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¢-ANALOGUES OF 7-SERIES BY APPLYING CARLITZ
INVERSIONS TO ¢-PFAFF-SAALSCHUTZ THEOREM

XTAOJING CHEN AND WENCHANG CHU

ABSTRACT. By applying multiplicate forms of the Carlitz inverse se-
ries relations to the ¢-Pfaff-Saalschtz summation theorem, we establish
twenty five nonterminating g-series identities with several of them serv-
ing as g-analogues of infinite series expressions for 7 and 1/7, including
some typical ones discovered by Ramanujan (1914) and Guillera.

1. INTRODUCTION AND MOTIVATION

Let N and Ny be the sets of natural numbers and non-negative integers,
respectively. For an indeterminate x, the Pochhammer symbol is defined by

(£)o=1 and (z)p,=z(z+1)---(z+n—-1) for neN
with the following shortened multiparameter notation

[a,ﬂ,---w] (@B (W
AB,---,C o (An(B)y- (C)y

Analogously, the rising and falling factorials with base ¢ are given by
(759)0 = (v;¢)0 = 1 and

(T3 =1 —2)(1—qz)---(1—¢" '),
() =(1—2)(1—q 'z)- - (1-¢" ).

Then the Gaussian binomial coefficient can be expressed as

{m] _ (q;q(q; Dm @)

n )n(QQ Q)m—n B (QQ CI)n

where m, n € N.
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When |¢q| < 1, the infinite product (x;¢)s is well-defined. We have hence
the g-gamma function [12, §1.10]

= — 1_I7(q;q)oo an im z) = I'(x
Lye) = (1= 02 and i 1, (0) = 1),

For the sake of brevity, the product and quotient of the g-shifted factorials
will be abbreviated respectively to

[,8, -, vdl, = (40,80, (),,
[omﬁw-, H o (9),(B:0)y - (130,
A B,---,CIM| (459),, (B;9),, - (C39),,

Following Bailey [2] and Gasper—-Rahman [12], we define the basic g-series
below:

Gap, a1, " ,0Q

4
f+1¢£ |: bla'” ,b[

o
q; Z:| _ |:CLO, al;""“ y g ‘q:| P
7;) q, b17 ’ bZ n

This series is well-defined when none of the denominator parameters has
the form ¢=™ with m € Ny. If one of the numerator parameters has the form
g~ with m € Ny, the series is terminating (in that case, it is a polynomial
of z). Otherwise, the series is said to be nonterminating, where we assume
that 0 < |¢| < 1.

As the g-analogues of the Gould—Hsu [13] inversions, Carlitz [4] found, in
1973, two well-known pairs of inverse series relations, which can be repro-
duced as follows. Let {ax}r>0 and {by}r>0 be two sequences such that the
p-polynomials defined by

n—1
o(z;0) =1 and ¢(x;n) = H(ak +aby) for n=1,2,...
k=0
differ from zero at x = ¢7™ for m € Ny. Then the first pair of inverse

series relations discovered by Carlitz can equivalently be restated, under the

replacement
k

g(k) = q Gg(k),
as follows.

Theorem 1.1 (Carlitz [4, Theorem 2]).

o

(—1)*
(1.2) (—1)*

(1) ) = 3o etaHsmato),
g(n) .

k
("3 _ak+a "o
[ ]q sO(q_";kJrl)f(k)'

n
k=0

Alternatively, if the p-polynomials differ from zero at x = ¢™ for m € Ny,
Carlitz deduced, under the base change ¢ — ¢!, another equivalent pair.
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We reproduce it under the replacement
Fk) = =) k),
as another theorem.

Theorem 1.2 (Carlitz [4, Theorem 4]).

i 7 =320 et mig,
k=0
I A L R
(1.9 o) =31 HE ]

These inversion theorems have been shown by Chu [6-8] to be very useful
in proving terminating g¢-series identities. Among numerous g¢-series identi-
ties, the following ¢-Pfaff-Saalschiitz theorem (cf. [12, II-12]) for the termi-
nating balanced series is fundamental.

Theorem 1.3. For n € Ny, we have the identity

b q] _ [céi,/z/bb qL

(15) o | T

As a warm—up, we illustrate how to derive the g-Dougall sum by making
use of Carlitz’ inversions. Observe that (1.5) is equivalent to

¢ ", q"a,qa/bd| | _ [qa\" b, d
3¢2[ qa/b,qa/d q’q]_<bd> {qa/b qa/d ]

which can be rewritten as a g-binomial sum

i(—l)k mq(n 2)(¢*a; q)n [qz/zaés;id ]

k=0
_ @)n a, b, d (%)
(bd [qa/b qa/d|? ] C
This matches exactly (1.3) under the specifications

fn) = (%)n [q;/bbqacjd } q(g)’

g(k) = [qi/gaq/;);ld ] and  @(x;n) = (ax; q)n.

