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GENERALIZED COMBINATORIAL IDENTITIES FOR
SPLIT (n + t)-COLOR PARTITIONS

M. SINGH AND M. GOYAL

ABSTRACT. This paper studies three generalized g¢-series combinatori-
ally using split (n + t)-color partitions as a combinatorial tool. This
work provides a generalized approach to unify the several combinatorial
identities found in the literature. In this process, we obtain several new
Rogers—Ramanujan—-MacMahon type partition identities.

1. INTRODUCTION

Partitions originally gained traction in 1669 when Leibnitz first brought
up this concept in his letter to John Bernoulli asking if he had investigated
the number of ways in which a given number can be expressed as a sum
of two or more integers. After this, Euler, the true pioneer of the move-
ment, published his book Introductio in Analysin Infinitorum in 1748, in
which he discussed the partition function and its important properties. The
combinatorial interpretations of the following famous Rogers—Ramanujan
identities, formulated by MacMahon [18] in terms of restricted partitions,
have sparked significant interest among researchers in further exploring these
types of g-series identities and have shaped the development of partition the-
ory throughout the twentieth century.

— H 5n 1 1(1 _ q5n74)*1

e}

n:O

and

L[M]8
’_\Q

:
o

ﬁ 5n 2 (1 _ q5n—3)_1.

Received by the editors October 9, 2023, and in revised form February 6, 2025.

2010 Mathematics Subject Classification. 05A17, 11P81.

Key words and phrases. split (n+t)-color partitions, combinatorial identities, Rogers—
Ramanujan type identities.

This work is supported under the grant received from the Council of Scien-
tific and Industrial Research (CSIR), India, as a Ph.D. Fellowship under file no.
09/1361(13766) /2022-EMR-I.

This work is licensed under a Creative Commons “Attribution-
o . v () BY-ND

NoDerivatives 4.0 International” license.

60


https://creativecommons.org/licenses/by-nd/4.0/deed.en
https://creativecommons.org/licenses/by-nd/4.0/deed.en
https://creativecommons.org/licenses/by-nd/4.0/deed.en

COMBINATORIAL IDENTITIES AND SPLIT (n + t)-COLOR PARTITIONS 61

A g-series (or basic series or Eulerian series) is a series involving coefficients
of the form (a;q),, = (1 —a)(1 —aq) ... (1 —ag" '), where (a;¢)o = 1 and
lg| < 1. Various g-series identities have been interpreted combinatorially in
the past with the help of many different combinatorial tools such as ordinary
partitions, colored partitions, Frobenius partitions, lattice paths, associated
lattice paths, etc. To extend the work of MacMahon, authors in [6], [12],
[13], [17], and [23] used ordinary partitions to provide combinatorial par-
tition identities associated with Rogers—Ramanujan type identities. After
this, Agarwal and Andrews [7] introduced and studied generalized parti-
tions called (n + t)-color partitions. These color partitions have been used
to provide combinatorial meaning to several unexplored basic series identi-
ties (see, for instance, [2]-[5], [7], [8], [16]). Recently Sonik and Goyal [20]
studied the following generalized combinatorial identities using (n + t)-color
partitions and weighted lattice paths.
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where m, k,p € Z*. Also, Sonik et. al. [21] studied a special case of (1.1)
with even k using restricted n-color partitions and weighted lattice paths.
This work motivates us to explore a unified approach in the study of Rogers—
Ramanujan type identities.

In 2014, Agarwal and Sood [10] introduced split (n + t)-color partitions
which is the further generalization of (n + t)-color partitions. Using this
new set of partitions, they gave combinatorial meaning to the following two
basic functions of Gordon-McIntosh [14] found in 2000.
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First, we recall some definitions before stating our main results:

Definition 1.1. A partition of a positive integer n is a finite nonincreasing
sequence of positive integers whose sum is n.

Example 1.2. The partitions of 2 are 2, 1 + 1.

