 1)!Br(z)

)
(2.14)

Note Br(z) = Θ(ez) as z → ∞ (where recall this means Br(z) = O(1)ez and
ez = O(1)Br(z)). Hence Qr(z) = z(1 +O(zr−1/ez)) as z → ∞, proving the
third equation.

The first equation follows from Equation (2.14) by noting

Br(z) = −zr−1/(r − 1)!− zr−2/(r − 2)! +O(zr−3) as z → −∞.

□

2.3. CD’s main result only requires qz0 → ∞. While the following
theorem is not directly stated in [2], their proof of CD Theorem 1.1 can be
repurposed to prove the following stronger theorem.

Theorem 2.6. Fix r ≥ 1. Over p ≥ 1 and integers 1 ≤ q < p/r, if qz0 → ∞
with z0 = ξr(p/q), then

Sr(p, q) = Cr(p, q)(1 +O((qz0)
−1)).(2.15)

In particular, if p− rq = Ω(pδ7) for some 0 < δ7 < 1, then

Sr(p, q) = Cr(p, q)(1 +O(p−δ7)),(2.16)

and

Sr(p, q) = Fr(p, q)(1 +O(p−δ7)).(2.17)
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Proof. Their assumption δ1p ≤ q ≤ (1/r − δ2)p can be replaced by qz0 →
∞, with the proofs in [2] essentially still working as written. However, we
provide some clarification into the details to help a reader who would like to
check this claim for themselves. To be consistent with the rest of our paper,
we use the variables p and q, while the notation in [2] lets n = p and m = q.

With only the qz0 → ∞ assumption, certain properties assumed in [2] do
not necessarily hold. In particular, z0 is not uniformly bounded away from
zero since z0 → 0 as q/p → 1/r by Theorem 2.5. Additionally, qz0 = Θ(q)
does not necessarily hold. Thus a reader must replace references to O(p−1)
with O((qz0)

−1).

We conclude this proof by giving more detail into why qz0 → ∞ is suffi-
cient for CD’s proof to work. The workhorse CD Lemma 2.1 relies on CD
Lemmas 3.1, 3.2, and 3.3 in its proof.

Since CD Lemmas 3.1 and 3.2 do not involve limiting behavior, they work
regardless of assumptions on p and q. CD Lemma 3.3 relies on qz0 → ∞
to ensure (in their notation) (h + h3)ζ → 0, where h = Θ((qz0)

1/8) and

ζ = (qz0)
−1/2.

CD start the proof of CD Lemma 2.1 with an exact contour integral form,
given by

Sr(p, q) =
p!

q!

1

2πi

∫
C

(Br(z))
m

zn+1
dz,(2.18)

where C is a circle about the origin. After a change of variables on page 31,
CD split the integral into three parts:

Sr(p, q) = A

∫ π

−π
exp(qg(θ,R))dθ =

∫ ϵ

−ϵ
+

∫ π

ϵ
+

∫ ϵ

−π
.(2.19)

Expansions used later to handle
∫ ϵ
−ϵ are treated first on CD page 30.

There, they do not use the δ1, δ2 assumption, so our weaker hypothesis is
not challenged.

One thing to note is that their argument on page 30 makes use of a
fact that is not thoroughly proved. We include a full proof of the fact in
Theorem 3.1.

Next, on page 31, CD show the remaining portion of the integral goes to
zero by deriving the estimate

|J | =
∣∣∣∣∫ π

ϵ

∣∣∣∣ = ∣∣∣∣∫ ϵ

−π

∣∣∣∣ ≤ eπ exp(−(qz0)
1/4) = O((qz0)

−1).

Since qz0 → ∞, we get |J | → 0 as p → ∞. CD also uses qz0 → ∞ to

show ζ = (qz0)
−1/2 lies within the domain of convergence of a particular

summation
∑∞

k=0 bkζ
k for sufficiently large p.

The remainder of the proof of CD Lemma 2.1 turns the formula

Sr(p, q) =
A

qz0Hr(z0)

(
s−1∑
k=0

∫ h

−h
(exp(−η2)bkdη)ζ

k +O(ζs)

)
(2.20)
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into an asymptotic series. They take s = 2, truncating the sum to only the
k = 0 and k = 1 terms. For odd k, CD notes bk is a polynomial containing
only odd powers of η, so ∫ h

−h
exp(−η2)bkζ

kdη = 0(2.21)

In particular, the k = 1 term of the sum is zero, and b0 = 1, so

Sr(p, q) =
A

qz0H(z0)

(∫ h

−h
exp(−η2)dη +O(ζ2)

)
(2.22)

Using h = Θ((qz0)
1/8) and ζ = (qz0)

−1/2:

Sr(p, q) =
A

qz0H(z0)

(∫ ∞

−∞
exp(−η2)dη +O(ζ2)

)
(2.23)

=
A
√
π

qz0H(z0)
(1 +O((qz0)

−1))(2.24)

CD Equation 4.1 is obtained after truncating the summation given in CD
Lemma 2.1 to the first term, which we have just verified has relative error
given by O((qz0)

−1).
This checks that all bounds and approximations involved in the proof

of CD’s Theorem hold at the level of generality asserted in our theorem
(Theorem 2.6). All other calculations are exact, so this finishes the proof of
the main part of our theorem.