Then the dual relation corresponding to (1.4) reads as

- 1-q¢*a /qa a, b, d k a, qa/bd
Z%)( ) {k} (¢"a; Q) ka1 (bd) [qa/b qa/d ] q qa/b, qa/d
This is equivalent to the g-Dougall sum (cf. [12, II-21]):

a, ¢/a, —q:/a, b, d, .q”+1 qa,qa/bd
(1.6) 6¢5[f Y agaboaaldaial# ] [qa/b qa/d |’ ]
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For a = b= d = ¢'/?, the limiting case n — oo of equation (1.6) becomes

W @V% 31— g g2
q2
(G9) 1—q

which reduces, for ¢ — 17, to the following infinite series expression for 7

*:i k{1+4k}

=0

as recorded in one of Ramanujan’s letters to Hardy [21]. More difficult
formulae for 1/7m were subsequently discovered by Ramanujan [23, 1914],
where 17 similar series representations were announced. Three of them are
reproduced as follows:

0 LS hbi) e

' T 1,1,1 gk
k=0 - -k

(1.8) §_i'%,i,g' 3+ 20k

' T 1,1,1), (—4)k"°
k=0 - “k

(1.9) E_i’%,%,%' 54 42k

‘ T 11,1 64k

i
o
T

For their proofs and recent developments, the reader can consult the pa-
pers by Baruah-Berndt-Chan [3], Guillera [14-16] and Chu et al [9-11].

Recently, there has been a growing interest in finding g-analogues of
Ramanujan-like series (cf. [5,10,17-20]). Following the procedure just de-
scribed, the aim of this paper is to show systematically g-analogues of -
related series by applying the multiplicate form of Carlitz inverse series
relations to the g-Pfaff-Saalschiitz summation theorem. In the next section,
we shall derive, by employing the duplicate inversions, twenty ¢-series iden-
tities including g-analogues of the identities in (1.7-1.9). Then in section 3,
the triplicate inversions will be utilized to establish five g-series identities.
By applying the bisection series method to two resulting series, g-analogues
are established also for the following two remarkable series discovered by
Guillera [14,15]:

2v2 (-5’“[5&%}

=== (+ {1+6k}.
&8 L,

32\/§:i(_3>3k 2500 {15 + 154k}
T im0 8 L 1],
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2. DUPLICATE INVERSE SERIES RELATIONS

For x € R (the set of real numbers), we denote by |x| the nearest integer
less than or equal to . Then for all n € Ny, there holds the equality

(2.1) n=[5]+ 5"

Using (2.1), we shall reformulate (1.5) in three different ways. Their dual
relations will lead us to g-series counterparts for several remarkable infinite
series expressions of 7 and 1/7.

2.1. First version. According to the ¢-Pfaff-Saalschiitz formula (1.5), it is
not hard to verify that

qa", a,c g lzle g L2 Jae/c
32 [q_LgJae,q L% C/e‘q’ ] [q_LgJae,q e/c‘

which is equivalent to the g-binomial sum

n

Z [ ] /e q) 2 (g e/ Q) 21 [a;’qcc/e’q]kq(kil)

=0
_ {e,ae/c‘q} [q/e,qc/ae‘q] .
ae 21 qc/e 2]

Observing that this equation matches exactly to (1.1) specified by

F(k) = [e,ae/cH o [q/e,qc/ae‘q]t ’

ae gc/e k|
2

g(k)Z[ “ - ‘qhq(%l),

ae,qc/e
p(ain) = (qz/ae; q) 2 (ex/c; q) nia);
we may state the dual relation corresponding to (1.2) as the proposition.

Proposition 2.1 (Terminating reciprocal relation).

a, c
ae, qc/e q "
- Z 1 _ q—ke/c)q(l-l—Qk)(k—n) e ae/c
2k

- q
0 1 “"/ae;q)k(q e/ @)k | ae L

n (1—q~* Jae)q1 R (+2k—2n) | e ae/c q/e,qc/ae
N Z 2k 41| (@ "/aesq)ri1(a " e/q)kt1 ae ‘q gc/e )q '
k>0 k+1 k

q]k [q/eq,cq/ce/ae

The two sums just displayed are, in fact, balanced g¢7-series, which do
not admit closed forms. However their combination does have a closed form.
That is the reason why we call the last relation reciprocal.
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Letting n — oo in Proposition 2.1 and then applying the Weierstrass
M-test (cf. Stromberg [24, §3.106]), we get the limiting relation:

o L],

ae, qc/e
—qdfc/e [e,ae/c e,qc/ae 2_
(2.3) :;ml(q;(;)z: [ ae/ ‘q]k [q/ ch/e/ ‘q]qu F(ac)
c 1—ae/q [e,ae/c /e, qc/ae 2
(2.4) + gkzo @ Dot q)zki [ ae/q q] . [q ch/e q]qu (ac)®.

