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BETA DISTRIBUTIONS WHOSE MOMENT SEQUENCES
ARE RELATED TO INTEGER SEQUENCES LISTED IN
THE OEIS

PAWEL J. SZABLOWSKI

ABSTRACT. We recall some basic properties of the Beta distribution
and some of its modifications. We identified around 20 of the moment
sequences of Beta distributions as important integer sequences in the
OEIS base of integer sequences. Among those identified are Catalan,
Riordan, Motzkin, or ‘super ballot numbers’. By applying a method of
expansion of the ratio of densities of involved distributions we are able
to obtain some known and many unknown relationships between e.g.
Catalan numbers and other moment sequences of the Beta distributions.

1. INTRODUCTION

This paper intends to show that many well-known discrete sequences of
numbers that are important in many, distant from the theory of probability,
branches of mathematics are, in fact, closely connected with moment se-
quences of the beta distribution. By close connection we mean some simple
operation like, for example, multiplication by a sequence of powers of some
number or binomial transformation.

The idea of representing known integer sequences as moment sequences
is becoming more and more popular in recent years. Nice arguments to
follow this idea were recently presented in the paper of Sokal [10]. There
is also a nice review of basic facts concerning moment sequence as well as
some criteria both sufficient and necessary and only sufficient for a number
sequence to be a moment sequence.
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Some of these arguments and facts we repeat here below, however, to get
the definition of the moment sequences and their basic properties as well as
the properties of the set of such sequences we refer the reader to the paper
of Sokal or to the appendix of the recently published, paper of Szabtowski
[14].

As far as moments of the Beta distribution are concerned, it turns out
that, for example, sequences of Catalan, Motzkin, Riordan or ‘super ballot’
numbers are such sequences. They are, in fact, moments of some modifica-
tion the classical beta considered on the segment [0, 1]. In order to indicate
briefly what modifications we mean firstly we will recall the definition of
Beta distribution and the modifications that we are going to consider.

We will be dealing with the moment sequences {my} i.e. sequences that
are defined by the following formula

o= [t

n > 0, where p denotes a positive measure on the real line.

Recall, that a numerical sequence {my},~, with mg = 1, is a moment
sequence of a probability distribution with infinite support iff all its Hankel
matrices Hy := [miqj], <itj<n AT€ positive definite, or equivalently, the val-
ues of all determinants {det[H,]},~, have positive values. Additionally, if
the distribution whose moments are elements of the sequence {m,} has the
support contained in the non-negative axis, then the moment sequence also
satisfies the following condition: The following sequence

{det H;l}n>0

also assumes non-negative values. Here matrix H,, has {7, j} —th entry equal
to mi4i4j, for 0 <7,5 < n.

Let us recall the general property of the moment sequences that will be
of use in the sequel.

Proposition 1.1. Suppose {an}, > and {bn},>q are two moment sequences.

Then {anbn},>o {Z?:o (?)ajbn_j}nzo and {Z?:o(—l)j (?)ajbn_j}

are also moment SEqUETNCES.

n>0

Proof. For the proof see, e.g., either [3] or [15]. O

Finally, by expanding the ratio of the densities, whose moments we are
considering, and then integrating, we get for free the relationships between
involved moments. The idea of expanding the ratio of the densities (the
Radon-Nikodym derivative more generally) has been presented in [12] and
later developed and generalized in [13]. It happens very often that the
sequence of the moments has a deep combinatorial interpretation and by
using this method of expansion, we can get relationships between these
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important combinatorial sequences that are usually difficult to prove by
combinatorial means. For example, we can easily show that

n—1

2n )
=4" -2 41,
() S

j=0

3 1 (2n + 2i)!
C - = -
" 2;4Z(i+n)!(n+i+2)!’

where {Cy},~, are the so-called Catalan numbers. Numbers {C,} con-
stitute, as it turns out, the moment sequence of the distribution with the
following density:
1 /4—-2z
o\ oz

I

where 0 < z < 4.

We will go into detail and give more examples in the sequel. The paper is
organized as follows. In the next Section 2, we present a definition of Beta
distribution, its modifications and the basic properties of its moments. The
following Section 3, is dedicated to the presentation of particular examples,
mostly concerning cases when a and  are multiples of 1/2. In this section
we identify many moments of the beta distribution appearing in the OEIS.
The last Section, 4, is devoted to the presentation of some (by no means all)
possible expansions finite as well as infinite expansions of elements of one
sequence in terms of the other.

2. BASIC INGREDIENTS AND PROPERTIES

Let us recall the so-called beta distribution, i.e., the distribution with the
density defined for |z| < 1 and «, 8 > 0,
ro (1 — z)f1
B(a,p) '
where B(a, ) denotes the value of the well-known Beta function taken at

«a and (. It is well-known that the sequence of moments of this distribution
is given by the formula:

(2.1) alw;a, B) =

alm)
(a+ B)m)
We use notation that appears to be redundant at first sight. The reason for

this will be clear in the sequel.
In formula (2.2), we used the following notation. For z € C let us denote:

(2.3) @)y =2z(x— 1) (x—n+1).

This polynomial in  will be called falling factorial while the following poly-
nomial

(2.4) (2)™ =2(x+1)-- (x+n—1),

1
(2.2) M, (0,a, 5)/4"™ :/0 z"a(z; o, f)de =
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will be called rising factorial, (sometimes called Pochhammer polynomial,
function or symbol). In both cases we set 1 when n = 0.
It is also well-known that

(2.5) @)y = (=1)" (=)™, and (2)") = (=1)" (=) ().

By the binomial theorem, for all complex |z| < 1 we have:

(2.6) (1—2)* =) (=2)(a)y/it =D @' (~a)V /5.

3>0 3>0

The modifications of the beta distribution that we are going to consider, are
the following. Namely, we will examine the distribution family as well as
densities.
(z—c)* td+c—2)!

