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CAYLEY GRAPHS OF ORDER 8pg ARE HAMILTONIAN

FATEME ABEDI, DAVE WITTE MORRIS, JAVANSHIR REZAEE,
AND M. REZA SALARIAN

ABSTRACT. We give a computer-assisted proof that if G is a finite group
of order 8pg, where p and ¢ are distinct primes, then every connected
Cayley graph on G has a hamiltonian cycle.

1. INTRODUCTION

Numerous papers show that all connected Cayley graphs of certain orders
are hamiltonian. (See Eq. (2.2) for a definition of the term “Cayley graph”)
Several of these results are collected in the following theorem, which is an
updated version of [12, Thm. 1.2].

Theorem 1.1 (cf. [14, Thm. 1.2]). If G is a finite group with |G| > 2, and
|G| has any of the following forms (where p, q, r and s are distinct primes,
and k is a positive integer), then every connected Cayley graph on G has a
hamiltonian cycle:

(1) kp, where k < 47, (5) kp?, where k < 4,
(2) kpq, where k <7 or k=29, (6) kp3, where k < 2,
(3) par, (7) p".

(4) pgrs if p, q, r and s are odd,

Remark 1.2. The introduction of [14] provides a list of the papers that were
combined to make Eq. (1.1), except that it does not have references for the
two parts of the equation that do not appear in [14]’s statement of the result:
see [16, Cor. 1.5] for the case k =9 of part (2), and see [18] for part (4). A
more detailed (but outdated, and therefore incomplete) explanation of the
contribution from each paper is in [12, §2A].

The purpose of this paper is to add the case k = 8 to part (2) of the
equation:
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Theorem 1.3. If p and q are distinct primes, then every connected Cayley
graph of order 8pq has a hamiltonian cycle.

Remark 1.4. This means that part (2) of Eq. (1.1) can be replaced with:
(2") kpq, where k < 9.

The proof of Eq. (1.3) relies on an exhaustive case-by-case analysis, like
most other parts of Eq. (1.1). However, although almost all parts of that
equation were proved by hand (so some of the papers are long and compli-
cated — see, for example, the proof of the case k = 6 of part (2) of the
equation in [14]), we will use a computer-assisted approach that is adapted
from the method that was used to complete part (1) of the equation in [19].
Equation (2.11) is the main tool. See Section 3A for an explanation of the
technique.

Here is an outline of the paper.

e Section 2 consists of preliminaries on several topics: hamiltonian cy-
cles in Cayley graphs, the Factor Group Lemma, generalized dihedral
groups, elementary number theory, and group theory.

e Section 3 describes how we use a computer to find hamiltonian cycles.

e Section 4 spells out assumptions and notation that will be in effect
for all later sections of the paper.

e Sections 5 and 6 deal with two cases that cannot be handled by
our computer programs. (However, Section 5 does use a computer
program in the final subsubcase of the proof of Eq. (5.1).)

e Section 7 proves Eq. (1.3).

2. PRELIMINARIES
Notation 2.1. G is always a finite group.
2A. Some basic results on hamiltonian cycles in Cayley graphs.

Definition 2.2 (cf. [5, p. 34]). Let S be a subset of G. The Cayley graph
Cay(G; S) is the graph whose vertices are the elements of G, such that there
is an edge joining two vertices g and h if and only if h = ¢gs for some
s€SUS™! (where STt ={s"1|sc S}

Remark 2.3 ([19, Rem. 2.2]). Unlike most authors, we do not require

S to be symmetric (i.e., closed under inverses). Instead, in our notation,
Cay(G; S) = Cay(G; SU S™1).

Theorem 2.4 ([13, Problem 12.17, pp. 89 and 505-506], [11], [17]). Assume
|G| > 2. Every connected Cayley graph on G has a hamiltonian cycle if any
of the following are true:

(1) G is abelian (in other words, the commutator subgroup of G is triv-
ial), or

(2) the commutator subgroup of G is a cyclic p-group, for some prime p,
or
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(3) the commutator subgroup of G has order 2p, where p is an odd prime.

The following elementary observation is well-known (and was used in the
proofs of almost all parts of Eq. (1.1)). (A generating set S of a group G
is irredundant if no proper subset of S generates G, so the result follows
easily from the fact that every hamiltonian cycle of a spanning subgraph is
a hamiltonian cycle of the ambient graph.) When proving that all connected
Cayley graphs on a group G are hamiltonian, it allows us to consider only
the Cayley graphs of generating sets that are irredundant.

Lemma 2.5. If there is a hamiltonian cycle in the Cayley graph of every
irredundant generating set of G, then every connected Cayley graph on G
has a hamiltonian cycle.

The following observation is also well-known.

Lemma 2.6 ([12, Lem. 2.27]). Let S generate G and let s € S, such that
(s) IG. If
o Cay(G/(s);S) has a hamiltonian cycle, and
o cither
(1) s e Z(G), or
(2) Z(G)Nn{(s) =1, or
(3) |s| is prime,
then Cay(G;.S) has a hamiltonian cycle.
A slight modification of the proof of part (2) of the equation establishes
the following generalization:

Lemma 2.7. Let S generate G and let s € S, such that (s) < G. If

e Cay(G/(s);S) has a hamiltonian cycle,
e Z(G)N(s) is a direct factor of (s), and
e |[Z(G)N(s)| is a divisor of |G : (s)],

then Cay(G;S) has a hamiltonian cycle.

2B. Factor Group Lemma. Because of the following equation, it is very
useful to be able to lift hamiltonian cycles from a quotient graph to the
original Cayley graph. Equation (2.11) is a fundamental result that often
makes this possible.

Remark 2.8. Suppose N is any nontrivial, proper, normal subgroup of G,
such that |G/N| > 2. By Eq. (1.1)(1,2), we know that every connected
Cayley graph on G/N has a hamiltonian cycle.

Notation 2.9 (cf., e.g., [14, §2.1]). For s1,52,...,8, € SUS™L:

e (s1,592,83,...,5,) denotes the walk in Cay(G; S) that visits (in order)
the vertices

1, s1, 5182, S18283, ..., S152...8p.
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e (s1,52,53,...,5,)F denotes the walk that is obtained from the con-
catenation of k copies of (s1, s2, 83, ..., S,), and

e (s1,52,83,...,5,)# denotes the walk (si,s9,s3...,8,—1) that is ob-
tained by deleting the last term of the sequence.

Definition 2.10 (cf. [6, §2.1.3, p. 61]). Suppose N is a normal subgroup of
a group G and let C' = (s1, s2,...,8,) be a walk in Cay(G;S). If the walk
(siN,s2N,...,s,N) in Cay(G/N;SN/N) is closed, then its wvoltage is the
product V(C) = s153...8,. This is an element of N.

Lemma 2.11 (Factor Group Lemma [21, §2.2]). Suppose that

e S is a generating set of G,
e N is a cyclic normal subgroup of G,
e (51N, ...,8,N) is a hamiltonian cycle in Cay(G/N;S), and
e the product s18s...s, generates N.
Then (s1, ..., 5,)!N is a hamiltonian cycle in Cay(G; S).

Corollary 2.12 ([12, Cor. 2.11]). Suppose that

N is a cyclic, normal subgroup of G, such that |N| is prime,
S is an irredundant generating set of G,

there is a hamiltonian cycle in Cay(G/N;S), and

s=t (mod N) for some s,t € SUS™! with s # t.

Then there is a hamiltonian cycle in Cay(G;S).