Combining the two sums in (2.3) and (2.4) together, we obtain the fol-
lowing theorem.

Theorem 2.2 (Nonterminating series identity).

0 k
[ a, ¢ ‘q] :Z (ac) [B,ae/c‘q] [Q/eaqc/ae‘q] gk
ae, C/e ©  L—0 (@5 9)2k ae k C/e k
|4 rcdma Fe)(1 — g*ae/c)
e(l —¢"t2)(1 —qFe/e) |
We highlight two important corollaries about reciprocal product of ¢-

gamma functions. Their limiting cases as ¢ — 17 yield infinite series for =
and 1/7.

Corollary 2.3. For A € R, the following identity holds:

1 o Z [q 7q1+)\7q B 7‘]2_)\'(]}qu2+,€

Tg(1+MTg(2=A) = (@ )7 (% @2
(1—gq )1 —q¢"*h
g {1 ( ( }

1— qA-i-k) 1— ql >\+k)

Proof. By inverting the fraction inside the braces {---} and then absorb-
ing the factors involving k in the factorial quotients, we can equivalently
reformulate the equation in Theorem 2.2 as

[ qa, ¢ ‘ ] (e(l—q)(l—a)

ae, qc/e 1—e)(1—ae/c)

Z g (ac) [qe ,qae/c H [q/e,qC/ae H
(a2 q)2k ae k qc/e k
g o d PN gte/e) |
c(1 —gke)(1 — gkae/c)
The formula in Corollary 2.3 follows by specifying a = ¢* and ¢ = e = ¢
in the above equation.

1-X
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Corollary 2.4. For XA € R, the following identity holds:

I, ()T Z w2k (0 q (g ™k [1—g¢' T 1 Mh
! (4% @)ak R e

Proof. This result simply follows from Theorem 2.2 with a = ¢ = ¢ and
A
e=q". U

Remark. Letting ¢ — 17 on both sides of Corollary 2.4 and then using
Euler’s reflection formula (cf. [22, §17])

™

TEITA—2) = sin(rz)’

we obtain the following infinite series identity

[e.9]

Z 2k +1 A+ k
sin(7m —~ 2k+1 Atk A—k—1]"

(2.5)

This series (2.5) for 1/sin(nz) is analogous to the well-known partial
fraction decomposition for cot(7rz) that can be obtained by using logarithmic
differentiation of the Weierstrass factorization theorem for sin(mz).

By properly choosing special values of a,c¢ and e, we find ten interest-
ing g-series identities, that correspond to the classical series with the same
convergence rate of 1/4. Here the convergence rate for a series

o0
> an
k=0
is defined by lim aj41/ag, if this limit exists.
k—o0

A1l. For the series discovered by Ramanujan [23]

o0 1 1 1
%ZZ 3303 | L+06k
p L1,1), 4F
k=0

)

we recover, by letting A = 1/2 in Corollary 2.3, the following ¢-
analogue (cf. Chen—Chu [5, Example 38] and Guo [18, Equation 1.6]):

1 iqu (/% Q)i 14 ght1/2 _ 9g2k+1/2

=0 (@i @@ (1—q)(1+gH12)

A different, but simpler g-analogue can be found in Guo—Liu [19,
Equation 3] and Chen—-Chu [5, Example 4]:

[e.9]

1= ™ (g a®)i(@® gDk o 1

q .
L—q*  (¢%qY)} 2(3)

k=0
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A2. For A = 1/3, we get, from Corollary 2.3, the following identity
1
r (%)T (3)
Z k2+k 1/3 2/37‘14/37‘15/33‘1]1@{1 - (1 _q—k)(l _ q2k+1) }
(@3 9)3(a® @)k (1—g"+3)(1 — gF3)

wh1ch gives a g-analogue of the series
9v/3 i [;,;,g,g] 2 4 18k + 27k?