40+6-1B(a, B) ’
supported on the segment [c,4 + ¢], ¢ € R. If we denote by X the random

variable with the density a(s;a, $) and by Y the random variable with the
density g(z;c, a, 5), then we see that

Y =4X +c

(27) g(x;caa75) =

Let us denote by M, (c, a, 3) the n—th moment of Y, i.e.,

4+c
(2.8) M, (c,a, B) = / z"g(z; e, o, B)dx

Note that for all o, 5 > 0 and ¢ € R : My(c, o, 5) = 1.
We have the following Lemma:

Lemma 2.1. i) Vb,c € R, o, 8 > 0 and n € NU{0} we have:

n

(2.9) M (b0, 8) = (?) M;(c, o, B)(b— )"~

j=0
In particular, we get:

n

(2.10) M, (c,a, )

<n> M](Ov «, 6)Cn_J
Jj=0 J

alm " /n
(2.11) A" = My (0,0, 8) = Y (j)Mj(c,a,ﬁ)(—c)"_J

(a+p)m =
i)
My(c,a+1,8) = a;ﬁ(MnH(c, a, B) — cMy(c, a, B)),
M, 0,8+ 1) = 22 (44 ) Myfe, 0, 8) — Masa(e,, 8)).
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i11) If ¢ = 0 we have also forn > 1

(2.12) M, (0,, B) = 4fﬁMn_l(o, a+1,08),
(2.13) M, (0,0, 8) = Z M, 1(0,a, 3+ 1).
'8 7>0

Proof. i) Let us denote by YV, =4X +b=4X +c+ (b—c¢) =Y.+ (b—¢),
so we have:

My (b,a, 5) = EY}"

DTS

Zj() (e, B)(b— o)

ii) We have:
4+c
Myfe.a+1.8) = L [ @~ garg(aie.a. pin
a—zﬁ n+l(c aaﬁ) _CM (C O[,/B)
M, (c,a, 5+ 1) = —; /+C4+c—mxg(xcaﬁ)
= P OM(e0,8) - My (e )
iii) First of all notice that
Bla+1,0)/B () = .
9(x;0,0,8)/9(z; 0,0 + 1, 5) = (a+5)z Now,
Mn(ov(X?B) 4;_6 n— 1(0 (X—i—l B)
Similarly
9(x;0,0,8) 4p _
g(;0,a,8+1)  (a+B)4—z) a+ﬁz w/4)',

j>0

and notice that the series is convergent and increasing for = € [0,4). Thus, by

the Lebesgue’s monotone convergence theorem we get the second assertion.
O

Remark: Notice also, that we have

M,(b,a,8) =~ (n i M(e o, B)
(2.14) <b—c>n‘z<'>( RANTEDT

=0 N
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Thus, the sequence {M,, (b, o, §)/(b — ¢)"},,>( is the so-called binomial trans-
formation of the sequence {M,(c,a,3)/(c—b)"},so. Conversely, notice
that the sequence {M,(c,a, 8)/(c —b)"},~, is the binomial transform of
the sequence

{Mn(ba «, B)/(b - C)n}nzo :
However, in the very important base of integer sequences known as the

OEIS, there is a slightly different definition of the binomial transform.
Namely, given two sequences {a},q and {b,}, , if we have for all n > 0:

n
n
b=y ( ,)aj,
=0
then, we say, that sequence {b,} is the binomial transform of the sequence
{an} . Note, that then we also have for all n > 0:

j=0

Then, according to the OEIS terminology sequence {a,} is the inverse bi-
nomial transform of the sequence {b,}.

Hence, using this terminology, the sequence { M, (b, «, 5)/(b — ¢)™}, is the
binomial transform of the sequence {M,(c,a, 3)/(b—c)"}.

Furthermore, it follows from these considerations that to get moments
M, (c,a, B) it is enough to calculate moments M, (0, «, 3) and then apply
the appropriate binomial transformation.

Since many integer sequences in the OEIS are identified by their gener-
ating functions, we will also calculate generating functions of many of these
integer sequences. Let us remark, that we need to have a generating function
defined only on the small open interval around 0. What matters, are the
coefficients of its Taylor expansion around zero. That is why all considered
below generating functions will be considered for = € (—d,0), § > 0. Very
often § will be equal to 1.

Lemma 2.3. Let us consider the sequence of moments given by the formula
(2.2) such that a + (3 is an integer, then

i)

g(t;a, B)
=> tM;(0, 0, 8)/4
j=0
1/(1—t)™ if a+pf=1
(1= (1 -0/t —a)) if a+p=2

R TP O S A S L ML
— o _ (o —oat” + + 2at — + . -
/(t3(a—1)(a—2)(a_3)) if a+B=4
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forte (—1,1).

it) If g(x) is a generating function of {My(0,«, 3)/4™} then %(g(w) -
1) is a generating function of {M,(0,a + 1,3)/4™}, while (O‘+ﬁ)(1 —(1-
4x)g(x)) is a generating function of {M,(0,a,  + 1)/4™}.

i) Let g(z) be a generating function of the sequence {fn},~q i-e., g(z)

= >0 fax", then 1_1“9(

{50 () s}

n>0

Proof. 1) Recall, that (k)(") -

l—cx

4z

) is the generating function of the sequence

(n+k—1)!/(k—1)! for all nonnegative integers

k,n such that k +n # 0. Weget fora—l—ﬁ:l'

> M;(0,0,8) /47 =

j>0

Zt”

(] /] th ])/] (1_1t)a7

by the binomial theorem (2 6). When o + 8 = 2, we have:

D HM;(0,a,8)/4 =

j=>0

)/(G +1)!

> o

D (@)D /(j + 1)

]=0

th-l—l

DI/ +1).

1—04

We act likewise when oo + § = 3 and When a+ 5 =4.
ii) These assertions are based on the following observations.

a(r;a+1,8)

a+p

a(z;on ) T a

since I'(aw + 1) = al'(«), where a(x; o, 8) is given by (2.1). Similarly

a(z;on B+ 1) /a(z; o, B) =

Thus, we have M, (0, +1,8) =

— a+5

= 23 (M, (0,0, 8)

(1—95)0‘;*8.