Definition 1.3 (Agarwal and Andrews [7]). An (n+t)-color partition, t > 0,
is a partition in which a part of size n, n > 0, can appear in (n+t) different
colors represented as m1, M2, N3, ..., N(nir)-
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Example 1.4. The (n+ 1)-color partitions of 2 are
21, 21+ 01, 29, 20 + 01, 23, 23+ 01, 11 + 13, 13 + 11 + 0, 1o+ 1y, 1o+ 13 +
01, 1o+ 12, 12 + 12+ 0;.

Remark 1.5: Note that zeros are allowed only when ¢ is greater than zero.
Also, zeros are not allowed to be repeated in any partition. In fact, only
one copy of 0 namely 0; is allowed to appear. For ¢t = 0, these partitions are
called n-color partitions.

Definition 1.6 (Agarwal and Andrews [7]). The weighted difference of two
parts ug, vy (u > v) is defined by u—v —a—b and is denoted by ((ug — vp)).-

Definition 1.7 (Agarwal and Sood [10]). Let m, be a part in an (n +t)-
color partition of a nonnegative integer w. We split the color ‘p’ into two
parts- ‘the green part’ and ‘the red part’ and denote them by ‘g’ and ‘r’
respectively, such that 1 < g <p, 0<r<p—1landp=g+r. An (n+1t)-
color partition in which each part is split in this manner is called a split
(n + t)-color partition.

Example 1.8. The split (n + 1)-color partitions of 2 are

23, 23+ 01, 2941, 2241 + 01, 2142, 2142 + 01, 22, 29 + 01, 2141, 2141 + 01, 24,
21405, I+ 19, 1o+ 12+ 01, 1o+ 1149, 1o+ 1147 + 01, 1o+ 11, Io + 11 +
01, lip1+1141, Ligr+1141 401, i 411, Tipr+11401, 11+14, 11 4+11+05.

Remark 1.9: If the red part is 0 then it is not written separately. Thus, for
example, 23,0 is written as 23.

Definition 1.10. We define the following order on the set of all parts of
split (n + t)-color partitions: if u < v then Uy, < vVgi, irrespective of the
subscripts. And, if u = v then ug iy < gt if and only if ¢ +r' < g+r.
Further, if u = v and ¢'+1r" = g+r, then ug i, < ugqr if and only if ¢’ < g.
Thus, the parts satisfy the order:

11<11+1<12<11+2<12+1<13<"'<21<21+1<"'.

Also, [9], [15], [22] explored the potential of split (n 4 t)-color partitions
in interpreting some more g-series which could not be interpreted combina-
torially with the help of ordinary or (n+t)-color partitions. Adiga et. al. [1]
generalized some of the results due to Agarwal and Sachdeva [9] to interpret
the following two g-series using split (n + t)-color partitions, R-weighted
lattice paths and modified lattice paths.

2
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where m, t,l and p be any positive integers with even k > 2.

Recently Marwah and Goyal [19] also studied these identities partition

theoretically and graphically. Literature survey of [1] and [19] has led us to

(1.4)
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the question, is it possible to extend interpretations of these series for odd k
too, which may lead us to more generalized results? To answer this question
and provide generalizations to identities (1.1)-(1.4), we have considered the
following three generalized g-series and interpreted them combinatorially
with the help of split (n + t)-color partitions in this paper.

Definition 1.11. Let m,l, k,p be any positive integers. For |q| < 1,1 <i <
3, we define fi(q) by
& qur2+t7r(_ql.q2l)

(15) i) = Z(q’“;q’“)w(qp;7(127’);r
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where t € ZT U {0} for fi(q) and t € Z" for f2(q) and f3(q).
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As we can see by taking ¢ = 0 and k any even number in (1.5) and even
k in (1.7), we get series (1.3) and (1.4) respectively studied in [1] and [19],
which makes (1.3) and (1.4) just a particular case of our generalizations. In
Section 3, we have provided the proofs for the combinatorial interpretations
of (1.5)—(1.7). In Section 4, we have discussed some particular cases of these
generalized series that lead us to Rogers—Ramanujan type identities found
in Chu and Zhang compendium [11].