3
27 P 1,1,1, 3 4k

A3. For A = 1/4, we have, from Corollary 2.3, the following identity due
to Guo and Zudilin [20, Equation 1.6]

K24k [q4 atiatats q}k (=g H =g
Fq(%) €9) Z O ACAE {1 ' }

which offers a g-analogue of the series

8\f7i }t,i,%% 3+ 32k + 48k%
1

k
77172 4

A4. For A =1/6, we ﬁnd, from Corollary 2.3, the following identity
1

r (%)F (%)
—Z O UV R Attt q]k{l_ (=g 0= }
(@ 7% @)2n (1 — ¢ 6)(1 — gF+8)
Wthh provides a g-analogue of the series
1155
56 dra | 9T T2k+ 108]<;2.
1,1,1,3 |, 4k

18
=3
k=0
A5. Letting A = 1/2 in Corollary 2.4, we get the following identity

< ) Z K2k (€ 7)‘1)k (1+2qk+1/2)

which is a q—analogue of the series

-l

A6. Letting A = 1/3 in Corollary 2.4, we deduce the following identity

1
r <1> < ) Z K24k (4 1/3,q (2/3‘(1)k{1_q1+2k _ 1—gts }
1 q CI)Zk 1—qk+% 1—q7k7%
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which gives a g-analogue of the series

4 _i{;,é,g,g] 7+ 27k + 27k?
A 3 4 5 :
V3 L5331y 4k

AT7. Letting A = 1/6 in Corollary 2.4, we obtain the following identity
r <1> < ) Z e (0/0) <5/6-q>k{1—q1+% 1—qk+é}
! (4% 9)2n 1—gb+s  1—g+3

which results in a g-analogue of the series

00 1 155 2

= 2.2 31 + 108k + 108k
_ 6767676

IOW—E [1 IGI]k i .

37
k=0 276’

A8. By specifying a = ¢, ¢ = ¢?/* and e = ¢'/3 in Theorem 2.2, we find

1 p 1
L3 _ < e (@3 @)k (6?3 q)2 1 + ¢F+5 — 247+
r,(3) & (@*/3; q)r (42 q) 2k 1— g5

which corresponds to the identity

VAL ST
Y

4k

2} 5 + 9k
P
27T 3 E

2
3
3
29

A9. By specifying a = ¢ = ¢*/* and e = ¢%/? in Theorem 2.2, we have

% Z (@2 @)3 (% @) 1+ ¢F2 — 2¢7F+ 5
3/4, Di(a% D2k (1—q)(1+q2)

l
4 k=

which corresponds to the identity

or2(3 ©riill k 1212(3 © s 33 1
R e S e
32(3) = lLiag 2y mlbogl,

A10. By specifying a = ¢ = ¢*/* and e = ¢!/? in Theorem 2.2, we find

1 1 3
:i b @%@ a)r (14 ¢3) (1 + ¢ 2 —2¢°"F3)
5/4 AP 1—qi

»Mv—'

>J>\O.J

which corresponds to the identity

() :iP é 5;] 1+ 3k
: .
SFQ(Z) k=0 1 v 404 1k 4k
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2.2. Second version. According to (1.5), it is routine to check that

_LEJ
| g t2le ae/c
q,q] N [q_vﬂe/c,ae‘q}n

By making use of the factorial expression

(2.6) 562 [ a " g

ae,qlanTHJc/e
- ntl nt1) (L5
(67 y; 9) mn a5 0 = (0" g5 ) i (—) 5 E ),
we can reformulate (2.6) as the g-binomial identity:

S Ot e [0l

o P 4] [,

|25 ] ae qc/e

Since the last equation matches exactly to (1.3) specified by

q/e,a
AT
wLac/e Pl

q} and  p(z;n) = (ax; q) 2] (cr/€; q) nt1);
k

Lk+1

Flk) = (=D)L gG)-("F )

o0 = [0

ae,qc/e

2
’“j ae

(€:q) kg1 [ae/c

eL

the dual relation corresponding to (1.4) is given in the proposition.

Proposition 2.5 (Terminating reciprocal relation).

[aeaqcc/e‘ L
K et < [ [

= 2k na,q> (@ c/e, Qi | ae ac/e
3k2+k N (1—ag®* 1) (=1)FR ! (e50)n11
+ Z ( |:2k+1} (@) k+1(a"c/eq 1 eFHe
k>0

o [ae/c‘q] [q/e,a‘q] )
ae "]y [ ac/e I°],,
Both sums just displayed can be expressed as terminating g-series, which

do not have closed forms. However their combination does have a closed
form.
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Letting n — oo in Proposition 2.5 and then applying the Weierstrass
M-test, we get the limiting relation:

(2.8)
o 1)kq3sz_k(1_ch/€) A (e;q)n [ae/c‘q} [q/e,a‘q}
= (¢ a)2k ek ae qc/e
(2.9
e Z g e (1— ag® 1) 2 (e; q)sn [ae/c‘q} [q/e,a’q]
k>0 (¢ @)2k41 ek ae 2k+1 qc/e

Combining the two sums in (2.8) and (2.9), we derive the following theo-
rem.