Notation 2.13.

(1) [g,h] = g~ 'h~1gh is the commutator of two elements g and h of G.
(2) G' ={(|g,h] | g,h € G) is the commutator subgroup of G.
(3) We use C,, to denote a (multiplicative) cyclic group of order n.

Lemma 2.14 ([14, Cor. 2.14]). If G = (s,t), G’ is cyclic, and ged(k,|G|) =
1, then G' = ([s",1]).

Corollary 2.15. Assume G’ is cyclic and G/G' = Cy x C. If S is any
2-element generating set of G, then Cay(G;S) has a hamiltonian cycle.
Proof. Write S = {s,t}. Then (s7!,¢7! s,¢) is a hamiltonian cycle in
Cay(G/G’; S) whose voltage is s~'t~'st = [s,t]. This generates G’ (by
Eq. (2.14) with k£ = 1), so Eq. (2.11) applies. O

2C. Generalized dihedral groups.

Notation 2.16 (cf. [1, Defn. 1.2]). We use Dy, to denote the dihedral group
of order 2n. That is,

Dop = (fox| fP=a"=1,faf=a").

(In [1], this group is called D,, instead of Dsg,, but that is not consistent
with the notation used in GAP [7].)

Definition 2.17 ([1, Defn. 1.3]). A group G is a generalized dihedral group
if it has
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e an abelian subgroup A of index 2, and
e an element f of order 2 (with f ¢ A),

such that f inverts every element of A (i.e., faf = a™! for all a € A).

Thus, dihedral groups are the generalized dihedral groups in which A is
cyclic.

Theorem 2.18 (Alspach, Chen, and Dean [1, Thm. 1.8]). If G is a gener-
alized dihedral group, and |G| is divisible by 4, then every connected Cayley
graph on G has a hamiltonian cycle.

Remark 2.19.

(1) We only need the special case of Eq. (2.18) in which the valency of
the graph is 3, which is much easier (cf. [3]).

(2) Alspach, Chen, and Dean [1] actually proved not only that there
is a hamiltonian cycle, but that the Cayley graph is hamiltonian
connected (or hamiltonian laceable if it is bipartite), if the valency
is at least 3.

2D. Elementary number theory. We will use the following two very easy
and elementary observations:

Lemma 2.20. If p and q are prime numbers, and there exist i,j € {0,1,2},
such that

2p—1=0 (mod q) and 27¢—1=0 (mod p),
then min(p, q) < 5.
Proof. Write 2'p — 1 = kq and 2/q — 1 = ¢p. Then
(2.21)
0=lkq=0(2'"p—1)=2% -1 =2"(2/q—1)—¢=—(2"+¥) (mod q).
Assuming, without loss of generality, that ¢ < p, we also have
lp=2qg—1<2p<dp,
so £ < 4. Since i < 2, we also have 2¢ < 4, so 2 + ¢ < 8. So (2.21) implies
q<T.
This obviously implies
p<2%q-1<2%.7-1=2T.
Therefore, it is easy to see by exhaustive search that
(. q) €{(3,2),(7,2),(5,3), (11,3), (19,5)}.
By inspection, we conclude that min(p, q) < 5, as desired. U
Lemma 2.22. Assume p,q > 3 are distinct prime numbers. If x, a1, a2,a3 €

Z, such that ged(ai,pq) = 1 for all i, then there is a subset I of {1,2,3}
(possibly empty), such that x + Y, ; a; is relatively prime to pq.

Proof. Note that:
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e If gcd(z,pq) = 1, then we may let I = ().
e If 2 =0 (mod pq), then we may let I = {1}.

Therefore, we may assume (after interchanging p and g, if necessary) that

ged(z, pg) = p.
Now, for all ¢, we have

x4+a; =04+a; =a; 20 (mod p).
Therefore, if there is some ¢, such that z +a; Z 0 (mod ¢), then we may let
I = {i}. So we may assume, for all 4, that
a; = —z (mod q).
Since ag # 0 (mod p), we have
T+ ay +az #r + a1 +az +az (mod p),
so, by letting I be either {1,2} or {1,2,3}, we may arrange that
:c—i—Zai;éO (mod p).
el
Note that we also have
r4+a+ta=z+(—x)+ (—z) = —x Z0 (mod q)

and

z+ar+art+az=c+ (—2)+ (—z)+ (—z) = -2 # 0 (mod q).
Therefore x + ), ; a; is relatively prime to pg, as desired. O

Equation (2.12) requires |N| to be prime, but Eq. (2.22) yields the fol-
lowing analogous result that allows the cyclic normal subgroup N to have
order pq, which is usually the case in the proof of the main theorem.

Corollary 2.23. Suppose that
® p.q > 3 are two distinct prime numbers,
N is a cyclic, normal subgroup of G, such that |N| = pq,
S is a generating set of G,
C = (s1,82,...,8n) is a hamiltonian cycle in Cay(G/N;S),
(s7H) = N for some s,t € SUS™L, and
(il s e{s*}} 2 3.
Then there is a hamiltonian cycle in Cay(G;S).

Proof. We have t = sa, for some a € N, such that (a) = N. Let J = {1 |
si € {s¥1}}. For each subset I of J, let C; be the hamiltonian cycle in
Cay(G/N; S) that is obtained by replacing s; with ¢, if s; = s (or by ¢!, if
s; = s 1), for each i € I. For each i € J, let

-1 if s, =s,

5189+ si,la_l(slsg e 81'71)_1 if s; = s~

5182+~ s;a(s182 -+ 8;)

a; =V(Cy) V(O = {

In either case, a; is a conjugate of a or a— ', and therefore generates N.
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We claim that if j € J and I C J, such that j ¢ I, then
V(Crugy) = a; - V(Cr).

In fact, we only need this fact in the special case where j < I (i.e., j < i, for
all i € I), so let us prove only this special case. (The general case uses the
fact that N is abelian, because it is a cyclic group, but we will not rely on
this fact.) For definiteness, let us assume s; = s. (The other case is similar.)
Letting C; = (s}, 55, ...,5,), we have

ren

_ / / /
V(Crugjy) = 8185+ sjas;q -+ s,
/

= sish o alsish )7 (shsh o 5))
) /

= 8182 Sja(5182 T Sj)_l (51897 8p) (4 <I)
== CL]' . V(C[)

This completes the proof of the claim.

Letting © = V(C), repeated application of the claim implies V(C7) =
x [[;e; ai- By identifying N with Z,, in the natural way, we can now con-
clude from Eq. (2.22) that there is a subset I of J, such that V(Cr) gener-
ates N. So Eq. (2.11) provides a hamiltonian cycle in Cay(G;.S). O

2E. Some facts from group theory.

Proposition 2.24 (Hall’'s Theorem on solvable groups [8, Thm. 9.3.1(1),
p. 141)). If G is a solvable group of order mn, and ged(m,n) = 1, then G
has at least one subgroup of order m.

Lemma 2.25 (well-known). Ifp,q > 5 are distinct primes, then every group
of order 8pq is solvable.

