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ON THE PERMANENT OF AN EVEN-DIMENSIONAL
NONNEGATIVE POLYSTOCHASTIC TENSOR OF ORDER
n

MALIHE NOBAKHT-KOOSHKGHAZI AND HAMIDREZA AFSHIN

ABSTRACT. In this paper, we present an algorithm that allows us to
compute the permanent of a tensor by using Laplace expansion. We
prove that the permanent of a 4-dimensional polystochastic (0, 1)-tensor
of order n constructed using a special n x (n — 1) row-Latin rectangle R
with no transversals is positive. Also, we show that the permanent of
an even-dimensional polystochastic (0, 1)-tensor of order n constructed
using the row-Latin rectangle R is positive. The result obtained here
proves that each odd-dimensional Latin hypercube of order 4 has a
transversal (Wanless’ conjecture for odd-dimensional Latin hypercubes
of order 4). We prove that the number of perfect matchings of the
bipartite hypergraph associated to an even-dimensional polystochastic
(0, 1)-tensor of order 4 is positive. Furthermore, we extend some results
concerning polystochastic (0, 1)-tensors to nonnegative polystochastic
tensors. Moreover, we prove that the permanent of a 4-dimensional
nonnegative polystochastic tensor of order n constructed using the row-
Latin rectangle R is positive. More generally, we show that the perma-
nent of an even-dimensional nonnegative polystochastic tensor of order
n constructed using the row-Latin rectangle R is positive. The result
obtained here proves that the permanent of an even-dimensional non-
negative polystochastic tensor of order 4 is positive.

1. INTRODUCTION

A d-dimensional tensor of order ny X --- X ng, A = (aiy...ig)nix-xny 1S
a multi-array of entries a;,. ;, € F, where i; = 1,...,n; for j = 1,....,d
and F is a field. In this paper, we only consider real tensors, that is, those
tensors for which F = R. When n; = ne = --- = ng = n, we say that A is

a square d-dimensional tensor of order n. A tensor A is called nonnegative
if all its entries are at least zero. We refer the interested reader to [11] for
more information on the theory of tensors.
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Some properties of permanents were extended from matrices to tensors by
Dow and Gibson [4]. Many difficult problems in other fields can be stated
equivalently as those which ask for the permanents of certain associated
tensors. Recently, Taranenko studied the applications of the permanents of
tensors to combinatorial designs, the number of Steiner systems, transversals
in Latin hypercubes, 1-factors of hypergraphs, and MDS codes [13]. Some
other applications of the permanents can be found in [1], [8] and [10]. The
problem of finding a maximum size matching in a general hypergraph is
NP-hard. Also, the problem of finding a perfect matching in a 3-partite
hypergraph is one of Karp’s 21 NP-complete problems [6]. Although the
permanent of a tensor is important in other fields, its calculation lies in the
list of N P-hard problems [13]. To the best of our knowledge, no algorithm
exists for the computation of the permanent of a tensor. For this reason, we
propose an algorithm that allows us to compute the permanent of a tensor.
This algorithm helps us to avoid manual computation.

This paper is organized as follows. In Section 2, we review some basic
definitions together with the known properties of the permanent of a ten-
sor. Also, we present an algorithm that simplifies the calculation of the
permanent, and provide some numerical examples for it. In Section 3, we
first review the main definitions, and then examine the relation between the
number of transversals of a d-dimensional Latin hypercube of order n and
its corresponding d + 1-dimensional polystochastic (0, 1)-tensor of order n.
Next, we prove that the permanent of a 4-dimensional polystochastic (0, 1)-
tensor of order n constructed using a special n x (n — 1) row-Latin rectangle
R with no transversals is positive. Also, we show that the permanent of an
even-dimensional polystochastic (0, 1)-tensor of order n constructed using
the row-Latin rectangle R is positive. The result obtained here proves that
each odd-dimensional Latin hypercube of order 4 has a transversal (Wanless’
conjecture for odd-dimensional Latin hypercubes of order 4).

In Section 4, we apply our main result to the theory of hypergraphs; we
prove that the number of perfect matchings of the bipartite hypergraph as-
sociated to an even-dimensional polystochastic (0, 1)-tensor of order 4 is pos-
itive. In Section 5, we use a different technique to extend some results con-
cerning polystochastic (0, 1)-tensors to nonnegative polystochastic tensors.
We prove that the permanent of a 4-dimensional nonnegative polystochastic
tensor of order n constructed using the row-Latin rectangle R is positive.
More generally, we show that the permanent of an even-dimensional non-
negative polystochastic tensor of order n constructed using the row-Latin
rectangle R is positive. It is worth mentioning that if we use an n x (n —1)
row-Latin rectangle with no transversals that is not isotopic to the spe-
cial row-Latin rectangle R, then we can study these theorems similarly; we
present a technique for doing so. The result obtained here proves that the
permanent of an even-dimensional nonnegative polystochastic tensor of or-
der 4 is positive. We conclude the paper with a brief conclusion in Section
6.
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2. AN ALGORITHM FOR COMPUTING THE PERMANENT OF A TENSOR

In this section, the permanent of a tensor and some of its properties are
discussed. Specifically, we present an algorithm that allows us to compute
the permanent of a tensor, and we use the algorithm to solve several numer-
ical examples.

Definition 2.1 ([14]). Let A be a square d-dimensional tensor of order n.
Given k € {0,1,...,d}, a k-dimensional plane in A is a subtensor obtained
by fixing d — k indices and letting the other k indices vary from 1 ton. A
1-dimensional plane is said to be a line, and a (d — 1)-dimensional plane is
a hyperplane.

Definition 2.2 ([4]). Let A be a d-dimensional tensor of order ny X -+ Xng.
The following sequence is called a diagonal of A.

(A105(1)...00(1) A205(2)...00(2)s + + s Oy aa(n1)..oq(nr));
where oy, is one-to-one function from {1,...,n1} to {1,...,nx} for k =
2,....d.

Definition 2.3 ([4]). Let A be a d-dimensional tensor of order ny X ---Xng.
The permanent of A is defined by

ni
(21) per(ﬂ.) = ZHaiag(i)...od(i)v

o 1=1
where the summation runs over all one-to-one functions oy, from {1,...,n1}
to{1l,...,nx} and k =2,...,d, with per(A) =0 if ny > ny for some k.

Definition 2.4. For a tensor A = (@i, ..i;)nix--xny, the hyperplanes ob-
tained by firing ix, 1 < k < d, are said to be hyperplanes of type k [4].

Example 2.5. If A = (ai,iyis)2x2x2, then
per(A) = aji1a22 + a121a212 + az11a122 + a21a112.

The following property is similar to the Laplace expansion of the perma-
nent of a matrix [9].

Property 2.6 ([13]). If A is a d-dimensional tensor of order n, then
per(A) = > av,.iper(A(llig] ... lia)),

i2,eig=1

where A(1|ia] ... |iq) is a d-dimensional tensor of order n — 1, which is o0b-
tained from A by removing hyperplanes iy of type k for k =1,1s,...,14.

Property 2.6 is important and practical for the computation of the per-
manent of a tensor. As is known, the problem of computing the permanent
of a tensor lies in the list of N P-complete problems [13]. In what follows,
we use Property 2.6 to propose an algorithm for computing the permanent
of a 4-dimensional tensor of order ny X ng X n3 x nyg 7, 2|.
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Algorithm 1: The permanent of a 4-dimensional tensor.

1 Input: Natural numbers nq,ns, n3, ny and a tensor
‘A - (ai1i2i3i4)n1 XnNg ><TL3><7L4;

2 Function p = per_tens(A,ny, ne,n3, n4);

3 if ny > n,  for some k then

a | p=0;
5 else
6 if n; =1 then
no ng Uz
7 P= 2 X X Mlisigia s
ia=1ig=1i4=1
else
9 if nq,n9,n3,n4 = n then
10 | p=per_tens_sq(A,n);
11 else
12 ‘ p = per_tens_nonsq(A, ny, na, N3, ny);
13 end
14 end
15 end

16 :
17 Function p = per_tens_sq(A, n);
18 if n =2 then

19 P = a111102222 + 112102212 + A2111G1222 + @121202121 + G1211a02122 +
@122102112 + 0221101122 + A2221G1112;

20 else

21 p=0;

22 for io =1,...,ndo

23 for iz =1,...,n do

24 forigs=1,...,ndo

25 P =P+ a1iyizi,per-tens_sq(A,2:n,[1:ia — 1,40+ 1:n],[1:

ig—lyiz+1:n],[1:ig— 144+ 1:n],n—1);

26 end

27 end

28 end

29 end

30 :

31 Function p = per_tens_nonsq(A, ni, na, n3, ng);
32 if ny = 2 then

no M3 N4 N2 N3 N4
33 P=> >, a1kl D0 D> Gomns ;
j=1lk=11=1 m=1n=1s=1
m#j k#j s#l
34 else
35 p=0;
36 for i, =1,...,ny do
37 for i3 =1,...,n3 do
38 foriy =1,...,n4 do
39 p=p+ aliziguper,tensmonsq(ﬂ, 2:nq, [1 tio — 1yio + 1
nz],[lZig—l,ig-ﬁ-l:ﬂg],[lZi4—1,i4+1Z
n4],n1 — 17’[7,2 — 1,77,3 — 1,’[14 — 1);
40 end
41 end
42 end

43 end
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This algorithm can be adapted to the case of a d-dimensional tensor by
writing d — 1 for loops. In the following examples, we present a few numer-
ical experiments that illustrate the performance of the algorithm described
above.

Example 2.7. Let A be a 4-dimensional nonnegative tensor of order 4 x
4 x 4 x 5 with positive entries

1111 = (2222 = 43333 = 44444 = Q4445 = (1234
= 2143 = 3321 = Q4415 = Q4412 = 1,
whose other entries are equal to 0. Using the algorithm above, we find that

the permanent of A is equal to 4.

Example 2.8. Let A be a tensor A = ones(ny,na,ng,nyg), where ng = 1
and ny = ng = ng = 2 in the MATLAB command. Using the algorithm, we
find that the permanent of A is equal to 8, which is the sum of the entries
of A.

Example 2.9. Let A be a tensor A = ones(ni,ng,ng,ng) in the MAT-
LAB command. We report numerical examples in the two cases nonsquare
(case I) and square (case II) in the following table.

TABLE 1. Some examples for the computation of the permanent

Case 1 Case I
ny Xng XngxXng per(A) | nxnxnxn per(A)
HbX4x5x6 0 2Xx2x2x2 8
2x3x4x5 1440 | 3 x3x3x3 216
3x3x3x4 864 4x4x4x4 13824
4x5x5x4 345600 | 5x 5 x5 x5 1728000

3. THE PERMANENT OF A (0,1)-POLYSTOCHASTIC TENSOR

In this section, we first present some definitions that will be used in the
proofs of our theorems. Next, we prove the aforementioned conjectures of
Sun and Wanless in a special case. To do so, we first prove Sun’s conjecture
in a special case (a special case of Wanless’ conjecture). Then, we prove
Wanless’ conjecture in a special case by using induction. Also, we prove
conjectures of Sun and Wanless for odd-dimensional Latin hypercubes of
order 4.

Definition 3.1 ([13]). A nonnegative tensor is polystochastic if the sum of
the entries in each of its lines is equal to 1. A 2-dimensional polystochastic
tensor is known as a doubly stochastic matrix.

Latin hypercubes generalize Latin squares to multidimensional arrays.
The number of transversals in a Latin hypercube was described in [5].
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Definition 3.2 ([13]). A d-dimensional Latin hypercube Q of order n is a
d-dimensional tensor of order n with the property that every line contains
pairwise distinct elements of the set {1,...,n}. A 2-dimensional Latin hy-
percube is called a Latin square, and a 3-dimensional Latin hypercube is
known as a Latin cube.

Definition 3.3 ([14]). A partial diagonal p of length k in a d-dimensional
tensor of order n is a set {a',...,a*} of k indices such that for any i and
j, o and o are distinct in all components. A partial diagonal p is positive
if all entries of A with indices in p are greater than 0.

Definition 3.4 ([13]). A transversal in a Latin hypercube Q is a diagonal
that all elements are distinct.

There is a one-to-one correspondence between Latin hypercubes @ =
(@iy...ig)nx--xn and polystochastic (0, 1)-tensors A = (a4;...iy,, Jnx--xn, in the
sense that ¢, ., = iqs1 if and only if a;;. 4, , = 1.

The permanent of a polystochastic (0, 1)-tensor is equal to the number
of transversals in its corresponding Latin hypercube [13]. Latin hyper-
cubes generalize Latin squares to multidimensional arrays. The number
of transversals in a Latin hypercube was described in [5].

Definition 3.5 ([14]). A k xm row-Latin rectangle R is a table with k rows
and m columns filled by m symbols in such a way that each row contains
all the m symbols. A transversal in the rectangle R is the set of min{k, m}
entries hitting each row, each column, and each symbol no more than once.

Definition 3.6 ([3]). We say that rectangles R and S are isotopic if S can
be obtained by permuting the rows, columns, and symbols of R. The triple
of permutations which achieves this is called an isotopism.

The interested reader is referred to [3] for the theory of row-Latin rect-
angles. In the following example, we present a row-Latin rectangle with no
transversals.

Example 3.7. Let R be a row-Latin rectangle of the form below. We show
that R has no transversals.

1 2 3 4 ... ... n—3 n—2 n—1
1 2 3 4 ... ... n—3 n—2 n—1
1 2 3 4 ... ... n—3 n—2 n—1
n—1 1 2 3 ... ... n—4 n—3 n—2
n—1 1 2 3 ... ... n—4 n—3 n— 2.

In fact, suppose that R has a transversal T. We may assume, without loss of
generality, that T has a 1 in the first column. Then, it must have a 2 in the
second column, ..., and an n — 2 in the (n — 2)th column. But, then there is
no possible choice for the (n — 1)th column, since all the rows that contain
n — 1 have been used. Thus, R has no transversals.
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The following conjecture has been proposed by Sun [12] in 2008. It was
proved by Taranenko in the special case n = 4 [14].