2. Main Results

Theorem 2.1. Let m,l,k,p be any positive integers and t € ZT U {0} and
let Ay(m,t, 1, k,p) denote the number of split n-color partitions of pu such
that

(i) if xy is the smallest or the only part in the partition, then x =
y+t (mod k),
(ii) the weighted difference of any two consecutive parts is nonnegative
and =0 (mod k),
(iii) the red part is either 0 orl,
(iv) the green part is greater than or equal to m and congruent to
m (mod p).

Then,
Z A,u,(ma t, l, kap)qu = fl(q)
pn=0

Theorem 2.2. Let m,t,l, k,p be any positive integers and m > t and let
Byu(m,t,l,k,p) denote the number of split n-color partitions of j such that
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(i) if x, is the smallest or the only part in the partition, then x =
y (mod k),

(ii) the weighted difference of any two consecutive parts is greater than
or equal to 2t and congruent to 2t (mod k),

(iii) the red part is either 0 orl,

(iv) the green part is greater than or equal to m — t and congruent to
m —t (mod p).

Then,

Z Bﬂ(m7 t7 la k’p)qﬂ = f2(q)
pn=0

Theorem 2.3. Let m,t,l,k,p be any positive integers and let C\,(m,t,1, k,
p) denote the number of split (n + t)-color partitions of u such that

(i) the smallest part is of the form i(iyt) with red part equal to 0, where
= Ap; A is a nonnegative integer,
(ii) for all other parts, the green part is greater than or equal to m and
congruent to m (mod p) and the red part is either 0 orl,
(iii) the weighted difference of any two consecutive parts is nonnegative
and congruent to 0 (mod k).

Then,
Z Cﬂ(ma t, l7 kap)qu = f3<q)

u=0

In the proofs we shall write A(j, u),B(j, u) and C(j, ,u) to denote the
number of partitions of  enumerated by A, (m,t,l,k,p), B,(m,t,l,k,p) and
Cy(m,t,1, k, p) respectively with the added restriction that there are exactly
7 parts.

3. PROOFS

3.1. Proof of Theorem 2.1. We split the partitions enumerated by A(7, i)
into the following four mutually exclusive and exhaustive classes:
(a) those that do not contain (i +1); or (i +1),_;,, as a part, where
i€z,
(b) those that contain (m +t),, as a part,
(c) those that contain (m +t+1), ., as a part,
(d) those that contain (i +¢),(i > m) or (i +1t);_4,(t1 > m+1) as a
part, where i € Z7T.

We transform the partitions in class (a) by subtracting k from each part
and ignoring the subscripts. The transformed partition will be of the type
enumerated by A(j,,u — k:j). Next, we transform the partitions in class
(b) by deleting the part (m +t),, and then subtracting 2m from each of
the remaining parts ignoring the subscripts. The transformed partition will
be of the type enumerated by A(j — 1,1 — (j — 1)2m — (m + t)). In class
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(c), we transform the partitions by deleting the part (m + ¢ +1),,,; and then
subtracting 2(m-1[) from each of the remaining parts ignoring the subscripts.
The transformed partition will be of the type enumerated by A(j —1l,u—
(j—1)2(m+1)— (m+t+10)). Finally in class (d), we transform the partitions
by replacing (i +t); by (i +t —p);_p) or (i +1);_y by (i +t = P)_pi)
as the case may be and then subtracting 2p from each of the remaining parts
ignoring the subscripts. This will produce a partition of u — (5 — 1)2p — p
into j parts. Now, here by this transformation, we get only those partitions
of p—(j —1)2p— p which contain a part of the form (i +¢); or (i +t) ;-
So, the actual number of partitions in class (d) is A(j, pw—(j—1)2p— p) —
A(j, u—(G—12p—p— kj), where A(j, u—(G—=12p—p— k:j) is the number
of partitions of u— (j—1)2p—p into j parts that do not contain a part of the
form (i +t); or (i +¢)(;_yy4;- The above transformations are reversible and
so they establish a bijection between the partitions enumerated by A(j, u)
and those enumerated by A(j,n—kj) + A(j — 1, p— (j —1)2m— (m+t)) +
A(G=Lp=(G=1)20m+1) = (m+t+0)) +A(j, p— (G = 1)2p—p) = A(j, 1~
(j—1)2p—p—kj).

