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ON THE DOUBLE COVERS OF A LINE GRAPH
SHIVANI CHAUHAN AND A. SATYANARAYANA REDDY

ABSTRACT. Let L(X) be the line graph of graph X. Let X" be the
Kronecker product of X by K». In this paper, we see that L(X")
is a double cover of L(X). We define the symmetric edge graph of X,
denoted as y(X) which is also a double cover of L(X). We study various
properties of v(X) in relation to X and the relationship amongst the
three double covers of L(X) that are L(X"),y(X) and L(X)". With
the help of these double covers, we show that for any integer k£ > 5, there
exist two equienergetic graphs of order 2k that are not cospectral.

1. INTRODUCTION

In this paper, we restrict ourselves to finite graphs with no self-loops
and multiple edges. We denote the cycle graph, the path graph, the complete
graph and the star graph on n vertices by C,,, P,,, K, and K1 ,_1 respectively.
A graph Y is a covering graph of a graph X if there is a map from the vertex
set of Y to the vertex set of X such that the neighbourhood of a vertex v
in Y is mapped bijectively onto the neighbourhood of f(v) in X. If each
vertex of X has exactly two preimages in Y then we say that Y is a double
cover of X. An easy way to construct a double cover of a graph X is to take
the Kronecker product of X by Ko and it is denoted by X”. The Kronecker
product X7 x X5 of graphs X7 and X5 is a graph such that the vertex set is
V(X1) x V(X2), vertices (z1,x2) and (27, z5) are adjacent if and only if zq
is adjacent to z} in X7 and x5 is adjacent to x5, in Xs. In Section 3, we show
that L(X") is a double cover of L(X). The double cover for a graph X is
not unique (see Example 1.1). Many researchers used covering of graphs in
the construction of Ramanujan graphs (see [11]) and in the construction of
pairs of cospectral but not isomorphic graphs. Additional information on
covering of graphs can be found in [5, 14].
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Example 1.1. In this example, we demonstrate the two non-isomorphic
double covers of K.
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FIGURE 1

Let X = (V,E) be a graph with |V(X)| =n, |E(X)| = m. We orient the
edges arbitrarily and label them as eq,eo,..., e, and also e, ; = e;l, 1<
1 < m, where e;l denotes the edge e; with the direction reversed. Then the
edge adjacency matriz of X, denoted by M (X)) or simply M, is defined as

M = 1 ift(e;) =s(ej) and s(e;) #t(ej),
“ 10 otherwise.

where s(e;) and t(e;) denote the starting and terminal vertex of e; respec-
tively.

Example 1.2. The process of computation of matriz M (Cs) is given below.

X M
e1 ey e3 eIl 651 651
e1r |0 1 010 0 0
A e2 |0 0 110 0 0
es |1 0 0|0 0 0
eit10 0 oo o0 1
ex'|0 0 0|1 o0 0
es'10 0 0o 1 0

It is interesting to see that M +M7”, where AT denotes the transpose of A,
is a symmetric matrix with entries 0 or 1. We call M + M7T symmetric edge
adjacency matriz of X, and the graph whose adjacency matrix is M + M7T
is called symmetric edge graph of X, denoted by v(X). We define v*(X) =
y(v*1(X)), where k € N with 4°(X) = X. Later, we will see that v(X) is
also a double cover of L(X). In Figure 2, for a graph X we have given its
line graph and the three non-isomorphic double covers of L(X).



ON THE DOUBLE COVERS OF A LINE GRAPH 21

b b

(a) X

()
L(X") L(X)”

FIGURE 2

In the literature, a lot of work has been done on the properties of L(X)
in relation to X (see Chapter 8 of [6]). In Section 2, we study various
properties of v(X') with respect to X. We provide a decomposition of (X)
in terms of crown graphs. With these three double covers of L(X) in hand
which are L(X)"”,L(X") and v(X), we will study the relation amongst
them in Section 3. In Theorem 3.3, we characterize all graphs X so that
Y(X) = L(X"),v(X) = L(X)"” and L(X)" = L(X"). In the rest of this
section, we will discuss why the matrix M is important for the Ihara zeta
function of a graph, the properties of the matrix M, and the symmetric edge