Theorem 2.6 (Nonterminating series identity).

[ a, c ‘q]
ae,clel”|
B oo (_02/e)k (ae/c; q)ak [a,e,q/e q} q3k22—k
P (@) (ae;q)a c/e k
4 pe(l—ag®* 1) (1 — gFe)(1 — ¢*ae/c)
e(l = ¢ 2)(1 - gke/e)(1 — aeq? ) |
Two implications are given below about reciprocal product of g-gamma
functions.

Corollary 2.7. For A € R, we have the infinite series identity

1
q(1+A) ( —A)
Z : Q) ok [q’\,q)‘,(f—)“q} q§(3+3k—2,\)
q Q)Qk q k

oo
=0
y 1— 1+>\+3k - q—k(l o qk)(l _ q1+2k>(1 _ q1+2k)
1 —q (1 _ ql—A+k)(1 _ qA+2k)(1 _ q1+>\+3k:) ’

Proof. The formula is confirmed by reformulating the equality displayed
in Theorem 2.6 in an analogous manner as that for the proof of Corollary 2.3
and then letting a = ¢* and ¢ = e = ¢~ in the resulting equation. [l
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Corollary 2.8. For A € R, we have the infinite series identity

Ty(1+ AT i q7q q] (4% 9)2x k(343k—2))
=0

@or (45 @)
e + 1+k /\ q2+3k)(1 _ q)‘+k)(1 _ qA+2k)
1+2k)(1 — qITAR) (1 — gl A2k [T

Proof. Specifying @ = ¢ = ¢ and e = ¢ in Theorem 2.6, we get the
desired result. (]
Five g-series as well as their counterparts of classical series are exemplified

as follows.

B1. For Ramanujan’s series [23]

8 X _1\k[1 13

°_ - 20474

.= () [1, 1, 1L{3+20k}’
k=0

we recover, by letting A = 1/2 in Corollary 2.7, the following g¢-
analogue (cf. Chen and Chu [5, Example 39])

:i(_l k(q1/2§Q)i(q1/2§Q)2kq3k2/g
(¢ D)r(a; )3
y (1+ qk+1/2)2(1 _ q3k+1/2) _ q2k+1/2(1 _ q2k+1/2)
(- g1+ ¢ 172)2 |

Guo and Zudilin [20, Equation 1.4] derived, by means of the WZ
machinery, another g-analogue

LS
i) & ( s )5 (¢ )Qk
_ 2k+1/4 g1 — ghti/a
8 {1 q (1—¢ )}
T=q (g1t

This is another example (apart from Al) that there may exist
different g-analogues for the same classical series.
B2. For A = 1/2, we get, from Corollary 2.8, the identity

1 3\« k3 4 (4 Or(g Y2 )k(q"?; @)an
to((3)re(3) =2V 7% D a2 D

k3 (1 — 3% +2)(1 — 2% +3
X{1+q 2(1 = ¢ 2)( qa2)}
(1= g+ (1 —¢**2)

(2.10)
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which can also be obtained from Chu [10, Proposition 14: x = y?> =
g]. Identity (2.10) is a g-analogue of the classical series

3 oA —1\k[L1 13
5 -2 (7) [3 5 4 {5+ 21k + 20%°},
k=0 2424 1k
which is equivalent to a formula of BBP-type due to Adamchik and

Wagon [1].
B3. For A = 1/3, we have, from Corollary 2.8, the identity

Fq(l)Fq(2> :i(*mﬂ (401 (@175 e @) 552 42381

3 3) = (6% @)21(4*; @) 2k 1
2
y {1 N (1 4 qk+§)(1 _ q—2k—1)(1 _ q3k+1)}
(1= gk+1)(1 — q2k+%)
which offers a g-analogue of the series
8n N (_1)k|:é>§7é:| 2
3v3 kzo 47 19,361,
B4. For A = 2/3, we obtain, from Corollary 2.8, the identity
1 5 _ - k(Q§Q)k(q2/3' 9)k(q 2/3 q)2k 3k2+5k
To( 2 )T 5 ) =D (-1 ' s q:
3 3) = (a3 9)2n(q ,q)%

x {qu H1Lt gt ><1—qk+§><1—q3k+2>}
(1—g2+1)(1 = g*5)

which provides a g-analogue of the series
20m - (1)k|:éa§7 g] 2
— = — 541 {13+40k+30k }
3V3 kzo 4 2:3:% g