This leads to the following recurrence relation:

(31> A(]au) = A(jnu_ k]) +A(J —Lp— (] - 1)2m - (m+t))
+AG—1Lp—(G—1)2(m+1)— (m+t+1))
+AG,p— (G —1)2p—p) — A, p— (G —1)2p —p — kj).

[ee]
(32)  Ilzmg) = > AQp) ¢, where|q| <1, |z| < g7\
H,j=0

Using (3.1) in (3.2) and then simplifying, we get,

(3.3)  hi(z;q) = hi(2d"; @) + 2™ hi(26*™; @) + 2™ hy (22D )
+q Phi(2¢*;q) — ¢ Phi(2¢*¢"; q).

Now, hi(z;q) being uniformly convergent for |¢| < 1,|z| < |¢|™", can be
represented as a power series. Let

(3.4) h(ziq) =Y ax(@)2",  ao(g) =1.
=0
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Using (3.4) in (3.3), we get,

00
Z aﬂ( Z aﬂ "+ qu+t Z aﬂ
=0

=0

+qu+t+l ZQN(Q) (zq (m+l pZ:OQr 7r

=0
[o.¢]
—q7 Y ax(q) (24°¢")".
=0

Comparing coefficients of z™ on both sides, we get,
t m(2mr— 1)(1 + ql(Zﬂfl))

q'q
(3.5) ax(q) = - g7 — @D — g ar—1(q).

Iterating (3.5) 7 times and observing that ao(q) = 1, we find that

mr24tny 1. 21
(3.6) R s
(a%;4%) . (q"; ¢°P)
Thus
X mmltm 1. 21
(3.7) SCTIED P aumew i e
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Now

ZA (m,t, 1, k,p) “—ZZAJM q" =hi(1;9) = fi(q)
pn=0 j=0

X mm +t7r(

q —¢4¢%)x
= A,(m,t, 1,k p)g" = =
Mz:% ul p)d" = fi(9) ; (0% %)= (q7; ¢°P)x

This proves Theorem 2.1.

Remark 3.1: Note that the combinatorial interpretation of series (1.1) can
be obtained by fixing the red part ‘I’ equal to 0 in the condition (iii) of
Theorem 2.1. So, there are only three classes in the proof, as class (b) and
class (c) represent the same set of partitions. The recurrence relation for
this case is

A1) = A, = kj) + A = Lp— (5 = 1)2m — (m + 1))
+AG = (G = 12p—p) =A@, — (j — 1)2p — p — kj).
3.2. Outline of the proof of Theorem 2.2. We split the partitions enu-

merated by B(j, ) into the following four mutually exclusive and exhaustive
classes:

(a) those that do not contain 7; or i(;_;; as a part, where i € 7T,
(b) those that contain (m —1),,_, as a part ,
(c) those that contain (m —t +1),,_4; as a part,
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(d) those that contain 7;(i > m —t) or i;_j)4 (i > m —t+1) as a part,
where 1 € Z7.

By the similar arguments as we have given for the classes in the proof of
Theorem 2.1, we are directed to the following recurrence relation:

B(j,u) = B(j,n—kj) + B — 1L u— (j —1)2m — (m — 1))
+B(—1Lp—(G—12(m+1)— (m—t+1))
+B(,n—(G—1)2p—p) —B(j,n—(j —1)2p — p — kj).

Hence, we get the following result,

9] o qm7r27t7r(_ql.q2l)ﬂ_
2 Bulm,t. Lk p)g" = oa) = 3 (¢%; %) r (0?5 ¢%)x

}L:O =0

This proves Theorem 2.2.