Proof. Equivalently, we wish to show that no divisor of 8pq is the order of a
nonabelian simple group. Burnside’s 2-prime theorem [8, Thm. 9.3.2, p. 143]
tells us that the order of every nonabelian finite simple group is divisible by
at least three distinct primes, so it suffices to show that the order of a simple
group cannot be 2pq, 4pq, or 8pq. Here are two different ways to establish
this.
First proof. It was proved by J.G.Thompson [20, Cor. 4, p. 388] that if
the order of a simple group G is divisible by precisely three distinct primes,
then |G| is divisible by 2 and 3 (and one other prime). (In fact, there are
only eight nonabelian simple groups whose order is divisible by only three
distinct primes, and they are listed in [10, Table I, p. 3].) Since 3 ¢ {p, ¢},
this implies that |G| is not a divisor of 8pq.
Second proof. The conclusion can easily be derived from facts that appear in
standard textbooks on group theory. Suppose G is a simple group of order
2"Mpq, with m € {1, 2, 3}.
Let P be a Sylow p-subgroup of G. We know from Sylow’s Theorem that
e |G: Ng(P)|=1 (mod p), and
e |G : Ng(P)| is a divisor of |G : P| = 2™q.
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Furthermore, P is abelian (indeed, it is cyclic of prime order), and Sylow
subgroups of a nonabelian simple group cannot be in the centre of their
normalizer [8, Thm. 14.3.1, p. 203], so Ng(P) # P, which means |G :
Ng(P)| #2™q.

Suppose |G : Ng(P)| = 8. (This will lead to a contradiction.) Since
p > 5 and |G : Ng(P)| = 1 (mod p), this implies p = 7. Also, since
|G : Ng(P)| = 8, we have |[Ng(P)| = pq. However, since p,q > 5 are
distinct primes, and p = 7, we know that ¢ > p. Therefore, any group of
order pq that has a normal subgroup of order p must be abelian; thus, we
conclude that Ng(P) is abelian. This contradicts the above-mentioned fact
that Sylow subgroups of a nonabelian simple group cannot be in the centre
of their normalizer.

We can now conclude that

2'g =1 (mod p), for some i € {0,1,2}.

By the same argument, we also have 2/p = 1 (mod q), for some j € {0,1,2}.
So we see from Eq. (2.20) that min(p, ¢) < 5, which contradicts the assump-
tion that p,q > 5. O

Remark 2.26. The hypothesis that p,q > 5 in Eq. (2.25) can be weakened,
because the first proof only requires p, ¢ > 3. However, Eq. (4.3) easily han-
dles the case where one of the primes is 5, so this strengthening of Eq. (2.25)
would not shorten the proof of our main theorem.

We will use the following fact in the proof of Eq. (2.28), and also in
Section 4.

Lemma 2.27 (cf. [8, Thm. 9.4.2, p. 146]). If G is a finite group, and |G|
is square-free, then G’ is cyclic.

Equation (4.7) will place restrictive conditions on G. We conclude our
discussion of group theory with a two-part elementary observation about
such groups:

Lemma 2.28. Assume

e G is a group of order 8pq, where p and q are distinct odd primes,
and
o G = P X Cpq, where |Py| = 8 and Cpy is a cyclic, normal subgroup
of order pq that is contained in G'.
Then:
(1) Cpg N Z(G) is trivial, and
(2) if S is a generating set of G, such that SN G' # (), then Cay(G;S)
has a hamiltonian cycle.

Proof. (1) This is a standard fact about relatively prime actions, but we
provide a short proof. Suppose Cp; N Z(G) is nontrivial. We may write
Cpq = Cp x Cy (uniquely) where C, and C, are cyclic subgroups of order p
and g, respectively. (Note that C, and C, are normal subgroups of G, because
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every subgroup of a cyclic, normal subgroup is normal.) For definiteness,
let us assume that the subgroup C, is contained in Z(G). Let G=aG/ Cp =
P, x Cy. It is obvious from this direct-product decomposition that C; € G/,
which contradicts the assumption that Cp, is contained in G'.

(2) Let s € SNG'. Since |P2| = 8, we know that |Pj| € {1,2}. Therefore
|G| is a divisor of 2pq, so |G’| is square-free, which implies that G’ is cyclic
(see Eq. (2.27)). Then (s) is a subgroup of a cyclic, normal subgroup, so it
is normal.

Also note that [(s)|, like |G’|, must be a divisor of 2pg. This immediately
implies that |G : (s)| is even (in fact, it is a multiple of 4). By (1), it also
implies that |(s) N Z(G)| < 2. Therefore, |(s) N Z(G)] is a divisor of |G : (s)|.
So, by Eq. (2.8), Eq. (2.7) applies. O

3. USING A COMPUTER TO FIND HAMILTONIAN CYCLES

3A. Using a computer to apply the Factor Group Lemma. In the
proof of the main theorem (1.3), we are given a group G of order 8pg, and we
wish to show that Cay(G;S) has a hamiltonian cycle, for every irredundant
generating set S of G. This is accomplished by an extensive case-by-case
analysis. However, as in [15, 19], we will use a computer to do the vast
majority of the work.

Remark 3.1. Our computer programs are written in GAP [7]. The source
code is available online at

https://arxiv.org/src/2304.03348/anc/

but this code relies on some of the programs of Morris-Wilk [19] that are
available at

https://arxiv.org/src/1805.00149/anc/

So a reader who wishes to reproduce our results should combine all of the
.gap files from both locations into a single directory.

In most cases, the group G is a semidirect product. More precisely, G =
G x (Cp x Cy), where G is a subgroup of order 8, and Cp and C, are cyclic,
normal subgroups of order p and ¢, respectively (see Eq. (4.7)). The quotient
G/(Cp x Cy) can be naturally identified with G. By Eq. (2.11), it suffices to
find a hamiltonian cycle C' in Cay(G;S) whose voltage generates C, x C,.
The graph Cay(G;S) has only 8 vertices, so it is easy to have a computer
find all of its hamiltonian cycles, calculate their voltages, and determine
whether there is a good one.

The key difficulty is that there are infinitely many possibilities for the
primes p and ¢, but a computer can only do finitely many calculations.
A method that addresses this issue can be found in [19, Lem. 3.3]. The
idea is to let Z be the subring of C that is generated by the roots of unity
and let p be the group of all roots of unity. Any semidirect product G x
(Cp x C,) arises from a pair of twist homomorphisms ¢,: G — AutC, and
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(0 G — AutC,. Since AutC, and AutC, are cyclic, they can be identified
with subgroups of u. Therefore, {, and ¢, correspond to homomorphisms

(p: G — pand (;: G — p. After constructing the corresponding semidirect

products G, = éxz Zand G, = éle Z, a computer program can calculate
P q

the voltages 7, and 7, of any hamiltonian cycle C' in both of these groups.
These voltages are algebraic integers, so they have a “norm] which is an
element of Z. It is not difficult to see that if Normm, # 0 (mod p) and
Normm, # 0 (mod ¢), then V(C) generates C, x C4 (see the proof of [19,
Lem. 3.3], with n = 1). Therefore, it suffices to show, for every pair of
distinct primes p and ¢, that there exists a hamiltonian cycle in Cay(G;S),
such that lem(Normm,, Norm7,) is relatively prime to pg. Actually, by
Eq. (4.4), we will only need to consider primes that are greater than 5.
Here is a bit more explanation of how the computer programs work. Write
S = {s1,...,sk}, and fix generators x, and x, of C, and C,, respectively.

Each element s of S can be written uniquely in the form Ex; r}, withs e G.

Let us say that s involves x,, if a:; # 0; similarly, s involves x4 if 3 # 0.