B5. In addition, by specifying a = @3, ¢ = ¢*/3 and e = ¢*/% in Theo-
rem 2.6, we find the following strange looking identity

r (% % i [ q6 q]k(q%JQ)Zk 31;2
(33 = GOk (g6;q)an
y {1+qk+1<1—q%+2 )(1 qs+3k>}
(1 — g *2k) (1 — +2k)

which turns out to be a g-analogue of the series

1

wi= (7) P4

] {10 + 51k + 60k }.
7201

G‘«l@‘m
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2.3. Third version. According to (1.5), it is not difficult to show that

e g ql%la, gl e cql = q‘tgje,q‘LTJae/C‘q
ae, qcfe ’ q "e/c, ae -

which can be rewritten as the following g-binomial sum

o kzn:O(_l)k [Z]q(" 2") (¢ka; @)z (¢"¢; @) ni [ae‘f’qs/e’q]k

:qLSnQZQHJaLnTHJCL%J [a,q/e,ae/c; qh n | [c,e,qc/ae; q]LnﬂJ

[ae, qc/e; 4],
The identity in (2.11) is equivalent to (1.3) with

[a,q/e,ae/c; Q]L | [c, e, qc/ae; q]Lk+1J
[ae, gc/e; gl

f(k) _ qLSk 72kJ Lk+1J I_ J 7
a, ¢
ae, qc/e

g(k) = [

Thus, we have the dual relation corresponding to (1.4) which is given
below.

‘q] and  p(x;n) = (ax; q) 2] (25 q) ns1 -
k

Proposition 2.9 (Terminating reciprocal relation).

[ae%qcc/e ‘q]n
-y [%} P*) 3k (ac)¥ [a, q/e, ae/c; q), e, e, qc/ae; g,

(q™a; q)k(q"™¢; @)kt lae, qc/e; qlyy

k>0

Z [ n } (1—g**1a) ¥ 25 (ac) [a, q/e, ae/c; q), [c, e, qc/ae; gl 4
2k+1] (¢"a;Q)kr1(4"¢ O [ae, ge/e; alogi '

k>0

The two sums on the right-hand side of Proposition 2.9 are terminating
g-series and neither of them admit closed forms. Nevertheless, their combi-
nation does have an unexpected closed form.

Letting n — oo in Proposition 2.9 and then applying the Weierstrass
M-test, we get the limiting relation:

(2.12) [ o C ’LO

ae qc/e
(2.13)
_ Z 3k k( )k [CL, Q/e, ae/c; Q]k [C7 €, qc/ae; Q]k
= (¢34 [ae, gc/e; qly
3k+1 3k2 42k kEla.qle.aelc: c. e.qc/ae:
214 _az )q (CLC) [,Q/, /,Q]k[, ,Q/ ﬂq]kJrl‘

= 5 Q)2k41 lae, qc/e; qlop iy



¢-ANALOGUES OF =n-SERIES 105

Combining the two sums in (2.13) and (2.14), we establish the following
theorem.

Theorem 2.10 (Nonterminating series identity).

a, qc ‘
ae, qc/e q -
o
1—¢*c\ [a,c e q/e ae/c,qc/ae; q 2_
< [ / / / ]kq3k k(ac)k
k=0

l-c lq, ae,qc/e;qly,

y {1 _ara(l— ¢ la)(1 = ¢o)(1 — g*e)(1 — ¢ *Fc/ae) }
(1= PRI~ (1 — gPhac) (1 — g7 %ee) |

Below we record two special cases of Theorem 2.10 which can be utilized
to obtain g-analogues of classical series for 7 and 1/7.

Corollary 2.11. For A € R, the identity below holds true
-
Fa(MTg(1 =)
i (@ q) (ql—)\.q)i 1 — Bht1-2
=0

(¢ )3, 1-gq
3k+>\ q3k+1+>\)(1 qk+1—>\)3
1 — BRFIX) (1 — g2hH1)3

Proof. The identity in this corollary is deduced directly by specifying a = ¢*
and ¢ = e = ¢~ in Theorem 2.10. O

Corollary 2.12. For A € R, the identity below holds true
L1+ MNg(2—-X)

) 1-X A 1=X\

1— @ (g, 0.0 ¢ P g 'q]kqgkz%
= 1-gq 9,42, 4% X5 qlyy,

O P [ S Sl (€ B (€ Bl )
(1 _ q1+3k)(1 _ q1+2k)(1 _ q1+>\+2k)(1 _ q27)\+2k)

Proof. The result follows straightforwardly from Theorem 2.10 with a = ¢ =
g and e = ¢*. O

From these two corollaries, we also obtain the following five g-series iden-
tities which are g-analogues of some classical identities.