For the later parts of our theorem, suppose p−rq = Ω(pδ7) for 0 < δ7 < 1.
Then Theorem 2.7 implies qz0 = Ω(pδ7). This proves Equation (2.16), and
Theorem 2.2 finishes the proof of Equation (2.17). □

2.4. qz0 → ∞ holds for all but very large q.

Lemma 2.7. Fix any r ≥ 1. For all ϵ > 0, as p → ∞ and 1 ≤ q, we have

qz0 = Ω(min{p1−ϵ, p− rq}),

recalling z0 = ξr(p/q). In particular, if p− rq = Ω(pδ7) for 0 < δ7 < 1, then
uniformly in q, as p → ∞, we have qz0 → ∞; more precisely,

qz0 = Ω(pδ7).

Proof. Low q: when 1 ≤ q ≤ p1−ϵ,

Q−1
r (p/q) =

p

q
(1 +O(q/p))(2.25)

qz0 = qQ−1
r (q/p) = p(1 +O(q/p)) = Θ(p)(2.26)

Since p ≥ p1−ϵ, we see qz0 = Ω(p1−ϵ). If ϵ = 1− δ7, then qz0 = Ω(pδ7).

Fix 0 < δ2 < 1.
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Middle q: when p1−ϵ ≤ q ≤ (1 − δ2)p/r, let δ6 = Q−1
r (r/(1 − δ2)) > 0.

Since p/q ≥ r/(1− δ2) and Qr is increasing, we have

z0 = Q−1
r (p/q) ≥ δ6 > 0, so qz0 ≥ δ6q = Θ(q) ≥ Ω(p1−ϵ).

If ϵ = 1− δ7, then qz0 = Ω(pδ7).

High q: when (1 − δ2)p/r ≤ q < p/r, then p/q − r = O(δ2), so a series
expansion from Theorem 2.5 implies

z0 = Q−1(p/q) = (r + 1)(p/q − r)(1 +O(p/q − r)).(2.27)

qz0 = (r + 1)(p− rq)(1 +O(δ2)).(2.28)

So qz0 = Θ(p − rq) at high q. In particular, if p − rq = Ω(pδ7), then
qz0 = Ω(pδ7). □

2.5. Very large q. In the previous subsection we obtained our goal for q
in a certain region which stays well below p/r. In this section we obtain the
same goal for “very large q,” meaning q is close to its maximum possible,
p/r.

Define a by the equation p = rq + a; throughout this sub-section we
assume q → ∞ and 0 ≤ a = o(q2/5). We shall prove a new asymptotic
formula Equation (2.29) for Sr(rq+a, q), valid in this range; and then prove
that our formula agrees, asymptotically, with that of Hennecart.

Lemma 2.8. Fix any integer r ≥ 1. Then for any positive constant δ8 > 0,
we have

Sr(rq + a, q) ∼ (rq + a)!

a!q!(r!)q

(
q

r + 1

)a

(2.29)

converges as q → ∞, uniformly for 0 ≤ a ≤ q2/5−δ8. Equality holds for
a = 0, namely

Sr(rq, q) =
(rq)!

q!(r!)q
.

Proof. The case a = 0 is direct from the combinatorial definition, reference
e.g. the formula in Equation (1.3) of [2]. For 1 ≤ a ≤ q2/5−δ8 , we start with
two observations.
Observation 1: The number of partitions of a p-element set having µi

blocks of size i is
p!∏

i(i!)
µiµi!

.

Observation 2: Suppose λ = 1µ1 2µ2 · · · is an integer partition of a (no-
tation: λ ⊢ a)

a = µ1 + 2µ2 + · · ·
having k parts

k = µ1 + µ2 + · · ·



236 E. RODNEY CANFIELD, J. WILLIAM HELTON, AND JARED A. HUGHES

and that k ≤ q. Then

rq−k (r + 1)µ1 (r + 2)µ2 · · ·
is a partition of rq + a into q parts all of which are at least r. This cor-
respondence is reversible. As a consequence of these two observations, we
have the following formula, where k = µ1 + µ2 + · · · inside the sum:

Sr(rq + a, q) =
∑
λ⊢ a

λ=1µ12µ2 ···
k≤q

(rq + a)!

