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ABSTRACT. In this article, we study certain matrices whose entries are
Stirling numbers of the second kind; these are called Stirling-like matri-
ces of the second kind. We obtain, among other results, several matrix
decompositions of these matrices and evaluate their determinants. In
particular, we find some identities for Stirling numbers.

1. INTRODUCTION

Let n and k be nonnegative integers. We define ¢(n, k) as the number
of permutations of n (distinct) objects into exactly k cycles. The numbers
c(n, k) are known as the unsigned Stirling number of the first kind, and the
numbers s(n, k) = (—1)"F¢(n, k) are called the Stirling numbers of the first
kind. We also define S(n, k) to be the number of partitions of a set with n
elements into exactly k nonempty subsets. The integers S(n, k) are called
the Stirling numbers of the second kind. It should be clear that S(n,n) =1
and s(n, k) = S(n,k) =0 for £ > n > 0, and it is easy to check that for all
n>1, s(n,0)=S(n,0)=0,s(n,1)=(-1)""1(n—-1)! and S(n,1) = 1. By
convention, we put s(0,0) = S(0,0) = 1. It is well-known that the Stirling
numbers of the second kind S(n, k) satisfy the following basic recurrence (|8,
Eq. (1.93))):

(1.1) Sn,k)=Sn—-1,k—1)+kS(n—1,k), (n,k>1).
The Stirling numbers of the first kind s(n,k) and of the second kind

S(n, k) can also be defined as the coefficients in the following expansion of

a variable x:
n

(1.2) [x], = Z s(n,k)z®  and 2" = Z S(n, k)[z]k,
k=0

k=0

Received by the editors May 25, 2023, and in revised form October 15, 2025.
2020 Mathematics Subject Classification. 11B73, 15B36, 11C20.
Key words and phrases. Stirling-like matrix, matrix decomposition, determinant.

This work is licensed under a Creative Commons “Attribution-
w v () BY-ND

NoDerivatives 4.0 International” license.

12


https://creativecommons.org/licenses/by-nd/4.0/deed.en
https://creativecommons.org/licenses/by-nd/4.0/deed.en
https://creativecommons.org/licenses/by-nd/4.0/deed.en

STIRLING-LIKE MATRICES AND THEIR DETERMINANTS 13
where

], =

zx—1)---(x—n+1), ifn>1;
1, if n =0,

is the falling factorial. Let F[z] denote the set of all polynomials in the
variable x with coefficients in the field F, which forms a vector space over
F. Clearly, the sets Z = {1,z,2%,...} and € = {1,[z]1, [7]2,...} form
two bases of F[x]. Then, Equation (1.2) indicates that the (infinite) matrix
s = [s(n, k)| n>1 is the transition matrix from # to €, while the (infinite)
matrix S = [S(n, k)]n k>1 is the transition matrix from € to Z. Therefore,
the matrices s and S are inverses of each other. We call the matrices s and
S Stirling matrixz of the first kind and of the second kind, respectively.

As usual, we denote by s(n) the n x n Stirling matriz of the first kind,
that is, the n x n submatrix s(n) = [s(4, j)]1<i j<n of s. Similarly, we de-
note by S(n) the n x n Stirling matriz of the second kind, that is, S(n) =
[S(4,7))1<i,j<n- Thus, for instance, the following matrices correspond to the
Stirling matrix of the first kind s(n) and of the second kind S(n), with n = 5:

1 - 1 -
sGy=2 -3 1 - |, sGB=[1 3 1 -

-6 11 -6 1 1 7 6 1

24 —50 35 —10 1 115 25 10 1

We now define a matrix related to S, which is obtained by moving the
column entries of S upwards to eliminate all the zeros. More precisely, we
define the Stirling-like matriz of the second kind M = [M,; j]; j>1 to be the
infinite matrix whose entries are given by M; ; = S(i+j —1,7). As before,
the n x n Stirling-like matrix of the second kind, denoted by M (n), is the
n X n submatrix of M with entries M; ; for which 1 <4, j < n. For instance,
we have

