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BECK-TYPE COMPANION IDENTITIES FOR FRANKLIN’S
IDENTITY

CRISTINA BALLANTINE AND AMANDA WELCH

ABSTRACT. In 2017, Beck conjectured that the difference in the number
of parts in all partitions of n into odd parts and the number of parts
in all strict partitions of n is equal to the number of partitions of n
whose set of even parts has one element, and also to the number of
partitions of n with exactly one part repeated. Andrews proved the
conjecture using generating functions. Beck’s identity is a companion
identity to Euler’s identity. The theorem has been generalized (with
a combinatorial proof) by Yang to a companion identity to Glaisher’s
identity. Franklin generalized Glaisher’s identity, and in this article,
we provide a Beck-type companion identity to Franklin’s identity and
prove it both analytically and combinatorially. Andrews’ and Yang’s
respective theorems fit naturally into this very general frame. We also
discuss how Franklin’s identity and the companion Beck-type identities
can be further generalized to Euler pairs of any order.

1. INTRODUCTION

Let n be a non-negative integer. A partition \ of n is a non-increasing
sequence of positive integers A = (A1, A2, ..., \¢) that add up to n, i.e.,

14

Z )\i = n.
i=1

The numbers A; are called the parts of A and n is called the size of A.
The number of parts of the partition is called the length of A and is denoted
by £(\).

We will also use the exponential notation for parts in a partition. The
exponent of a part is the multiplicity of the part in the partition. For
example, (52,4,33,12) denotes the partition (5,5,4,3,3,3,1,1). Mostly, we
will use the exponential notation when referring to rectangular partitions,
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i.e., partitions in which all parts are equal. Thus, we write (m’) for the
partition consisting of ¢ parts equal to m.

It is customary to denote by p(n) the number of partitions of n. We denote
by p(n | X) the number of partitions of n satisfying condition X. Partition
identities are statements asserting that, for all non-negative integers n,

(1.1) p(n | X) =p(n|Y).

A Beck-type identity for (1.1) is a companion identity asserting that the
difference between the number of parts in all partitions of n satisfying con-
dition X and the number of parts in all partitions of n satisfying condition
Y equals e¢p(n | X’) and also ¢p(n | Y'), where ¢ is some constant related to
the original identity, and X', respectively Y’, is a condition that is a small
relaxation of condition X, respectively Y. This idea appeared first in [1],
where George Beck conjectured companion identities to Euler’s identity.

In the remainder of the introduction, we give a brief history of the de-
velopment of Beck-type identities in recent years and introduce companion
identities to Franklin’s identity. Before we continue, we note that in the
introduction and in the notation we use, there is substantial overlap with
[7]. However, the essential difference between the results of that article and
those of the current article is that the method of proof used here can be
generalized to Euler pairs while the method used in [7] gives a modular
refinement of the identity that is very interesting from a number theoretic
point of view but does not have a natural generalization to Euler pairs.

Next, we introduce notation used throughout the article.

We denote by Oj.(n), respectively O<;(n), the set of partitions of n
with exactly j, respectively at most j, different parts (possibly repeated)
congruent to 0 (mod 7) and by Dj,(n), respectively D<;(n), the set of
partitions of n in which exactly j, respectively at most j, different parts
are repeated at least r times and all other parts appear no more than r — 1
times.

Euler’s partition identity states that for all non-negative integers n,

(1.2) |Qo,2(n)| = [Do2(n)|-

Glaisher’s identity generalizes Euler’s identity and states that for all non-
negative integers n and all integers r > 2,

(1.3) 1Oo.r(n)| = |Po,r(n)].

In 1883, Franklin [9] proved the generalization of Glaisher’s identity: for
all non-negative integers n, 7 and all integers r > 2,

(1.4) 0j.r(n)| = |Djr(n)]-

George Beck conjectured a companion identity to Euler’s partition iden-
tity (1.2), namely

(1.5) [O12(n)] = [D12(n)] = b(n),
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where b(n) is the difference between the number of parts in all partitions
in Op2(n) and the number of parts in all partitions in Dy 2(n). Andrews
proved these identities in [3] using generating functions. Since then, in a
fairly short time, many articles appeared giving generalizations of this result
as well as combinatorial proofs in many cases. See for example [10, 16, 5,
11, 12, 13, 4, 6, 8]. Some authors have started referring to these companion
identities as Beck-type identities. Some of the earlier generalizations [16]
gave companion identities to Glaisher’s identity (1.3). Let b;,(n) denote
the difference between the number of parts in all partitions in O;,(n) and
the number of parts in all partitions in D; ,(n). Then the Beck-type identity
accompanying (1.3) introduced in [16] is
1

(1.6) 01, (n)] = [Prr(n)] = —— bor(n).