Conjecture 3.8. Fvery 3-dimensional Latin hypercube of order n has a
transversal.

To prove Theorem 3.11 below, we need the following lemma.

Lemma 3.9. If A is a doubly stochastic (0,1)-matriz of order n that con-
tains a positive partial diagonal of length (n — 2), then the partial diagonal
can be extended to a positive partial diagonal of length (n — 1).

Proof. This follows from the fact that, each doubly stochastic (0, 1)-matrix
is a permutation matrix. ]

Lemma 3.9 is not valid for nonnegative matrices of order n > 5. For
instance, matrix A below has a positive diagonal of length 3, which cannot
be extended to a positive partial diagonal of length 4.

O
o0 1 o 2 1
IEERE
12 1004
31100
11100

The following conjecture is equivalent to Sun’s conjecture.

Conjecture 3.10. The permanent of a 4-dimensional polystochastic (0,1)-
tensor of order n is positive.

In what follows, we use the special row-Latin rectangle R to present an
algorithm for the study of Conjecture 3.10.

Theorem 3.11. The permanent of a 4-dimensional polystochastic (0,1)-
tensor of order n that is constructed using the special n x (n — 1) row-Latin
rectangle R, mentioned in Example 3.7, is positive.

Proof. We show that a 4-dimensional polystochastic (0, 1)-tensor of order
n with permanent equal to 0 cannot be constructed by using the special
row-Latin rectangle R. To see this, we try to construct such a tensor, and
we observe that this is not indeed possible. We exert the algorithm below
step by step for the construction. (See Table 2.) This algorithm has five
steps. In step 1, we define a doubly stochastic matrix B, and we select a
positive diagonal for it. In step 2, we define the doubly stochastic matrices
B; and we select a positive diagonal for B;, where i = 0,...,n — 1, using a
row-Latin rectangle R with no transversals. In step 4, we define the doubly
stochastic matrices Cf, where k = 1,...,n — 1, and we extend a positive
partial diagonal of length n — 2 to a positive partial diagonal of length n — 1
for C, where k = 1,...,n — 1. In step 5, we consider the vertical lines
(x,n—2,k, k), where k=1,...,n—1and * =0,...,n— 1, and we set equal
to 1 the entries on these lines in order for A to remain polystochastic. In
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each step, we set equal to 1 some entries of A, since A is a (0, 1)-tensor
by our hypothesis. At the end of step 5, we observe that it is not possible
to construct a 4-dimensional polystochastic (0,1)-tensor of order n with
permanent equal to 0.

Step 1: Consider the 2-dimensional plane B of the form

B:.A(*l,*g,o,()) *1,*220,...,71—1.

Since A is a polystochastic tensor, B is a doubly stochastic matrix. There-
fore, being a doubly stochastic matrix, B has a positive diagonal [9]. With-
out loss of generality, we set the entries of A with indices (4,14,0,0) equal to
1, where 1 = 0,1,...,n — 1, and we also consider these entries as a positive
diagonal for B.

We denote these positive entries by 141 in Table 2. Notice that at the end
of this step, we check the permanent of A and observe that per(A) = 0.

Step 2: Consider the 2-dimensional plane B; of the form

B; = A(i, i, %1, %2), i=0,...,n—1, x1,%0 =0,...,n — 1.

As before, B; is a doubly stochastic matrix, and hence has a positive diago-
nal. To select a positive diagonal for B;, we consider an n x (n—1) row-Latin
rectangle R with no transversals. (Since a transversal in R gives a positive
diagonal for A, and our goal is to construct a polystochastic (0, 1)-tensor
with permanent equal to 0, we consider a row-Latin rectangle without any
transversals.) We assume that the entries of A with indices {(4,4, 57,7/ ) =
are equal to 1, and also form a positive diagonal for B; containing a;; 0,0,

where ﬁg and ’yg are determined according to the rectangle R as follows.
The entry in the (i + 1)th row and the Bgth column of R is
7!, where i = 0,...,n — 1.
In what follows, we introduce a row-Latin rectangle R, and we use it to
choose 8] and +;. To do so, we consider R in the form below.

1 2 3 4 ... ... n—3 n—2 n—1
1 2 3 4 ... ... n—3 n—2 n—1
1 2 3 4 ... ... n—3 n—2 n—1
n—1 1 2 3 ... ... n—4 n—3 n—2
n—1 1 2 3 ... ... n—4 n—3 n— 2.

We observed in Example 3.7 that R has no transversals. We consider a
positive diagonal for B;, where ¢ = 0,...,n — 1, according to the row-Latin
rectangle R and the discussion above, as follows.

For example, to choose a positive diagonal for By, we look at the first row
of R. In this row, we see that the entry located in the first column is equal
to 1 (that is, R;; = 1). Hence, we let app1; = 1. Also, in this row of R,
we see that Ry,—1 = n — 1. Therefore, we let ag0n—1,,—1 = 1. Similarly,
to select a positive diagonal for B, _1, we look at the last row of R. In this
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row, we see that the entry located in the first column is equal to n — 1 (that
is, Ry1 = n —1). Hence, we let ap—15-1,1,n—1 = 1. Also, in this row of R,
we see that R, ,—1 = n — 2. Therefore, we let ap—1n—1n-1,n—2 = 1.

Thus, we set equal to 1 the entries of A with indices

(,4,0,0), (¢,7,1,1), (4,4,2,2),..., (i,5,n — 1,n — 1),
fori=0,...,n—3, and
(4,4,0,0), (¢,7,1,n — 1), (4,4,2,1),(4,4,3,2),...,(i,i,n — 1,n — 2),

for i = n — 2,n — 1. We choose these entries as a positive diagonal for B;,
where ¢ = 0,...,n—1, and denote them by 145 in Table 2. So far, the entries
of A with the following indices are equal to 1. (We set these entries equal
to 1 in steps 1 and 2.)

(0,0,0,0) (0,0,1,1) (0,0,2,2) (0,0,n—1,n— 1),
(1117070) (1717171) (171727 2) (1717”_ 17”_ 1)7
(n—3,n—3,0,0) (n—3,n-3,1,1) (n-3n-322) ... m—-3,n—-3,n—1,n-1),
(n—=2,m—2,0,00 n—2,n—2,1,n—-1) (n—2,n—2,2,1) ... (n—2,n—2,n—1,n—2),
(n-1,n-1,0,00 (n—-1,n—-1,1,n—-1) (n—1,n—-1,2,1) ... (n—1,n—1,n—1,n-—2),

Also, we assume that for all other indices of the form
(1,3, A\, 1), 1=0,1,....n—1, M\u=1,...,n—1,

the entries of A are equal to 0. We denote these entries by 052 in Table 2.
We check the permanent of A and observe that per(A) = 0.

Step 3: We let ayn—2kkr = axpn—1kkr = 0, where x = 0,...,n — 3 and
k = 0,...,n — 1, since these entries are on the same horizontal line as
Ay skl = 1, where x = 0,...,n — 3. We denote these 0 entries by 0Og3 in
Table 2.

Step 4: Consider the 2-dimensional plane C}, of the form
Cr = A(*1, %9, k, k), k=1,...,n—1, *1,%0=0,1,...,n — 1.

As before, since A is a polystochastic tensor, C% is a doubly stochastic
matrix. We set equal to 1 the entries of A with the following indices in steps
1 and 2.

(3.1)

(0,0,k,k),(1,1,k,k),(2,2,k,k),...,(n—3,n—3,k, k), k=1,...,n—1.

The entries of A with the indices mentioned in (3.1) form a positive partial
diagonal of length n — 2 for C), where k = 1,...,n — 1. We can extend
each of these positive partial diagonals of length n — 2 to a positive partial
diagonal of length n — 1 by Lemma 3.9. Thus, we let a,_2,—1 1% = 1 for
k=1,...,n—1, and extend each of these positive partial diagonals of length
n — 2 to a positive partial diagonal of length n — 1 in the form

(0,0,k,k),(1,1,k,k),...,(n—3,n—3,k,k),(n—2,n—1,k, k),

for k =1,...,n — 1. We denote these entries by 1,4 in Table 2. At the end
of this step, we check the permanent of A and observe that per(A) = 0.
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Step 5: Now, we consider the vertical lines of A with indices (x,n —
2k, k), wherek=1,....,n—1,*=0,...,n—1. We set equal to 0 the entries
with indices (x,n — 2,k, k), where * = 0...,n—2and k = 1,....,n — 1,
in steps 2 and 3. In order for A to remain polystochastic, we have to let
ap—1n—2kk = 1for k=1,...,n—1. We denote these entries by 1,5 in Table
2. But, this gives a positive diagonal for A of the form

40,0,0,0, @1,1,1,15 + - - y A4n—3,n—3,n—3,n—3, An—2n—1,n—2n—2, Gn—1,n—2n—1,n—1-

Therefore, we cannot construct a 4-dimensional polystochastic (0, 1)
-tensor of order n with permanent equal to 0 by using special row-Latin
rectangle R. The reason is that if a,—1,-2p—1n—1 = 0, then A cannot be
polystochastic. Thus, the permanent of each 4-dimensional polystochastic
(0,1)-tensor of order n that is constructed using the special n x (n — 1)
row-Latin rectangle R, mentioned in Example 3.7, is positive. U

In the proof of Theorem 3.11, we can use any n X (n — 1) row-Latin
rectangle R’ with no transversals and not necessarily isotopic to R. In this
case, we can study Theorem 3.11 in the following form. Similar to the
proof of Theorem 3.11, we first choose a positive diagonal for each doubly
stochastic submatrix of A by using R’ to set equal to 1 some entries of A
that do not form a positive diagonal for it. Then, in order for A to be a
polystochastic tensor, we consider each line of A whose all entries are equal
to 0, and we set equal to 1 one entry of each of these lines in such a way
that the positive entries considered so far do not form a positive diagonal
for A. Eventually, after these selections, we may obtain a positive diagonal
for A.

In Table 2, the 4-dimensional polystochastic (0, 1)-tensor of order n after
case 1. Here, “1” denotes an entry equal to 1, “0” shows an entry equal to
0, and dots are used to denote insignificant entries. The indices determine
the steps in which the entries are specified.
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TABLE 2. The table associated to Theorem 5.1
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The conjecture below was proposed by Wanless [16] in 2011.

Conjecture 3.12. Every odd-dimensional Latin hypercube of order n has a
transversal.

The following theorem is equivalent to Wanless’ conjecture.

Conjecture 3.13. The permanent of an even-dimensional polystochastic
(0,1)-tensor of order n is positive.

In what follows, we use the special row-Latin rectangle R to present an
algorithm for the study of Conjecture 3.13.

Theorem 3.14. The permanent of an even-dimensional polystochastic (0, 1)
-tensor of order n that is constructed using the special n x (n — 1) row-Latin
rectangle R, mentioned in FExample 3.7, is positive.

Proof. We show that the permanent of each 2s-dimensional polystochastic
(0,1)-tensor of order n, where s € N, is positive. We prove this theorem
by induction. Since 2-dimensional polystochastic (0, 1)-tensors are doubly
stochastic matrices, the statement of the theorem is true for 2-dimensional
polystochastic (0, 1)-tensors of order n (that is, L = 1) by [9].

The induction hypothesis: Assume that the statement of the theorem is
true for 2s — 2-dimensional polystochastic (0, 1)-tensors of order n (that is,
L = s —1). Thus, the permanent of each 2s — 2-dimensional polystochastic
(0, 1)-tensor, where s € N, is positive.

We must prove that the statement of the theorem is also true for 2s-
dimensional polystochastic (0, 1)-tensors of order n (that is, L = s). To see
this, we show that a 2s-dimensional polystochastic (0, 1)-tensor of order n,
where s € N, with permanent equal to 0 cannot be constructed. In fact, we
try to construct such a tensor, and we observe that this construction is not
possible.

We follow the algorithm below step by step to construct a 2s-dimensional
polystochastic (0, 1)-tensor of order n with permanent equal to 0. This algo-
rithm has five steps. In step 1, we define a doubly stochastic matrix B, and
we select a positive diagonal for B. In step 2, we define the 2s—2-dimensional
polystochastic tensors B; and we select a positive diagonal for B;, where
1 =0,...,n—1, using a row-Latin rectangle R with no transversals. In step
4, we define the doubly stochastic matrices C), where k =1,...,n— 1, and
we extend a positive partial diagonal of length n — 2 to a positive partial
diagonal of length n — 1 for Cf, where £ = 1,...,n — 1. In step 5, we
consider the vertical lines (x,n — 2,k,... k), where k = 1,...,n — 1 and
x=0,...,n—1, and we set equal to 1 the entries on these lines in order for
A to remain polystochastic. In each step, we set some entries of A equal to
1, since A is a (0, 1)-tensor by our hypothesis. At the end of step 5, we ob-
serve that we cannot construct a 2s-dimensional polystochastic (0, 1)-tensor
of order n with permanent equal to 0.
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Step 1: Consider the 2-dimensional plane B of the form

B = A(*1,%2,0,...,0) x1,%0 =0,...,n— 1.
25—2
A

Since A is a polystochastic tensor, B is a doubly stochastic matrix. Hence,
by [9], B has a positive diagonal. Without loss of generality, assume that the
entries of A with indices (4,7, 0,0, ...,0) are equal to 1, wherei =0, ...,n—1,
and form a positive diagonal for B.

We check the permanent of A and observe that per(A) = 0.

Step 2: Consider the 2s — 2-dimensional plane B; of the form

Bi:‘A(iaiv*17-"7*23—2)a izow"an_la *1,...,*23_2:0,...,n—1.