B M, 41(0, @, B) and M, (0, v, 5+ 1)

n-‘rl (0 «, 6)/4)

iii) After applying ordinary change of the order of summation, we have:

>oar Y () et = Ty ey LD

n>0 7=0

§>0 n>j (n_'j)
N gy G D)

. i (k)
=> 2l Z(Cfﬂ)k(]?-

>0 k>0
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Now we recall (2.5) and (2.6) and get:

00 n n . ) 1 Iy .
v (j)fjcn_]_zx]sz:(cx)k( )" ( ]E;J1+ ) (k)

n>0  j=0 >0 k>0
— Jp. —j—1
= g zlcj(1 —cx)
Jj=0

_ 1 T
11w )

One of the referees posed the following question. For what triplets (¢, «, 3)
the sequence {M,(c,a, 8)},,~, generates integers. Well, we will not answer
this question fully, since it seems that a problem is more difficult than ex-
pected. We have, however the following partial result, exposing the possible
complications in answering this question. Namely, we have:

]

Theorem 2.4. Let a € (0,1) be a rational number and let « = £, where
p and r are two positive integers relatively prime and let n be a positive
integers. Then Vn € N the number

(2.15)

o osE g n( koo -
(£>n qdjzm:ltn/dj JMn (07 ];9, 1-— g) — 1_[]:0(]'7’4‘]?) dezmﬂ |n/d7 J’
j=

r n .
Jj=1

k Bj
=195
Proof. Let us fix n. Then we have by (2.2):
M, (0.21-2) _ ()

n T T I 7
(2.16) r " =i
Now let us recall the so-called Chinese reminder Theorem stating that every
two congruence equations

is an integer. Here r =[] s a prime decomposition of r.

ax = ¢,(modmy) bx = d (modmy),

have unique solution modmims if and only if numbers m; and mo are
relatively prime. Hence, taking m; = r and 1 < n; < n relatively prime, we
see that the set of two congruence equations:

x=p, modr z =0, modny

has a unique solution mod(ni7). In other words, that among numbers jr+p,
j =1,...,nat least one is divided by n;. That means that the number (2.16)
is a rational number that has the denominator composed by the numbers
that are not relatively prime to . Or in other words, are composed of powers
of the divisors of r. Now, one has to count sums of powers of particular
divisors less then or equal to n. Let us fix the divisor, let it be d;. Then

there are |n/d;| factors of the form kd;, k = 1,..., then there are Ln/dﬂ
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factors of the form /{:d? and so on. Now since we multiply those factors (we
had n! before canceling out factor relatively prime to r) so we have
dLn/de-‘r |n/d2 |+...
J

in the denominator of (2.16). Now to get an integer out of this number we
have to multiply it by the denominator. ([

Remark: If one considers the more general situation like e.g., M, (0,p/r, k —
p/r)/4™ then the situation is not that simple. Namely, in the denominator,
there might appear prime factors that are different than the prime factors
of the denominator of parameter «, i.e., r. For example, if we consider the
sequence Vn > 1 :

6 x 35520 [/ gln/2) Mn(0,1/3,6 — 1/3)
4n ’
then the first few elements of this sequence are the following :
1,8/7,3,20/3,26/3,832/11,3952/33,1216/3,45600/7. Hence we have apart
of divisors of 3 and 6 we have also 7, 11 and maybe others.

Remark: Notice, that in general, the integer sequence

k
T\ " S | n/dT
(5) TL =" a0, /1 = )
=1 n>0
is not a moment sequence, even though {r"} and

{Mn(0,p/r,1 = p/7)/4"},50

are. This is because, in general,

k
H dez:l Ln/d;”J
j=1 n>0

is not a moment sequence. On the other hand sequences given by (2.15),
increase our knowledge about some sequences presented in the OEIS. For
example sequence (2.15), with p/r = 1/3 is listed as A004117 in the OEIS
or with p/r = 1/8 as A181161 in the OEIS.

Now, we will calculate moments M, (0, a, B) for all values & = n/2 and

= m/2, where n and m are natural numbers.

3. FIRST, PARTIAL RESULTS

Lemma 3.1. i) For natural n and non-negative integer iwe have:

(. 1) (™) (20 4 2n)li!

"o TGl

Y 220 2)!
<2>(n) ) e
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setting 1 forn =0 and forn>1:

3 B 3/2 if n=1
<2>(n)_ (_1)n142n((2§:;))1! if n>1"

5/2 if n=1
(5> _ 3/2 if n=2
2/ () (—1)»3 120(2n—6)! if n>2

47 (n—3)!

it) Form >0 :
Cor N CENGN) _ @2nt 204 g)!
Mn <0’Z+ TR 2) T A (Y T )@+ )l

n

hence in particular:
iA) Mn(0,i41/2,1/2) = (7121 /(%),
iitB) M,(0,i+1/2,3/2) = Ci+n/Ci,
iC) My (0,i+1/2,5/2) = ((i 4+ 2)!1i!(2n + 2i)
D) Mp(0,i41/2,7/2) = ((i + 3)'i!(2n + 2i)!
iE) My (0,34 1/2,9/2) = (il(i + 4)!(2n + 20)!)
iiF) My (0,1/2,5+1/2) = (31(2n)1)/(nl(n + )}
iG) M,(0,3/2,574+1/2) = ((F+ D!(2n+ 1))/
iiH) My, (0,5/2,5+1/2) = ((j +2)!(2n+ 3)!)/
iil) My (0,7/2,54+1/2) = ((+3)!'(2n+5))/(
iiJ) Mp(0,9/2,7+1/2) = (41(4 4+ j)!(2n + 8)!)
iii) Form >0 :

(2)!(n+i)(n+i+2))

h/
‘);(( D)@+ n)(n+i43)),
);

()@ +n)l(n+1i+4))),

(nl(n+j+ 1)),
(n+ Dl (n+2+7)),
60(n+2)!(n+j + 3)!),
/(8 (n+4)!(n+4+j)).

n (204 25)l! (20 +2n)!(i + 5 + n)!

M08 1/2.3) = 4 i )G 2 1 25 1 2n)°

hence in particular we get:

iiA) My (0,1/2,1) =4"/(2n + 1),

111B)My,(0,3/2,1) =3 x 4™ /(2n + 3),

111C) Mp(1/2,2) =3 x4"/((2n+ 1)(2n + 3)),

i1iD) My, (0,3/2,2) = 4"15/((2n + 3)(2n + 5)).

iv) Forn >0:
i+n— DI+ 75+ n)!(2i + 275)!
(26 + 25 +2n)!1(G — DG+ 5)!

M(0,4,5+1/2) = yon

hence in particular we have:
wA) M,(0,1,1/2) = 4?"(n!)2/(2n + 1),

wB) My(0,1,3/2) = 4>"12n!(n + 2)!/(2n + 4)!,

wC) M,(0,2,1/2) = 42712(n + 1)!(n + 2)!/(2n + 4)!,
wD) M, (0,2,3/2) = 42120(n + 1)!(n + 3)!/(2n + 6)!,
wE) M,(0,3,1/2) =60 x 4"(n + 2)!(n + 3)!/(2n + 6)!,

(
wF) My, (0,4,1/2) = 427280(n + 4)!(n + 3)!/(2n + 8)!.