graphs.
A path P = ejeq---e, where e; is an oriented edge, is said to backtrack if
€ryl = e,;l for some k€ {1,2,3,...,t -1}, i.e. it crosses the same edge twice

in a row. A path P is said to have a tail if ¢; = e7', i.e. the last edge of P is
the reverse of the first edge. A closed path C = ejes---e; is said to be prime
or primitive if it has no backtrack or tail and C # D/ for some closed path
D and f > 1. The Ihara zeta function of a graph X is defined to be

u) = 1 -4 -
Cx (u) [I;I]( )

where the product is over the primes [C] of X and ¢(C) is the length of
cycle C. The fundamental group m(X,v) of a connected graph X is the
free group consisting of all closed walks starting and ending at the vertex
v together with the operation which concatenates walks. The rank r of the
7m1(X,v) is the number of elements in a minimal generating set of m (X, v)
which is also the number of edges left out of a spanning tree of X. The
computation of Thara zeta function using the definition is difficult except for
the cycle graph. The following two results by Bass [2] and Hashimoto [7]
simplified the evaluation of the IThara zeta function for graphs that have a
minimal degree of at least 2.

Theorem 1.3. [7] Let A(X) or A be the adjacency matriz of X and Q(X)
or Q be the diagonal matriz with j*" diagonal entry qj such that q; +1 is the
degree of the ™ vertex of X. Suppose that r is the rank of the fundamental
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group of X; r—1=|E|-|V|. Then
(1.1)

Cx(u)™ = (1 -u?) " det(I - Au+ Qu?).

The main purpose of introducing the matrix M can be seen in the follow-

ing result.

Theorem 1.4. [2] Let M be the edge adjacency matriz of a graph X. Then
Cx(u)™t = det(I - Mu).

Now we will state a few properties of matrix M. Many of these have been
discussed in the thesis of Horton [8] and one can also find them in the book

by Terras [14].

(1.2)

[243]

where A, B, C,D are m x m matrices with the following properties:

(1) B=BT, C=CT.

(2) D=AT.

(3) The diagonals of A,B,C and
D are zeros.

0 L,

(4) If J = L, 0
denotes the identity matrix of
order m then MT = JMJ.

(5) The i*" row sum of M is equal
to dy(e;) — 1, where d, denotes
the degree of vertex v.

(6) The sum of the blocks of M,
A+B+C+D is the adjacency

, where I,

matrix of L(X). Here one
can note that the Hadamard
product of any two matrices
from {A,B,C,D} is the zero
matrix.

Let M be the edge adja-
cency matrix of the graph X.
Then Tr(M*) = Ny, where
Ny, is the number of cycles of
length k& without backtracks
and tails.

Now we provide two examples of v(X), from where one can note that
v does not preserve connectivity and K3 is a tree but v(K;3) is a cycle
graph. After that, we shall state Theorem 1.6, which is essential for further

discussion.

Example 1.5.

(1) If X = Cy, then v(X) = 2C,, and v*(X) = 2FC,,.

(2) If X = K13, then v(X) = Cs and ’yk(X) = 2k-1¢.

Theorem 1.6. [4] Let

AI
n-[a

Bl
7]

be a symmetric 2 x 2 block matriz, where A" and B’ are square matrices of
same order. Then the spectrum of H is the union of the spectra of A’ + B’
and A’ - B'.
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A =T =1

ey ez ez | e €y es
e1 |0 1 110 0 0
/\ /\ eo |1 0 110 0 0
es |1 1 010 0 0
et |0 0 0o 1 1
ext0 0 0|1 0 1
es'0 0 01 1 0

FIGURE 3. C3,7(C5) and A(~v(C3)).

FIGURE 4. K173,’Y(K173) and A(’Y(KLg))
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From Equation 1.2, we have

(1.3) M+MT:[A+DB+C].

B+C|A+D

From Property 6 of M, we see that the row sum of Equation 1.3 is equal
to A(L(X)), note that (X)) is the double cover of L(X). By Theorem
1.6, we can see that the spectrum of A(L(X)) is contained in the spectrum
of A(7(X)). The following are a few immediate observations of the graph
Y(X).
(1) The number of vertices of v(X) is twice the number of edges of X.
(2) We have,

Tr (M +M7")?) =2|E(y(X))| = 2¢" Me,
where e denotes the column vector with all entries one and J(M +
MTY=(M+MT)J.
(3) Note that

VXl
(1.4) [E(y(X)] = 2lE(L(X))] = ; di —2|B(X)|.