Then, B; is a 2s—2-dimensional tensor of order n. Since A is a polystochastic
(0,1)-tensor, B; is a 25 — 2-dimensional polystochastic (0, 1)-tensor of order
n. The induction hypothesis allows us to conclude that the permanent of B;
is positive, where ¢ = 0,...,n — 1. To select a positive diagonal for B;, we
consider an n x (n — 1) row-Latin rectangle R with no transversals. (Since a
transversal in R gives a positive diagonal for A, and our goal is to construct
a polystochastic (0, 1)-tensor with permanent equal to 0, we consider a row-
Latin rectangle without any transversals.) We assume that the entries of
A with indices {(4,1, 3/,77, f,ﬁ,...,ﬁgﬁf)}’;:l are equal to 1, and also
form a positive diagonal for B; containing a;;0,,.. 0, where 3! and ~/ are
determined according to the rectangle R as follows. ‘

The entry in the (i + 1)th row and the $/th column of R is 7/, where
1=0,....,n—1.

In what follows, we introduce a row-Latin rectangle R, and we use it to
choose 3/ and ~].

We choose the row-Latin rectangle R mentioned in Example 3.7. (We
know that R has no transversals.) We consider a positive diagonal for B;,
where ¢ = 0,...,n — 1, according to the row-Latin rectangle R and the
discussion above, as follows.

For example, to select a positive diagonal for By, we look at the first row
of R. In this row, we see that the entry located in the first column is equal
to 1 (that is, Ry; = 1). Hence, we let agp11..1 = 1. Also in this row of R, we
see that Ry ,,—1 = n — 1. Therefore, we let ap0.n—1,n-1,...n—1 = 1.

For instance, to choose a positive diagonal for B,_1, we look at the last
row of R. In this row, we see that the entry located in the first column is
equal to n—1 (that is, R,; =n—1). So, we let apn—1n—1,1n-1,1,n1,..1,0—1 =
1. Also in this row of R, we see that R,, ,—1 =n — 2. Therefore, we let

n—1n—1n—1n-2n-1n—2,..n—1,n—-2 = 1.

Thus, we set equal to 1 the entries of A with indices
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(,4,0,0,...,0), (4,4,1,1,...,1),(,4,2,2,...,2),
con(iyi,n—1,n—1,...,n—1),
where ¢ =0,...,n — 3, and
(i,4,0,...,0), (5,5, 1,n —1,1,n—1,...,1,n — 1), (i,4,2,1,2,1,...,2,1),
(4,4,3,2,3,2,...,3,2),...,(i,i,n—1,n—2n—1,n—2,....n— 1,n — 2),
where ¢ = n — 2,n — 1. We choose these entries as a positive diagonal for
B;, where : =0,...,n — 1.

So far, the entries of A with the following indices are equal to 1. (We set
these entries equal to 1 in steps 1 and 2.)

n—o,n— N N n—o,n— 71 n—o,n—
n y sy n s s Ln y Ln seeesdy T n s 5Ly Ly Ly Ly
n ,n sy n s s Ln »L,n seees M n s 5Ly Ly 4y

SV
—_
—

0,0,n—1,...,n—1),
(1,,n—=1,...,n—1),

(n=3,n-3n-1,....,n—1),
n—=2,n—2n—-1,n—-2n—-1n—-2,....,n—1,n—2),
(n-Ln—1n—-1n—-2n—-1n-2....,n—1,n—2).

Also, we assume that for all other indices of the form
(i,i,)\l,)\g,...,)\gs_Q), 1=0,1,...,n—=1, Aj,A...,do5_0=1,...,n—1,

the entries of A are equal to 0. Notice that at the end of this step, we check
the permanent of A and observe that per(A) = 0.

Step 3: We let asp—2k,.. k = Gsxn—14k,..k = 0, where x = 0,...,n — 3
and k =0,...,n — 1, since these entries are on the same horizontal line as
Qs 5 ko k,....k = 1, where x = 0,...,n — 3.

Step 4: Consider the 2-dimensional plane C}, of the form
Cr = A(x1, %2, k, ..., k), k=1,...,n—1, x1,% =0,1,...,n— 1.
——
25—2

As before, C} is a doubly stochastic matrix. We set equal to 1 the entries
of A with the following indices in steps 1 and 2.

0,0,k k,....k), (1, 1,k k..., k), (2,2, k, k,....k),...,

3.2
(3:2) (n—=3,n—=3,kk,....k), k=1,...,n—1.

So, the entries of A with indices mentioned in (3.2) form a positive partial
diagonal of length n — 2 for C), where kK = 1,...,n — 1. We can extend
each of these positive partial diagonals of length n — 2 to a positive partial
diagonal of length n — 1 by Lemma 3.9. Hence, we let a,—2 14 k,...k = 1,
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where £k = 1,...,n — 1, and extend each of these positive partial diagonals
of length n — 2 to a positive partial diagonal of length n — 1 of the form

0,0,k ky oo k), (L L K Ky K) (2,2, K s K,
(n—=3,n—=3,kk,....k),(n—2,n—1,kk,.... k), k=1,...,n—1.

At the end of this step, we check the permanent of A and observe that
per(A) = 0.

Step 5: Now, we consider the vertical lines of A with indices (x,n —
2k, k..., k), where k =1,....,n—1,*=0,...,n — 1. We set equal to 0
the entries with indices (x,n — 2,k,k,... k), where ¥ = 0,...,n — 2 and
k=1,...,n—1, in steps 2 and 3. In order for A to remain polystochastic,
we have to let a,—1n—2k k.. = 1for k =1,...,n — 1. But, this gives a
positive diagonal for A with the following indices.

(0,0...,0),(1,1...,1),....(n—3,n—3,....,n—3),
m—2n—1n-2n-2....n—2),(n—1,n—2n—-1,n—-1...,n—1).

So, we cannot construct a 2s-dimensional polystochastic (0, 1)-tensor of
order n with permanent equal to 0. Thus, the permanent of each even-
dimensional polystochastic (0, 1)-tensor of order n that is constructed using
the special n x (n — 1) row-Latin rectangle R, mentioned in Example 3.7, is
positive. O

In the proof of Theorem 3.14, we can use any n X (n — 1) row-Latin
rectangle R’ with no transversals and not necessarily isotopic to R. In this
case, we can study Theorem 3.14 in the following form. Similar to the proof
of Theorem 3.14, we first choose a positive diagonal for each 2-dimensional
plane and 2s — 2-dimensional plane of A by using R’ to set equal to 1 some
entries of A that do not form a positive diagonal for it. Then, in order for
A to be a polystochastic tensor, we consider each line of A whose all entries
are equal to 0, and we set equal to 1 one entry of each of these lines in
such a way that the positive entries considered so far do not form a positive
diagonal for A. Eventually, after these selections, we may obtain a positive
diagonal for A.

According to the relation between d+ 1-dimensional polystochastic (0, 1)-
tensors of order n and d-dimensional Latin hypercubes of the same order,
we obtain the following corollary (special case of Wanless’ conjecture).

Corollary 3.15. The number of transversals in an odd-dimensional Latin
hypercube of order 4 is positive.

Proof. The number of transversals in an odd-dimensional Latin hypercube
of order n is equal to the permanent of its corresponding even-dimensional
polystochastic (0, 1)-tensor of order n. We know that the row-Latin rectan-
gle R is the only n x (n — 1) row-Latin rectangle with no transversals for
n = 4 [14]. Also, By Theorem 3.14, we know that the permanent of each
even-dimensional polystochastic (0, 1)-tensor of order n is positive. Thus,
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the number of transversals in an odd-dimensional Latin hypercube of order
4 is positive. U

Taranenko proved Corollary 3.15 by using Quasigroups [15].

4. HYPERGRAPHS

As is known, for d > 3, it is an NP-complete problem to determine
whether a given bipartite hypergraph contains a perfect matching. In this
section, we discuss the application of the permanents of tensors to hyper-
graphs, and we give a positive answer to this question for the bipartite
hypergraph associated to an even-dimensional polystochastic (0, 1)-tensor
of order 4.

Definition 4.1 ([13]). A pair H = (X, W) is called a hypergraph with vertex
set X and hyperedge set W, where each hyperedge w € W is a subset of the
vertices in X. A hypergraph H is called k-uniform if each of its hyperedges
consists of k vertices.

Definition 4.2 ([4]). Let A be a d-dimensional tensor of order n. The gen-
eralization of the bipartite graph of a matriz to the tensor is the hypergraph
H(A) = (V,W) with the vertex set

V={f:k=1,...dj=12..n},
and the edge set
W = {(1)2-11,7)?2, e ,Uldd> : ai1i2---id 7é O)}

Proposition 4.3 ([4]). The bipartite hypergraph introduced above is a
simple hypergraph.

Definition 4.4 ([4]). For a simple hypergraph H = (V,W), a subset M
of the edges of H is said to be a matching if the edges in M are pairwise
disjoint. A matching M is said to be perfect if M is a partition of the vertices
of H. Observe that if A is a square d-dimensional tensor of order n, then the
perfect matchings of H(A) are the matchings of H(A) of cardinality n. Let A
be a d-dimensional tensor of order n. A nonzero term in the expansion (2.1)
of the permanent of A corresponds to a matching {{vil, viQ(i), e ,vgd(i)} 1=
1,...,n} of the hypergraph H(A) of cardinality n. Indeed, per(A) is the sum
of all products of n entries of A corresponding to the edges in the matching of
H(A) of cardinality n. If A is a d-dimensional (0,1)-tensor of order n, then
per(A) is the number of the matchings of H(A) of cardinality n. Clearly, if
A is a d-dimensional (0,1)-tensor of order n, then per(A) is the number of
the perfect matchings of H(A) of cardinality n.

We know that the row-Latin rectangle R is the only n x (n —1) row-Latin
rectangle with no transversals for n = 4 [14]. Thus, using Theorem 3.14 we
obtain the following corollary.
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Corollary 4.5. The number of perfect matchings of the bipartite hypergraph
associated to an even-dimensional polystochastic (0,1)-tensor of order 4 is
positive.

5. THE PERMANENT OF A NONNEGATIVE POLYSTOCHASTIC TENSOR

In this section, we generalize the theorems established in Section 3 to
nonnegative tensors. We prove that the permanent of a 4-dimensional non-
negative polystochastic tensor of order n that is constructed using the special
row-Latin rectangle R is positive. To help the readers better understand the
proof of the theorem, we present an example of a 4-dimensional nonnega-
tive polystochastic tensor of order 6. Moreover, we utilize induction on d to
show that the permanent of an even-dimensional nonnegative polystochastic
tensor of order n that is constructed using the special row Latin rectangle
R is positive.

In the following theorem, we use the special row-Latin rectangle R to
prove that the permanent of each 4-dimensional nonnegative polystochastic
tensor of order n is positive. Taranenko proved this theorem for the special
case n =4 [13].

Theorem 5.1. The permanent of a 4-dimensional nonnegative polystochas-
tic tensor A of order n that is constructed using the special n x (n — 1)
row-Latin rectangle R, mentioned in Example 3.7, is positive.

Proof. To prove the theorem, we try to construct a 4-dimensional nonnega-
tive polystochastic tensor of order n with permanent equal to 0, and observe
that such a construction is not possible. To construct a tensor with the afore-
mentioned properties, we follow the algorithm below step by step. The proof
contains three steps. Step III contains four steps, namely, I-I11, TI-ITI, ITI-IT1
and IV-III. Step I-1II itself contains two steps: I-I-I1T and II-I-11I. Step II-IIT
has five steps, which are I-II-III, TI-II-ITT, ITI-IT-IT1, TV-II-IIT and V-II-TII.
Step III-IIT has three steps: I-ITI-ITI, II-TII-IIT and ITI-ITI-III. In each step,
we check the permanent of the tensor under construction.
Step I: Consider a matrix B of the form

A(x1,%2,0,0), *¥1,% =0,1,...,n— 1.

Since A is a polystochastic tensor, B is a doubly stochastic matrix. Thus,
B has a positive diagonal [9]. Without loss of generality, we let a; ;00 > 0,
wherei = 0,1,...,n—1. It is clear that these positive entries form a positive
diagonal for B. Notice that at the end of this step, we check the permanent
of A and observe that per(A) = 0.

Step 1I: Let B; be composed of those entries of A which are of the form

Aty 1, %1, %2), i=0,1,...,n—1, *1,%2 =0,1,...,n — 1.

Each B; is a doubly stochastic matrix, and so has a positive diagonal. To
select a positive diagonal of B;, we consider an nx (n—1) row-Latin rectangle
R whose number of transversals is equal to 0. (Recall that our goal is to
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construct a nonnegative polystochastic tensor with permanent equal to 0,
and it is clear that a transversal in R gives a positive diagonal for A. Thus,
we consider a row-Latin rectangle R without any transversal.) We assume
that the entries of A with indices {(i, i, Bf , ’yz-j ) ?:1 are positive numbers, and
also that they form a positive diagonal for B; containing a;; 0,0, where ,Bg
and 'yg are determined according to the rectangle R in the following form.
The entry in the (i + 1)th row and the ﬁgth column of R is
%j, where 1 =0,...,n — 1.
Now, we choose a row-Latin rectangle R as follows. We know the number
of transversals in R is equal to 0 by Example 3.7.

1 234 ... ... n—3 n—-2 n-1
1 234 ... ... n—3 n—-2 n-1
1 23 4 ... ... n—3 n—-2 n-1
n—-112 3 ... ... n—4 n—-3 n-—2
n—-112 3 ... ... n—4 n—3 n-—2.

For example, to select a positive diagonal for By, we look at the first row of
R. In this row, the entry located in the first column is 1 (that is, Ry; = 1).
Thus, we let ago,1,1 > 0. Since Ri,—1 =n—1, we let agon—1,n—1 > 0. Also,
to select a positive diagonal for B,_1, we look at the last row of R (that is,
the nth row of R). Since R,1 =n — 1, we let ap—1n—1,1,n—1 > 0. Also, in
this row of R, R, ,—1 = n — 2. Hence, we let ap,—1,n—1,n—1,n—2 > 0.