Proof. i) Following definitions given by (2.3) and (2.4) we get (i + 1/2)"
=(i+1/2)(i+3/2)---(i+1/2+n—1) = (2n+2i — )I1/(20M(2i — 1)!).
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Now, it is elementary to check that (7 + 1/2)(") = %

we have (74 1/2)(,) = (=1)"(—i — 1/2)(™ hence we could use this formula
to get (1/2) (), (3/2)(n) and (5/2)(,) but it seems that it might be easier to
check these formulae directly. ii) Applying assertion i) twice we get ii). iii)
and iv) we apply assertion i) once but in the case of iii) in the numerator

and in the case of iv) in the denominator. v) Is direct application of (2.10)
and (2.11). O

Generally,

Some sequences of integers, that will appear in the sequel, are identifiable
by their generating functions in the OEIS, hence we need to calculate also
the generating functions of the moments of the Jacobi distributions that will
appear in the sequel. In fact, there are two ways of calculating the generating
functions of moment sequences. The first one, so to say, direct, uses a
formula (2.2) and the other uses the integral representation of the moment
sequence. The Lemma 2.3, above lists some of the generating functions and
presents some of the ways to transform them.

Thus, as a corollary we have:

Corollary 3.2. Let us denote by G(z;c,a, ) =Y 15 kM. (c, o, B). Then
we have for c € R, a, B > 0 G(0,¢,, ) = 1 while for x # 0 and |z| < 1/4
we get:

a) G(x;0,1/2,1/2) =1/y/1 —

b) G(z;0,3/2,1/2) \/

c) G(x;0,1/2,3/2)

d) G(x;0,1/2,5/2)

e) G(x;0,3/2,3/2)
f) G(x;0,5/2,1/2)
(

1- )/(296M)

1—+1—4z) /(2z),

(1 —4z)3/? + 62 — 1)/ (6z%),

1— 2z — M) / (222),

1-— 1 V1 —dx — 2$M) / (GxQM),

g) G(x;0,1/2,7/2) = (1 — (1 — 42)5/? — 10z + 302> 20x3) / (102),
h) G(z;0,3/2,5/2) = (( —43: \/W— 1+ 6z — 62%) / (42°)

i) G(;0,5/2,3/2) = (=1 + (1 — 42)Y/2 4 22 + 22?) / (427),

3) G(2;0,7/2,1/2) = (1 — (1 — 42)Y/2(1 + 22 + 622)) / (2023/T — 4x),

1
(
(
(
(
(
(
(

In the identification of particular moment sequences in the OEIS below,
we will use the following terminology: we say that a sequence A “is equal
to I — s(p1,p2...) sequence B” if A is obtained from B by omitting the
first elements that are equal to p1,po,.... Similarly, we say that sequence
Ais “r — s(p1,p2,...) sequence B” if B is obtained from A by adding its
beginning numbers p1,ps2,.... Finally, we say that B is obtained from A
by sign-change, briefly “sc”, if the even elements of both sequences are the
same while odd elements have different signs by the same absolute values.

Remark: In particular

(3.1) > Cp/an =

k>0
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Since C), = 4"/ n3/2, the series above is convergent. Its sum can be found
easily by passing to the limit z — 1/4 in assertion ¢ of Corollary 3.2.

Remark: a) M,(0,1/2,1/2) = (27?), sequence A000984 in the OEIS. It is
called the sequence of “Central binomial”,

b) M,(0,1/2,3/2) = (2:)/(11 + 1), sequence A000108 in the OEIS. It is
called the sequence of “Catalan numbers”,

c) My(0,3/2,1/2) = (") = (°17) /2, sequence A001700 in the OEIS,

d) M,(0,1/2,5/2) = (2(2n)!) / (n!(n + 2)!), %x “super ballot numbers”
i.e., +x of the sequence A007054 in the OEIS,

e) My (0,3/2,3/2) = (%17)/(n+2), 1—s(1) Catalan numbers, i.., [—s(1)
i.e., sequence A000108 in the OEIS,
f) M,(0,5/2,1/2) = (2£j24)/6, 3 1 — 5(1) sequence A001700 in the OEIS,
g) M,(0,1/2,7/2) = (6(2n+2)!) / ((n+ D)!(n + 4)!),% x 7 — s(10) super
ballot numbers i.e., 15 x r — 5(10) of the sequence A007272 in the OEIS,
h) M, (0,3/2,5/2) = (3(2n+2)!) / ((n+ 1)!(n +3)!), 3 x r — s(3) super
ballot numbers more precisely % x r — s(3 ) sequence A007054 in the OEIS,

i) M,(0,5/2,3/2) = (2;1:24)/ (2(n+3)), 3 xr—s(1,1) Catalan numbers,
j) My (0,7/2,1/2) = ((2n+6)1) / (20(n + 3)1(n + 3)!), & x r — s(1,3) se-

quence A001700 in the OEIS.

Corollary 3.5. 1) 4"M,(—3/4,1/2,1/2) is the sequence A322248 in the
OEIS, since the g.f. of this sequence is 1/+/(1 — 13z) (1 + 3x) which can be
obtained by the formula given in assertion iii) of Lemma 2.3.

2) A" My, (—7/4,1/2,1/2) is the sequence A098441 in the OFEIS, since the
g.f- of this sequence is 1/v/1 — 2x — 6322 which can be obtained by the for-
mula given in assertion iii) of Lemma 2.3.

3) 2" M, (—3/2,1/2,1/2) is the sequence A084605 in the OEIS, since the
g.f- of this sequence is 1/v/1 — 2x — 1522 which can be obtained by the for-
mula given in assertion iii) of Lemma 2.3.

4) 2" M, (—3/2,1/2,1/2) is the sequence A084605 in the OFEILS, since the
g.f- of this sequence is 1/v/1 — 2z — 1522 which can be obtained by the for-
mula given in assertion iii) of Lemma 2.3.

5) M, (—1,1/2,1/2) is the sequence A002426 “central trinomial coeffi-
cient” in the OFEIS, by assertion i) of Lemma 2.1.

6) 2" M, (—1/2,1/2,1/2) is the sequence A322242 in the OFEIS, since the
g.f- of this sequence is 1/v/1 — 6x — Tz2 which can be obtained by the formula
given in assertion iii) of Lemma 2.3.