CASE 1. The simplest case for computation is when we know that only one
element sy, involves x,, and only one element s, involves x4. (It is possible
that m = n.) Every nontrivial element of a cyclic group of prime order is
a generator, SO we may assume S,, = S, £p and s, = 5, ¢, (unless m = n,
in which case we have s,, = s, = §,xpx,). To consider all possibilities, we
have the computer:

loop through all groups G of order 8,

loop through all generating sets S of G,

loop through all hamiltonian cycles C in Cay(G;S), and

loop through all homomorphisms ¢,: G — p and (;: G — p (these
homomorphisms are called abelian characters of G).

Actually, the program must allow S to be a multiset, because two different
elements of S may have the same image in G. (However, we will see in
Eq. (7.2) that the cardinality of S is at most 5, so this is still a finite
problem.) Then each hamiltonian cycle C' in Cay(G;S) may have many
different possible lifts to a walk in Cay(G;S). We refer to these walks as
“coded” hamiltonian cycles, because we encode each walk as a sequence of
numbers, by making a list of the elements of S U S™!, and specifying each
edge of the walk by recording the index of the corresponding element of the
list.

Now, for each coded hamiltonian cycle C' in Cay(G;S), the computer
calculates the voltages 7, and 7, of the corresponding walks in Cay(G x =

Cp
Z;8,) and Cay(G e Z;8,), where

e S, is obtained from S by replacing s, with sp,x,, and
e S, is obtained from S by replacing s, with s,z,.
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(Here, x,, and x, are represented by the element (0, 1) of G Xz ZorG Xz Z.
However, in order to be consistent with the conventions used in the Morris—
Wilk programs, the order of the factors needs to be reversed: to be precise,
the programs compute in the groups Z x, G and Z X, G, so xp and x4 are
actually represented by the element (1,0).)

If the computer finds a hamiltonian cycle, such that the least common
multiple of Norm(m,) and Norm(7,) has no prime divisors greater than 5,
then we know that Cay(G; S) has a hamiltonian cycle for all p and ¢ (greater
than 5), so the computer can move on to the next iteration of the loop. On
the other hand, the program will raise an error if there is no such hamiltonian
cycle. Tt is important to note that this never happens in our calculations, be-
cause all cases where the computer search would fail are handled separately
(see Sections 5 and 6).

CASE 2. The situation is more complicated when x,, or x4 may be involved
in more than one element of S. In all cases of the proof, we are able to use
theoretical arguments to reduce to a situation where z;,, and x, are not both
involved in more than one element of S. Therefore, let us assume that

e 1, is involved in only one element of S, but
e 1, is involved in s1, and may (or may not) be involved in sy (and is
certainly not involved in any other element of 5).

For each coded hamiltonian cycle C, we calculate the voltage m, of C
in G x» : Z, exactly as in Case 1. If no prime divisor of Norm 7, is greater
than 5, then we know that the voltage of C' generates Cp, so checking whether
the voltage generates C, is the only remaining issue. (On the other hand, if
some prime divisor is greater than 5, then we discard this hamiltonian cycle
as being useless.)

We deal with the prime ¢ by a different approach that was introduced in
[19, Lem. 3.3]. Namely, we calculate the voltage of C'in G Xz Z with respect
to two different connection sets S; = {s},...,s}} and S = {s .,sph In
Sy, the generator s is the only element that 1nv01ves Tg; in S” , it is sf
that involves x4. Let us use 7, (C) and 7 (C) to denote the corresponding
voltages (in G Xz Z).

A key observation in the proof of [19, Lem. 3.3] is that there is a ho-
momorphism ®: Z — C,4, such that if we write s; = 5724 and sy = ﬁxfl
(modulo C,), and let m4(C) be the voltage of C in G x¢, Cy, then

7q(C) = @ (7 (C)) + i @ (7 (C)).
In particular, if it happens to be the case that 77/ (C) = 0, then 7,(C) =
7(C). Therefore, if it is also true that Norm(Tré(C)) does not have any
prime divisors greater than 5, then 7,(C) generates C,. Since we already
know from above that m,(C) generates Cp, this implies that Cay(G;.S) has
a hamiltonian cycle. So we can pass to the next iteration of the loop. The
program refers to this as finding a “single” hamiltonian cycle.
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Another key observation in the proof of [19, Lem. 3.3] is a consequence of
undergraduate-level linear algebra: if C7 and Cy are two coded hamiltonian
cycles, and the norm of

77(’1(01) ﬂg(Cl)
det [w;(cz) wg(cz)}

is not divisible by ¢, then C and Cy cannot both have trivial voltage in
G Xz Z. Hence, Eq. (2.11) applies to at least one of them, so Cay(G; S) has

q
a hamiltonian cycle. Therefore, when a “single” is not found, the program
searches through all pairs of hamiltonian cycles C7 and C5, to find a case
where the norm of the determinant is not divisible by any prime greater
than 5.

Remark 3.2.

(1) We said above that the computer loops through all groups, all gen-
erating sets, and all abelian characters, but that is not actually true.
Slightly different computer programs were written for different cases
of the proof, and each case puts restrictions on the groups, generat-
ing sets, or abelian characters that need to be considered.

(2) The programs in 8pg-Prop-4-1.gap, 8pq-Prop-7-4.gap, and 8pg-Prop-
7-7.gap use the method of Case 1, but the program in 8pg-Prop-7-
9.gap deals with Case 2.

3B. An anomalous case with ¢ = 7. The programs described in Sec-
tion 3A assume that G is a semidirect product G x (C, x C;), but this is not
always the case. In this section, we deal with a situation where that assump-
tion is not true, by using some of the computer programs that accompany
the Morris-Wilk paper [19]. As was already mentioned in Eq. (3.1), these
programs are online at

https://arxiv.org/src/1805.00149/anc/

The programs that are used in this section make extensive use of K. Helsgaun’s
program LKH [9], which implements a very effective heuristic for finding
hamiltonian cycles. (So LKH must also be installed.)

Lemma 3.3 (cf. [19, Rem. 1.4(4)]). If H is the unique nonabelian semidirect
product of the form Cy x (C2)3, then every connected Cayley graph on G is
hamiltonian connected.

Proof. The Morris—Wilk program 1-3-HamConnOrLaceable.gap verifies that
every connected Cayley graph of order less than 64 (and valency at least 3)
is either hamiltonian connected or hamiltonian laceable. However, it takes
a long time to run, and the official report in [19, Prop. 1.3] only states the
result for orders less than 48.

The program loops through all orders from 3 to 63, and loops through
all groups of each order. (See [19, §2C]| for more explanation.) To quickly
prove the case we need, change two lines in the program:


https://arxiv.org/src/1805.00149/anc/
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e change for k in [3..63] do
to for k in [56] do

e change for GapId in [1..NumberSmallGroups(k)] do
to for GapId in [11] do

This modified program will print

G = SmallGroup(56,11) = (C2 x C2 x C2) : C7
which confirms that the correct group is being considered, then will print a
few lines of progress reports, followed by a statement that all of the Cayley
graphs are hamiltonian connected or hamiltonian laceable.

However, the group H has no subgroup of index 2, so none of its connected
Cayley graphs are bipartite; therefore, none of its connected Cayley graphs
are hamiltonian laceable. Hence, all of them must be hamiltonian connected.

O

Proposition 3.4. Let H be the unique nonabelian semidirect product of the
form C7 x (C2)3. If G = H x Cp, for some prime p > 5, then every connected
Cayley graph on G has a hamiltonian cycle.

Proof. In [19], it is proved that every connected Cayley graph of order kp
is hamiltonian when 1 < k < 48 (and p is prime). In the current situation,
we have k = 56, but it is easy to adapt the argument. Actually, we do not
need the entire argument, just two short parts of it.