11 1 1 1
1 3 6 10 15
MGB)y=|1 7 25 65 140
1 15 90 350 1050
1 31 301 1701 6951

(J1,925-5t)
<7f'172'2’~~-7i7‘>

from A by deleting rows i; < iy < --- < i, and columns j; < jo < -+ < Jp.
Let t be a positive integer. It is of interest to study matrices obtained from
M by deleting its first ¢ rows or its first ¢ columns, that is, M5 ;) and

For any matrix A, let A denote the submatrix of A obtained

M2t The former was done in [4] and the latter is the purpose of this
article. It is easy to observe that the (i, j)-entry of these matrices is given
by

= S+i+t—1,7),
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and
(M<1’2""’t>)i,j =S@+j+t—1,5+1).
For example, we have

1 3 6 10 11 1 1
1 7 25 65 w3 6 10 15

115 90 350 | 4 MUM=10 905 65 140
1 31 301 1701 15 90 350 1050

M<1> (4) =

In [4], we proved several decomposition results for the matrices M o .
and we presented the following determinant formula:

. . 1
(13)  det My p(n) =det[S(i+j+t—1.7)] . HW
The first aim of this article is to present some matrix decomp081tlons for
the matrices

ME2t () = [S(i+ 4+t — 1,5 + t)]1<ij<n,

where ¢ > 1 is a fixed integer (Theorem 3.1). In particular, we establish the
following determinant formula (Theorem 3.2):

detM(l,Z,...,t)(n) — H (i_f_t)ifl

1<i<n

The second aim of this paper is to give some combinatorial identities for
Stirling numbers (Theorems 4.1 and 4.2).

The organization of this article is as follows. In Section 2, we introduce
additional definitions and notation, and then derive preparatory results.
In Section 3, we present LU-decompositions for the matrices M (121 (n).
The proofs of Theorems 3.1 and 3.2, which constitute the main results of
this article, are presented in this section. Finally, in Section 4, we use the
results obtained in the previous sections to derive some identities for Stirling
numbers.

The notation used in this article is fairly standard; the reader is referred
to [3, 8]. In particular, for any matrix A, we use A;; to denote its (i, j)th
entry.

2. AUXILIARY RESULTS

In this section, we give several auxiliary results to be used later. Before
proceeding, we provide some additional definitions and introduce relevant
notation.

Let r,t > 1 be two integers. Denote by Alf(n) = [Ak}j]lﬁi,jén the n x n
lower triangular matrix whose entries are given by

1, if i = j;
AL =gt =g

0, otherwise.
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Also, denote by BI"(n) = [Bl[gt]]lgi7j§n the n X n upper triangular matrix
whose entries are defined by

1, ifi=j, j<mnr;
[rt] J+t, le:],]>7",
J 1, ifi=j5—1, j>r;
0, otherwise.
For instance, we have
1 . . .. 1 .
31 - - 1.
APy =1 4 1 and BB =|[.- - 1 1 -
5 1 - N I |
6 1 -7

We begin with the following lemma.

Lemma 2.1. Lett > 1 be an integer. Then, for any positive integer n, we
have

t
(2.1) Sty (n) = S(n) - [T AW ).
k=1

weey

Proof. We proceed by induction on t. If t = 1, then we have to show that

(2.2) St (n) = S(n) - All(n).

For the proof of the above equation we compute the (i, 7)-entry of S(n) -
Al(n), which is by definition 2521 Si’lAPj.. Since the product of two lower
triangular matrices is lower triangular, we may assume ¢ > j > 1. If i = j,
then we have

: 1
(S(n)- AMm)), = lz; Sudll =54l =1.1=1= (5<<11>> (),
and (2.2) holds in this case. We may now assume that i > j. We have
(S()- Al (), = 3" 5,11
=1

= Si,jA% + Si,j+1A§1le (by the structure of Alll (n))
= Si,j -1+ Si,j+1 . (] + 1)
=85(1,7) + (7 +1)S(i,5+ 1) (by the definition of S(n))
—S(+1,j+1) (by (L1))
= Sit1,j+1 (by the definition of S(n))
_ (gD
= (S<1> (”))U’

and the proof of (2.2) is complete.
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Assume that ¢ > 1. In the sequel, we claim that
1,20t 1,2,.,t—1
(2.3) s! (n) = S{ia 1) (n) - All(n).