Therefore, a positive diagonal for B;, where i =0,1,...,n — 1, is formed
by the entries of A with indices

(i,i,0,0), (i,i,1,1), (4,4,2,2),..., (i,i,n —1,n—1), i=0,1,...,n—3
and
(i,i,0,0),(i,i,l,n— 1)7(1'31'7271)’(1'71'73) 2)""a(i,i7n_ 1,71—2),

for i = n —2,n — 1. So far, the entries of A with the following indices are
positive. (These entries are considered to be positive in steps I and II.)

(0070~0) (07 0711) (0707272) (0*,077717 l’nf 1)7
(1,1,0,0) (1,1,1,1) (1,1,2,2) . (Ll,n—1n-1),
(n—3,n—3,0,00 (n—3,n—-3,1,1) (n—3,n—3,2,2) ... (n—3,n—-3,n—-1n-1),
(n—2,n—2,0,00 (n—-2,n—-2,1,n—-1) (n—-2,n—-2,2,1) ... (m—=2,n—2,n—1,n—2),
(n-1,n-10,00 (n—1,n—1,1,n-1) (n—-1,n—-1,21) ... (n—1,n—1,n—1,n—2).

Assume that for all other indices of the form below, the entries of A are
equal to 0.
(4,1, A\, 1), i=0,1,....n—1, A\upu=1,2,...,n—1.
We check the permanent of A and observe that per(A) = 0.

Step III: By step II, we know that a,—1n-1,i = an—2n-24; = 0 for
1=1,2,...,n— 1. In order for A to remain polystochastic, we consider the
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vertical lines (x,n —1,4,4) and (x,n — 2,4,7), where i = 1,2,...,n — 1. (For
each i,let x =0,1,...,n—1.) Thus, in order for A to remain polystochastic,
we should put a positive number 1 or at least two positive entries less than
1) on each vertical line (x,n — 1,4,7) and each vertical line (x,n — 2,1,1),
where i = 1,2,...,n — 1. Now, we consider four cases.

Step I-III: In this case of step III, we want to set equal to 1 one of the
entries on each vertical line (x,n—1,4,7) and each vertical line (x,n—2,1,1),
where 1 =1,2,...,n — 1.

Step I-I-ITI: We cannot set equal to 1 the entries with indices

(x,m—1,4,4), x=0,1,...,n—3, i=1,2,...,n—1,
because the entries a4 ,—1,; lie on the same horizontal line as the positive
entries a « i, where * =0,1,...,n—3 and i =1,2,...,n—1. For example,
if we set ag,,—1,1,1 = 1, then the summation of the entries on the horizontal
line that contains the entries ag,—1,1,1 and 0 < ag,1,1 < 1 will be greater

than 1, which contradicts the fact that A is polystochastic.
Similarly, we cannot set equal to 1 the entries with indices

(%,m—2,4,4), *=0,1,...,n—3, i=1,2,...,n—1,

because the entries ay,—2;; lie on the same horizontal line as the positive

entries as 4, where x =0,1,...,n—-3and¢=1,2,...,n— 1.
Step II-I-III: According to step I-III, step I-I-III, and the fact that
ap—1,n—1,4; = 0fori=1,2,...,n—1, in order for A to remain polystochastic

on the vertical lines (x,n — 1,4,4), we have to let ap—2,—14; = 1 for i =
1,2,...,n—1.

Similarly, according to step I-1II, step I-I-11I, and the fact that a,—2 5,2
=0fori=1,2,...,n— 1, in order for A to remain polystochastic on the
vertical lines (,n—2,14,7), we have to let a,—1—2,; =1fori=1,2,...,n—
1.

But, this gives a positive diagonal for the 4-dimensional nonnegative
polystochastic tensor A of order n of the form

40,0,0,0, @1,1,1,15 + - - y An—3,n—3,n—3,n—3, An—2n—1,n—2n—2, Gn—1,n—2n—1,n—1-

Thus, we cannot construct an n xn xn X n nonnegative polystochastic tensor
with permanent equal to 0 in this case.

Step II-I1I: In this case of step III, we set equal to 1 one of the entries
on each vertical line (x,n — 1,4,4), and we put exactly two positive entries
(less than 1) on each vertical line (x,n — 2,4,4), where i = 1,2,...,n — 1.

According to step II-I-III, we let ay,—2y,—14; = 1 for ¢ =1,2,...,n — 1.
Since the entries with indices (¥,n —1,4,7) and (n —2,n — 1,4,4) are on the
same vertical line, ay n—1,4; = 0 for x = 0,1,...,n—3. Also, since the entries
with indices (n — 2,%,4,4) and (n — 2,n — 1,4,4) are on the same horizontal
line, ap—24,; =0for x=0,1,...,n—3and i =1,2,...,n — 1.

Now, we consider the vertical lines (x,n — 2,4,4) for i =1,...,n — 1 and
x=0,1,...,n—1. We choose arbitrary row blocks k and m, and set positive
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numbers (less than 1) for the entries of A with indices
(k,n—2,1,1), (m,n—2,4,1), k,me{0,1,...,n—3}, k#*m.

We check the permanent of A and observe that per(A) = 0.
Hence, the entries

(5.1) A keiiy dmym,iyis i=1,2,....,n—1

are positive numbers (less than 1), because the entries mentioned in (5.1)
are on the same horizontal line as the entries 0 < agp—2,;; < 1 and 0 <
Amn—2,ii < 1.

Since our goal is to construct a tensor with permanent equal to 0, we
set equal to 0 the entries of A in the last row block that forms a positive
diagonal for A. Thus, we let

(5.2)  Gn-1m-2i = On—1,kii = On—1,m,ii = 0, i=1,2,...,n—1,

because, if we set positive numbers for the entries mentioned in (5.2), then
per(A) > 0.
Clearly, by setting positive numbers for the entries with indices

(5.3) (n—1,l,4,i), 1=0,1,....n=3, l#km, i=12,...,n—1,

the permanent of A will be equal to 0.
Step I-II-II1: Now, we consider the horizontal lines

(n—1,%,14,1), x=0,1,...,n—1, i=1,2,...,n—1.

In order for A to remain polystochastic, each horizontal line (n — 1, *,1,1%)
must has exactly one entry equal to 1 or at least two positive entries (less
than 1). We choose these positions to put the positive entries among the
positions mentioned in (5.3), because we want the permanent of A to remain
equal to 0.

Now, if we set equal to 1 one of the entries on each horizontal line, for
example, if we set

n—1,si5 = 1, se€{0,1,...,n—3}, s #k,m,

then we conclude that ass;; = 0, becuase as;; and a,—1;; are on the
same vertical line. But, this contradicts ass;; > 0 (by step II).

Therefore, we have to put at least two positive entries on each horizontal line
(n—1,%,1,7) in the positions mentioned in (5.3). Without loss of generality,
we choose column blocks s1 and s of [ and put positive numbers (less than
1) for the entries with indices

(TL—1,81,i,i),(n—1732,i,i), 317826{071a"'7n_3}7 817827&k7m7

wherei =1,2,...,n—1. In what follows, in relation (5.3), the column blocks
different from si, s9, k,m,n — 2,n — 1 in the last row block are indexed by
83,84, ..., Smaxy in the form

Aln — 1, 8y,1,1), Sy £#n—2,n—1,k,m, sy, sa,
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where s3, S4, ..., Smaxe are shown by s,. We check the permanent of A and
observe that per(A) = 0.

Since 0 < ap—1,5,4; < 1 and ag, 5,4 lie on the same vertical line, and
the same is also true for 0 < a,—1,5,; < 1 and as, 5,4, the entries as, ¢ i,
and ag, s, cannot be equal to 1 and are positive numbers (less than 1).
Therefore, each horizontal line (si,%*,4,7), where * = 0,1,...,n — 1 and
i=1,2,...,n— 1, must have at least one more positive entry (less than 1).
The same is also true for the horizontal lines (s2, *,1,1).

Step II-II-III: We consider the horizontal lines (si,*,4,4), where x =
0,1,....n—1and ¢ =1,2,...,n — 1. It is clear that the permanent of A
remains equal to 0 if we set positive numbers (less than 1) for the entries
with indices

(54) (817Sv7i7i)7 Sy = 82,83, -+, Smaxwv; Sv#k7m7n_27n_1781'

Next, we put exactly one positive number (less than 1) on each horizontal
line (s1,*,4,4). (This position is selected from the indices mentioned in
(5.4).) For example, we put a positive number (less than 1) in the position
(s1,J1,4,1), where ¢ = 1,2,...,n — 1. This implies that the entries a;, j, i
are positive numbers (less than 1) for i = 1,2,...,n — 1. Now, we set equal
to 0 the entries with indices (s1, *,14,1), where * # $1, S2, . .., Smaxv, because,
if we set positive numbers for these entries, then the permanent of A does
not remain equal to 0.

At the end of this step, we check the permanent of A and observe that
per(A) = 0.

Step ITI-II-IIT: Now, we consider the horizontal lines (s2,*,1,17), where
x=0,1,....n—1land i=1,2,...,n— 1. It is clear that the permanent of
A remains equal to 0 if we set positive numbers (less than 1) for the entries
of A with indices

(5.5) (S2,80,1,1), Sy = S1,53,54,-,Smaxvs Sv # k,m,n—2,n—1,ss.

Next, we put exactly one positive number (less than 1) on each horizontal
line (sg2,%,4,4). (This position is selected from the indices mentioned in
(5.5).) For example, we put a positive number (less than 1) in the position
(s2,J2,1,1), where i = 1,2,...,n — 1. This implies that the entries a;, j, .
are positive numbers (less than 1) for i = 1,2,...,n— 1. In what follows, we
set equal to 0 the entries with indices (s2, *,4,4), where * # $1, 892, ..., Smaxuv,
because by setting positive numbers for these entries, the permanent of A
will not remain equal to 0.

We check the permanent of A and observe that per(A) = 0.

We repeat the previous process for each s, = $3,84,...,Smaxv. Notice
that s, # n — 1,n — 2,k,m. In what follows, consider the horizontal lines
(Smax v, *,%,7), where x = 0,1,...,n—1and i = 1,2,...,n — 1, and repeat
the process above for spax,. Similarly, we set positive numbers (less than
1) for the entries as,... . jmaxo.ii> WHETe jmaxey € {51,52, ..., Smaxv—1}. This
allows us to conclude that the entries ;.. , jmaxo,i,i are positive numbers
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(less than 1) for i =1,2,...,n — 1. Now, we set equal to 0 the entries with
indices (Smaxu, *,%,7), where * £ $1,89,...,Smaxv, because, if we consider
positive numbers for these entries, then the permanent of A will not remain
equal to 0.

We check the permanent of A and observe that per(A) = 0.

Step IV-II-III: By step II-III, we know that 0 < ay;; < 1, where k
is mentioned in (5.1). Since we want A to be a polystochastic tensor, we
must put at least one positive entry on each vertical line (x,k,i,7), where
1=1,2,...,n— 1. It is clear that if we set positive numbers for the entries
with indices (*, k,4,4), where x = 0,1,...,n— 3, % # m, then the permanent
of A is not 0. (We recall that a,—1 ki = an—2ki:; = 0 by step II-IIL.)
Thus, we let a,r;; = 0, where x = 0,1,...,n — 3,* # m. Also, if we
set positive numbers for a,, 1 ;;, where m is mentioned in step II-III and
i1 =1,2,...,n—1, then the permanent of A remains 0. Hence, we put positive
numbers (less than 1) in positions (m, k,4,7), where i = 1,2,...,n — 1.

We check the permanent of A and observe that per(A) = 0.

Now, we know that the entries ay, m i, with m mentioned in (5.1), are
positive numbers (less than 1) (by step II-III). Since we want A to be a
polystochastic tensor, we must put at least one positive entry on each vertical
line (x,m,,7), where i = 1,2,...,n— 1 and * = 0,1,...,n — 1. It is clear
that if we set positive numbers for the entries with indices (x,m,,%), where
x = 0,1,...,n — 3,% # k, then the permanent of A is not 0. (We recall
that ap—1m,ii = an-2m,ii = 0 by step II-III.) Thus, we let aymi; = 0
for x = 0,1,...,n — 3,% # k. If we set positive numbers for the entries
Ak,m,ii» Where k is mentioned in step II-III and ¢ = 1,2,...,n — 1, then the
permanent of A remains 0. Hence, we put positive numbers (less than 1) in
positions (m, k,,1), where i =1,2,...,n— 1.

We check the permanent of A and observe that per(A) = 0.

Step V-II-III: Now, we consider the block (k,k,*1,%*2), where %1, %9 =
0,1,...,n — 1 and k is mentioned in step II-III. Since we want A to be
plystochastic, the summation of the entries on each vertical and horizontal
line of this block must be equal to 1. We know that the entries ay 1 ;; are
positive numbers (less than 1) fori =1,2,...,n—1 (by (5.1)). Thus, in order
for A to remain polystochastic, we must put at least one positive number
(less than 1) on each vertical line and each horizontal line of this block.
For example, consider the vertical line (k, k, *,1), where * =0,1,...,n — 1.
Since 0 < agp11 < 1 and agpy1 = 0, where [ # 0,1 (by step II), in order
for A to remain polystochastic, we have to set a positive number (less than
1) for ay rp0,1. In what follows, consider the vertical lines (k, k, *, z), where

z=2,3,...,n—1. Similarly, for these vertical lines, we set positive numbers
(less than 1) for the entries aj k0, where 2 =2,3,...,n — 1.
Now, consider the horizontal line (k,k,1,x*), where * = 0,1,...,n — 1.