Let S be a generating set of G; we wish to show Cay(G; S) has a hamil-
tonian cycle. By Eq. (2.5), we may assume that S is irredundant. Let
G=G/C,~H.

CASE 1. Assume S is a redundant generating set of G. This case follows
from the proof of [19, Lem. 4.2]. For the reader’s convenience, we sketch the
argument.

Choose a (proper) subset Sy of S, such that Sy is an irredundant gener-
ating set of G. Since Sy generates G, we know that [{Sp)| is divisible by
|G| = 56. However, we also know {Sp) # G, since the generating set S is
irredundant. We conclude that |(Sp)| = 56, so, after passing to a conjugate,
(Soy=H.

Since |G|/|G = p is prime, it is easy to see that |S| = |Sp| 4+ 1; hence,
we have S = Sy U {a} for some a € S. By Eq. (2.6)(3), we may assume a
is nontrivial. Therefore Eq. (3.3) provides a hamiltonian path (571,...,355)
from 1 to a=1 in Cay(G;Sp). Then

C: (37177%76)

is a hamiltonian cycle in Cay(G; S).

Write @ = hz with h € H and z € Cp. Since (Sp, h) = H # G, it must be
the case that z is nontrivial. Since C, has prime order, this implies that z
generates Cp,. The voltage of the hamiltonian cycle is

V(C) = s189 -+ S55a = $182 - - S55h 2.
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However, since

$182 -+ Ss5h =818 Sp5a = 1
and s182---ss5h € H, we must have s1s9 - - - s55h = 1. Therefore V(C') = 2
generates C,. So Eq. (2.11) applies.

CASE 2. Assume S is an irredundant generating set of G. For every
nontrivial group H of order less than 48, the Morris—Wilk program 3-4-
IrredundantSBar.gap verifies that if
e p is a prime number,
e ( is any semidirect product H x C,, and
e S is any irredundant generating set of GG, such that the projection
of S to H is an irredundant generating set,
then Cay(G;S) has a hamiltonian cycle. It does this by looping through all
orders from 1 to 47, then looping through all possible groups of each order.
This computer program can easily be modified to consider the case here.
Instead of looping through all groups of many different orders, we just want
to look at a single group of order 56. As in the proof of Eq. (3.3), it suffices
to change two lines in the program. Specifically:
e change for k in [1..47] do
to for k in [56] do
e change for GapId in [1..NumberSmallGroups(k)] do
to for GapId in [11] do

The modified program should take less than a minute to run. Since it com-
pletes successfully, rather than raising an error, we conclude that Cay(G;.S)
has a hamiltonian cycle. O

4. ASSUMPTIONS AND NOTATION

This short section establishes that we may make some simplifying assump-
tions when proving the main theorem (1.3). All later sections will make use
of the assumptions and notation that are introduced here.

Notation 4.1. Let G be a finite group, such that
|G| = 8pgq where p and ¢ are distinct prime numbers,

and let S be a generating set of G.

To prove Eq. (1.3), we wish to show that Cay(G;S) has a hamiltonian
cycle. By Eq. (2.5), the following causes no loss of generality:

Assumption 4.2. The generating set S is irredundant.
We first consider the case where (at least) one of the primes is small:

Lemma 4.3. If min(p, q) < 5, then every connected Cayley graph on G has
a hamiltonian cycle.

Proof. Assume, without loss of generality, that min(p,q) = ¢, so ¢ < 5.
Then 8¢ < 48, so Eq. (1.1)(1) applies with k& = 8¢. O
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In view of this equation, we henceforth make the following assumption:
Assumption 4.4. min(p,q) > 5.

With these assumptions, the following result is an easy (but cruciall)
consequence of Eq. (2.25).

Proposition 4.5. One of the following is true: either
(1) G = Py x H, where Py is a Sylow 2-subgroup (so |Ps| = 8) and H is
a normal subgroup of order pq, or
(2) the assumptions of Eq. (3.4) are satisfied (perhaps after interchang-
ing p and q), so every connected Cayley graph on G has a hamilton-
ian cycle.

Proof. This is a standard argument. Let P, be a Sylow 2-subgroup of G.
The group G is solvable (see Eq. (2.25)), so Eq. (2.24) tells us there is a
subgroup H of order pg. Assume, without loss of generality, that p > ¢,
and let P be a Sylow p-subgroup of H. Then it is easy to see from Sylow’s
Theorem (and is well-known [8, p. 49]) that P is a normal subgroup of H,
so H C Ng(P). Hence, if we let n, be the number of Sylow p-subgroups
of G, then (by Sylow’s Theorem) we see that

np = |G : Ng(P)| is a divisor of |G : H| = 8, so n, € {1,2,4,8}.

However, we also know from Sylow’s Theorem that n, =1 (mod p). Since
p > q > 5, we have p > 7, so we can conclude that n, = 1. This means that
P is the unique Sylow p-subgroup of G, so P is a normal subgroup of G.

Now H/P is a Sylow g-subgroup of G/P. If H/P <G/P, then H <G, so
conclusion (1) holds.

We may therefore assume H/P is not normal, so G/P has more than one
Sylow g-subgroup. By Eq. (2.24), we may let K be a subgroup of order 8¢
in G,so G = K x P. Then K = (G/P has more than one Sylow g-subgroup.
Thus, if we let C, be a Sylow g-subgroup of K, then |K : Nk (C,)| > 1. Since
|K : Ng(Cqy)| < |K : Cq| =8 (and we know |K : Ng(Cq)| =1 (mod q) by
Sylow’s Theorem), we conclude that ¢ = 7 and Ng(C;) = C,. So K has a
normal g-complement [8, Thm. 14.3.1, p. 203]: K = C, x P, (after replacing
P, by a conjugate, so it is contained in K).

The orders of the automorphism groups of Cg, C4 x Ca2, (C2)3, Dg, and Qs
are 4, 8, 168, 8, and 24 respectively. Thus, (C2)? is the only group of order 8
that has an automorphism group whose order is divisible by 7. Hence,
Cr % (Co)?3 is the only semidirect product of the form C; x P», such that P,
has order 8 and is not centralized by C7. So G is as described in Eq. (3.4). O

We may assume it is the condition in part (1) of the equation that is
satisfied. Now, |G/H| =8, so |(G/H)'| € {1,2}. Therefore

(4.6) |G| is a divisor of 2pq.

We may assume |G’| is divisible by pq, for otherwise |G’| is either 1 or
prime or twice an odd prime, so Eq. (2.4) applies. This implies H C G'.
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On the other hand, (4.6) implies that |G’| is square-free. So G’ is cyclic (see
Eq. (2.27)). Since subgroups of cyclic groups are cyclic, we conclude that H
is cyclic. Hence, the following condition is satisfied:

Assumption 4.7. We have
G= Py x Cpqa

where |P2| = 8, and Cp, is a cyclic, normal subgroup of order pq that is
contained in G’.

Notation 4.8. Let:
e G = G/Cpq = PQ,
e C, be the subgroup of Cp, that has order p,
e C, be the subgroup of C,, that has order ¢,
e 1, be a generator of C,, and
e 1, be a generator of C,.

Then
Cpg = Cp X Cq = (xp) X (24)-

5. SOME CASES WHERE G 2 (Co)3
Proposition 5.1. The assumptions and notation of Section 4 are in effect.
Also assume G = (C2)3, and either
(1) 8] =3, or
(2) |S| =4 and there does not exist a subset So of S, such that |(So)| = 8.