By an argument similar to the preceding, we again compute the (7, j)-entry

on the right-hand side of (2.3). For convenience of notation, we define S(n) =
1,2,.,t—1

[Sz ]]1<z j<n tO denote the matrix S(< e 1>> (n) = [Si+t—1,j+t—1]1§i,j§n- As

before, it suffices to consider the case “where i >j>1. If i = j, then we

have

~

(S(n) - A1), ZS JAl = SiAl =1-1=1= ({5770 (n)),

Moreover, in the case that ¢ > j, we see that

(S(n)- A Z SiaAll

§¢7 Am +5; :JHAE—]H,J' (by the structure of Alf(n))
§z,j -1+ Si,jJrl : (] + t)

= Sivt—1,j+t—1 + Sivt—1,j+¢ - (J + 1)

= Sitt,j+¢ (by (1.1) and the definition of S(n))

L a(12,0)

= (5(1,2,...,t) (”))”’

and the claim follows. We now turn to the induction step. We have

Sty (n) = Sy (n) - All(n) (b (2.3))

The proof is complete. U

We will also need the following identity involving Stirling numbers of the
second kind which is verified through induction on n.

Lemma 2.2. Let n > m > 0 be integers. Then, we have

]g;n <Z>5(’f7m) =S(n+1,m+1).

Proof. See (6.15) in [6, Table 251]. O
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Lemma 2.3. Let i,j and | be integers satisfying 1 < [ < i < j and put
w = j —1i. Then, we have

i <2> ((w+1) <I;> - (z f 1>)S(j—k:,w) = (w+1) (j }L 1) S(j+1—1,w+1).

k=l

Proof. We observe first that by the trinomial revision identity
AVLANFAY S .
@ )0 -G
and
j k B j j—1+1
25) 5D =)o)

Now, from Equation (2.4) and Lemma 2.2, we deduce that

2 ()= () S (s
(2.6) = (?) ; (j:b S(j — k,w)
_ G)sg—lﬂ,wﬂ).

Similarly, from Equation (2.5) and Lemma 2.2, we conclude that

£ -
R (T e
'1)i<‘jizl)5(j_k’“)

k=l J

) > (o )su-kw - (,7)s6-1410)

k=l-1

_ <li1>5(j —l+2w+1) - (z ’ 1>S(j —1+1,w).
Also, it follows from Equation (1.1) that
(28) SH—-l+2,w+1)=8SG—-1l+1w) +(w+1)SEH—-1+1,w+1).
We substitute Equation (2.8) into Equation (2.7) and simplify to obtain

(2.9) Z(é) <lf1>5(j—k,w)= <lf1>(w+1)5(g’—z+1,w+1).

k=l
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Finally, using Equations (2.6), (2.9) and Pascal’s identity, we observe that

£ () een(l)+ (S su-so

k=l

RO IR
:(W+D(G>Sj—l+Lw+1%%Qzl>SU—Z+LW+1D
:w+n(ﬁ

w0 ('S4 1w )

and the proof is complete. [l

(
—+Qi1)SU—Z+Lw+U

Next, we introduce the matrix Ut(n) = [Ui[f]]']lgi,jgn whose entries satisfy
the recurrence relation:

210) Ul =0+ (i—1+001, .+ (G —i+ 1)U

i—1,5 (2§/L7j§n)v

and the initial conditions

(2.11) v =1, U =0 01 =1 2<ij<n).