(4) Tt is easy to see that if X is Eulerian, then (X)) is Eulerian provided
~v(X) is connected which follows from the fact that if X is Eulerian
then L(X) is Eulerian (see Harary [6]). But if v(X) is Eulerian,
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then X need not be Eulerian which is clear from Part 2 of Example
1.5.

(5) It is well known that if X is regular, then L(X) is regular. This shows
that the map v maps regular graphs to regular graphs. Conversely,
if 7(X) is regular, then X is either a regular graph or a semi-regular
bipartite graph. It can be seen from Lemma 6.2 in [13].

For further information on the matrix M and the Ihara zeta function,
one can refer to [14]. For other results and proofs related to graph theory,
we refer to [6, 12]. We recall once again that L(X) and X" denote the line
graph and Kronecker double cover of X, respectively.

2. PROPERTIES OF 7(X)

We begin this section by stating the famous Whitney theorem and then
we present the analogous result for the v function.

Theorem 2.1. [15] Let X and Y be connected graphs with isomorphic line
graphs. Then X and Y are isomorphic, unless one is K3 and the other is
Ki3.

Theorem 2.2. Let X andY be connected graphs. Then v(X) is isomorphic
to v(Y) if and only if X is isomorphic to Y.

Proof. Suppose that (X)) is isomorphic to v(Y"), then by Property 6 of M
we note that L(X) is isomorphic to L(Y'). By Theorem 2.1 and Part 2 of
Example 1.5, the result follows. ([

Next, we prove that ~ is additive with respect to the disjoint union.

Lemma 2.3. Let X be a graph with connected components X1, Xa,..., Xg
i.e., X =X1UX2L:J...UXk. Then

’y(Xl L‘JX2 U...uy Xk) = V(Xl) G] V(XQ) ... U")/(Xk)
Proof. We give the proof for k£ = 2 and the general case follows by induction

on k. Let X7, X5 be graphs with my, mo edges, respectively. Then A(y(Xiu
Xs9)) and A(y(X71)uy(X2)) have the following block structures, respectively.

A 0 B 0

0 A 0 B
A(W(XltJXQ)): B 02 Ay 02

0 By 0 A

A By 0 0

A(W(Xl)UV(Xﬂ):(A(FY(()XI)) A(’y(OX2)))= Eél %1 ;1)2 122

0 0 By A
It is easy to see that
PTA( (X1 v Xp))P = A(v(X1) uy(X)),



ON THE DOUBLE COVERS OF A LINE GRAPH 25

I.,, 0 0 0
0 0 In,
0 Lp O
0 0 0 Iy,

01. . .
where P = 0 |52 permutation matrix. U

We will see a few examples to observe the pattern of graphs under the ~
function. For more examples, one can refer the Table 2.

Example 2.4. (1) If X = P, then y""1(X) is a null graph. Table 1
shows the effect of repeated application of the v function on the path
graph.

X 7(X) 7(X) P (X)

o—0—_0—~—Db| o0——0—~—b o—HO—~0V|o—0O 0—-0Hb o—0O O00—~HO|O0 0O O 0 o o o o

TABLE 1

(2) If X = Ky p, then v(X) is a crown graph on the 2n vertices. In par-
ticular, if X = K 4 then v(X) is a cube. Recall that a crown graph
on 2n vertices is a graph with two sets of vertices {v1,va,...,v,} and
{v1,v5,..., 05}, with an edge from v; to v; whenever i # j.

(3) If X = Ky 3, then v(X) is a 6-prism graph.

NI

FIGURE 5. K273 and ’y(Kg’g).

The following results provide how the v function preserves connectedness
and bipartiteness. Unless specified otherwise, we assume that

sovon-[4:2{2:5]

and A0=A+D,30=B+C.

Proposition 2.5. (1) Let X be a connected graph. Then v(X) is con-
nected if and only if X is not a cycle graph or a path graph. More-
over, v(X) cannot be a cycle graph unless X = K 3.