C1. Recall the following series of Ramanujan [23]:

16_00[
0

111
27272
T 1,1, 1

) Y

} 5+ 42k

64k
k=
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By letting A = 1/2 in Corollary 2.11, we recover its g-analogue
(cf. Chen and Chu [5, Example 40]) as follows
1 f: 252 (ql/z; Q)z 1— q3k+1/2{ q3k+1/2(1 _ q3k+3/2) }
r2(3) (G,  1—q (1+gHH1/2)3(1 — g3h+1/2)

C2. For A\ = 1/4, we get, from Corollary 2.11, the g-series identity

3 1 3
B B S B s A LT ) {CT T
rOrG) & 14 (493,

1 5 3

(1= g™ (1 - g3

(2.15)

The right-hand side of (2.15) can further be simplified. To do so,
consider the series defined by

ZA(k), where A(k) := (-1 1
k=0 —4
Then its bisection series can be reformulated as

i A(k) = i {A2k) + A2k + 1)}
k=0

k=0

> A2k +1
=Y aen{i+ (/\(22) )}

3 7 1
y 1_q3k+4(1_q3k+4)(1_qk+4)3
e (D
Now it is not hard to check that
1 3 7 1
1_q3k+4 1_q3k+4(1_q3k+4)(1_qk+4)3
1—g¢q (1— q3k+%)(1 — g2kt1)3
3 1 5 3
:1_q3k+4 17q3k+4(1_q3k+4)(1_qk+4)3
1—g¢q (1— q3k+§)(1 — g2kt1)3 ’

We therefore find the following simpler series (see Chen—Chu [5,
Example 5] and Guo—Liu [19, Equation 4])




C3.

C4.

C5.
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Evidently, this is a g-analogue of the classical identity due to
Guillera [15]
2V2 K -I\k[L 1
V2_s() [2 2 2] {1+ 6k},
T \8 1L,1,1],
For A = 1/2, we have, from Corollary 2.12, the g-series identity

1
I (g 9)i(e: 9

o0
F2(3) :Z sk2+k L — 4 L
N2 L=a (42;9)3,(¢: 9)an
{ g1 — qk+§)(1 — gty - q3k+2)}
(14 g™ 2)(1 = ¢?F2)2(1 — g%+

which gives a g-analogue of the following series
97 _Z [1 ;,;,;} 7+ 42k + T5k% 4 42k3
5561771 64% :

RNV R R

k

We remark that the above g-series can also be derived by letting
x = y? = ¢ in Chu [10, Proposition 15].

Letting a = ¢ = e = ¢'/* in Theorem 2.10, we get the g-series
identity

1 1 3
Ty(3) _iqgkz_g 1— ¢ (¢7;9)k(a%; 9)}
1y ™ 1
1) i 1=a  (q2;9)ar(g; 9)3,
34l 1 3 5
x {1 _ A - - M - q3’“+4)}
(1+ q’”i)(l — @2Rt1)2(1 — q3k+i)

which provides a g-analogue of the following series

128y _ i [iléé] 17 + 396k + 1392k% + 1344/<3‘
r2(§) — |11, 5.5, 64k

Letting a = ¢ = e = ¢3/* in Theorem 2.10, we derive the g-series
identity

3 3
Ty(3) _i a2k 1= ¢ (g7;9)7(¢7; 9);
D) _
(1) L=a  (¢2;9)a(q:9)%,
3 1 3 7
‘ {1 I S (¢! —q3'f+4>}
(1+¢" )1 = g2+ 1)2(1 - g*H4)

which serves as a g-analogue of the series

1
4
3
2

[e.9]

13
64f Z 71
1,1

9

3,3 (12k +5)(28k + 15)
N

9
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3. TRIPLICATE INVERSE SERIES RELATIONS
For all n € Ny, we have the two equalities
(3.1) n= 5]+ [ ] = (5] + 5] + 15

Then six dual relations can be established from (1.5). However, only two of
them give some interesting ¢-series identities. Five examples are illustrated
in this section without reproducing the whole inversion procedure.