The matrix U (n) = [UZ»[’ J]-]lgi,jgn is an upper triangular matrix which plays

a crucial role in the sequel. For instance, when n = 5 and ¢t = 3, we have

11 1 1 1
5 11 18 26

UBlsy=|{- - 36 127 295
343 1695
4096

For the next purpose, we need the following lemma, which describes an

[t ]

explicit formula for U;

Lemma 2.4. The matriz Ul (n) is an upper triangular matriz whose entries
are given by
i—1

J—1 . o gy
Ui = §:< i >50-1—kd—wxz+wﬂ Jorj>iz1,
k=0
In particular, the diagonal entries of UMY (n) are given by
Ul = (i+6)Y, for i=1,2,...,n

Proof. Observe, first of all, that Ul-[q =0 and Uz[ﬂl ;= Ui[ﬂl,ifl + (i—l—t)Ui[’tZ]fl

for i > 2, which implies that U (n) is an upper triangular matrix.
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Now let Ql(n) = [Q%]lgingn be an upper triangular matrix given by
i-1 .
j—1 . N L
(212) QY :Z( . )S(] —1—kj—i)(i+t)F forj>i>1.
k=0
To prove the lemma we need only show that Ul(n) = Q(n). In fact, we
will show that the first row of QI(n) is equal to the first row of Ul(n),

and for 1 <4 < j the entries Qy]j of the matrix Q[!/(n) satisfy the recursion
relation

(2.13) QM=o +i—1+0Ql  + G-+, .

Let us do the required calculations. If i = 1, then a direct computation
gives

0 .
7—1 . .
0= (P s 1- k- Do

k=0

~ (7 )sU-1-0 -k =1,

and hence Q[t] = Ul[t] for any j > 1.
If 1 <i < j, then we treat the different cases ¢ = j and ¢ < j separately.
First, assuming that ¢ = j, we see that (2.13) reduces to

t . t t
QH =({—-1+ t)lel,ifl + QHM-
In order to prove this, it is routine to compute that

i—1

Q=3 (Z B 1) S(i—1-k,0)(i+)* = (Z - 1) S(0,0) (i) = (i+)"

k=0
and similarly, QZ Lic1 = = (i — 14+ t)""2. On the other hand, we obtain

1—2

QY 1,—Z(i;1>5(i1k,1)zl+t z_:< > (i—1+t)"

k=0 =0
Hence, we observe that
i—1

(-140Q o+l =3 () a- 10 =0 =l

k=0

as required.
We now assume that 1 < ¢ < j. Using the Pascal’s identity and (1.1), we
first observe that

i—1 .
QA=Y (J i 1)S<j —1—k,j—i)(i+t)*

k=0
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=S(j1,jz')+§((ij) + (jf))ﬂjlmz')mt)’“

i—1

:kizo(j;2>5(j—1—k,j—i)(i+t)k
i—1 .

+;(;jf)su—l—k,j—z‘)(iwﬁ

i—1 .
_Z(‘7;2)(S(j—2—k,j—i—1)+(j—i)s(j—Q—k,j—i))(i+t)k

k=0

i—2 .
_1_;(j;2>S(j—2—k,j—z’)(i+t)k“.

=0

Next, using the binomial theorem and Equation (2.12), the right-hand side
can be rewritten as

i—2 . k
QE@:QE}1+<j—¢>kZ_O<9;2)s<j—2—k,j—i>(l§_;(’;)u—ut)l)
i—2 . k+1
j—2 o iy k+1 i !
+kzzo( " >S(J 2—k,j )(;( ; )( 1+1))
i—2 k .
=Q£fl»_1+(j—i)ZZ(‘7;2><’;>S(j—2—k,j—z’>(z’—1+t>l
k=0 1=0

(s

+<lfl>)5(j—2—k,j—z‘)(z’—1+t>l.

Finally, by Lemmas 2.2 and 2.3, and the standard interchange formula (see
[7, 3.16]), we get
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A =Ql  +i-1+0Q", ,  +(—i+D)SG—-1,j—i+1)

+§i_l <j;2>((j—i+1)<];>

=1 k=
k
+<Z_ 1))S(j—2—l<:,j—z')(z'— 1+1t)
Q) -1+ 0)Q (i 1)SG -1, i+

1—2 .
+(j—i+1)z<J;1>S(j—1—l,j—i+1)(i—1+t)l
=1

= ijfl +(@-1+ t)Qgil,jfl +(—i+ I)QELJ"

which completes the proof of (2.13). The first statement now follows.
The second statement follows from the first. The proof is complete. [

In the following, we will discuss a factorization of Ull(n). Before contin-
uing, we present an additional notation. The direct sum of two matrices A

and B is defined as
A 0
ren= (40

For instance, it is an easy consequence of the definition that

(2.14) Br(n) = I,_y @ BB =U(n —r 4 1).