Since 0 < ag k1,1 < 1 and aggi1,; = 0, where [ # 0,1 (by step II), in order
for A to remain polystochastic, we have to set a positive number (less than
1) for ay k1,0. In what follows, consider the horizontal lines (k, k, z, *), where
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z=23,....,n—1and *x = 0,1,...,n — 1. Similarly, for these horizontal
lines, we set positive numbers (less than 1) for the entries a0, where
z=2,3,...,n— 1. Thus, the following entries are positive and less than 1.
ak k0,15 Ak,k,0,25 - - - » Ak k,0,n—1
Gk k,1,0, 0k k2,05 - -+ Ak k,n—1,0-
Consider the block (m,m,*1,%*2), where *1,%2 = 0,1,...,n — 1 and m is

mentioned in step II-III, because we know that the positive entries on this
block are less than 1. For the vertical and horizontal lines in this block,
similar to what we did for the block (k,k,*;,*2), we set positive numbers
(less than 1) for the entries

Gm,m,0,15 Am,m,0,25 - + - » Am,m,0,n—1

Am,m,1,0, dm,m,2,05 - - -  dm,m n—1,0-

Now, we check the permanent of A. If per(A) > 0, then the proof of step
II-11T is complete. If per(A) = 0, we consider the block (s1, s1, *1, *2), where
x1,% = 0,1,...,n—1 and s; is mentioned in step I-II-III, because we know
that the positive entries on this block are less than 1. We set positive values
(less than 1) for the following entries, similar to what we did for ay, 0 . and
Ak ke x0 With * = 1,2,...,n — 1.

As1,51,0,15 Asy1,51,0,2) -+ + ) sy,51,0,n—1
Gsy,51,1,05 51,581,205+ + + y sy,81,m—1,0-

Now, we check the permanent of A. If per(A) > 0, then the proof of step
II-11T is complete. Otherwise, we consider the block (s2, s2,%*1,*2) and set
positive numbers (less than 1) for the entries

As3,52,0,15 Us3,52,0,2) -+ + » Asp,52,0,n—1

Us9,59,1,05 As9,59,2,05 « + + y lsg,50,m—1,0-

After considering a finite number of main diagonal blocks, we conclude that
per(A) > 0. Therefore, we could not construct a 4-dimensional nonnegative
polystochastic tensor of order n with permanent equal to 0. We conclude
that the permanent of a 4-dimensional nonnegative polystochastic tensor of
order n is positive in this case.

Step III-III: In this case of step III, we put at least two positive numbers
(less than 1) on each of the lines (x,n — 1,7,7) and (*,n — 2,4,1), for each
i=1,2,...,n—1.

Step I-III-III: First, we consider the vertical lines (x,n — 1,4,4), where
i=1,2,....,n—1and x = 0,1,...,n — 1. We set positive numbers (less
than 1) for the entries with indices

(n—2,n—1,1,1), i=1,2,...,n—1.
Notice that these selected entries lie on the same horizontal line as the
entries with indices (n — 2,n — 2,4,4), and we know that ap—2,-2:; = 0.
(We consider (n — 2,n — 1,4,7) because no horizontal line (n — 2,%,1,1),
« =0,1,...,n — 1, has any positive numbers.)
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We check the permanent of A, and observe that per(A) = 0.

Now, for other selections of positive entries on the vertical lines (x,n —
1,1,1), choose an arbitrary block (k,n—1,14,1), where k # n—2,n—1. We set
positive numbers (less than 1) for the entries of A with indices (k,n—1,1,1),
where i =1,2,...,n — 1.

Notice that we check the permanent of A, and observe that per(A) = 0.

We set positive numbers (less than 1) for the entries of A with indices

(5.6) (n—2n—1,i,i),(kn—1,4,4) i=12,...,n—1,

where k € {0,...,n — 3}. Thus vertical lines (x,n — 1,7,i), where i =

1,2,...,.n—1and *x=0,1,...,n — 1, have at least two positive entries.
Step II-III-III: In what follows, we consider the vertical lines (x,n —

2,4,1), where i = 1,...,n—1. We want to put at least two positive numbers

on each vertical line. So, we put positive numbers (less than 1) in the
positions

(kyn—2,4,1),(myn—2,4,i) i=1,2,....n—1, me{0,1,...,n— 3},

where k is the nonnegative number that was selected in (5.6) and m # k
is arbitrary. (Since our goal is to construct a nonnegative polystochastic
tensor with permanent equal to 0, we try to do this with the least number
of positive entries.)

At the end of this step, we check the permanent of A and observe that
per(A) = 0.

Since our goal is to construct a tensor with permanent equal to 0, we set
equal to 0 the entries of A in the (n — 1)-row block that forms a positive
diagonal for A. Thus, we let

Upn—1,n—2,ii = An—1,kii = An—1,m,; = 0, 1=1,2,...,n—1.

Step III-III-III: In this step, we continue the process used in the proof
of step III-III, similar to steps I-II-II1I, II-II-III, ITI-II-III, IV-II-III and V-
II-ITI. We will see in this case that we cannot construct a 4-dimensional
nonnegative polystochastic tensor of order n with permanent equal to 0.

Step IV-III: In this case of step III, if we want to put at least three
positive entries (less than 1) on each of the vertical lines (x,n — 1,4,4) and
(%,m—2,4,1), where i = 1,2,...,n—1and x = 0,1,...,n— 1, the process of
the proof is similar to that of step III-III. (Therefore, we cannot construct
a tensor with the aforementioned properties.) Thus, we cannot construct a
4-dimensional nonnegative polystochastic tensor of order n with permanent
equal to 0 in all cases. This allows us to conclude that the permanent
of each 4-dimensional nonnegative polystochastic tensor of order n that is
constructed using the special n x (n — 1) row-Latin rectangle R, mentioned
in Example 3.7, is positive. O

Notice that in Step II, we can use an arbitrary row-Latin rectangle R with
no transversals and not necessarily isotopic to R, and continue the algorithm
by choosing a positive diagonal for the doubly stochastic submatrices of A,
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and putting positive numbers on each line of A whose sum of the entries is
less than 1, in such a way that the positive entries do not form a positive
diagonal for A. Eventually, after these selections, we may obtain a positive
diagonal for A.

The following example helps the reader to better understand Theorem
5.1.

Example 5.2. The permanent of a 4-dimensional nonnegative polystochas-
tic tensor A of order 6 that is constructed using the special n x (n — 1)
row-Latin rectangle R, mentioned in Example 3.7, is positive.

Proof. We try to construct a 4-dimensional nonnegative polystochastic ten-
sor of order 6 with permanent equal to 0. (In fact, we would like to show that
such a construction is not possible.) We solve this example in three steps.
Step III contains four steps, namely, I-III, II-ITI, III-IIT and IV-III. Step
I-III itself contains two steps: I-I-III and II-I-III. Step II-III has five steps,
which are I-II-IT1, TI-TI-ITI, ITI-TI-ITI, TV-II-TIT and V-II-III. Step III-IIT has
two steps: I-ITI-IIT and II-TII-II1. In each step, we check the permanent of
the tensor under construction by using the algorithm that we presented in
previous section.

Step I: According to step I of the proof of Theorem 5.1, we consider a
doubly stochastic matrix B = A(x*1,*2,0,0), where %1,% = 0,1,...,5, and
we set positive numbers for the following entries. Clearly, these entries form
a positive diagonal for the matrix B.

@0,0,0,0, @1,1,0,05 - - - , 45,5,0,0-

We denote these positive entries by +; in Table 3 and Table 4 below.

Step II: Consider doubly stochastic matrices B; = A(i, 4, %1, *2), where
1=0,1,...,5 and *1,% = 0,1,...,5. According to row-Latin rectangle R
mentioned in step II of the proof of Theorem 5.1, we set positive values for
the following entries which form a positive diagonal for By, By, ..., Bs.

The diagonal of By is of the form

a0,0,0,0, 40,0,1,1, @0,0,2,2 - - - » 30,0,5,5-
The diagonal of B is of the form

a1,1,0,0, 41,1,1,1, @1,1,2,25 - - - ; @1,1,5,5-
The diagonal of By is of the form

a220,0,02,2,1,1,02,2,22,--.,02255.

The diagonal of Bg is of the form

a33,0,05,03,3,1,1,033.22,---,03355-

The diagonal of By is of the form

04,4,0,00 04,4,1,5, 044,21, A4 4,32, - - > 4,45 4-
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The diagonal of Bj is of the form
a5,5,0,0, 45,5,1,5, 45,5,2,1, 455,3,2, - - - ; 45,554
Assume that for all other indices of the form
(4,7, A\, 1), i=0,1,...,5, Au=12,...,5,

the entries of A are equal to 0. We denote these positive entries by +2, and
the 0 entries by 0o, in Table 3 and Table 4 below.

We check the permanent of A and observe that per(A) = 0.

Step III: We know that as5;; = as4; = 0fori =1,2,...,5. According
to step III of the proof of Theorem 5.1, in order for A to remain polystochas-
tic, we consider the vertical lines (x, 5,4,7) and (x,4,4,4), wheret = 1,2,...,5
and * = 0,1,...,5. Thus, in order for A to remain polystochastic, we
should put a positive number 1 or at least two positive entries (less than
1) on each vertical line (x,5,7,7) and each vertical line (x,4,i,i), where
1=1,2,...,n—1. To do so, we consider the following steps, according to
the proof of Theorem 5.1.

Step I-III: We want to set equal to 1 one of the entries on each of the
vertical lines (x,4,4,47) and (x,5,4,7), 1 =1,2,...,5.

Step I-I-ITII: We cannot set equal to 1 the entries with indices

(*757i7i)7 *:07"'737 i:]‘7"'757

because a5, where * = 0,...,3, lie on the same horizontal line as the
positive entries a x;;, where x = 0,...,3 and i = 1,...,5. If we set these
entries equal to 1, then the summation of horizontal line that contains the
entries a5 and 0 < a4« ;; < 1 will be greater than 1, and this contradicts
the assumption that A is polystochastic.

Similarly, we cannot set equal to 1 the entries with indices

(x,4,i,i), *=0,...,3, i=1,...,5,

because a4 44, where * = 0,...,3, lie on the same horizontal line as the
positive entries ay 4, where * =0,...,3 and i =1,...,5.

We denote these entries by # 1 in Table 3.

Step II-I-ITI: We want to set equal to 1 one of the entries on each of
the vertical lines (x,4,1,4) and (x,5,7,4). We know that a.5,; and a4,
where x = 0, 1,2, 3, cannot be equal to 1 (by step I-I-III of this example),
and also a4 4,i; = as5,; = 0, where ¢ = 1,...,5 (by step II of this example).
Thus, we have to let a54;; = as5;; =1 for i =1,2,...,5.

We denote these entries by 15001 in Table 3.

But, this gives a positive diagonal for the nonnegative polystochastic ten-
sor A of the form

@0,0,0,0, @1,1,1,1, 42,2,2,2, A3 3,3 3, @45 4,4, 054,55+

Thus, we cannot construct a 6 X 6 x 6 x 6 nonnegative polystochastic tensor
with permanent equal to 0 in this case.



ON THE PERMANENT OF AN EVEN-DIMENSIONAL... 37

Step II-III: In this step, we set equal to 1 one of the entries on each
vertical line (x,5,4,1), for *x = 0,1,...,5, and we set positive numbers (less
than 1) for exactly two entries on each vertical line (x,4,4,i), where ¢ =
1,2,...,5.

According to step II-I-IIT in this example, we let as5,; = 1 for ¢ =
1,2,...,5. Since the entries with indices (x,5,4,7) and (4,5,1,7) are on the
same vertical line, a,5;; = 0 for x = 0,...,3. Also, since the entries with
indices (4,%,4,4) and (4,5,¢,7) are on the same horizontal line, as.;; = 0
for ¥ =0,1,2,3and i = 1,2,...,5. We denote the entries equal to 1 by 1.0,
and denote the entries equal to 0 by 0. in Table 4.

In what follows, associated to step II-III of the proof of Theorem 5.1, let
k =2 and m = 3. Also, set positive numbers (less than 1) for the entries

a2.4.ii, B34, 1=1,2,...,5.
We denote these positive entries by 4.2 in Table 4. Thus, the entries
(5.7) 42,2,iis @3,3,iis i=1,2,...,5

are positive numbers (less than 1), because the entries mentioned in (5.7) are
on the same horizontal line as the entries 0 < ag4,;; <1and 0 < as4;; <1,
respectively, and the summation of the entries on each horizontal line must
be equal to 1. We check the permanent of A and observe that per(A) = 0.

Since our goal is to construct a tensor with permanent equal to 0, we
set equal to 0 the entries of A in the last row block that forms a positive
diagonal for A. Thus, we set equal to 0 the entries

(5.8) a524i = 053,; = a544; = 0, i=1,2,...,5.

The reason is that, if we set positive numbers for the entries mentioned in
(5.8), then the permanent of A will not remain equal to 0. We denote these
entries by 0.2 in Table 4.

It is clear that if we set positive numbers for the entries a5 ;; and as 1,
then the permanent of A remains equal to 0.

Step I-II-I11: Now, we consider the horizontal lines

(5, %,1,1), *=0,1,...,5, ¢=1,2,...,5.
We know that in this row block, the entries mentioned in (5.8) and the

entries as 54, 1 = 1,2,...,5, are equal to 0. We consider the entries

(5.9) a5,07i7i, a5,17m~, 7= 1, 2, ey 5.

In order for A to remain polystochastic on the horizontal lines (5,*,1,1),
where ¢ = 1,2...,5 and * = 0,1,...,5, we select two blocks s; and so

mentioned in (5.9), and set positive numbers (less than 1) for their entries.
(By step I-II-IIT in Theorem 5.1, it is clear that we cannot select one block
on the row block (5, *,4,4) and set equal to 1 the entries on this block.) To
do so, according to step I-II-IIT in Theorem 5.1, let s; = 0 and sg = 1. Thus,
we set positive numbers (less than 1) for the entries with indices

(5,0,4,1),(5,1,4,4), i=1,2,...,5.
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We denote these entries by + in Table 4.
Therefore, the entries

Q0,0,i,i5 A1,1,ii5 1=1,2,...,5

of A, which were selected in step II as positive numbers, are less than 1.
Since 0 < as,;; < 1 and ag,,,; are on the same vertical line, and the same
is also true for 0 < as1,; < 1 and a1,1,;, the entries apo;; and a1,1,;
cannot be equal to 1, and are positive numbers (less than 1). We check the
permanent of A and observe that per(A) = 0.