3.1. First version. Starting from the following form of the ¢-Pfaff
—Saalschiitz theorem (1.5)

e P R
i~ zcn+1J }q;q] = [q L nae/c‘q]
c/e

qfn
3¢2 q*LHTnJ

ae, ¢~ q*LHTnJae, quTJe/c
we can derive three g-series identities corresponding to the classical series of
convergence rate 4/27.
D1. For a = ¢'/3 and ¢ = e = ¢?/3, we have the corresponding identity
1
Ly(3)0q(3)

) |:l 2 :| |:l 2 }

e} 3 3: 3 3

_ q2k+k q3,q 7qk qs3,q ’q2k+1
k=0

1-q¢ (¢ k(@ D2k(q5 @)3k41

{1 B (1— q—k)(l _ q3k+1) q2k+1(1 _ qk;+%)(1 . qk+§)}
(1- q2k+%)(1 . q2k+§) (1 — @2F+1)(1 — g3*+2)

X

which gives a g-analogue of the classical series

$1v3 _ N4k [5258 :
= — 20 + 243k + 414k%}.
o %(2?) [1,1,1,3 k{ + + }

D2. For a = ¢ = ¢ and e = ¢*/3, we get the corresponding identity

()r(3)

X, g8 (g55)2(a75 034

= 1 (ke (g sn

<-4 ol (Sl i B il ) |
(1—¢?t3) (1= ¢F5)(1 - g+2)

which is a g-analogue of the following series

I ) 9

L 4\k[2,211
87T\/§:Z<E> hggg} {43 + 246k + 414k°}.
=0 3:3'6 K
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D3. For a = ¢ = ¢ and e = ¢*/3, we find the corresponding identity

4 5
Fq(g)rq<3)
- 1
gBDCEF/3)  (g359)2(g55 )21,
5

4
k=0 L=a  (¢5;9)k(q%;@)2k(q; @)3k+1

1 5
><{1_(1—q i D= 3 (1 — ") }
(1—¢?+3)? (1— g F5)(1 — g3h+2)

which results in a g-analogue of the classical series

(A 5568 2
40m/§:kz_0(27) [1 H] {214 4 591k + 414k2}.

3.2. Second version. Rewriting the ¢g-Pfaff-Saalschiitz theorem (1.5) as

21, ol152) 5o o152
3¢ [q q1 L%fr{ 3 C‘q;q] _|q - e,Q_LQJ ae/c‘ ]
ae, q c/e ae, q '3le/c .

we obtain two further g-series identities.

D4. For a = ¢'/3 and ¢ = e = ¢?/3, the corresponding identity reads as

o |  MhtS (43:0)3(a5:0)} [q%,q%;Q]
Fq(ﬁ)qu(%) — 1—¢q (45 @)2x(q; Q)§k+1
. {1 - (1 B q_Qk)(l _ q3k+1)2
(1— @F5)(1 - g3 (1 — ¢**+5)
%+<1—f“€x1—¢*®%1—q“+%}
(1 — g2k+1)(1 — g3k+2)2(1 — q4k+§)

which provides a g-analogue of the series

2k+1 q5k2+2kz

729f = k33,52 2
= 373 100 + 1521k + 2610k
Z(mg) [1,1,1,3] {100+ * 8
D5. For a = ¢ = g and e = ¢'/2, the corresponding identity can be stated

as

1 1 -
_ 6k+2 (1-— qk+2)(1 _qk+1) 1_ q2k+2)(1 _q4k+3)
(=g — 5 S
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By carrying out the same procedure as done in the case of C2, we
can show that series in the right-hand side of (3.2) is, in fact, the
bisection series of the following one

1 1 3k

2 <1> = i E(3+5k) ((J? QZ) (q2; Q) 1+ g2tk — g1+2 — gl 42k

q 2 q T )
k=0 (972 q2)3k 1—gq2

This is in turn the g-analogue of the classical series (cf. Zhang [25,

Example 8]):

[e.9]

00 1
2\k[1, 1 6 + 10k

=3 ()[4 2] ey .

kzzo 27 3:31g 202k 3::12 k+1)(2k+1)

4. CoNCLUSIVE COMMENTS

We have shown that the inversion technique is efficient for obtaining g¢-
series identities whose limiting cases result in interesting infinite series for .
The examples presented in this paper are far from exhaustive. For instance,
if we start with the quadruplicate form of the g-Pfaff-Saalschiitz theorem

(1.5)

g, ¢ i a, gl e

3¢2 ae 11— 2]
,q telc/e

then its dual series will give rise to the bisection series of the following

g-series

ae, q_LHTnJe/c

[

1 1
q2)i(a7; 0% )3k 1y
Q)k(% Q)3
{1—q4+2 qZ""Sk (1 —q%"_%) }
X - k
L0 (- +qiT2)2 (142 th)2
which turns out to be a g-analogue of the elegant series for v/2/7 with
convergence rate —27/512 discovered by Guillera [14]:

115
32v2 i <;3>3k 2676 | 954+ 154k).
T =\ 1,1,1],
We remark that the fractions in the braces of (4.1) is slightly simpler than

that obtained recently by Guillera [17] through a totally different approach
— “the WZ-method”.
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