(2) Let v(X) be a connected graph, then v(X) has a cut edge if and
only if X contains a pendant verter which is adjacent to a verter of
degree two.

(3) Let X be a connected graph. Then X is bipartite if and only if v(X)
1s bipartite.
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Proof. Proof of Part 1. Let us suppose that v(X) is not a connected graph.
Then B +C =0 and hence B,C = 0. Thus we conclude that the degree of
each vertex in X is at most 2. Since X is a connected graph, X is either a
cycle graph or a path graph. From part 1 of Example 1.5 and 2.4 one can
see that the converse also holds.

For the second part of the Proposition, let v(X) be a cycle graph on 2k
(k # 3) vertices. From the structure of the adjacency matrix of a cycle graph,
we see that when we add the four blocks of A(Cyy), we obtain 2A(Cj). On
adding all the blocks of A(v(X)), we get 2A(L(X)). We deduce that L(X)
is a cycle graph on k vertices. However, we know from [6] that a connected
graph is isomorphic to its line graph if and only if it is a cycle graph. This
implies that X is a cycle graph on k vertices, which is a contradiction to
Part 1 of Example 1.5. If X = K3, then from Part 2 of Example 1.5 we
have already seen that v(X) is Cs.

Proof of Part 2. Let v(X) have a cut edge and no pendant vertex. From
the structure of A(v(X)), it can be observed that v(X) has two copies of a
graph each of whose adjacency matrix is Ag. Since (X)) is connected, the
edges corresponding to the matrix By connects the two copies of the graph
given by Ag. As By is symmetric, no edge given by the matrix By can be a
cut edge. Also, note that no edge in the two copies given by Ap in A(y(X))
can be a cut edge. Therefore v(X) has a pendant vertex which implies that
X has a pendant vertex that is adjacent to a vertex of degree 2. The converse
is easy to see as well.

Proof of Part 3. Suppose that X is bipartite with vertex partitions

{vi,v2,..., v} and {v],v),...,v;}. Choose an orientation in such a way
that e}s are the directed edges from v; to v} for all 1 <i<n,1<j<k. Then
observe that
0B
which implies
0 | B

T _ 0
(2.1) M+ M _[Bo 0 ]
Therefore, v(X) is bipartite. The converse is easy to see. ]

From the proof of Part 3 of Proposition 2.5, one can see that if X is
bipartite, the spectrum of «(X') is given by the union of spectra of A(L(X))
and —A(L(X)). It is possible to know the number of triangles in v*(X), once
we know the number of triangles in X from the following result.

Proposition 2.6. Let t; be the number of triangles in Y U(X), wherei>1.
Then t; = 207 1¢;.
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Proof. We shall prove the result by induction on ¢. We begin by proving for
1=2. It is easy to see that

6ty = Tr((M + M7TY3) = 2Tr(M3) + 3Tr(M>*MT) + 3Tr(M(MT)?).

We now claim that Tr(M2M7T) = Tr(M(M7T)?) = 0. Since M is a nonneg-
ative matrix, Tr(M2M7T) = 0 if and only if (M2M7T); = 0 for all i. We
have

9 T 2m 9 T 2m 2m
(M2M" )i = Y (M=) (M Yy = D Y Mg M M.
P j1j=1

If each of M;;, Mj;, and M), are nonzero, then e = e;l. Consequently, X
has multiple edges, which is a contradiction. Similarly, one can show that
(M(M*)T)s; = 0. Thus, 3ty = Tr(M?). From Property 7 of M, we have
another identity to = % Hence, the result follows from the fact that t; = %,
as each vertex of a triangle can be an initial vertex and two directions.

Assume that the result is true for all ¢ < k— 1. Clearly, t; = 2t;_1. By the
induction hypothesis, the proof is complete. [l

Next, we will present a characterization of symmetric edge graphs anal-
ogous to that of line graphs, as given by Krausz in [10]. By the star graph
at the verter u in a graph X, denoted by St(u), we mean a subgraph of
X with V(St(u)) = {w | w is adjacent to u} U {u} and E(St(u)) = {e |
w is incident with e}. The approach used in the proof of Theorem 2.8 is
motivated by the proof of Theorem 8.4 in [6].