(r!)q−k(q − k)!
∏

i≥1((i+ r)!)µiµi!

If q → ∞ and a = o(q1/2), then the third condition k ≤ q is superfluous,
and

(q − k)! = (1 + o(1)) q−k q!

uniformly over all possible λ. This permits:

Sr(rq + a, q) = (1 + o(1))
(rq + a)!

(r!)qq!

∑
λ⊢a

λ=1µ12µ2 ···

∏
i≥1

(r! q/(i+ r)!)µi

µi!

= (1 + o(1))
(rq + a)!

(r!)qq!
[xa]

∏
i≥1

∞∑
j=0

(r! qxi/(i+ r)!)j

j!

= (1 + o(1))
(rq + a)!

(r!)qq!
[xa]

∏
i≥1

exp(r! qxi/(i+ r)!)

= (1 + o(1))
(rq + a)!

(r!)qq!
[xa] exp

(
r! q

xr
Br+1(x)

)
(2.30)

uniformly for a = o(q1/2). We are using here the notation [xa]G(x) for the
coefficient of xa in the Taylor series (about x = 0) for G(x).

The next step is to show

[xa] exp

(
r! q

xr
Br+1(x)

)
= (1 + o(1)) × [xa] exp

(
qx

r + 1

)
(2.31)

First for a = 0 see that this equals [xa] exp(qx/(r + 1) + · · · ) = 1; thereby
establishing Equation (2.29) when a = 0. Henceforth suppose 0 < a. Taking
the difference of the LHS and RHS we rephrase Equation (2.31) as

[xa]

(
exp

(
r! q

xr
Br+1(x)

)
− exp

(
qx

r + 1

))
= o

(
1

a!

(
q

r + 1

)a)
.

(2.32)

To prove Equation (2.32), use the inequality

[xa]F (x) ≤ F (R)

Ra

for any positive R, provided F (x) is entire and has real nonnegative coeffi-
cients.
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Our choice for R is R = (r + 1)a/q, which goes to zero with increasing q.
Here are the relevant calculations:

r! q

Rr
Br+1(R) =

qR

r + 1
+ O(qR2) ;

qR2 = O(a2/q) → 0 .

Thus,

exp

(
r! q

Rr
Br+1(R)

)
= exp

(
qR

r + 1
+ O

(
qR2

))
= exp

(
qR

r + 1

)(
1 +O

(
qR2

))
,

so

exp

(
r! q

Rr
Br+1(R)

)
− exp

(
qR

r + 1

)
= eqR/(r+1) × O(a2/q) = eaO(a2/q) .

And so we have boiled Equation (2.32) down to

ea
a2

q

1

Ra

?
= o

(
1

a!

(
q

r + 1

)a)
.

Substituting R = (r + 1)a/q,

(a2/q)

(
eq

(r + 1)a

)a
?
= o

(
1

a!

(
q

r + 1

)a)
.

Dividing by (q/(r + 1))a,

(a2/q)
ea

aa
?
= o(1/a!)

By Stirling, a!ea/aa = O(a1/2), and so the last assertion is implied by

a5/2/q = o(1)

which is our hypothesis. This finishes the proof of Equation (2.29).
□

Lemma 2.9. Fix any integer r ≥ 1. As p → ∞ and a = o(p2/5) with a ≥ 1,
then

(rq + a)!

a!q!(r!)q

(
q

r + 1

)a

∼ Fr(rq + a, q),

where Fr is Hennecart’s formula given in Equation (1.1). We recall

Fr(p, q) =
(rq + a)!

q!a!

(a
e

)a (Br(z0))
q

(z0)p+1

√
a

Φ′′(z0)
,

in which p = rq + a and Φ(z) = −p log(z) + q log(Br(z)) and z0 = ξr(p/q).
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Proof. Here are the key calculations. Theorem 2.5 gives a series for Q−1
r (x)

as x → r, yielding

z0 = (r + 1)
a

q
(1 +O(a/q))

(1/z0)
a =

(q/(r + 1))a

aa
(
1 +O(a2/q)

)
(2.33)

Br(z0)

(z0)r
=

1

r!
exp

(
z0

r + 1
+O(z20)

)
(
Br(z0)

(z0)r

)q

=

(
1

r!