Then every connected Cayley graph on G has a hamiltonian cycle.

Proof. For convenience, let us recall some terminology from Section 3A for
use in this proof. Every element g of G can be written in the form gx;:cg,
where g € P, and ,j € Z. If z}, is nontrivial, we say that g involves xy;
similarly, if x‘; is nontrivial, we say that g involves .

Now, we consider each of the two possibilities for |S| as a separate case.

CASE 1. Assume |S| = 3. Write S = {a,b,c}. We have the following
hamiltonian cycle in Cay(G/Cpq; S):

Cope= (a0 a7t a™tb,a,0).
Its voltage is
V(Cape) = a v tac a tbac = (0*) " te v = [b%, d,
where b% = a~'ba denotes the conjugate of b by a.

SUBCASE 1.1.  Assume some element of S centralizes Cpq. For definite-
ness, assume that a centralizes Cp.
o If |a| = 2, then a € Z(G), so Eq. (2.6)(1) applies with s = a.
e If |a| € {2p,2q}, then Eq. (2.12) applies with s = a, t = s, and
N = (a?).
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So we may assume |a| = 2pg. The hamiltonian cycle C, . has 4 occurrences
of a or a=!. (In fact, 3 occurrences would be enough.) Therefore, we see
from Eq. (2.23) that there is a hamiltonian cycle in Cay(G;S).

SUBCASE 1.2.  Assume every element of S inverts Cp,. This implies that
G = (C2)? x Dap, is a generalized dihedral group (with A = (C2)? x Cpq), s0
a hamiltonian cycle is provided by Eq. (2.18).

SUBCASE 1.3.  Assume two elements of S invert Cp,. For definiteness,
let us say that b and c invert Cp, (but a does not, for otherwise Subcase 1.2
applies). We may assume a does not centralize all of C,, (for otherwise
Subcase 1.1 applies), so a inverts C, and centralizes C, (perhaps after inter-
changing p and ¢). Since c has trivial centralizer in Cp,, we may conjugate by
an element of Cp, to assume c is in (C2)3. (So ¢ does not involve , or z,.)
We may also assume that a does not 1nvolve g, for otherwise |a| = 2g,
so Eq. (2.12) applies with s = a, t = a™!, and N = C;,. Write a = = e17,
and b = eyrpxy, with er,eg € (C2)3. Note that eq, like a, inverts z, and
centralizes x4, whereas e inverts both x;, and x,. Therefore

a -1 —i j i 2i—j
b*=a ba=um,"e - 62.7}%1‘(1 Le1T, = ear, Tag,

SO
V(Cap,e) = [b%, c] generates Cpq if and only if 2i # j (mod p).
Therefore, we may assume ¢ =1 and j = 2, so a = ez, and b = egx?gmq.
Let G = G/Cp = Cy x Dyq, where (a) = Ca x {1} and (b,¢) = {1} x Dy,.
Then
C1 = ((b,¢)%#,a)”

;a, b, c). Its voltage is
)2 ca)

is a hamiltonian cycle in C (
((be)
((eQ:L‘ Zq-C) 2q c- elxp)Q
((e

esc - T, :C )Zqocel-azp)2

= (a4 )2 061)2
22040,

Therefore, if V(C1) is trivial, then
4g =1 (mod p).
Now, let G = G /Cg 2 Cy x Dyy. We claim that the following is a hamil-
tonian cycle in Cay(G;a, b, c):
Cy = ((b, )P4, a, (¢, b)P#,a)’.

In fact, Gisa generalized dihedral group, with A = Zy x Zs,, and C5 is the
hamiltonian cycle that is constructed in the proof of [3, Cor. 2.3] for this
particular group. However, we provide a short proof for completeness. First,
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note that the length 8p of this walk is correct for a hamiltoni@n cycle.VAlso
note that the walk is closed, because, by using the fact that (b¢)P = (¢b)P is
an element of order 2 in the centre of G, we see that

e1T, = ec = (b8P (mod Cq)

has order 2, modulo C,. It therefore suffices to show that this cycle passes
through all of the vertices of the Cayley graph. Let

V={(a'V|0<i<p 0<j<1}

(bC)pC'a'(Cb)pb'aEC'a'b'CLEC'€1$p'621EI27

and
W={@E)d|0<i<p 0<j<1}
Then Cs passes through the vertices in
U GPEaw u bOPY U Zaw = (b, U Zalb,d = G.

This completes the proof of the claim.
The voltage of this hamiltonian cycle is

= ((bc)Pc-a- (cb)Pb - a)2

= ( eaxqc)Pe - er - (ceaxq)Pesny - 61)2 (mod Cp)
((egc:c c-eq- (cegxf]’)egxq . 61)2

— (a;é 2”620)2

— »2(1-2p)
=z, .

If this voltage is trivial, then 2p =1 (mod q).

By Eq. (2.20), we know that either 4¢ # 1 (mod p) or 2p # 1 (mod q).
So the above calculations show that either V(C) or V(Cs) is nontrivial.
Hence, Eq. (2.11) applies.

SUBCASE 1.4. Assume that precisely one element of S inverts C,q. We
may assume it is ¢ that inverts Cpq and (after conjugating by an element
of Cpq) that ¢ does not involve z;, or z4. Then a and b each have a nontrivial
centralizer in Cpq. Note that if a and b both centralize Cp, then we can
assume that neither of them involves z, (otherwise Eq. (2.12) applies with
s € {a,b}, t = 57!, and N = C,), so no element of S involves z;,, which
contradicts the fact that S generates G. Similarly, we can assume that a
and b do not both centralize C;. Hence, we may assume that a centralizes C,
and b centralizes Cp.

Then we have

a=exry, b=exxy c=e3,
where (e, e2,e3) = (C2)3, and:
e ¢ inverts C, and centralizes Cy,
e ey centralizes C, and inverts Cg;, and
e ¢3 inverts C, and C,.
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As in Subcase 1.3, let G = G/C, = Cy x Dyq, where (a) = C2 x {1} and

~

(b,¢) = Dyq. Then
C1 = ((b,0)*"#,a)’
is again a hamiltonian cycle in Cay(G;a,b,c). Its voltage is
V(C) = ((bc)Qq ca)2 = (1 . ca)2 = (ca)?® = (e3 - elmp)z = (6361)25012, = mg # 1.
So Eq. (2.11) applies.

SUBCASE 1.5. Assume no element of S inverts C,q. This means that
every element of S has a nontrivial centralizer in Cp,,. However, we also know
that Cpq N Z(G) = {1} (see Eq. (2.28)(1)), which means that no nontrivial
subgroup of Cp, is centralized by every element of S. We may also assume
that no element of S centralizes all of Cp, (for otherwise Subcase 1.1 applies).
Therefore, we may assume a and b centralize Cp,, and ¢ centralizes C;. Then
we may also assume that a and b do not involve z, (otherwise Eq. (2.12)
applies with s € {a,b}, t = s7!, and N = C,). Conjugating by an element
of Cp, we may assume that c also does not involve x;,,. Then no element of S
involves x,,, which contradicts the fact that S generates G.

CASE 2. Assume |S| = 4. Let Sy be a 3-element subset of S that generates
G/Cpq. By Assumption (2) in the statement of the equation, we know that
|(So)| # 8; therefore |(Sp)| = 8p (perhaps after interchanging p and ¢). After
conjugating, we may assume (Sp) = (C2)® x Cp.