Step II-II-III: Now, consider the horizontal lines (0, *,%,7), and notice
that s; = 0. We must have at least one more positive number (less than 1)
on each horizontal line (0,%,%,7), where x = 0,1,...,5 and ¢ = 1,2,...,5.
(Since 0 < ag,,i,; < 1 and the summation on each horizontal line must be
equal to 1.) If we set positive numbers for the entries ag 2., @03, @0.4,i,is
where ¢ = 1,2,...,5, then per(A) > 0. (We know that ag5;; = 0 by step
II-I1T of this example.) Thus, we set equal to 0 the entries

0,2,i,i5 Q0,3,i,i5 Q04,10 t=1,2,...,5.
We denote these 0 entries by 0, in Table 4.
It is clear that if we set positive numbers for ag 14, where ¢ =1,2,...,5,
then the permanent of A also remains 0. (Notice that sy = 1.) Thus, we set
positive numbers (less than 1) for the entries ag 1,4, ¢ = 1,2,...,5. These

entries are denoted by +, in Table 4. We check the permanent of A and
observe that per(A) = 0.

Step ITI-II-III: Now, we consider the horizontal lines (1,x,%,%). (Notice
that sp = 1.) We must have at least one more positive number (less than

1) on each horizontal line (1, *,4,7), where x =0,1,...,5and i = 1,2,...,5.
(Since 0 < aj,14,; < 1, and the summation on each horizontal line must be
equal to 1.)

If we set positive numbers for a12;4,a13,i,01,44, Where ¢ = 1,...,5,

then per(A) > 0. (We know that a;5;; = 0.) Since our goal is to construct
a tensor with permanent equal to 0, we let

a12,ii = 13, = 14,5 = 0, 1=1,2,...,5.

We denote these 0 entries by 0, in Table 4.

It is clear that if we set positive numbers for the entries aj;;, where
i =1,2,...,5, then the permanent of A remains equal to 0. (Notice that
s9 = 1.) Thus, we set 1 for the entries

a1,0,1,1,41,0,2,2; - - - s 41,0,5,5-
We denote these positive entries by 14 in Table 4. We check the permanent
of A and observe that per(A) = 0.

Step IV-II-III: We know that the entries ag2;; (Remember that k = 2.)
are positive numbers less than 1 (by step II-IIT of this example). Now, we
consider the vertical lines (x,2,14,7), where x = 0,1,...,5and i = 1,2,...,5.
Hence, we must have at least one more positive number (less than 1) on each
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vertical line (*, 2, i, Z) (We know that 0,245 = Q1245 = A4,245 = 5247 = 0
by step II-IIT and steps I-II-III, II-II-I1T and III-TI-II1.) It is clear that if
we set positive numbers (less than 1) for a3 ;;, then the permanent of A
remains equal to 0. (Notice that m = 3.) Thus, in order for A to remain
polystochastic on each vertical line, we set positive numbers (less than 1)
for the entries a3 2,7 = 1,2,...,5. We denote these entries by +j in Table
4. We check the permanent of A and observe that per(A) = 0.

We know that the entries a3 3,;; (Notice that m = 3.) are positive numbers
less than 1 (by step II-III of this example). In what follows, we consider the
vertical lines (x,3,4,7), where * = 0,1,...,5 and ¢ = 1,2,...,5. Similar
to the previous discussion, we set positive numbers (less than 1) for ag3; ;,
i=1,2,...,5. (Remember that £ = 2.) We denote these entries by +; in
Table 4. We check the permanent of A and observe that per(A) = 0.

Step V-II-III: According to step V-II-III in Theorem 5.1, we know that
az2;; and as3;; are positive numbers (by step II-III of this example), and
that azo ), = azzx, =0, where A\, p = 1,2,...,5 and XA # p (by step II of
this example). In this step, we consider the vertical lines (2,2,14,7), where
i =0,1,...,5and j = 1,2,...,5. Since the entries as2;;, ¢ = 0,1,...,5,
are positive numbers (less than 1), in order for A to remain polystochastic
on each vertical line, we have to set positive numbers (less than 1) for the
entries

a2,2,0,1,02,2,0,2,--+,0322,0,5-
Similarly, consider the horizontal lines (2,2,1,h), where [ = 1,2,...,5 and
h=0,1,...,5. In order for A to remain polystochastic on each horizontal

line, we have to set positive values (less than 1) for the entries

(221,0,02,220,---,0225,0-

We denote these positive entries by +, in Table 4. We check the permanent
of A and observe that per(A) = 0.

Similar to the discussion above, consider the vertical lines with indices
(3,3,4,7), where i = 0,1,...,5 and j = 1,2,...,5, and the horizontal lines
with indices (3,3,1,h), where [ =1,2,...,5and h =0,1,...,5. In order for
A to remain polystochastic on each of the vertical and horizontal lines, we
have to set positive numbers (less than 1) for the entries

a3,3,0,1, 43,3,0,2; - - - , @3,3,0,5
and

a33,1,0,a3,3,2,05 - - - y 43,3,5,0+
We denote these positive entries by +, in Table 4. But, this gives a positive
diagonal for the 4-dimensional nonnegative polystochastic tensor A of order
6. The conclusion is that we cannot construct a 4-dimensional nonnegative
polystochastic tensor A of order 6 with permanent equal to 0 in this step.

Step III-III: In this case of step III, we put at least two positive entries

(less than 1) on each of the vertical lines (x,5,4,7) and (*,4,14,1), for each
i=1,2,...,5and x=0,1,...,5.
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Step I-ITI-III: We set positive numbers (less than 1) for the entries

04,51,1,04,522,-5,04555-

(Notice that the entries with indices (4, 5,4,7) and (4,4,14,4) are on the same
horizontal line, and we know that a4 4;; = 0 for ¢« = 1,2,...,5. Thus, with
our selection, we put at least one positive number (less than 1) on each
horizontal line (4,x*,,7), 7 =1,2,...,5.) We check the permanent of A and
observe that per(A) = 0.

For the other selection of this row block, we choose k = 3 and set positive
numbers (less than 1) for the entries

a351,1,035.22--,03555-

We check the permanent of A and observe that per(A) = 0.

Step II-ITI-III: In what follows, we consider the vertical lines (*,4,1,1),
where ¢ = 1,2,...,5. We must put at least two positive numbers on each
vertical line (*,4,4,7). We choose row blocks m = 2 and k = 3, where k
is the same as what is mentioned in step I-III-IIT in this example. We put
positive numbers (less than 1) in the positions

(3,4,1,1),(3,4,2,2),...,(3,4,5,5)

and
(2,4,1,1),(2,4,2,2),...,(2,4,5,5).

Now, we continue the algorithm proposed in the proof similar to steps I-11I-
11T, TI-II-IT1, ITI-II-III, IV-II-I11, V-II-IIT of this example, and we show that
we cannot construct a 4-dimensional nonnegative polystochastic tensor of
order 6 with permanent equal to 0 in this case.

Step I'V-III: If we want to put at least three positive numbers for the en-
tries on each of the vertical lines (%, 5,4,7) and (*,4,14,4), wherei =1,2,...,5
and x = 0,1,...,5, then the proof progresses similar to the previous cases,
and we cannot construct a 4-dimensional nonnegative polystochastic tensor
of order 6 with permanent equal to 0 in this step.

Thus, we cannot construct a 4-dimensional nonnegative polystochastic
tensor of order 6 with permanent equal to 0 in all steps. This allows us to
conclude that the permanent of a 4-dimensional nonnegative polystochastic
tensor of order 6 that is constructed using the special n x (n — 1) row-Latin
rectangle R, mentioned in Example 3.7, is positive. O

In what follows, we present two tables to help the readers better under-
stand the algorithm used in Example 5.2. The processes used in the steps
I-IIT and II-IIT of the proof are illustrated in Table 3 and Table 4, respec-
tively. In the tables, “1” denotes an entry equal to 1, “0” is a 0 entry, and
“+” is a positive entry. Dots are used to denote insignificant entries. Indices
designate the steps in which the entries are considered.
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TABLE 3. The table associated to Step I-III in Example 5.2

No (&% No mo mo ENJ
No mo m+ mo mo QNJ
No mo mo (8 mo EJ
No No mo mo N.,. %NJ
4 No No mo mmo ENJ
Loy .
Smﬁ No m.,y mo mo mo
. S@J No mo (&5 mo mo
. EJ mo mo No o+ mo
EJ No mo mo mo o4
EJ N+ mo mo No mo
. Sy
1# 1# (I I
CI# Clf L | I I
CO1# CO1# IS S| I
COT# COI# I I R
COT# COI# oo oY
1# : 1# : LI I
COT# COI# I I I )
COI# COlf I I |
CO1# COT# 0ot oMY
COT# COT# oo Yo
CI# C1f . -
1# : 1# : L | I
COT# COI# IS S I I
COT# COI# IS )
COI# CO1f WY
COT# COT# 0wt oY
CIf C1# R -
1# : 1# : L | T
COT# COT# S S | I
COT# COI# oMY Y
CT# CT# Yooy HY
COlf COT# oW oY
COI# COT# o I+
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TABLE 4. The table associated to Step II-III in Example 5.2

oMY Y @ @y ) I+ I+
W o T % Cw Cw) SR I+ I+
WY Y e g Cy) Cowg CY I+ I+
¥yt °y oy Ok )] ] (] I+ I+
o Y Y Y <y Cwp ) I+ I+
e . . .
o1 o gty Y 2% ) ’0 ’0
@1 9 Y o+ Ty T )| )] 7 (]
o1 0o Y ) | (| S|
CPp X Y Yy o ) ) () |
@1 L S I ) . oo . co . co . oo
o . . . .
0 4 Ty Y ey y U+ Yy
. mo W4 mo [N mo mo mo m._y LEN
) w4 Y %oy i+ Ut
S o4 i Y Ty gy i+ Y4
) A i Y Ty Y o+ i+ [AR
: S M e W A
0 Zn [ T )ty I+
. mo mw+ fv mo 4 mo mo No @.+
" o4 it 9ot o % M+
S A Yy oY ) o+ gy it
o A Yy oY Ty f o+ it
: R G A e
%0 %0 2 ) (S I ) PT
0 % % % KV VIV i
) ) ) ! 0ot T+ Ty g P
C C9 ) )| oyt o+ Y P
. o@ . m@ . mo . wo m@ mo mo No 0+ . f
. . . : e T+ :
%0 ) ) ) ny L | I ]
. co . co . uo . eo LER No (48 mo No mo
. uo . eo . eo . co LES mo No T+ mo No
. wo . zo . so . @o LAS No mo mo o+ mo
9 C ) )| oy % 0ty ot
. . . . o It
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In what follows, we use the special row-Latin rectangle R to show that
the permanent of an even-dimensional nonnegative polystochastic tensor of
order n is positive.

Theorem 5.3. The permanent of an even-dimensional nonnegative polystoc
-hastic tensor A of order n that is constructed using the special n x (n — 1)
row-Latin rectangle R, mentioned in Example 3.7, is positive.

Proof. We show that the permanent of each 2s-dimensional nonnegative
polystochastic tensor of order n is positive. We prove this theorem by in-
duction.

Since each 2-dimensional nonnegative polystochastic tensor of order n is
a doubly stochastic matrix, the statement of the theorem is true for d = 2
(that is, L = 1) by [9].

The induction hypothesis: We assume that the statement of the theorem
is true for d = 2s — 2 (that is, L = s — 1): The permanent of each 2s — 2-
dimensional nonnegative polystochastic tensor of order n, where s € N, is
greater than 0.

We must prove that the statement of the theorem is also true for d = 2s
(that is, L = s).

To see this, we try to construct a 2s-dimensional nonnegative polystochas-
tic tensor of order n with permanent equal to 0. We will see, in fact, that
such a construction is not possible. To construct a tensor with permanent
equal to 0, we exhibit the algorithm below step by step. We prove this the-
orem in three steps, in which step III contains four steps: I-III, II-III, ITI-ITI
and IV-III. Step I-11I itself contains two steps: I-I-III and II-I-1II. Step II-III
has five steps, which are I-II-III, TI-II-IT1, ITI-IT-ITI, TV-II-IIT and V-II-III.
Step III-III has three steps, namely, I-ITI-I1I, II-ITI-IIT and III-III-III. In each
step, we check the permanent of the tensor which is under construction.

Step I: Consider the matrix B of the form

A(*1,%2,0,0,...,0), x1,% =0,1,...,n— 1.
N——_——
25—2

Since A is a nonnegative polystochastic tensor, B is a nonnegative doubly
stochastic matrix. Thus, B has a positive diagonal by [9]. Without loss of
generality, we let a;;00..0 > 0, where ¢ = 0,1,...,n — 1. It is clear that
these positive entries form a positive diagonal for B.

At the end of this step, we check the permanent of A and observe that
per(A) = 0.

Step II: Let B; be composed of the entries of A which are of the form

ﬂ(i,i,*l,*z,...,*gsfg), i:O,l,...,n—l, *1,...,*2872:0,1,...,7?,—1.

Fach B; is a 2s — 2-dimensional tensor of order n. Since A is a nonnegative
polystochastic tensor, B; is also 2s —2-dimensional nonnegative polystochas-
tic tensor of order n. The induction hypothesis allows us to conclude that the
permanent of B;, : =0,...,n — 1, is positive. Thus, it has a positive diago-
nal. To select a positive diagonal for B;, we consider an n x (n—1) row-Latin
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rectangle R such that the number of transversals in R is equal to 0. (Since
our goal is to construct a nonnegative polystochastic tensor with permanent
equal to 0, and it is clear that a transversal in R gives a positive diagonal
for A, we consider a row-Latin rectangle R without any transversals.) We
assume that the entries of A with indices {(4,7, 57,7/, 8], %, 8], 7)) Y=
are positive numbers, and that they form a positive diagonal for B; contain-
ing a;;00..0, where 55 ,’yf are determined according to the rectangle R as
follows.