)q

ea
(
1 +O(a2/q)

)
(2.34)

Theorem 2.4 gives a series for Qr(z) as z → 0, yielding

B′
r(z)

Br(z)
=

1

z
Qr(z) =

r

z

(
1 + z/(r(r + 1)) +O(z2)

)
(
B′

r(z)

Br(z)

)2

=
r2

z2

(
1 +

2z

r(r + 1)
+O(z2)

)
Similarly,

B′′
r (z)

Br(z)
=

(zr−2/(r − 2)! + (zr−1/(r − 1)! + · · ·
(zr/(r)! + (zr+1/(r + 1)! + · · ·

=
r(r − 1)

z2
1 + z/(r − 1) +O(z2)

1 + z/(r + 1) +O(z2)

=
r(r − 1)

z2

(
1 +

2z

r2 − 1
+O(z2)

)
Now we plug into

Φ′′(z) =
p

z2
+ q

B′′
r (z)

Br(z)
− q

(
B′

r(z)

Br(z)

)2

which will give us on the right

1

z2
[
p + qr(r − 1)

(
1 + 2z/(r2 − 1) +O(z2)

)
− qr2

(
1 + 2z/(r(r + 1)) +O(z2)

) ]
.

The constant term inside the brackets is

p+ qr(r − 1)− qr2 = p− qr = a

The coefficient of z inside the brackets is

2qr(r − 1)/((r + 1)(r − 1)) − 2qr2/(r(r + 1))

= 2qr (1/(r + 1) − 1/(r + 1)) = 0

That gives us

Φ′′(z) =
1

z2
[
a+ 0 +O(qz2)

]
=

1

z2
[
a+O(a2/q)

]
=

a

z2
(1 +O(a/q)) .
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From this, we conclude√
a

Φ′′(z0)
= z0 (1 +O(a/q))(2.35)

Starting from a rearrangement of Equation (1.1),

Fr(p, q) =
(rq + a)!

q!a!

(a
e

)a ((Br(z0))

(z0)r

)q

(1/z0)
a (1/z0)

√
a

Φ′′(z0)
,

we substitute from Equations (2.33, 2.34, 2.35) to obtain

Fr(p, q) =
(rq + a)!

q!a!

(a
e

)a
(1/r!)q ea

(q/(r + 1))a

aa
(1/z0) z0

(
1 +O(a2/q)

)
.

After simplification, this is found to be in agreement with Equation (2.29).
□

2.6. Proof of Theorem 1.1.

Proof. We consider the behavior on two complementary domains.
High q: When 1 ≤ p − rq ≤ p1/5, we see q = Θ(p), so a := p − rq =

O(q1/5) = o(q2/5). Theorem 2.8 and Theorem 2.9 together show

Sr(rq + a, q) ∼ Fr(rq + a, q)(2.36)

converges as q → ∞, uniformly for a = o(q2/5). Since p = rq + a = Θ(q),
this implies

Sr(p, q) ∼ Fr(p, q)(2.37)

converges as p → ∞ uniformly over q satisfying p− rq ≤ p1/5.
Low q: When p1/5 ≤ p−rq ≤ p, we have p−rq = Ω(p1/5), so Theorem 2.7

shows qz0 = Ω(p1/5) → ∞. By Theorem 2.6 and Theorem 2.2, both the
Hennecart (Equation (1.3)) and CD (Equation (2.3)) approximations are
convergent, uniformly in q on this range.

Together: Combine the two regimes to obtain convergence uniform for
all q once p is big enough. This finishes the proof that Equation (1.3) is
uniformly convergent for all 1 ≤ q < p/r. □

3. Miscellaneous

The first subsection contains a lemma needed to prove Theorem 2.6. The
second gives graphs illustrating how the CD and Hennecart approximations
compare. The last subsection gives conjectures of two different types.
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3.1. A lemma on the zeroes of Br. Here we give a lemma essential to
proving Theorem 2.6. This lemma fills in a detail essential to the [2] proof
of their Theorem 1.1. To be specific, on page 30, [2] writes “Notice that
for any r ∈ N there exists αr > 0 such that . . . is a regular function
of z in the domains |z| ≤ αr and R ≥ 0.” Their proof is done by citing
sources, in particular [8], which does (only) part of the job. Our lemma
below gives a complete proof and is adequate for proving Theorem 1.1 [2]
and our Theorem 2.6.