7) A" M, (—1/4,1/2,1/2) is not listed in the OFEIS. The g.f. of this se-
quence is 1/v/1 — 14x — 1522 which can be obtained by the formula given
in assertion i) of Lemma 2.3. Visibly this sequence is closely related to

sequence A098441 in the OFEIS by appropriate binomial transform (Lemma
2.1).




BETA DISTRIBUTIONS RELATED TO INTEGER SEQUENCES IN THE OEIS 97

8) 4" M,,(1/4,1/2,1/2) is not listed in the OFILS. The g.f. of this sequence
is 1/v/1 — 18z + 1722 which can be obtained by the formula given in asser-
tion 4ii) of Lemma 2.3. Visibly this sequence is closely related to sequence
A098441 in the OELS by appropriate binomial transform (Lemma 2.1).

9)2"M,,(1/2,1/2,1/2) is the sequence A084771 in the OFEIS, since the g.f.
of this sequence is 1/v/1 — 10z 4+ 922 which can be obtained by the formula
given in assertion iii) of Lemma 2.3.

10) My (1,1/2,1/2) is the sequence A026375 in the OFIS, since the g.f.
of this sequence is 1/v/1 — 6x + 52 which can be obtained by the formula
giwen in assertion iii) of Lemma 2.3.

11) 4" M, (5/4,1/2,1/2) is not listed in the OFEIS. The g.f. of this se-
quence is 1/v/1 — 26z + 10522 which can be obtained by the formula given
in assertion i) of Lemma 2.3. Visibly this sequence is closely related to
sequence A098441 in the OFIS by appropriate binomial transform (Lemma
2.1).

12) 2" M, (3/2,1/2,1/2) is the sequence A248168 in the OEIS, since the
g-f- of this sequence is 1/v/1 — 14z + 3322 which can be obtained by the
formula in assertion iii) of Lemma 2.3. given in assertion iii) of Lemma
2.3.

13) M,(2,1/2,1/2) is the sequence A081671 in the OFEILS, since the g.f.
of this sequence is 1/v/1 — 8x + 1222 which can be obtained by the formula
given in assertion iii) of Lemma 2.3.

14) My (2,3/2,1/2) is the | — s(1) sequence A005573 in the OEIS since
the g.f. of this sequence is (v/1 — 2z — /1 —6z) /(2z+/1 — 6x) which can be
obtained by the formula given in assertion iii) of Lemma 2.3.

15) 2"M,,(5/2,1/2,1/2) is not listed in the OEIS. The g.f. of this se-
quence is 1/v/1 — 18x + 6522 that can be obtained by the formula given in
assertion i) of Lemma 2.3. Visibly this sequence is closely related to se-
quence A084771 in the OFEIS by appropriate binomial transform (Lemma
2.1).

Now, we examine some examples connected with Catalan numbers.

Corollary 3.6. 1) M,(—1,1/2,3/2) “Riordan numbers” i.e., sequence
A005043 in the OFEIS. This is because by Lemma 2.3 its generating function
is equal to (1—+/(1 —3xz)/(1 + x))/(2x) as given in an unnumbered formula
on page 87 of [4].

2) Mp(—1,3/2,3/2) sequence A001006 in the OFIS, the so-called Motzkin
numbers. This is so since its g.f. is f(x) = (1 — 2 — V1 — 22 — 322)/(22?),
that satisfies the following equation z%f? + (x — 1)f +1 = 0 as given in
Wikipedia.

3) 2" M, (—1/2,1/2,3/2) is the sequence A337168 in the OEIS, since the
g.f. of this sequence is A(x) = (—1 +(1=Tz)/(1+ :U)) / (4z) that can be
obtained by the formula given in assertion iii) of Lemma 2.53. (There is a
small misprint in the formula for the g.f. in the OEILS (there is 8 instead of
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7). However by a simple check one can see that A(x) satisfies the following
identity A(z) = 1/(x + 1) + 2zA(z)?).
4) 2" M, (—3/2,1/2,3/2) is not listed in the OFIS, it’s g.f. is

(_1 + /1 —52)/0+ 3x)) / (42)

which can be obtained by the formula given in assertion iii) of Lemma 2.3.
Visibly this sequence is closely related to sequence A337168 in the OFIS by
an appropriate binomial transform. Compare with Lemma 2.1.

5) 2" M, (1/2,1/2,3/2) is the r—s(1) sequence A162326 in the OEIS. This
is so since the g.f. of 2"M,(1/2,1/2,3/2) is (1 — /(1 —9z)/(1 — z))/(4y)
hence the g.f. of the sequence A162526 is 1+x(1—+/(1—9z)/(1 — z))/(4y)
— (5— /(1 92) /(1 —2)/4.

6) My (1,1/2,3/2) sequence A007317 in the OFEIS defined as “the binomial
transform of Catalan numbers” since we have Lemma 2.1 and the remark
following it.

7) M, (1,3/2,1/2) is not listed in the OFIS, However by (2.10) we see
that it is a binomial transform of the sequence A001700 of the OFEIS.

8) 2" M, (3/2,1/2,3/2) sequence not listed in the OFEIS. Its g.f. is equal
to (1—+/(1 —11z) /(1 — 3z)/(4x). Visibly this sequence is closely related to
sequence A162326 in the OFIS by appropriate binomial transform. Compare
Lemma 2.1.

9) M,(2,1/2,3/2) sequence A064613 in the OEIS defined as the “second
binomial transform of Catalan numbers” its g.f. is

(1= /(1 -62)/(1 - 22))/(22).

Now, we will present some assorted examples that seem to be important
from the point of view of combinatorics.

Corollary 3.7. 1) M,(1,3/2,3/2) is the r — s(1) sequence A002212 in the
OFIS .

2) My (2,3/2,3/2) sequence A005572 in the OFIS,
since its g.f. is (1 — 4z — /1 — 8z + x2) /(22?)

3) My (3,3/2,3/2) sequence A182401 in the OFEIS,
since its g.f. is (1 — 5z — /1 — 10z + 2122)/(22?)

4) M,(1/2,3/2,3/2) is the r — s(1) sequence A059231 in the OFEIS,
since its g.f. is f(z) = (1 — 5x — /1 — 10z + 922)/(8z?),
hence 1 + xf(x) = (1 + 3z — V1 — 10x + 922)/(8z).