Let a be the fourth element of S, so a is the only element that involves z,.
Also choose b € Sy, such that b does not centralize Cj.

Let G = G/Cp = (C2)3xCy. Thenb € (C2)3, and @ = gay, where g € (C)3.
Note that (5,3> is nonabelian, because b commutes with g, but does not

~

commute with z,. So the commutator subgroup of (a,b) is nontrivial, and

must therefore be all of C;,. This implies that (a,b) contains Cg, so |(a,b)| is
divisible by gq.

SUBCASE 2.1. Assume a =b (mod Cp,;). We may assume |ab~t| = pq, for
otherwise Eq. (2.12) applies with s = a, t = b, and N = (a7 1b) € {C,,C,}. If
we write S = {a, b, ¢, d}, then the hamiltonian cycle C, 4 has 4 occurrences
of a or a=1. Therefore, we see from Eq. (2.23) that there is a hamiltonian
cycle in Cay(G; S).

SUBCASE 2.2. Assume a # b (mod Cpy). Then we may choose an ele-
ment ¢ of Sy, such that {a,b,c} generates G/Cpq. So |(a,b,c)| = 8q. (Re-
call that |(a,b)| is divisible by ¢.) Since [(So)| = 8p, we conclude that
|(So) N (a,b,c)| = 8. Since b,c € Sp, then |(b,c)| is a divisor of 8, so, after
conjugating by an element of Cp,, we may assume (b,c) C P», which means
that b and ¢ do not involve z, (and we already know that they do not
involve zy).

SUBSUBCASE 2.2.1. Assume a involves x,. Since |(a,b,c)| = 8¢, this
implies that b and c centralize C,. Let d be the other element of Sy. Then
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d cannot centralize C,, so, after conjugating by an element of C,, we may
assume that d € P». (This conjugation does not affect b and ¢, since they
centralize Cp,.) Now b, ¢, and d all belong to P, so |(Sp)| < 8. This contra-
dicts the fact that [(Sp)| = 8p.

SUBSUBCASE 2.2.2. Assume a does not involve x,. This implies
that S = {e124, €a, €3, g, }, where (€1, ea,e3) = (C2)?, and g is a nontrivial
element of (C2)3. In this situation, the GAP computer program in 8pg-Prop-
5-1.gap verifies that there is a hamiltonian cycle in Cay(G; .S) whose voltage
generates Cpq, unless (up to isomorphism) the Cayley graph is described in
Eq. (5.2) below. O

Lemma 5.2. Assume
e G =(C2)? X Cpy, and
o S ={eixy, e2,e3, €182y}, where (e1,e2,€3) = (C2)3, such that
o ey inverts C, and Cy, and
o ez and e3 centralize Cp, and invert Cg.

Then Cay(G;S) has a hamiltonian cycle.

Le

Proof. Since ez and ez have the same action on Cpy, we know that eses
Z(@). Therefore Eq. (2.12) applies with s = ez, t = e3, and N = (egeg ') =

Ca. ]

6. A CASE WHERE G = Dg

Proposition 6.1. Assume:
(1) G= Dg X Cpq;
(2) [S] =3,

(3) 7: G — Dg is the natural homomorphism with kernel Cpq,

(4) S = {f, fra, faczl}, where f is a reflection, and x4 is a rotation of
order 4,

(5) f centralizes C,, and inverts Cq,

(6) x4 inverts Cp, and centralizes Cy, and

(7) there does not exist a subset Sy of S, such that |(Sp)| = 8.

Then Cay(G;S) has a hamiltonian cycle.
Proof. Write S = {s,t,u} withs= f, t = fzy, and u = fx;l. Note that:

e s centralizes C, and inverts C,, whereas
o t and u invert Cp,.

We have |t| = |u| = 2. Since || = 2, we may assume that s also has order 2
(otherwise Eq. (2.12) applies with ¢ = s™! and N = C,), so we may assume
s = f € Dg.

Since s centralizes Cp, we know that |(s,?)| and |(s, u)| are not divisible by p.
So we must have |(s,t)| = [(s,u)| = 8¢ (by condition (7) in the statement
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of the equation). Conjugating by an element of Cp, we may then assume
(s,u) = Py x Cy. Thus, we have

t= f:c4aszf1 and u = flexq for some i € Z with i Z 0 (mod q).
Note that (x3) = Z(G).

Let
G

G:m:<§>x<t,u>:C2XD2p7

” Cy = ((t,u)2p#,s)2 and Cy = ((u,t)Qp#,s)2
are hamiltonian cycles in Cay(é; S ) whose voltages are
V(Cy) = ((tu)qus)2
= ((faarpry - fay'ag) - faytag - )
= ((:Ei x]:l :U;_i)Qp :B4:L‘_1)2

q
_ 22 :vi (2p(1-)-1)

and

V(Cy) = ((ut)?ts)?

((fiUZl:Eq . fx4:cpg;f1)2p : f$498p$f1 . f)2

(@ apag ) oy wpry”)

_ 22 952 (2p(i-1)—0) ‘

This shows that (V(C)) contains (x3). Hence, we may assume
2p(1—i)—1=0 (mod ¢) and 2p(i—1)—i=0 (mod q),
for otherwise either V(Cy) or V(C2) generates (x3) x Cy, so Eq. (2.11) applies.
Adding these two congruence’s yields —(1+4) =0, so i = —1, which means
t= fx4xp:£;1.
Also, substituting ¢ = —1 into the first congruence tells us that
4p=1 (mod q).
Now, let G = G/Cp. We have

tu = f:v493pxq_1 frtr, = xi:@%? = xix? (mod Cp),

so [t1] = 2q. Since |t| = |u| = 2, this implies that (£, %) is isomorphic to D,
and is a subgroup of index 2 in G. Hence, we have the following hamiltonian
cycle in Cay(G;.S):

C = ((t,u)Zq#,s, (u,t)zq#,s).
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(It may not be obvious that the walk C' is closed, but that follows from
the following calculation of its voltage, which establishes that the terminal
vertex of the walk is in Cp.) Its voltage is

V(C) = (tu)*Tus(ut)?Uts
= (frazpay’ - fog'eg) - fag'eg - f
(frgta, - fx4xp:c;1)2q . fw4xp:vq_1 - f

2 —1_2\2 ~1, (2. —22¢ 1
= (wyx, wy)™ - wyx - (xiwpr, °)™ - wy g

= ($;2q) : 35433;1 : (l’;g;q) 'JUZISUprq

_ .1-4q
=z,

We may assume this does not generate C, (for otherwise Eq. (2.11) applies).
So4g =1 (mod p).

We have shown that 4p =1 (mod ¢) and 4¢ = 1 (mod p). This contra-
dicts Eq. (2.20). O

7. PROOF OF THE MAIN THEOREM

This section proves the main theorem (1.3). As described in Section 3A,
most cases are handled by using a computer to do exhaustive case-by-case
analysis that finds a hamiltonian cycle in a quotient group of order 8. How-
ever, some cases were handled in previous sections (especially Sections 5
and 6), and a small amount of additional work is done by hand in this
section.

The assumptions and notation of Section 4 are in effect.

Notation 7.1. Let d(G) be the cardinality of an irredundant generating
set of G. Since G has prime-power order, it is well-known that this is well-
defined, independent of the choice of the irredundant generating set (by the
Burnside Basis Theorem [8, Thm. 12.2.1, p. 176]). Specifically:

(1) d(Cs) =1,

(2) d(C4 X CQ) = d(Dg) = d(Qg) = 2, and

(3) d(CQ X CQ X Cz) =3
(where Qs = {£1,+i,+j, +k} is the quaternion group of order 8).