Lemma 3.1. Fix an integer r ≥ 1. Then there exists αr > 0 such that
Br(Rez) is nonzero for all |z| ≤ αr and all real R > 0. That is, there exists
sufficiently small βr > 0 such that Br is nonzero in the set

Cr = {x+ yi | x > 0, |y| ≤ βrx}.(3.1)

Proof. Fix r. Since ex −Br(x) =
∑r−1

k=0 x
k/k! is a polynomial in x, we have

3|ex −Br(x)| ≤ |ex|

for sufficiently large real x (say, for all x ≥ kr for a constant kr > 0). Fix
βr > 0 sufficiently small such that |1 + βri|r−1 ≤ 2 and (βrkr)

2 < 4(kr + 1).
Then y2 < 4(x+ 1) for all x+ yi ∈ Cr satisfying x ≤ kr.

By Corollary 4.2 of [8], Br(z) does not have any zeroes at z = x + yi if
y2 < 4(x+ 1), except at z = 0. Hence Br(z) does not have any zeroes in

Cr ∩ {x+ yi | x ≤ kr}.
This finishes the case of x ≤ kr, so we now turn to x ≥ kr.

For all x+ yi ∈ Cr, we have |x+ yi| ≤ |1 + βri|x. Hence

|ex+yi −Br(x+ yi)| =
r−1∑
k=0

(x+ yi)k/k!

≤ |1 + βri|r−1
r−1∑
k=0

xk/k!

= |1 + βri|r−1(ex −Br(x)).

Thus for all x+ yi ∈ Cr ∩ {x+ yi | x ≥ kr}, by choice of βr and kr,∣∣ex+yi −Br(x+ yi)
∣∣ ≤ 2(ex −Br(x))

≤ 2

3
|ex| = 2

3

∣∣ex+yi
∣∣ .

Hence in this domain,

|Br(x+ yi)| ≥
∣∣ex+yi

∣∣− ∣∣ex+yi −Br(x+ yi)
∣∣

≥ 1

3

∣∣ex+yi
∣∣ > 0.

Thus Br(x+ yi) does not have any zeroes in Cr ∩ {x+ yi | x ≥ kr}.
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So far we have shown Br(x+yi) ̸= 0 for all x+yi ∈ Cr. With careful choice
of αr > 0 (specifically, defining αr implicitly by βr = max|z|≤αr

ℑ(ez)/ℜ(ez)),
we get

Cr = {Rez | R > 0, |z| ≤ αr},
completing the proof. □

3.2. Comparing CD and Hennecart approximations by plots. Hen-
necart’s formula is uniformly convergent over all 1 ≤ q < p/r, while CD’s
formula can only be uniformly convergent under the assumption p−rq → ∞.
This can be visualized by plots. In Figure 1, we plot the relative error with
the exact form of Sr(p, q) for r = 2, computed numerically by the formula
provided by Alekseyev in https://oeis.org/A008299:

S2(p, q) =

q∑
i=0

(−1)i
(
p

i

){
p− i

q − i

}
,(3.2)

where
{
p
q

}
= S1(p, q) are the standard (1-associated) Stirling numbers of the

second kind.

3.3. Conjectures.

3.3.1. A key series has positive coefficients. We describe a conjecture which,
if true, simplifies the proof of the asymptotic expansions given in [2]. In
particular, it may simplify the proof of |J | → 0.

Conjecture 3.2. For each integer r ≥ 1, the power series (about 0) of

e−x/(r+1)Br(x)

has all nonnegative coefficients.

3.3.2. A stronger asymptotic error bound.

Conjecture 3.3. Let r be a fixed positive integer. Then as p → ∞,

Sr(p, q) = Fr(p, q)(1 +O(p−1))(3.3)

The conjecture is suggested by numerical plots of the relative error in
Figure 2. The scaled relative error appears bounded with p · |Fr/Sr − 1| <
0.16, which suggests ∣∣∣∣Fr(p, q)

Sr(p, q)
− 1

∣∣∣∣ < 0.16

p
= O(p−1).
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C-D formula

Hennecart formula

0.1 0.2 0.3 0.4 0.5
q/p

0.2

0.4

0.6

0.8

p * rel.err.

Relative error of S2 approximations for p=50.

Hennecart formula

C-D formula

0.1 0.2 0.3 0.4 0.5
q/p

0.2

0.4

0.6

0.8

p * rel.err.

Relative error of S2 approximations for p=100.

Figure 1. For r = 2, plots of the relative error given by
approx(p,q)

S2(p,q)
− 1, comparing the approximation given by Hen-

necart (Equation (1.3)) and by CD (Equation (2.3)). The
formulas are the same, except for applying the Stirling ap-
proximation for (p − rq)!, whose relative error is approxi-
mately given by 0.083/(p− rq).
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Figure 2. Scaled relative error p · (Fr/Sr − 1) for r = 2.
One plot shows p = 50 and one plot shows p = 100, but they
appear to follow the same curve when plotted with respect
to q/p.
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