Sometimes the description of the sequence in the OEIS is insufficient.
Either the generating function is not given, or the formula for the n'" item
in the sequence is missing. However, in some cases, one observes that the first
several elements of the sequence { M, (¢, a, )} for some values of parameters
¢, a, B agree with the elements of the sequence from the OEIS. Then there
exists a strong supposition that these two sequences are identical. We will
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present a few of these suppositions in the form of conjectures, presented
below.

Conjecture. 1. M,(—1,3/2,1/2) is the sequence A005773 of the OFEIS.
More precisely it is an inverse Binomial transform of the sequence A001700.

2. 2"M,,(—3/2,3/2,1/2) is the sequence A151318 of the OEIS.

3. 2M,(—1,5/2,3/2) is the sequence A005554 in the OFIS.

4. 2M,(1,5/2,3/2) is the sequenceA045868 in the OEIS.

Notice, that the distribution with the density g(z; —2, a, ) is symmetric
hence all odd moments of the form M, (-2, o, o) are equal to 0. Besides the
support of this distribution is symmetric [—2,2]. All these reasons suggest
that it should be in a special way. Namely, we will denote by

©b(y;4,0)
22—y’ !
4719-1B(y,0) '

2
Sn(7,6) =/ z"b(x;7,0)dx.

-2

g(y; —2,7,0)

Remark: i) Notice, also, that we have for all n >0, 7,6 > 0:

Sn(8,7) = (=1)"Sn(7,0).
This is so since we have for 7,0 > 0 and = € [-2,2] :
b(w;7,0) = b(—x;6,7).

Using Lemma 2.1, we have:

$u(1:6) = Z_% (%) 2ris0.0.9)
M;,(0,7,6) = i (?) 2"7785(v, ).

Jj=0
As far as the values of the moments 5,, are concerned, we have:

. 0 if nis odd
Proposition 3.9. a) S,,(1/2,1/2) = { (;;2) if s even ’
A126869 in the OEIS,

0 ) s odd
b)Sn(l,l):{ 9 if miso

sequence

D) if n is even ’
) Sn(3/2,3/2)=4 O W misodd A126120 in the OEIS
c) Sn , =\ Cupp if nis even ’ sequence in the ]

0 if mnis odd
d) 5,(2,2) = { 2N if s even
(n+1)(n+3)
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e) Sn(1/2,3/2) = (_1)n(tn72J)’ sequence A126930 in the OEIS, since

its g.f. is (1 — /(1 —2x)/(1+ 22))/(2x), while S,(3/2,1/2) = (pny2))-
Strangely, it has a different number in the OELS (A001405),
f)

=2° if nis odd

1,2) =< nR2
Sn(1,2) {n2+1 if n is even

2
S.(2.1) = { o if nis odd

g U nois even

by Remark 3.8.

g) 25,(3/2,5/2) is the r — s(1,1) and sc sequence A089408 in the OEILS
since the g.f. of 25,(3/2,5/2) is g(x) = (—622 + 62 — 1 + (1 — 4z)%/2) /223
by Lemma 2.3. Operation r — s(1,1) changes this function to 1 — x + 2%g(x)
= (4 — 1+ (1 — 22)V1 —422)/(2z). Now it remains to change x to —x.
By Remark 3.8 25,(5/2,3/2) is r — s(1,1) sequence A089408 in the OFEIS,
since following its description remains to change x to —x in (4o — 1 +

(1 —2x)V1 —422)/(2z).

Remark: Taking into account Corollary 3.62) identifying Motzkin numbers
by their generating function, identity 2.9 with b = —1 and ¢ = —2 and
assertion c) of Proposition 3.9, we immediately arrive at the formula relating
Motzkin numbers and Catalan numbers, namely:

[n/2] n
(3.2) Moy =Y <2j>0j,

J=0

where Mo,, denotes n'" Motzkin number. The formula above, relating
Motzkin and Catalan numbers, appears in the solution of problem 4 in the
Stanley’s book [11].

4. EXPANSIONS

In this section, we are going to get some interesting identities involving
the above-mentioned moments similar to the ones presented in the intro-
duction. These identities will be obtained by simple expansions of the ratio
of the densities of the involved beta distributions. To avoid unnecessary
complications we will apply these expansions only in two cases. Namely, let
us take real v such that a — 7y is an integer then we can expand the ratio of
b(x;ar, B)/b(x;7,0) in the following series:

b(a;a, B) _ B(y,0)4% 7 g~ a® R (B - o)

baird) | Blah) A

and consequently, we can relate moment sequences of the two distributions,
one with the density b(x; «, ), and the other with the density b(x; «, ).
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B(7,8)4 "0 G~ (B )k

(41) Mn(oa «, B) - B(Oé, ﬁ) PR kl4k+a—y

Mk+n+a7'y(07 Y 5)

We will also exploit the following similar trick, related to the expansion of
the ratio g(x; a, 8)/g (x;7,0) . Namely, we consider the following expansion:

B(v,6 zF
(42 bl = g i 5t 3 gigenta =09
based on the fact that
B(~,6 o _
9(3 0, 8)/9 (237,6) = D0y 4 902 — )P,

B, )

expansion (2.6) and the standard multiplication of power series. Thus we
have:

kg '
43 ala=18-0= % (5) 00 =166 - Dy

Jj=0

(4.2) leads to the following expansion involving moments S,.

B(~v,6 - -0
’ k>0

As far as the question of convergence of the series (4.1) and (4.4) is con-
cerned, we have the following remarks.

Proposition 4.1. Vn > 0:

Z') |Mn(0’a’ﬁ)| <47, |Sn(a7/6)| < 2", .

1)

| M (0,0 +1/2,5)| = [4™ ((2n + 20)41(i + §)1) / (G +n)!(20)! (i + j +n)) |
= 42"0(1/nI /%)

i)

My (0,4, 5+ 1/2)]
=42 ((i +n— DIE + 5+ n)(20 + 24)1) / (20 + 25 + 2n)!(i — 1)1(i + j)!)]
=4"0(1/nIT1/?).
Proof. 1) This fact follows directly from the supports of the measures whose
moments are considered and the fact that the measures concerned are ab-
solutely continuous with respect to the Lebesgue measure, i.e., have densi-

ties. Namely, in the first case it is the segment [0,4] while in the second
case the segment [—2,2]. For ii), iii) and iv) we start with the fact that



102 PAWEL J. SZABLOWSKI

(2”)F >~ O(1/n'/?) as n — oco. Secondly, let us notice that (n + k)!/n!
=(n+1)---(n+k) = O(n¥). Hence, for the case ii) we have

il(i 4 7)) 4nt (n+1i)!
(20)! Vnti(n+i+j+n)

= O fn*112),

(2n + 2i)ll (i + j)!
(i +n)(20)(i+ 7 +n)!