Lemma 2.5. Lett > 1 be an integer. Then, for any positive integer n, we
have

(2.15) Ut(n) = BM(n) - [ @ UMY (n — 1))

Proof. For the sake of brevity, throughout the proof we will set U = U[! (n) =
[Uijli<ij<n, B = BM(n) = [Bijlhi<ij<n and C = L @ U (n — 1)
= [C} jli<i,j<n- Note that the matrices U, B and C are upper triangular
matrices, and the following relation holds:

(2.16) Csj =Cij1+(i+t—1)Ci1j1+(—i+1)Ciry, (2<4,j5 < n).

In order to prove U = B - C, therefore, it suffices to show that
(B-Chj="Uy,

for every 1 < j <n, and

(217) (B-C)ij = (B-C)ij1+(i+t=1)(B-C)i—1,j-1+ (i —i+1)(B-C)i1,

for every 2 <1i,5 < n.
First, using elementary calculations, we see that

n
(B-CO)1j =) BipCrj = B11C1; + B12Ca; = C1j + Ca = 1= U,
k=1
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for every 1 < j < n.
We assume, therefore, that 1 < ¢ < j < n. We consider the two cases
1 =7 and i < j, separately.

CASE 1: ¢ = j. In this case, with (2.17) in mind, we must show that
(B-Cii=(+t—=—1)(B-C)ic1,i—1 +(B-C)i_1.

On the one hand, we have

(B-C)ii =Y BixCr;i=BiiCi; = (i +1)Ci,;,

k=1

and on the other hand, we have
(B . C)i—l,i—l = (Z + t— 1)Cz’—1,z’—1 and (B . C)i—l,i = (Z + t— 1)Ci—1,i + Cm‘,
from which it follows that
(i+t—=1)(B-Cic1i—1+(B-C)i—1y
(t+t—1)[(i+t—1)Ci—1i—1+ Ci1,i] + Cis
(Z +1t— 1)02 i+ Cz K (by (2'16))
(i+1)C;

Comparing the above equalities yields the result in this case.

CASE 2: i < j. To verify (2.17), we need some calculations again. The
(i,7)-entry of B - C' is

n
(B-C)ij =Y _ BixCrj=BiiCij+ Biit1Cis1; = (i + t)Cij + Citn .
k=1
Similarly, we get
(B-C)ij-1=DB;iCij—1+ Bii+1Cit1j—1 = (i +t)Cij—1 + Ciy1,j-1,
(B-C)i-1,j—1 = Bi—1,i-1Ci—1j—1 + Bi—1,,Ci j—1
=(+t—-1)Ciz1j-1+Cij-1,
(B-C)i—1j=DBi—1,i-1Ci—1; + Bi—1,iCij = (i +t = 1)Ci_15 + Cy 5.
Substituting these expressions for (B-C); j—1, (B-C)i—1,j—1 and (B-C);_1,
into (2.17) yields
(B-Cij1+(i+t=1)(B-Clicrj1+ (G —i+1)(B-C)i-1;
=(i+1)Cij-1+ Ciprj1+ @+t —1)(i +t - 1)Ci151
i+t —1)Cijr+ (= i+ i+t —1)Cimry + (j — i + 1)Ci
=(i+t—1)[Cijo1+ (i+t—1)Cim1j1+ (j—i+1)Ci14] + Cija
+Civ1j-1+ (i +t—-1)Cij1+(j —i+1)Cy
=({+t-1)Cij+Cij1 +Cip1j1 + (i +t=1)Ci 1+ (j —i+1)Ci
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(2.16))
J+)Cij+ (i +1t)Cij—1 4+ Ciyrj-1
7+ t)C” + [( )C” + (Z + t)Ci,j_1 + Oi+17j_1]
i+1t)Ci; + Ciy1,; (by (2.16))
B-0)ij
This establishes (2.17) in this case, and the proof is complete. O