The entry in the (i + 1)th row and the ﬁfth column of R is

’yg, where i1 =0,...,n — 1.
Now, we choose the row-Latin rectangle R of the following form. It is clear
that the number of transversals in R is equal to 0 [3].

1 234 ... ... n—3 n—2 n-1
1 234 ... ... n—3 n—2 n-1
1 234 ... ... n—3 n—2 n-1
n—-112 3 ... ... n—4 n—3 n-—2
n—-112 3 ... ... n—4 n—-3 n-—2.

For example, to select a positive diagonal for By, we look at the first row of
R. In this row, we observe that the entry located in the first column is equal
to 1 (that is, Ry; = 1). Thus, we let agoi1..1 > 0. Since Ry -1 =n — 1, we
let apon—1n-1..n—1 > 0. Also, to select a positive diagonal for B,,_1, we
look at the last row of R (that is, the nth row of R). Since R,; =n —1, we
let an—1n—1,1n—1,1,n-1...1,n—1 > 0. Also, in this row of R, we observe that
R, n—1 =n — 2. Hence, we let

an—1,n—1,n—1,n—2,n—1,n—2...n—1n—2 > 0.

Therefore, a positive diagonal for B;, where ¢ =0,1,...,n — 1, is formed by
the entries of the tensor A with indices

(4,1,0,0...,0),(¢,2,1,1...,1),(¢,4,2,2,...,2),...,(i,i,n—1,n—1,...,n— 1),

fori=0,...,n—3, and

(,1,0,0,...,0), (i,i, 1,n — L,1,n—1,...,1,n — 1), (4,4,2,1,2,1...,2,1), (,4,3,2,3,2,...,3,2),...,
(t,i,n—1,n—2n—1,n—2,...,n—1,n—2),

where ¢ = n — 2,n — 1. So far, the entries of the tensor A with the follow-
ing indices are positive numbers. (These entries are considered as positive
numbers in steps I and II.)

0,0,....,0) 0,0,1,...,1) 0,0,2,...,2)
(1,1,0,...,0) 1,1,...,1) (1,1,2,...,2)
(n—3,n—3,0,...,0) (n—3,n—3,1,...,1) (n—3,mn—3,2,...,2)
(n-2,n—2,0,...,0) n—2,n—-2,1,n—-1,1,n—-1,...,1,n—-1) (n—2,n—2,2,1,2,1,...,2,1) ...
(n-1,n-1,0,...,0) (n—1,n—-1,1,n—-1,1,n—-1,...,1,n—-1) (n—1,n—1,2,1,2,1,...,2,1) ...
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0,0,n—1,...,n—1),
(171,71—1,...7”—1)7

(n=3,n—-3,n—-1,....,n—1),
m—2,n—2n—1n—-2n—-1n-2,...,n—1,n—2),
(n=1l,n—1n—-1n-2n—-1n—-2,....n—1,n—2).

Assume that for all other indices of the form
(i,i,/\l,...,)\zsfg), iZO,l,...,n—l, )\1,...,)\2872:1,...,7?,—1,

the entries of A are equal to 0.

We check the permanent of A and observe that per(A) = 0.

Step III: We know that Un—1n—1,y..i = On—32n—2i..i — 0 for i =
1,2,...,n — 1 (by step II). In order for A to remain polystochastic, we
consider the vertical lines (x,n —1,4,4,...,7) and (x,n —2,4,1,...,%), where
i=1,2,...,n—1. (For each i, put x = 0,1,...,n — 1.) Since we want
A to be polystochastic, we should put a positive number 1 or at least two
positive entries (less than 1) on each vertical line (x,n — 1,4,4,...,7) and
each vertical line (x,n — 2,4,4,...,4), where i = 1,2,...,n — 1. In what
follows, we consider four cases.

Step I-ITI: We want to set equal to 1 one of the entries on each vertical
line (x,m — 1,4,4,...,7) and each vertical line (x,n — 2,4,4,...,4), where
i=1,2,...,n—1.

Step I-I-III: We cannot set equal to 1 the entries with indices

(),n—1,i,4,...,4), *=0,1,....n—3, i=12,....,n—1,

because @y n—1;...; lie on the same horizontal line as the positive entries
Qs xisi...is Where * = 0,1,...,n—3 and i = 1,2,...,n — 1. For example, if
we let apn—1,1,..,1 = 1, then the summation of the entries in horizontal line
that contains the entries agn—1,1,1..,1 and 0 < ag,1,1,..,1 < 1 will be greater
than 1. But, this contradicts the assumption that A is polystochastic.

Similarly, we cannot set equal to 1 the entries with indices
(x,m — 2,4,4,...,4), *x=0,1,...,n—=3, 1=1,2,...,n—1,

because ax,—2;,..; lie on the same horizontal line as the positive entries
Qs xii,..i, where x =0,1,...,n—3and 1 =1,2,...,n — 1.

Step II-I-III: According to step I-III, step I-I-III, and the fact that
Up—1,n—1,,..i = 0fori =1,2,...,n—1, in order for A to remain polystochas-
tic on the vertical lines (x,n — 1,4,4,...,4), ¢ = 1,2,...,n — 1, we have to
let ap—2yp—144,.: =1, wherei=1,2,...,n— 1.

According to step I-II1, step I-I-I1I, and the fact that a,—2,—2,.: = 0 for
1=1,2,...,n—1, in order for A to remain polystochastic on the vertical lines
(¥,n—2,1,4,...,4), wherei =1,2,...,n—1, we have to let a—1n—244,..; =1
fori=1,2,...,n—1.
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But, this gives a positive diagonal for the 2s-dimensional nonnegative
polystochastic tensor A of order n of the form

(0,0,...,0),(1,1,...,1),...,(n—=3,n—3...,n—3),
m=2n—-1n-2n-2,....n—2),(n—1L,n—2n—1n—-1....,n—1).
Thus, we cannot construct a 2s-dimensional nonnegative polystochastic ten-

sor of order n with permanent equal to 0 in this step.
Step II-III: In this case of step III, we set equal to 1 one of the entries

on each vertical line (x,n —1,4,4,...,1),i=1,2,...,n — 1. (For each i, let
x =0,1,...,n—1.) Also, we put exactly two positive entries (less than 1)
on each vertical line (x,n —2,7,7...,7), where i = 1,2,...,n — 1.

According to step II-I-11I, we let ap,—2 y,—14,...; = 1, wheret =1,2,...,n—
1. Since the entries with indices (x,n—1,4,4,...,7) and (n—2,n—1,4,%...,1)
are on the same vertical line, ay p,—1;;,..; = 0, where * =0,1,...,n— 3 and
i=1,2,...,n — 1. Also, since the entries with indices (n — 2,%,4,4,...,1)
and (n—2,n—1,4,4,...,4) are on the same horizontal line, a,—2 .. i =0,
where x =0,1,...,n—3and ¢t =1,2,...,n — 1.

Now, we consider the vertical lines (¥,n—2,4,%...,7), where x = 0,1, ...,
n—1land¢=1,...,n— 1. We choose arbitrary row blocks k and m, and

set positive numbers (less than 1) for the entries of A with indices
(k,n—2,4,4,...,4), (m,n—2,4,%,...,1), k,me{0,1,....,n=3}, k+#m.
Thus, the entries

(5.10) Al ki is Qomymisi,e.. i 1=1,2,...,n—1

are positive numbers (less than 1), because the entries mentioned in (5.10)
are on the same horizontal line as the entries 0 < ar,—2;,..; < 1 and
0 < amn—2,.; <1

We check the permanent of A and observe that per(A) = 0.

Since our goal is to construct a tensor with permanent equal to 0, we
set equal to 0 the entries of A in the last row block that forms a positive
diagonal for A. Thus, we let
(5.11)

Up—1,n—2ii..i = On—1,kyiji,...i = On—1,myij,.... =0, 1=1,2,...,n—1,

because, if we set positive numbers for the entries mentioned in (5.11), then
per(A) > 0.

Clearly, if we set positive numbers for the entries with indices

(5.12)

(n—1,1,4,4,...,1), 1=0,1,....n=3, l#km, i=12,...,n—1,

then the permanent of A also remains 0.
Step I-II-III: We consider the horizontal lines

(n—1,%4,4,...,1), *x=0,1,....n—1, +=1,2,...,n—1.

Since we want A to be polystochastic, each horizontal line (n—1, *,4,4,...,17),
where *x = 0,1,...,n — 1, must have exactly one entry equal to 1 or at least
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two positive entries (less than 1). We choose these positions to put the
positive entries among the positions mentioned in (5.12), because we want
the permanent of A to remain equal to 0.

If we set equal to 1 one of the entries on each horizontal line

(n_17*7i7i7"'72‘>7
where x = 0,1,...,n — 1, for example, if we let
Un—1,s,i,...0 = 1, se€{0,1,...,n— 3}, s # k,m,

then this allows us to conclude that ass;..; = 0. (Since ags;;,.. ; and
An—1,s,i,,..; are on the same vertical line, and the summation of the entries
on the vertical lines containing as s ....; and ap_1s,,..; Will be greater than
1.) But, this contradicts ass,...; > 0, which is true by step II.

Therefore, we have to put at least two positive entries on each horizontal
line (n—1,%,14,14,...,1), in the positions mentioned in (5.12). Without loss of
generality, we choose column blocks s; and sy of [, and set positive numbers
(less than 1) for the entries of A with indices

(n—1,s1,4,0,...,1),(n—1,89,4,1,...,17), s1,82 € {0,1,...,mn — 3},
81,82 # k,m,

where i = 1,2,...,n — 1. In what follows, in relation (5.12), the column
blocks different from s1, s9, k, m,n—2,n—1 in the last row block are indexed
by $3,84, .., Smaxe in the form

An —1,8y,1,...,1), Sy # 81,80, k,m,n —2,n —1,

where s3, S4, ..., Smaxe are shown by s,. We check the permanent of A and
observe that per(A) = 0.

Since 0 < ap—1,5,,4,..; < 1 and ag, s, ,i,i,..; are on the same vertical line,
and the same is also true for 0 < ap—1,5,,4,....i < 1and as, s,i4,...i, the entries
sy 51,0, aNd Qg s044....; cannot be equal to 1 and are positive numbers
(less than 1). Therefore, each of the horizontal lines (si,*,%,1%,...,7) and
(s2,%,14,1,...,1), where x =0,1,...,n—1and i =1,2,...,n— 1, must have
at least one more positive entry (less than 1).

Step II-II-III: We consider the horizontal lines (si, *,4,1,...,7), where
x*x=0,1,...,n—1and i = 1,2,...,n — 1. It is clear that the permanent
of A remains 0 if we set positive numbers (less than 1) for the entries with
indices

(5.13)

(1, S0y 0y 0yevy)y, Sy = S2,83,84y -+, Smaxv, Sv F# S1,k,m,n—2n—1.
Next, we put exactly one positive number (less than 1) on each horizontal
line (s1,%*,4,4,...,4). (This position is selected from the indices mentioned
in (5.13).) For example, we put a positive number (less than 1) in the
position (s1,J1,4%,4,...,1), where j; € {s2,83, ..., Smaxv}. This implies that
the entries aj, j, 4,4, for i = 1,2,...,n — 1, are positive numbers (less

than 1). Now, we set equal to 0 the entries with indices (si,*,4,4,...,1),
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where * # $1,59,...,Smaxv, because, if we consider positive numbers for
these entries, then the permanent of A does not remain equal to 0.
At the end of this step, we check the permanent of A and observe that

per(A) = 0.
Step III-II-III: Now, we consider the horizontal lines (s, *,14,1,...,1),
where x =0,1,...,n—1landi=1,2,...,n—1. It is clear that the permanent

of A remains 0 if we set positive numbers (less than 1) for the entries of A
with indices
(5.14)

(5255’077’717"‘72)5 Sy = 51,583,584, ..., Smaxwv; SU#SQ,]{,‘,m,TL—Q,TL—l.

Next, we put exactly one positive number (less than 1) on each horizontal
line (so,%*,4,4,...,4). (This position is selected from the indices mentioned
in (5.14).) For example, we put a positive number (less than 1) in the
position (sg, jo,%,%,...,4). This implies that the entries aj, j, i, for i =
1,2,...,n—1, are positive numbers (less than 1). Now, we set equal to 0 the
entries with indices (sg,*,1,1,...,1), where % # s1, S92, ..., Smaxv, because, if
we set positive numbers for these entries, then the permanent of A does not
remain equal to 0.

We check the permanent of A and observe that per(A) = 0.

Step IV-II-III: By step II-III, we know that 0 < ay ;. . < 1, where
k is mentioned in (5.10). Since we want A to be a polystochastic ten-
sor, we must put at least one more positive entry on each vertical line
(*,k,i,4,...,1), where x =0,1,...,n—1land i =1,2,...,n — 1. It is clear
that if we set positive numbers for the entries with indices (x, k, 1,14, ...,1),
where * = 0,1,...,n — 3,% # m, then the permanent of A is not 0. (We
remember that a,—1 ki i = an-2k,ii. . i =0, by step II-IIL.) Thus, we let
Ay kyisi,...i = 0, where * = 0,1,...,n—3,* # m. Also, if we set positive num-
bers for am, k.i,... i, where k is mentioned in step II-Illand i = 1,2, ..., n—1,
then the permanent of A remains 0. Therefore, we put positive numbers (less
than 1) in positions (m, k, 4,4, ...,1), where i = 1,2,...,n — 1.

We check the permanent of A and observe that per(A) = 0.