12

iii)
n 200G+ 5) | L a4 9)! (2n 420 (n4 i)
4 (i 4+ n)!(24)! (z—i—j—l—n)!‘ =4 (24)! < n+i >(i+j+n)!
%42710(1/”]'-4-1/2)’
iv)

on (E 1 =)@+ 7+ n)(20 + 2j)!
(20 4+ 25 4+ 2n)!(i — 1)!(3 + j)!

4 (20 + 27)! ; <4n/<2i+2j+2n>> Ez’—i—n—l)! %O(l/nﬂl_l/?).

1

(i—1)i+j i+j+n i+j+n)
O
Theorem 4.2. For n > 0 we have:
i)
2\ 1/2(n+1)
4. =2 - = .
(45) = <n> 2< n+1 )
i)
(4.6) Cont1=) ( )4" o
1=0
“~ (2n+1 :
(4.7) Conto = 22 < nr )4"‘%2-
iii)
3 1 (2n + 24)!
Cn = 21,;42‘ (i +n)l(n+i+2)
i)
(n+ 1D)!(n+2)! Z 2] 1
(2n +4)! 4”‘*‘2 4(n+j+2)

7>0

Or equivalently

4n+2 _ Z <2j> 1 (n+2)(n+3)

Covz S\ /)4 (n+2j+2)°
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v)
L\ _ | 150
am\n) 2447
7=0
vi)
In .
nln! :424](714-])(%4-]4-2)
(2n+1)! (2n 4+ 25 +4)!

Or equivalently
4n gntitl (2n+2)(n+1)

Cn e Cpijmin+i+0)2n+2j+3)2n+2j+4)°

320

Proof. 1))We take v = 1/2, B = 3/2,7 = 6 = 1/2. Then we apply (4.1).
ii) First we note that M,(0,3/2,3/2) = Cyt1, by Remark 3.4e), while
Sn(3/2,3/2) = 0 for n odd and C,,/» when n is even. Then we apply (2.11
and take k = 2n getting directly (4.6). We get (4.7) likewise. iv) We take «
=1/2, B=13/2,v=1/2, 5 =5/2. Then

a(z;a, B)
a(x;7y,8) Z 4k
Now recall that M, (0,1/2,3/2) = C, and M,(0,1/2,5/2) = 72 by

Remark 3.4 b) and d). Now it remains to apply (4.1). iv) We consider a =
2, 8=1/2 and v =3/2 and § = 1. Then we apply (4.1) using expansion

9(x;0,2,1/2) 1 T

9(2;0,3/2,1) 2V 44—z
1 ) pit1/2
= — 1V (= P
7>0
1 (24)! 27 +1/2
T4 I 444!
4 =0 475 434

Now we notice that f43:"+1/2g(3:;0, 3/2,1)dx = 3 0 e "g(x;0,2,1)dx =

3 (n) _ 3 2 +1) 3% 4™
4n§ ; oy = 54" ((7?—1-2)' = nX+2 . Hence
2(n+Dl(n+2)! 1 25\ 1 [ .
2 — L 12 o
n (2n+4)' _42 j 42j/0\ T g($7073/2,1)dx
§>0

Z 23 1 3x4mH
! 421 (n+j+2)

j=>0
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v) and vi) we apply assertion iii)(iiib) of Lemma 2.1 first for a = 3/2, g
=1/2 and v = 3/2 and § = 3/2 and secondly fora =1, f=1/2 and y =1
and 6 = 3/2 then we use identity (3.1) in the case vi) and divide both sides
by 42" in the case of vii). O

Remark: Assertion i) is well-known. It appears for example as exercise 4 on
page 155 of [6]. It is also easy to get from the assertion i) the formula given
in assertion i) of Theorem 3.1 in Stanley’s book [11]. Namely, we have

o=2() -3 (0))

_(2n o\ 1(2(n+1)
Gl

n nln!  nl(n+1)!

_ <2n) . <2n> (1 B 2n—|—1>
n n n+1
_(2n 2n
-()-(2)
Assertion ii) presents, in fact, two cases of the so-called Touchard’s identity
for odd and even cases.

Theorem 4.4. We have:
i) for allm >0

[n/2] ;
(45) 2; )= ()

i) for allm > 1

7j=1 s=0
i)
o\ 1% N L (242
e =2() =5 2 () (5)
=0
i)
=30 (1) ()2
k) \[k/2]
k=0
v)
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vi)

$,(3/2,3/2) = 2 ")-( s >
6292 =2((,y) = (10
vii) Let us define C_1 = —1/2 and dy = 1 and further let n > 0 :

n! = w1 ( 2k
= ;0(—1) (k )Cn_k_l.

Then

T Ontk(3/2,3/2)
k>0

In particular Vj > 0

—2 X 223 ™ Cj+k+1
_=2~= _ - —_JTFT g
2j +3 4222k+1(2k+1)! 2kt

k>0

47 s Cj+k
= =2 doy,.
2j+1 4 ]go AF(2k)1 2

Proof. 1) We use Proposition 3.9a) and (2.11). ii) We take v = = 3/2 and
a = =1/2. To use identity (4.4) we have to calculate only the coefficients
cn(a—7, 8 —0) = cp(—1,—1). One can easily check that

0 if nisodd
cn(—1,-1) = { n! if niseven °

Then we argue:

n/2 %)
m\ _ B(3/2.3/2) Lf " gn- 3 G
n 207230 B(1/2,1/2) = \2j 4s

j= s=0

L. S
_ 4 n—27 17 5+
=3 g <2j>2 4 ;4s+j

Further we make use of (3.1) and the following identity:

2,
5 (3) -+
27

J=0
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iii) We take v =6 = 1/2 and o = 8 = 3/2. We will use Lemma 3.1iiB with
i =1, then (2.11) obtaining

n

Cor1= (?) 217 S:(3/2,3/2)

J=0

[n/2] n
_ n—27 .
R (2j>2 "

=0

Then we apply (4.5) and finally we use (4.8).

iv) let us take v = 6 = 3/2 then, using (4.4) and (3.1) and the following
argument

D" (2))

/2 x"g(x;—2,1/2,3/2)dx
-2

2
1
:/ x"g(z;—2,3/2, 3/2)2 n Idw

o

%2n n kzo k+n27kfn5n+k(3/2’ 3/2)
:(_1)n2n 1
e n—1
X (Z(—1)m2—msm(3/2,3/2) - Z(—l)m;sm(?)/zza/z)) :
m=0 m=0

Consequently we have
[(n—1)/2]
1 1
5 () =2 2 o

v) We take « = f =3/2 and 7y =3/2 and § = 1/2.
vi) We take § = 3/2 and v = 3/2 and e = 1 and § = 2. then we have

(1,2) n+1 if niseven
n+2 if nisodd

/ "2 — y)dy.