(by
=0
(i
= (0
=

For example, we have
UPl(5) = B(5) - [ @ UPI(4)],

or equivalently

11 1 1 1 11 r - - .
4 9 15 22 - 401 1 1 1 1
2 91 217 | =}|- - 5 1 - 5 11 18

216 1105 - - - 61 - - - 36 127

2401 ¢ .. . . 343

The following corollary is an immediate consequence of Lemma 2.5.

Corollary 2.6. Let t > 1 be an integer. Then, for any positive integer n,

we have
n

(2.18) Ull(n) = [ B"(n).

r=1
Proof. By repeated application of Lemma 2.5 and (2.14), it follows that
Ul (n) = BM(n) - [ @ U (n = 1)]

= BM(n) - (I & (BWH] (n—1)-[L U (n - 2)]))
= B () - (1 @ BMH N (n - 1)) - (L@ U (n - 2))
= B (n) . BRY(n) . (Lo Uttt — 2))

= BN (n) . BRU(n) . ... B (n),
as desired. O

For example, for t = 2 and n = 5, we have
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1 1 1 1 1 1 - - - 1 .
4 9 15 22 -4 1 - - -1 1 -
25 91 217 | =1 - 5 1 5 1
216 1105 - - - 6 1 . 6 1
2401 ¢ .. LT
1 . 1
1 - . 1
X 1 1 - 1 -
. 1 1 1
7 .
1 .
1
X 1 -
1 .
1

3. THE TRUNCATED MATRIX M (L2t ()
We are now ready to state and prove the main results of this article.

Theorem 3.1. Let t > 1 be an integer. Then, for any positive integer n,
we have

2,
(3.1) M2t () = 5&27“”3 (n) - Ul (n).
Furthermore, we have
t n
(3.2) ME20(n) = S(n) - [T AW () - [] B (n).
k=1 r=1

Proof. Write M = ]\//T(n), S = S(n), and U = U(n) for M2 (n),
Séllgg (n), and UM (n), respectively. It is easy to see that
Mj=8(+j+t—1,j+1),
and the entries of ]\Z] also satisfy the recurrence relation
M j= M1+ (j+t)Mi_1,
when i, 7 > 2, and the initial conditions
My =S(i+t,14t) and M, =1,

when 1 < 4,5 <n. Similarly, one can easily check that §” =S(+t,j+1)
and they also satisfy the recurrence relation

(3.3) §i,j = §i—l,j—1 +(+ t)§i_1,j,
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when 4, j > 2, and the initial conditions
Sii=1, S1=S8(+t1+t) and S ; =0,
when 2 <4, < n. For instance, we have

1 1 1 1

== o (1’2> o 6 10 15 21
M(4) = M (4) = 25 65 140 266 |’

90 350 1050 2646

and,
1 .
S o126 1
SW =510 =19 10 1
90 65 15 1

In order to prove (3.1), namely M=S.T , it suffices to show that their
entries correspond to the same recurrence relations satisfying the same initial
conditions, that is

—~

(§ ﬁ)l,j = M\lJ and (§ . U)i,l = Mi,la
for every 1 <i,j <n, and
(3.4) (8- 0)ij = (8- D)ijor+ (G + (5 - D)icry,
for every 2 <i,j < n.
First, using simple calculations, we have

~

n
(S- U= Sialpj=S11U1,;=1-1=1= M,
k=1

and
n

(S-U)ia=) SixUry=8i1U11=S(i+t,1+t)-1=8(i+t,1+t) = M1,
k=1
as required.
Next, to verify (3.4) formally, we argue as follows. Let us assume for the
moment that 2 < 14,7 < n. Since

n n
(8- 0)ij =D Siklkj=SitUii+ Y SixUs,;
k=1 k=2

n
=S+ Y Sik[Ukjr+ (k+t = 1)Uk 15
k=2

(G — k+1)Up14]