3.3. Proof of Theorem 2.3. We split the partitions enumerated by C(j+
1,p1) into those classes that contain Ap(y,44) as the smallest part, where

A € ZT U{0}. These are infinite classes as A varies from 0 to co. We trans-
form the partitions in these classes by deleting the part AP(xp +) and then
subtracting 2Ap from each of the remaining parts ignoring the subscripts
for each A\. The transformed partition will be of the type enumerated by
A(j, w—2Apj — )\p) given in Theorem 2.1 for the corresponding value of A.
The above transformations are reversible and so they establish a bijection
between the partitions enumerated by C ( J+1, ,u,) and those enumerated by
>0 A(j, w—2Apj — )\p). This leads to the following relation

(3.8) C(i+1pm) =Y A(j,u—2pj — Ap).
A=0

Let
(3.9)  ha(zip) = Y C(j+1,u)27¢", where|q| <1,|2| < |q| "
#,3=0

Now using (3.2),

(3.10) > A( = 22pj — Ap) 2 ¢ = P ha (247 q).
H,j=0

Using (3.9) and (3.10) in (3.8), we get,

(3.11) ha(zq) = Y " ha(2q*7; ).
A=0
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Now, ha(z;q) being uniformly convergent for |¢| < 1,|z| < |¢|™", can be
represented as a power series. Let

(3.12) ha(z9) =Y Br(@)2™;  Bolg) = 1.
=0

Using (3.12), (3.4) in (3.11), we get,

D Bel@)2" =D " ax(q)(2¢)"
=0 A=0 =0

Equating coefficients of z™ on both sides, we get,

Br(q) =>_ " az(g)
A=0

= ax(q) [1 4P L 2@ml)  3p2ntl) |

ar(q)
(1 — @)y’

Using (3.6), we get,

mm24tm 1. 21
Br(q) = qk. % (p? ’QZ )x :
(@ ¢%) 7 (qP; 4%P) nt1
Thus
0 mm2+itr 1. 21
q (¢4
ha(z;q) =
=4 g(qk;q’“)n(q”;q%)nﬂ
Now
> Culm,t, Lk p)g" => > CU+1,m)q" = ha(1;9) = f3(q)
©n=0 pn=0 j=0
oo o0 mr2+tr 1. 21
q (—¢"':¢*)x
= Cu(m,t, 1 k,p)g" = f3(q) = :
MZ;) 2 ) 9 g(q’“;q’“)w(qp;qu)wﬂ

This proves Theorem 2.3.

Remark 3.2: Note that the combinatorial interpretation of series (1.2) can be
obtained by fixing the red part ‘I’ equal to 0 in the condition (ii) of Theorem
2.3.

4. ROGERS—RAMANUJAN TYPE IDENTITIES

For some particular values of m,t,[,k, and p, Theorems 2.1, 2.2 and
2.3 enable us to provide new combinatorial meanings to the following six
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identities found in Chu and Zhang’s compendium [11].

( ) i q?’“Q(—Q'qQ)u (—Q'q2)oo[1o 9 10] [12 8 20]
4.1 ’ =-— .44 4q %49
S (ahaule e (50 ~ -
2
(4.2) i gt TR (— q‘(f) (—-4;:6%)
= (@5q)u(a%a)n (0%

(g 2)u (430 o
= (05 a)u(@® 6 (0%

(6", 4,4"% ¢"o0ld'®, ¢'%; ¢

o0y

[qlo,q3’q7;q10]oo[q167q4;q20]oo

o0 2
(44) > 2 HH(_q;qz)” _ 80 [, 4%, q"°: ¢
M - 9 9 ) [ o}}
= (050 @ @) (656
= q“ g (6P 6
Z 2. - 2. 2 [q q,—q Q]
pr w@ ) (%56
2
(4.6) Z 7" (*q;qz)u _ [0"d% ¢% M
— (¢ 0)u(a* ¢*)u (40 o

The right-hand side of (4.1)—(4.6) can be easily interpreted as the generat-
ing functions for certain restricted ordinary partitions. In comparison, the
left-hand side is interpreted according to the generalized results provided
in this paper by giving particular values to m,t,l, k, and p. The combina-
torial interpretations of (4.1)—(4.6) are stated in the form of the following
theorems:

Theorem 4.1. Let Dy(u) = > 4 E1(u—7)Fi(r), where Ey(u) is the num-
ber of ordinary partitions of p into parts congruent to +4 (mod 10) and
Fi(u) denotes the number of ordinary partitions of p into distinct parts con-
gruent to £3,5 (mod 10). Then

A,(3,0,1,4,2) = Dy(p).
Example 4.2. A15(3,0,1,4,2) =4 = D;(12) = 312, Yi(u — r) Z1 (7).