The following observation is elementary (and well-known):
Lemma 7.2. We have
d(G) < |8| < d(G) + 2.

Proof. Since S generates G, it must generate G/Cp; = G. Therefore, it
contains a subset Sy that is an irredundant generating set of G. Since
|So| = d(G), this establishes that d(G) < |S].

To establish the other inequality, let s1, s, ..., sg be a list of the elements
of S that are not in Sy, so |S| = d(G) + k. Since S is irredundant, we have

(So) € (So,s1) € (So,51,52) € -+ € (So,51,52,...,5k).
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Thus, if we let
m; = |(So, $1,82,...,8;) : (So,81,82,...,8-1) fori=1,2,... k,
then m; > 1, and
mymsg - --my = |G : (Sp)].
However, since Sy generates GG, we know that [(Sp)| is a multiple of |G| = 8.

Therefore, |G : (Sp)| is a divisor of |G|/8 = pq, so it cannot be written as a
product of more than two nontrivial factors. We conclude that k£ < 2. [

We first handle the smallest value of |S| that is consistent with Eq. (7.2):
Proposition 7.3. If |S| = d(G), then Cay(G; S) has a hamiltonian cycle.
Proof. We know that |[S| # 1 (because Eq. (4.7) implies that G is non-

abelian), so d(G) # 1. Also, Eq. (5.1)(1) applies if |S| = 3. Therefore, we
may assume d(G) = 2. We may also assume G is abelian, for otherwise
G/G" = Cy x Ca, so Eq. (2.15) applies. Since the only abelian groups of

order 8 are Cg, C4 X Co, and (C3)3, we conclude that
G 2 Cy x Cy (and |S] = 2).

Let s € S, such that [s| = 4, and let ¢ be the other element of S. Then
(s73,t71,53,t) is a hamiltonian cycle in Cay(G;S). Its voltage is [s,1],
and, since ged(3,|G|) = 1, we know from (see Eq. (2.14)) that ([s?,¢]) = G'.
Therefore Eq. (2.11) applies. O

We now handle the largest possible value of |S|:

Proposition 7.4. If |S| = d(G) + 2, then Cay(G;S) has a hamiltonian
cycle.

Proof. Let Sy be an irredundant generating set of G that is contained in S,
so |So| = d(G) and |(Sp)| is divisible by 8. Then we may assume that the
Sylow 2-subgroup P is contained in |[(Sp)| (after replacing it by a conjugate).

We claim that (Sp) = P, and that we may write S = So U {axy, bz},
where a and b are elements of P,. To see this, we argue much as in the proof
of Eq. (7.2). Let s and t be the two elements of S that are not in Sp. Since
S is irredundant, we know that

(So) & (S0,8) € G and  (So) € (So,t) S G.

On the other hand, any subgroup whose order is divisible by p must con-
tain C, (because, being normal, this is the only Sylow p-subgroup of G),
and, similarly, any subgroup whose order is divisible by ¢ must contain C,,
S0 it is easy to see that the only proper subgroups of G that contain P, are

PQ, P2 X Cp, and P2 X Cq.
We conclude (perhaps after interchanging p and ¢) that we have
<So> = PQ, <So,8> = PQ X Cp, and <So,t> = P2 X Cq.

This completes the proof of the claim.
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Running the GAP computer program in 8pg-Prop-7-4.gap verifies in all
cases that there is a hamiltonian cycle in Cay(G;S) whose voltage gener-
ates Cpq, so Eq. (2.11) applies. O

The preceding three results allow us to make the following assumption:
Assumption 7.5. Assume |S| = d(G) + 1.
Let us now consider three additional special cases.

Lemma 7.6. Assume G = (C2)3 X Cpq, and S = {a,b,c,abrpz,}, where
{a,b,c) = (C2)3, such that

e a inverts C, and centralizes Cq, and

e b and c centralize C, and invert Cg.

Then Cay(G;S) has a hamiltonian cycle.

Proof. Let N = (b~!c). Since b and ¢ have the same action on G, we know
that b='c € Z(G), so N is a normal subgroup. Then, since N has order 2
(because it is a nontrivial, cyclic subgroup of (C2)?), we see from Eq. (2.12)
(with s = a and ¢t = b) that Cay(G;S) is hamiltonian. O

Proposition 7.7. If S contains a subset Sy, such that |(So)| = 8, then
Cay(G; S) has a hamiltonian cycle.

Proof. Let P» = (Sp), so P is a Sylow 2-subgroup of G. By Eq. (7.5), we
have S = Sy U {gzpz,}, for some g € P,. Also note that we may assume
g ¢ Py, for otherwise Eq. (2.28)(2) applies. In this situation, the computer
program in 8pg-Prop-7-7.gap establishes that either Eq. (7.6) applies, or
there is a hamiltonian cycle in Cay(G/C,q; S) whose voltage generates Cpq (s0
Eq. (2.11) applies). In either case, there is a hamiltonian cycle in Cay(G; S).

([l

Corollary 7.8. If d(G) = 1, then every connected Cayley graph on G has
a hamiltonian cycle.

Proof. Let S be an irredundant generating set of GG, and let Sp C S, such
that Sy is an irredundant generating set of G. Then

|Sol = d(G) =1,
so we may write Sy = {s}.
Note that s® € Cpy (because |G/Cpy| = 8), and also s € (s). Since cyclic
groups are abelian, this implies that s® is centralized by (Cpq> s) = G. Since
Z(G) N Cp, is trivial, we conclude that s® is trivial. On the other hand, we

know that |s| > 8, since s generates G. So we must have |s| = 8. Therefore
Eq. (7.7) applies. O

Note that:

e if d(G) = 1, then Eq. (7.8) applies, and

o if d(G) = 3, then either Eq. (5.1)(2) or Eq. (7.7) applies.
Therefore, the following result completes the proof of the main theorem (1.3).
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Proposition 7.9. If d(G) = 2, then Cay(G; S) has a hamiltonian cycle.

Proof. Since d(G) = 2, we may let {a,b} be an irredundant generating set
of G that is contained in S. By Eq. (7.5), we know that S # {a, b}, so the
fact that S is irredundant implies (a,b) # G. Therefore, we may assume
|{a,b)| = 8¢ (perhaps after interchanging p and ¢), for otherwise Eq. (7.7)
applies. So (a,b) = P, x C, (after passing to a conjugate). Since C; ¢ Z(G)
(see Eq. (2.28)(1)), we may assume a does not centralize C; (perhaps after
interchanging a and b). Then, after conjugating by an element of C,, we
may assume a € P». Then b = qu, for some b € Py.

Let ¢ be the third element of S. We may write ¢ = E:):pr], where ¢ € P
and i € Z, and we may assume ¢ ¢ G', for otherwise Eq. (2.28)(2) applies.

In this situation, the GAP computer program in 8pqg-Prop-7-9.gap estab-
lishes that either Eq. (6.1) (or Eq. (7.7)) applies, or there is a hamiltonian
cycle in Cay(G/Cpq; S) whose voltage generates Cpq (so Eq. (2.11) applies).
(See Case 2 of Section 3A for an explanation of the basic logic of the pro-
gram.) In either case, there is a hamiltonian cycle in Cay(G;S). O
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