OO\*—‘
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We will be applying (4.4), hence we have to calculate coefficients cg(a —
7,8~ 8) = ex(—1/2,1/2). Now

1121/ = 32 () 020 2

= ( )0 0 2P /2)
(4.9) = ( > 1/2 (k ( 1/2)(s—k)
Now notice that if & = 0 then (1/2)* = (1/2), = 1 while for k > 0 we get
120 = Tl em = 2
m=0
T 2(k —1))!
(=1/2)" = (-1 Tl_[o(m S =3 ><(4§<:—1(k)_) nr

Hence
cn(—1/2,1/2)

C(2n) & n!(2k)1(2(n — k — 1))!
= Z(_l)kk'(n — E)M4FEI2 x 4n—F=1(n — | — 1)!

k=0

:(_1)71(427:3 2 x dn- 12 < > o

Notice, that if we define C_; as —1 / 2 then the formula above, becomes more
simple and has the more unified form:

en(—1/2,1/2) = 4n12 "”““( )nkzl

Upon applying ((4.4), we get:

Su1,2) = T30 S BIBID)  ypnp,

2k k!
k=0
i.e., assertion vii). O
Remark: Notice, that assertion v) of Theorem 4.4 is a generalization of the

assertion v) of the Theorem 4.2.

Remark: Let us notice, that the sequence {d,}, > defined in assertion viii)
of Theorem 4.4 is also a moment sequence since it is originally defined by

the formula (4.9). This is so since {(—1/2)(") /n‘} and {(1/2)(") /n'} are

both moment sequences by (2.2), {n!} is the is the moment sequence of the
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distribution with the density exp(—z) on RT. Consequently, by Proposition
1.1 we deduce that {d,} is a moment sequence. Further we have for |z| < 1;

Z ﬁd = Z i xj(_l)k(l/g)(k)ﬂ(_l/g)(n—k)
= n! " =i k! (n—k)!
- S aj(_l)k(l/g)(k) Z ﬂ(—lﬂ)(”_“
B k! (n—k)!
k=0 n>k
_ 1-=x
V14
But }l—ﬁ = exp(tanh ™! (—z)) for x real and |z| < 1. Hence we can identify

sequence {d,} as sc version of the sequence A000246 in the OEIS.

of

11.

12.

13.

14.

15.

It might be of interest to notice that the formula given in assertion viii)
Theorem 4.4 expresses d,, in terms of the Catalan numbers.

REFERENCES

. J. Alonso-Carredn, J. Lépez-Bonilla, J and G. Thapa, (2020). A Note on a Formula
of Riordan Involving Harmonic Numbers. Journal of the Institute of Engineering.
15(2020). 10.3126/jie.v15i1.27738.

. P. Barry, Riordan arrays, orthogonal polynomials as moments, and Hankel transforms.
J. Integer Seq. 14 (2011), no. 2, Article 11.2.2, 37 pp. MR2783956

. G. Bennett, Hausdorff means and moment sequences. Positivity 15 (2011), no. 1,
17-48. MR2782745

. F.R. Bernhart, Catalan, Motzkin, and Riordan numbers. Discrete Math. 204 (1999),
no. 1-3, 73-112. MR1691863

. P. Donaghey, Robert, L. W. Shapiro, Motzkin numbers. J. Combinatorial Theory Ser.
A 23 (1977), no. 3, 291-301. MR0505544

. R.P. Grimaldi, Fibonacci and Catalan numbers. An introduction. John Wiley & Sons,
Inc., Hoboken, NJ, 2012. xiv+366 pp. ISBN: 978-0-470-63157-7 MR2963306

. J. Riordan, Combinatorial identities. John Wiley & Sons, Inc., New York-London-
Sydney 1968, xiii+ 256 pp. MR0231725

. S. Roman, An introduction to Catalan numbers. With a foreword by Richard Stanley.
Compact Textbooks in Mathematics. Birkhduser/Springer, Cham, 2015. xii+121 pp.
ISBN: 978-3-319-22143-4; 978-3-319-22144-1 MR3380815

. N.J.A. Sloane, The on-line Encyclopedia of Integer Sequences, https://oeis.org.

. A. D. Sokal, The Euler and Springer numbers as moment sequences. Expo. Math. 38

(2020), no. 1, 1-26. MR4082303

R. P. Stanley, Catalan numbers. Cambridge University Press, New York, 2015.

viii+215 pp. ISBN: 978-1-107-42774-7; 978-1-107-07509-2 MR3467982

P. J. Szablowski, Ezpansions of one density via polynomials orthogonal with re-

spect to the other. J. Math. Anal. Appl. 383 (2011), no. 1, 35-54. MR2812716,

http://arxiv.org/abs/1011.1492

P.J. Szablowski, A few remarks on orthogonal polynomials, Appl. Math. Comput. 252

(2015), 215-228. http://arxiv.org/abs/1207.1172

P.J. Szablowski, On positivity of orthogonal series and its applications in probability,

Positivity, 26:19(2022), on-line, https://arxiv.org/abs/2011.02710.

P.J. Szabtowski, Moment sequences and differential equations,

https://arxiv.org/abs/2204.04706, submitted



BETA DISTRIBUTIONS RELATED TO INTEGER SEQUENCES IN THE OEIS 109

DEPARTMENT OF MATHEMATICS AND INFORMATION SCIENCES,
WARSAW UNIVERSITY OF TECHNOLOGY
UL Koszykowa 75, 00-662 WARSAW, POLAND
E-mail address: pawel.szablowski@gmail.com



	1. Introduction
	2. Basic ingredients and properties
	3. First, partial results
	4. Expansions
	References