Theorem 2.7. [10] A graph is a line graph if and only if its edges can be
partitioned into complete subgraphs with the property that no vertex lies in
more than two of the subgraphs.

Theorem 2.8. A graph is a symmetric edge graph if and only if its edges
can be partitioned into crown subgraphs in such a way that each vertex lies
in at most two of the subgraphs.

Proof. Let Y be the symmetric edge graph of X. Without loss of generality,
X is connected. Let v be any vertex of X, then by Part 2 of Example 2.4 we
see that St(v) induces a crown subgraph of Y. The edges of Y are exactly
in one of the subgraphs. For any e € F(X), there exists exactly two vertices
a,b e V(X) such that e € St(a) n St(b), which shows that no vertex of Y is
in more than two of the subgraphs.

Let Hy, Hs,...,H, be the partition of the graph Y satisfying the hy-
pothesis. We explain the construction of X from Y, where Y = v(X). Let
H ={Hy,H,,...,H,}, U be the set of vertices of Y which lies in only one
of the partitions H;. Also, note that e; € U if and only if ei‘l eU Let Uy cU
such that U; contains half of the elements of U and either e; or ei_l e U.
The vertices of X are given by H uU;. Two vertices of X are adjacent if
they have a nonempty intersection. O
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Corollary 2.9. Let X be a connected graph. Then v(X) is unicyclic if and
only if X is a tree with A(X) = 3, where A(X) denotes the mazximum degree
of X and there is exactly one vertex of degree three.

Proof. Suppose that (X)) is unicyclic, which implies that X does not con-
tain a cycle. By Theorem 2.8, it is clear that there does not exist a vertex
in X with a degree greater than or equal to 4. If there exists more than
one vertex of degree 3, then we get a contradiction to the hypothesis. The
converse is easy to follow by Theorem 2.8. U

3. DOUBLE COVERS OF LINE GRAPH

Let X be a connected graph with n vertices and m edges. Let {v1,vo,...,
vn} be the vertex set of X. Let V(X") = {v],v),..., v, U{v),1,0).0,»
vh,. } be bipartition of X" and E(X"") be given by

{€1,€9,. .. Cm,ems1 = €] emsa = €5, ... eam = €71},
We define amap ¢ : V(X") » V(X) such that ¢(v]) and ¢(v),,,;) are mapped

n+i
to v; for all 1 <i <n. We label the edges of X" such that ey is an edge from

vf to vy, (i #j) if and only if epy is an edge from v} to vy, (i # j). We
illustrate this labelling in Example 3.1. Recall that the adjacency matrix of
a bipartite graph can be written as

0 B
BT o]

where B is called the bi-adjacency matriz.

Example 3.1. In this example, we illustrate the labelling of X", where X
is given in Figure 2. We label the edges of X" in the following manner:

(1,7 8,) = €1, (117 91) = €2, (1,7 11,) = €3, (2,7 9,) = €4, (217 10,) = €5, (317 12,) = €6,
(2,7 7,) = 6117 (3,’ 7,) = 6517 (5,’ 7,) = e?:lv (3,3 8,) = 6411a (4,7 8,) = egl?

(6',9") = eg".
. v 78 9 10 117 12
2’ 8’ o 1 1 0 1 0
o o 201 0 1 1 0 0
311 1 0 0 0 1
4 10’ 40 1 0 0 0 0
5 11 501 0 0 0 0 0
6o 0 1 0 0 0
! A
0 12 (B) Biadjacency matrix of X"
(A) Xll

FIGURE 6
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The rows and columns of A(L(X")) are indexed by E(X"). It is easy to
see that A(L(X")) has the following structure

P Q
QTRv

where P, Q, R are m x m matrices with the following properties:

(1) P =R. Since P;; = 1 implies that e; is adjacent to e;, the labelling
defined above shows that e,,; is adjacent to ey, ;.

(2) Q= QT. Since Q;; = 1 implies e; is adjacent to ey,;, the labelling
defined above shows that e; is adjacent to e,4;.