= (§ ﬁ)m‘_1 + Z §i,k [(k +t— 1)/U\k—1,j—1 + (] —k+ 1)[716—17]'}7
k=2
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it suffices to show that

(3.5) Z §zk [(k+t— 1)[7/%—1,]'71 +(—k+ 1)[7k71,j] =0+ t)(§ ﬁ)i—l,j
k=2

in order to prove (3.4). To do this, we see that using (3.3), the sum on the
left-hand side of (3.5) is equal to

Z [gi—l,k—l + (k + t)gz’—Lk] [(k+1t— 1)Uk—1,j—1 +(—k+ 1)@—1,]}
k=2

o~ ~

= (t+ 1)Si_1,1U17j_1 + Z(k +1— 1)§i—1,k—1(7k—1,j—1

k=3
o~ A~ n o~ A~
+( = DSl + Y (G —k+ DSt k10k-1
k=3

|
—

n

+ (k) (k+t—1)Si_1 jUp—1,1

k=2
n—1 R N

+ Z(k +t)(j — k+1)Si—1 xUk—1,
k=2

(note that §i_17n =0),

n—1 n—1
= (4881201 + Y (b +1)Si14Ukjo1 + > (G = k)Si1 46Uk,
k=2 k=2

i
L

+ (k) (k+t—1)Si_1 jUp—1,-1

k=2
n—1 R N

+Y (k0 —k+1)8 14Uk,
k=2

(note that [717]-_1 = [71,3'),

n—1

=(j+1)Sim1101; + Z Sic1 [(k + ) [Tk o1 + (kb +t = 1)0k-1,j1
k=2

+(j—k+ 1)Uk—1,j] +(j — k)ﬁka]

n—1
= +1)Si-11U1; + Z Sic1k[(k+ 1)Uk + (5 — k)Ur; ] (by (2.10))
k=2

n
={+1) Z §'_1,k(7k,j (note that again §,~_1,n =0),
k=1
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as required. This completes the proof of (3.1). Now, the decomposition
(3.2) follows immediately from Lemma 2.1 and Corollary 2.6. ]

Theorem 3.2. Lett and n be positive integers. Then, we have

n
det M2+ (n) = det [S(i + 5+t — 1,5 +t)] reijen = LLG+OTT
i=1
Proof. We first note that (M<1’2""’t> (n))ZJ =S(i+j+t—1,5+1), for any
1 <4,j < n. Now, using the decomposition (3.2) in Theorem 3.1, we obtain

det MH2 (n) = det S(n HdetA HdetB”

t

n—1
H H det B (n)
k=1 r=1

n—1

H etB[Tt]

Observe that the matrix B"!(n) is an upper triangular matrix with diagonal
entries

L1,...,L,r+1+t,r+2+¢,...,n+1,

and so
n

det B(n) = T] (1 +2).

I=r+1
Thus, we have

det M 12 HdetB[” nl:[ f[ L+t =[JG+"!

r=1 =1

as desired. O

4. SOME IDENTITIES FOR STIRLING NUMBERS

In our previous work [1], we derived several combinatorial identities. In
this section, we present some identities for Stirling numbers related to the
results obtained in the preceding sections. We start with the following the-
orem.

Theorem 4.1. Let i,j,t > 1 be integers. Then, we have

min{%,5} [—1

) Z<' ) i+t 1+8)SG—1—k, j—1)(I+)% = S(i+j+t—1,j+t).
=1
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Proof. Given the integers %, j, we choose an integer n large enough such that
i,7 < n. In view of decomposition (3.1) in Theorem 3.1, we obtain

), = 6 v,

The left-hand side of (4.1) is equal to S(H—j +t—1,7 —|—t) We now compute
the right-hand side of (4.1). For simplicity, write § = S<<1’2’ >>(n) and
U = U (n). Now, we obtain

(5-0),,=> 50y

min{i,j}
= Z §i,l(7[7j (note that S and U are triangular matrices)
=1
min{s,5} 1—1

— Z Z( ) (i+t,1+8)S(G —1—k,j—D(1+1t)",
=1 =

where the last equality is obtained by Lemma 2.4 and noting that §i,l =
S(i+t,l +t). The proof is now complete. O

The following identity involving Stirling numbers is also satisfied.