Now, we know that 0 < apmii..i < 1 (by step II-III), where m is
mentioned in (5.10). Since we want A to be a polystochastic tensor, we must
put at least one more positive entry on each vertical line (x,m,i,1,...,1),
where i = 1,2,...,n—1 and * = 0,1,...,n — 1. It is clear that if we set
positive numbers for the entries with indices (x,m,i,4,...,7), where * =
0,1,...,n—3,% # k, then the permanent of A is not 0. (We remember that
An—1,myiii = An—2.m.ii,..i = 0, by step II-IIL.) Thus, we let @y m. i, i =0,
where * = 0,1,...,n — 3,% # k. If we set positive numbers for the entries
Ak,m,ii,....i» where k is mentioned in step II-III and ¢ = 1,2,...,n — 1, then
the permanent of A remains equal to 0. Hence, we put positive numbers
(less than 1) in positions (m, k,1,...,4), where : = 1,2,...,n — 1.

We check the permanent of A and observe that per(A) = 0.
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Step V-II-III: Now, we consider the block (k, k, %1, %9, ..., %25_2), where
*1,...,%5_2 = 0,1,...,n—1 and k is mentioned in step II-11I. Since we want
A to be polystochastic, the summation of the entries on each of the vertical
and horizontal lines of this block must be equal to 1. We know that the
entries ay i, ., where i = 1,2,...,n — 1, are positive numbers (less than
1) (by (5.10)). Hence, in order for A to remain polystochastic, we must
put at least one more positive number (less than 1) on each vertical line
and each horizontal line of this block. For example, consider the vertical
line (k,k,*,1,1,...,1), where *x = 0,1,...,n— 1. Since 0 < ap ;. .; <1
and ag k11,1 = 0, where [ # 0,1 (by step II), in order for A to remain

)

polystochastic, we have to set a positive number (less than 1) for aj x.0.1,1,...1-

In what follows, consider the vertical lines with indices (k,k,*,z,2,...,2)
for z = 2,3,...,n — 1. Similarly, for these vertical lines, we set positive
numbers (less than 1) for the entries ay k0,z,2,.. 2, Where 2 =2,3,...,n — 1.

Similarly, consider the horizontal line (k,k,1,1,...,1,%), where « = 0,1,
...,n—1.Since 0 < ag 11,1 <1land agpi1,.1; =0, where l # 0,1 (by
step II), in order for A to remain polystochastic, we have to set a positive
number (less than 1) for aj x.1.1,..1,0. In what follows, consider the horizon-
tal lines (k,k,z,2,...,2,%) for 2 = 2,3,...,n —1 and * = 0,1,...,n — L.
Similarly, for these vertical lines, we set positive numbers (less than 1) for
the entries ag k.. 20, Where z = 2,3,...,n — 1. Therefore, the following
entries are positive and less than 1.

ak k,0,1,1,...,1, Ok, k,0,2,2,....25 - - - s Ak k,0,n—1,n—1...n—1

Qg k,1.1,..,1,0, 0k k22,.,20)---5kkn—1n—1,.,n—1,0-
In what follows, we consider the block with index (m,m,x*i, ..., *25_2),
where *1,...,%,_9 = 0,1,...,n — 1 and m is mentioned in step II-III,
because we know that the positive entries on this block are less than 1. For
the vertical and horizontal lines in the block (m,m,*1,%2. .., *2s_2), similar
to what we did for the block (k, k,*1, %2 ..., %25_2), we set positive numbers

(less than 1) for the entries

Am,m,0,1,1,...,1, Am,m,0,2,2,....25 + + - » dm m,0,n—1,n—1,....n—1
am,m,1,1,...,1,0, Amm,2,2,...,.2,05 - - - s Am:mn—1,n—1,....n—1,0-

Now, we check the permanent of A. If per(A) > 0, then the proof of step II-
III is complete. If per(A) = 0, we consider the block (si,s1,%*1,...,%25-2),
where *1,...,%95_90 = 0,1,...,n — 1 and s; is mentioned in step I-II-III,
because we know that the positive entries on this block are less than 1. We
set positive values less than 1 for the following entries, similar to ay k0% «... .«

and a i« ... x0, Where x =1,2,...,n— 1.
Gsq,51,0,1,1,...,15 Asq,51,0,2,2,...,25 + - « s Bsq1,51,0n—1,n—1,...n—1
Gsq,81,1,1,...,1,05 s1,51,2,2,...,2,05 + + - y Bsy,81,n—1,n—1,....,n—1,0+

Now, we check the permanent of A. If per(A) > 0, then the proof of step
II-11T is complete. Otherwise, we consider the block (s2,s2,%1,...,%25-2),
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and set positive numbers (less than 1) for the entries

asz,SQ,O,l,l,...,la a82782,0,2,2,...,27 cecy aSQ,SQ,O,’ﬂ*l,’I’L*l,...,TL*l
Asg,89,1,1,...,1,0) Bs9,82,2,2,...,2,05 - - - y Asy,59,n—1,n—1,....n—1,0-

After considering a finite number of main diagonal blocks, we conclude that
per(A) > 0. Thus, we could not construct a 2s-dimensional nonnegative
polystochastic tensor of order n with permanent equal to 0. This allows us to
conclude that the permanent of a 2s-dimensional nonnegative polystochastic
tensor of order n is positive in this step.

Step ITI-III: In what follows, we continue step III and put at least two

positive numbers (less than 1) on each of the vertical lines (x,n—1,14,1,...,1%)
and (x,m — 2,4,14,...,1), for each i = 1,2,...,n — 1.

Step I-ITI-III: First, we consider the vertical lines (x,n — 1,4,14,...,1),
where i = 1,2,...,n—1and * = 0,1,...,n — 1. We set positive numbers

(less than 1) for the entries with indices
(n—2,n—1,4,4,...,49), i=1,2..n—1

Notice that these selected entries lie on the same horizontal line as the entries

with indices (n —2,n —2,4,1,...,7). Also, we know that a,—2p,—2;..i=0.
(We consider (n — 2,n — 1,4,4,...,7), because each horizontal line (n —
2,%,4,4,...,1), where x = 0,1,...,n — 1, does not have any positive num-
bers.)

We check the permanent of A and observe that per(A) = 0.
Now, for other selection of positive entries on the vertical lines (x,n —

1,4,4,...,4), where i = 1,2,...,n — 1, choose an arbitrary block (k,n —
1,4,4,...,1), where k # n — 2,n — 1. Now, we set positive numbers (less
than 1) for the entries of A with indices (k,n — 1,4,4,...,1), where i =
1,2,...,n—1.

We check the permanent of A and observe that per(A) = 0.
So far, we set positive numbers (less than 1) for the entries of A with
indices

(5.15) (n—2,n—1,i,i,...,0),(kyn—1,i,4,...,i) i=1,2...,n—1,

where k € {0,...,n —3}. Thus, the vertical lines (x,n —1,4,4,...,4), where
i1=1,2,...,n—1and *x=0,1,...,n — 1, have at least two positive entries.
Step II-ITI-III: In this step, we consider the vertical lines
(*7n_ 271.72.,"'72.)3
where ¢ = 1,...,n — 1. We want to put at least two positive numbers on

each vertical line. So, we put positive numbers in the positions
(k,n— 20,0, ...,1), (myn —2,4,4,...,1),

wherei =1,2,...,n—1,and m € {0,1,...,n—3}, where k is the nonnegative
number, selected in (5.15), and m # k is arbitrary. (Since our goal is to
construct a nonnegative polystochastic tensor with permanent equal to 0,
we try to do this with the least number of positive entries.)
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We check the permanent of A and observe that per(A) = 0.

Now, since our goal is to construct a tensor with permanent 0, we set
equal to 0 the entries of A in the (n — 1)-row block that forms a positive
diagonal for A. Thus, we let

An—10—2isiyei = Q1 kyisi,i = Qn—1,m,isi,....i = 0, 1=1,2,...,n—1.

Step ITI-III-III: In this step, we continue the process of the proof of step
III-II1, similar to steps I-II-II1, ITI-1I-ITI, ITI-II-11I, IV-II-IIT and V-II-III. We
will see in this step that, we cannot construct a 2s-dimensional nonnegative
polystochastic tensor of order n with permanent equal to 0.

Step IV-III: In this case of step III, if we want to put at least three
positive entries (less than 1) on each of the vertical lines (x,n —1,4,14,...,1%)
and (x,n — 2,4,4,...,7), where i = 1,2,...,n—1 and * = 0,1,...,n — 1,
then the proof is similar to step III-III. (Therefore, we cannot construct a
tensor with the aforementioned properties.) Hence, we cannot construct a
2s-dimensional nonnegative polystochastic tensor of order n with permanent
equal to 0 in all steps. This allows us to conclude that the permanent of
an even-dimensional nonnegative polystochastic tensor of order n that is
constructed using the special n x (n — 1) row-Latin rectangle R, mentioned
in Example 3.7, is positive. O

Notice that in Step II, we can use an arbitrary row-Latin rectangle R
with no transversals and not necessarily isotopic to R, and continue the
algorithm by choosing a positive diagonal for 2-dimensional plane and 2s—2-
dimensional plane subtensors of A, and putting positive numbers on each
line of A whose sum of the entries is less than 1, in such a way that the
positive entries do not form a positive diagonal for A. FEventually, after
these selections, we may obtain a positive diagonal for A.

Corollary 5.4. The permanent of each even-dimensional polystochastic
nonnegative tensor of order 4 is positive.

Proof. We know that the row-Latin rectangle R is the only n x (n — 1) row-
Latin rectangle with no transversals for n = 4 [14]. Thus, the desired result
follows from Theorem 5.3. O

6. CONCLUSION

In this paper, we proposed an algorithm for computing the permanent
of a tensor, which was based on a recursion relation. Next, we proved the
positivity of the permanent of a 4-dimensional polystochastic (0, 1)-tensor
of order n that was constructed using a special n x (n — 1) row-Latin rec-
tangle R with no transversals. Also, we established the positivity of the
permanent of an even-dimensional polystochastic (0, 1)-tensor of order n
that was constructed using the row-Latin rectangle R. Although we proved
these theorems by using the special n x (n — 1) row-Latin rectangle R with
no transversals, we presented an algorithm to study these theorems by us-
ing each n x (n — 1) row-Latin rectangle R’ with no transversals and not
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necessarily isotopic to R. In the special case n = 4, we proved the posi-
tivity of the permanent of an even-dimensional polystochastic (0, 1)-tensor
of order 4 (answering Wanless’ conjecture for odd-dimensional Latin hyper-
cubes of order 4). Moreover, we applied our main theorem to the theory of
hypergraphs; we proved the positivity of the number of perfect matchings
of the bipartite hypergraph associated to an even-dimensional polystochas-
tic (0, 1)-tensor of order 4. Furthermore, we proved the positivity of the
permanent of a 4-dimensional nonnegative polystochastic tensor of order n
that was constructed using the special n x (n — 1) row-Latin rectangle R.
Then, we established the positivity of the permanent of an even-dimensional
nonnegative polystochastic tensor of order n that was constructed using the
row-Latin rectangle R.

As an idea for further research, interested readers can investigate other
ways to simplify the computation of the permanents of tensors. Also, they
can try to present a complete proof for the conjecture proposed by Wanless
in [16].

REFERENCES

1. S.V. Avgustinovich, Multidimensional permanents in enumeration problems, J. Appl.
Ind. Math. 4(1) (2010), 19-20.
2. B.W. Bader, T.G. Kolda, MATLAB tensor classes for fast algorithm prototyping:
source code, Sandia National Laboratories, 2004.
3. A.A Drisko, Transversals in row-Latin rectangles, J. Combin. Theory Ser. A 84(2)
(1998), 181-195.
4. S.J. Dow, P.M. Gibson, Permanents of d-dimensional matrices, Linear Algebra Appl.
90 (1987), 133-145 .
5. W.B. Jurkat, H.J. Ryser, FExtremal configurations and decomposition theorems, J.
Algebra. 8(2) (1968), 194-222 .
6. R.M. Karp, Reducibility Among Combinatorial Problems, In: Complexity of computer
computations, Springer, Boston, MA, 1972.
7. T.G. Kolda, B.W. Bader, Tensor decompositions and applications, SIAM Rev. 51(3)
(2009), 455-500.
8. L. Lim, Eigenvalues of tensors and spectral hypergraph theory (Talk), Berkeley: Uni-
versity of California, 2008.
9. H. Minc, Nonnegative matrices, A Wiley-Interscience, New York, 1987.
10. K.J. Pearson, T. Zhang, On spectral hypergraph theory of the adjacency tensor, Graphs
Combin. 30(5) (2014), 1233-1248.
11. L. Qi, Z. Luo, Tensor analysis: spectral theory and special tensors, Society for Indus-
trial and Applied Mathematics, Philadelphia, 2017.
12. Z.W. Sun, An additive theorem and restricted sumsets. Math. Res. Lett. 15(6) (2008),
1263-1276.
13. A.A. Taranenko, Permanents of multidimensional matrices: properties and applica-
tions, J. Appl. Ind. Math. 10(4) (2016), 567-604.
14. A.A. Taranenko, Positiveness of the permanent of 4-dimensional polystochastic ma-
trices of order 4, Discrete Appl. Math. 276 (2020), 161-165.
15. A.A. Taranenko, Transversals in completely reducible multiary quasigroups and in
multiary quasigroups of order 4, Discrete Math. 341 (2018), 405-420.
16. I.M. Wanless, Transversals in Latin squares: a survey, in: Surveys in Combinatorics
2011, Lond. Math. Soc. Lect. Note Ser. 392 (2011), 403-437.



ON THE PERMANENT OF AN EVEN-DIMENSIONAL... 53

DEPARTMENT OF MATHEMATICS, VALI-E-ASR UNIVERSITY OF RAFSANJAN, RAFSANJAN,
IrRAN
E-mail address: m.nobakht88@gmail.com

DEPARTMENT OF MATHEMATICS, VALI-E-ASR UNIVERSITY OF RAFSANJAN, RAFSANJAN,
IRAN
E-mail address: afshin@vru.ac.ir



	1. Introduction
	2. An algorithm for computing the permanent of a tensor
	3. The permanent of a (0,1)-polystochastic tensor
	4. Hypergraphs
	5. The permanent of a nonnegative polystochastic tensor
	6. Conclusion
	References