(3) P+Q=A(L(X)). Note that if P;; = 1 then Q;; = 0 and vice-versa. If
(P+ Q)ij =P;; + Q;j = 1, then from the definition of covering graph
we have A(L(X));; = 1.

We obtain L(X") is a double cover of L(X). Also, from the point 3 men-
tioned above and Theorem 1.6 we see that the spectrum of A(L(X)) is
contained in the spectrum of A(L(X")). To proceed with the proof of The-
orem 3.3, we need to define claw free graphs. Recall that a claw is another
name for the complete bipartite graph K 3. In contrast, a claw-free graph
is a graph in which no induced subgraph is a claw. It was proved by Beineke
in [3] that the line graph of any graph is claw-free.

Proposition 3.2. Let X be a connected graph. Then

(1) L(X") is disconnected if and only if X is bipartite.
(2) 2t =tg +t3, where t',ty,ts denotes the number of triangles in L(X),
v(X) and L(X"), respectively.

Proof. Proof of Part 1. The proof follows easily from the result proved in [9],
which demonstrates that a Kronecker double cover of a graph X is connected
if and only if X is connected and non-bipartite.

Proof of Part 2. We know from the definition of a line graph that

d;
t’:t1+zi:(3).

From Proposition 2.6, we know that 2¢; = t5. Since X"’ is bipartite, we have
ts =2, (4). Hence 2t/ = t5 + t3. O

We are now interested to see the relationship among v(X), L(X") and
L(X)" for a connected graph X. We begin with an example.

>~ D

FIGURE 7. X,L(X),L(X)" and v(L(X)) (left to right).
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From Figure 7, we see that v(X) = L(X)"” and v(L(X)) = L(L(X)"),
but it is not true in general, one can check with X = (3. In the next theorem
we characterize all those graphs which satisfy this property.

X X7 ~(X) = L(X")

Kmnn

TABLE 3

Theorem 3.3. Let X be a connected graph. Then
(1) v(X) is isomorphic to L(X)" if and only if X is bipartite.
(2) v(X) is isomorphic to L(X") if and only if one of the following is
true:
e X is a path graph.
e X is a cycle graph on even vertices.
o X = Ky,Ky—{e} or a triangle with a pendant vertex.
(3) L(X") is isomorphic to L(X)" if and only if X is either a cycle
graph or a path graph.

Proof. Proof of Part 1. If X is bipartite, then by Part 3 of Proposition 2.5,
v(X) is bipartite which shows that

0 A(L(X))
A(L(X)) 0 '

Proof of Part 2. In order to prove this, we first prove that v(X) is a line
graph of some graph if and only if |V(X)| <4 or X is either a cycle graph
or a path graph.

Suppose that v(X) is a line graph of some graph. Clearly A(X) < 3,
since if any vertex v in X has a degree greater than or equal to 4, then by
Theorem 2.8, v induces a crown graph on at least 8 vertices. Hence, v(X)
cannot be a claw-free graph.

Case 1: If A(X) <2, then X is either a cycle graph or a path graph.
From Part 1 of Example 1.5 and 2.4, it is clear that 7(X) is a line
graph of 2X.

Case 2: Let A(X) =3 and |V (X)|>4. Let v be a vertex of degree
3 and vertices adjacent to v be z,y, z. Since |V (X)| > 4, if we add a
pendant edge on any of the vertices x,y, z, then the graph «(X) is
not a claw-free graph, which is clear from Figure 7.

A(v(X)) = A(L(X)") =
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Conversely, if X = C,, (or P,), then v(X) is a line graph of two copies of
Cy, (or P). If X = K, 3, then by Part 2 of Example 1.5 v(X) is Cs which is
a line graph of Cs. 7(X) for other non-isomorphic graphs with [V (X)| = 4
are described in Table 3 and Figure 7.

Suppose that v(X) = L(X"). Then by the above statement, it can be
noted that [V(X)| <4 or X = C, or P,. If X = C), and n is odd, then
L(X") = Capy #2C, =v(X). If X = Cy(nis even) or P,, then L(X") = v(X).
For X = K4 or K4—{e} or a triangle with a pendant vertex, we can see from
Table 3 and Figure 7 that v(X) = L(X"). If X = K, 3 it can be seen that
L(X") #v(X). The converse part of the same is easy to follow.