Theorem 4.2. Let i, j,t > 1 be integers. Then, we have
i

S s+t k+t)S(k+j+t—1,j+1) =0,

k=1
if 3 <1, and
7 1—1
—1
> st k+t)S(k+j+t—1,j+t) = Z(” ) (G—1—Fk,j—i)(i+t)k,
k=1 k=0

if 7 > 4. In particular,
i
S s+t k+t)S(k+itt—1Litt)=(i+t)"
k=1
Proof. Fix i,j and choose the integer n such that i, j < n. Since S~ (n+t) =
s(n +t), it is easy to see that

(12) =1 (1,2,00)
S<1,2,‘..,t) (n)™" = S01,2,...,8) (n)
Therefore, multiplying both sides of (3.1) by 88;3 (n) from the left, we

obtain

siyo () - M2 () = UV (),

from which it follows that

(4.2) (sto g (n) - M2 )y = (0P (),
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(1727"'7t>

(1,2,... t)(n) and M = M (120 (n). It is clear that

For simplicity, write s = s
N s(i+t,g+t) ifi>y,
Sij =

0 otherwise,

and ]\/Z” =S(+j+t—1,7+1t). We argue, on the one hand, that the
left-hand side of (4.2) reduces to

n
(4.3) (§ ]/\Di,j = Z/S\i,kMk,j
k=1

7
= Z@kl\/l\;w (note that s is a lower triangular matrix)
k=1
i
=> s(i+t,k+0)Sk+j+t—1,j+1).
k=1

On the other hand, by Lemma 2.4, the right-hand side of (4.2) is equal to

i-1
S NSG -1k - +t)k if j >,
44)  (UYm), . = e
& (i+t)1 if j =1,
0 if j < i.
The conclusion of the theorem then follows by (4.2), (4.3), and (4.4). O

In [4], we found an explicit formula for det M o 4 (n) (see (1.3)), and in
the current article we proved a determinant result for the matrix
M2t (n) (see Theorem 3.2). One may ask if it is possible to find the

determinant of the matrices M <<11 22 tt>> (n). It seems that it is difficult to

present a general determinant formula for these matrices. However, here,

using (1.3) and Theorem 3.2, we can show that the determinant of the
(1)

matrices M (1) (n) satisfy the following recurrence relation with nonconstant
coefficients of degree 1.

Theorem 4.3. Let n be a positive integer and let D(n) denote the de-
terminant of the truncated matriz ]\J<<11>> (n). Then, we have the following
recurrence relation of degree 1 for (D(n))p>1:

D(n)=(n+1)"D(n—1) + n! ﬁ(z + 1) (n>2),

=1
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with the initial condition D(1) = 3. Also, we obtain the closed form of
(D(n))nz1 as

n

D(n) =[G+ D5 +

i=1 j=

n

S

Do o
w
<.

) for alln > 1.

Proof. Tt is clear that D(1) = det M<<11>>(1) = 3. Assume then that n > 2.
Applying the Desnanot—Jacobi identity (see, for instance, [2, Theorem 3.12])
to the matrix M (n + 1), we obtain

det M (n + 1) det M{{) (n — 1)

= det M (n) det M<<11>> (n) — det MM (n) det My (n).
Now, it follows from (1.3) and Theorem 3.2 that

n+1 n n n

(1:[ D —-1) = ([[# ") Dm) - ([JG+1") (]

i=1 =1 i=1

If we divide both sides of the above equation by [[;-, i"~!, we obtain
(n+1)"D(n—1) =D(n) —n! ]G+ 1),
i=1

and the first statement follows. The second statement is immediate from [5,
Sec. 3.1]. O
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