Table 1 shows the relevant partitions enumerated by Fp(r), Fi(r) and
A,(3,0,1,4,2) for 0 < r,p < 12.

Theorem 4.3. Let Do(p) = > 1o Ea(u—1)Fo(r), where Ey(u) is the num-
ber of ordinary partitions of w into parts congruent to +4,4+6 (mod 14)
and Fy(u) denotes the number of ordinary partitions of p into distinct parts
congruent to £3,+5,7 (mod 14). Then

A (1727174 2) D2(:u)

Theorem 4.4. Let D3(p) = > 1 Es(p—1)F3(r), where E3(u) is the num-
ber of ordinary partitions of p into parts congruent to £2 (mod 10) and
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TABLE 1. Partitions enumerated by Ey(r), Fi(r) and A,(3,0,1,4,2)

Partitions enumerated Fi(r) Partitions enumerated Fi(r)
by E1(r) by Fi(r)
0 Empty Partition 1 Empty Partition 1
1 - 0 - 0
2 - 0 - 0
3 - 0 3 1
4 4 1 - 0
5 - 0 5 1
6 6 1 - 0
7 - 0 7 1
8 444 1 5+3 1
9 - 0 - 0
10 644 1 743 1
11 - 0 - 0
12 6+6,4+4+4 2 745 1
D P 00

109+1, 10541
1191,117,113
127141,12741,12341,93 + 33

I

0 1 Empty Partition 1
1 0 - 0
2 0 - 0
3 1 33 1
4 1 4341 1
5 1 55 1
6 1 6541 1
7 2 77,73 2
8 2 8741,83+1 2
9 2 99,95 2
10 2 2
11 3 3
12 4 4

F5(u) denotes the number of ordinary partitions of p into distinct parts con-
gruent to £1,5 (mod 10). Then

B,u(3,2,1,4,2) = D3(p).

Theorem 4.5. Let Da(p) = >0 Ea(pp—1)Fu(r), where Ey(p) is the num-
ber of ordinary partitions of p into parts congruent to +2,+4 (mod 10)
and Fy(p) denotes the number of ordinary partitions of p into distinct parts
congruent to £1,4+3 (mod 10). Then

C,(1,2,1,4,1) = Dy(p).

Theorem 4.6. Let Ds(u) = > b Es(u—1)F5(r), where E5(u) is the num-
ber of ordinary partitions of u into parts congruent to £2 (mod 6) and Fi(u)
denotes the number of ordinary partitions of p into distinct parts congruent

t0 0,1,3,5 (mod 6), where parts congruent to 0 (mod 6) are counted twice.
Then

C.(1,2,1,2,2) = Ds(p).
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Theorem 4.7. Let Dg(n) denotes the number of ordinary partitions of u
into parts congruent to +1,+2, +3,+4, 45,7 (mod 14). Then

AN(LO, 17 17 2) = Dﬁ(:u’)

5. CONCLUSION

In the present paper, three generalized ¢-series identities have been stud-
ied and interpreted combinatorially with the help of split (n 4 t)-color par-
titions which, as their particular cases, give identities studied in [1] and
[19]. Also, the main results in this paper give combinatorial meaning to six
Rogers-Ramanujan type identities from Chu and Zhang’s compendium [11]
as particular cases and explore the utility of split (n + t)-color partitions.
These results give an insight into the possibility of future research work to
answer questions like:

e Is there any possible combinatorial interpretation of the g¢-series of
the type

o

2
qur +t7r(_ql1;q2l1)7r(_ql2; q212)ﬂ
(4% ¢")x (@75 %P ) (P23 427 )
where m, t, 11,12, k, p1 and py be any positive integers?
e Are split (n + t)-color partitions helpful in interpreting the above

g-series, or do we need to develop and study some extension of split
(n + t)-color partitions?

=0
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