Proof of Part 3. Assume that L(X)"” = L(X"). From here it is clear that
the degree of each vertex of X is less than or equal to two. Hence, X is
either a cycle graph or a path graph. Conversely, if X = C} and k is odd
then X" = Oy, L(X") = L(X)"” = Cox. If X = Ci(k is even) or P then
X" =2X, the result follows. O

We conclude from Theorem 3.3 that if X (not isomorphic to Ky, K4—e, Cy,
or a triangle with a pendant vertex) is non-bipartite then v(X), L(X)"” and
L(X") are three non-isomorphic double covers of L(X). We have already
seen that for a graph X, the spectrum of A(L(X)) is contained in the
spectrum of A(y(X)) and A(L(X")). An immediate question arises about
the remaining eigenvalues that is the eigenvalues given by Ag— By and P-Q.
If X is bipartite, then Ay — By = —A(L(X)) and P-Q = A(L(X)). If X is
non-bipartite we have Theorem 3.5. We shall discuss an example for further
clarity.

Example 3.4. Let X be the graph given in Figure 2. For a graph X" we
will continue to use the labelling defined in Fxample 3.1. The adjacency
matriz corresponding to L(X'") is equal to

0 1 1 0 0 0] 0 0 0 1 1 0]
101100 0000O0 1
P Q [t 10000 looo0oo0oo0o0
[QP]’“’hemp‘o10010“”‘“@‘100001'
00010 0 100000
0 000 0 0 0 1 01 0 0
It is easy to see that P+ Q= A(L(X)) and
0 1 1 -1 -1 07
1 01 1 0 -1
1 1.0 0 0 0
P-Q={1 1 0 0 1 21
1 0 0 1 0 0
(0 -1 0 -1 0 0]
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Now, we use the upper diagonal entries of matric P—Q to assign an orienta-
tion to the graph X such that Ag— Bo = —(P - Q). For example: (P-Q)14 =
—-1. From Example 3.1, we see that e is an edge between 1" and 2’ + €',
and ey is an edge between 2" and 3’ +6'. Hence in X, we put e; from 1 to
2 and e4 from 2 to 3. Similarly, we repeat the same process for all of the
remaining upper diagonal entries in P—Q and obtained the oriented graph
given in Figure 8. It is easy to check that for the graph in Figure 8, we have
AO + Bo = A(L(X)) and AO - Bo = —(P— Q)

-1 _ e -1
€6 ! 4 €s

FIGURE 8

Now using the idea of Example 3.4, we prove that Ay — By = —(P - Q).
Theorem 3.5. Let X be a connected graph. Then Ay — By =—-(P-Q).

Proof. If X is bipartite, then we are done. Suppose that X is non-bipartite.
It is clear that Ay — By and P — Q have zero entries at the same positions.
Suppose that (P - Q);; = —1. This implies that edge e; is adjacent to ep.;
in X”. Let e; be an edge between vertices v, and v;,,,, and en.; be an
edge between vertices v/ and v],.. In graph X, we label the edge from
vertex v to v, as e; and the edge from v, to v. as e;j. This shows that

(Ao - Bo)ij = 1. O

Recall that two graphs of the same order are called equienergetic (resp.,
cospectral) if they have the same energy (resp., spectrum). In [1] Balakrish-
nan showed that for any integer k > 3, there exist two equienergetic graphs of
order 4k that are not cospectral. Let X be a graph on m edges where m > 5.
Then from Theorem 3.5, we see that v(X) and L(X") are equienergetic
graphs of order 2m that are not cospectral. We exclude the graphs given
in Part 2 of Theorem 3.3. Using Theorem 3.5, we will provide a relation
between the zeta function of v(X) and L(X") in Corollary 3.6. Conse-
quently, we obtain that the zeta function of L(X) divides the zeta function
of v(X),L(X") and L(X)"”. The Kronecker product of matrices A = [a;]
and B is defined to be the partitioned matrix [a;; B] and is denoted by A® B.
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Corollary 3.6. Let X be a connected graph with m edges. Then
Gy (@) = Cixy (w)g(u),
(Gl () = GGl (wg(-u),
Coiyr () = Gt ()00 (),
where g(u) = (1 — u?)IEECN=VEED det(T,, - (Ag - Bo)u + Q(L(X))u?).

Proof. Let
_|Im Iy
pefie ]

e A

where Ag + By = Cy and Dy = Ag — By and PQ(v(X))P ! = Q(L(X)) ® L.
Let s = |E(v(X))|- |V (y(X))|- From Equation 1.1 we have,

Gy () =(1 =12 det (o — A((X))u + Q(1(X))u?)
(1= 12 det(P(Tm ~ A(v(X))u+ Q(y(X))u2) P™)
(1 - w?)*det(Izm — PA(Y(X)) P u+ Q(v(X))u?)
(1 -u?)*det (I, - Cou+ Q(L(X))u?)
-det (I, - Dou+ Q(L(X))u?)
= Crixy (w)g(u).
Similarly, we can see that
CE%X”)(U) :CZ%X)(U)(l _ u2)\E(L(X))I—|V(L(X))I
~det(Ln, — (P - Q)u+ Q(L(X))u?).
By Theorem 3.5, we obtain g%X,,)(u) = CE%X)(u)g(—u). As

Then

0 A(L(X))

A(L(X)”) = A(L(X)) 0 )

we use the above technique which provides Ci%X),,(u) = {i%X)(u)CZ%X)(—u).
This completes the proof.

From the above corollary, we conclude that if X is bipartite, then C;(lX) (u)
- CZ%X)(U)CH)()(_“) and Ci%x,,)(u) = (Ci%x)(u))Q

REFERENCES

1. R Balakrishnan, The energy of a graph, Linear Algebra and its Applications 387
(2004), 287-295.

2. Hyman Bass, The ihara-selberg zeta function of a tree lattice, International Journal of
Mathematics 3 (1992), no. 06, 717-797.



10.

11.

12.

13.

14.

15.

ON THE DOUBLE COVERS OF A LINE GRAPH 35

Lowell W Beineke, Characterizations of derived graphs, Journal of Combinatorial the-
ory 9 (1970), no. 2, 129-135.

Philip J Davis, Circulant matrices, American Mathematical Soc., 2013.

Jonathan L Gross and Thomas W Tucker, Generating all graph coverings by permu-
tation voltage assignments, Discrete Mathematics 18 (1977), no. 3, 273-283.

F. Harary, Graph theory, Addison-Wesley, 1969.

Ki-ichiro Hashimoto, Zeta functions of finite graphs and representations of p-adic
groups, Automorphic forms and geometry of arithmetic varieties, Adv. Stud. Pure
Math., vol. 15, Academic Press, Boston, MA, 1989, pp. 211-280.

Matthew D Horton, Ihara zeta functions of irregular graphs, Ph.D. thesis, UC San
Diego, 2006.

W Imrich, S. klavZar, product graphs, 2000.

Jézsef Krausz, Démonstration nouvelle d’une théoreme de whitney sur les réseaur,
Mat. Fiz. Lapok 50 (1943), no. 1, 75-85.

Marvin Minei and Howard Skogman, Ramanujan graphs arising as weighted galois
covering graphs, Electronic Journal of Graph Theory and Applications 6 (2018), no. 1,
237869.

N.L.Biggs, Algebraic graph theory, vol. 67, Cambridge university press, 1993.

DK Ray-Chaudhuri, Characterization of line graphs, Journal of Combinatorial Theory
3 (1967), no. 3, 201-214.

Audrey Terras, Zeta functions of graphs: a stroll through the garden, vol. 128, Cam-
bridge University Press, 2010.

Hassler Whitney, Congruent graphs and the connectivity of graphs, Hassler Whitney
Collected Papers, Springer, 1992, pp. 61-79.

DEPARTMENT OF MATHEMATICS, SHIV NADAR INSTITUTION OF EMINENCE, DADRI, U.P

201314, INDIA
E-mail address: sc739@snu.edu.in

DEPARTMENT OF MATHEMATICS, SHIV NADAR INSTITUTION OF EMINENCE, DADRI, U.P

201314, INDIA
E-mail address: satya.a@snu.edu.in



	1. Introduction
	2. Properties of (X)
	3. Double covers of line graph
	References