The main result of this article gives a Beck-type companion identity for
Franklin’s identity (1.4). Let b<j,(n) denote the difference between the
number of parts in all partitions in O<;,(n) and the number of parts in all
partitions in D<;,(n), i.e.,

bejr(n) = Y LN = D .
)\EOS]"T(T’L) )\GDSj’T(n)

Theorem 1.1. Let n, j,r be non-negative integers with r > 2. Then,
1 , ,
b (n) = (o DIOs 1, (0)] = ( + DIDy 100
The case j = 0 gives (1.6). Theorem 1.1 is obtained from the repeated

application of the next theorem for which we give both analytic and combi-
natorial proofs in Section 2.

Theorem 1.2. For all non-negative integers n,j and all integers r > 2, we
have
1

(17) b (1) = (G + DI, (m)] — 51O ()
(18) = (+ DIDse1,(0)] = §1Ds ()]

Note that Theorem 1.2 itself can be viewed as a generalization of (1.6).
However, based on numerical evidence, it appears that for j > 1, the right
hand side of (1.7), and thus also of (1.8), is non-positive.

We remark that while [12] gives another generalization of (1.6) involv-
ing the number of parts in Oj,(n) (but not in D;,(n)), their result does
not lead to a natural generalization as in Theorem 1.1 nor to the further
generalization to FKuler pairs described in Section 4.

In our combinatorial proofs, we use the following two operations on par-
titions. Given partitions A = (A1, A2, ..., Agn)) and p = (g1, 12, -+ fyu))s
the partition A U p is the partition whose parts are precisely the parts of
A and i, 1.e, A1y Agp ..y Ay BT, B2, - -5 fhy(y), arranged in non-increasing
order. The partition A\ p is defined only if all parts of p (considered with
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multiplicity) are also parts of X\. Then, A\ p is the partition obtained from
A by removing all parts of p (with multiplicity).

2. PROOF OF THEOREM 1.2

2.1. Analytic proof. For the remainder of this section, fix an integer r > 2.
Denote by O;,(m,n), respectively D;,(m,n), the subset of partitions in
Oj.r(n), respectively D;(n), with m parts. We start with the trivariate
generating functions for the sequences {|O; (m,n)|} and {|D; (m,n)|}. Let
z,w, and ¢ be complex variables of modulus less than 1 so that all series
converge absolutely. We define

(o cIENe CENe o]

(2w, q) ZZZ](’)Nmnp wlq®,

n=0m=0 j=0
and
o0 o0 o0
(2, w,q) ZZZ]D”mn|Z w’q".
n=0m=0 j=0
We have
Or(z,w,q)
o oo 1
= H (1 +wzg"™ 4+ w22 w2l ) : H
1—zq"
n=1 n=1
n#Z0 (mod r)
(o ¢] rn o0 1
= H ( rn) ) H 1— an’
n=1 n=1
nZ0 (mod r)
and
Dy (2,w,q)

<1—|—zq +22q2n+.“+27’ 1 (7" 1)n+wzrqrn+wzr+1q(r+1)n+“.>

,’:]8

i
I

<1+zqn+z2q2n_|_“_+Z7‘—1q(7"—1)n) (1+wzrqrn+wz27’q(2r)n+.”)

wzTg™ Ool_zr ™
PN O S
1 —zrg™ 1— zg

n=1

=T11-

N
Il
—_

=T

n=1

Clearly,

D) bj(nwigt = %

n=0 j=0

1 (Or(z,w,q) — Dr(z,w,q)).
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Using logarithmic differentiation,

0

O,
5 Oz
ﬁ qm ﬁ 1
-
e qrn o 1—qgn
n#Z0 (mod )
0 mr 0 m
q q
P> DY ,
m:1 1 _ qmr (1 _ )qmr) — 1 — qm™
m#0 (mod r)
and
0
— D, (z,w,q)
0z z=1
00
1—q™
STL (1) 11
n=1 1_q7“n nll_qn

mr

00 wrq 00
(mzz:l 1_qmr 1_(1_ )mr +Z:1
00

1—
H(l—i_l_qrn).r[l 1_qqn

i qmr N qm qrm (7” _ 1)q7"m
— 1_qm'r (1_ ) m'r) 1_qm 1_qrm l_q'rm :

T _ 1)q(r+1)m + g™ — g™
(I=g¢m)(1—q™)

It follows that

S Y b =0T (1+5) TT 2.

n=0 j=0 n=1 n=1
nZ0 (mod r)
(i < wqmr qrm ))
A \(L=g™)(1 = (1-w)g™) 1-—q¢™
Since
wq™" B 1 1
A0 - (- wgm)  1-gn 1w
we have
e mr
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n#m n;‘éOTE; d r)
= (=11 -w)Y Y (G +1)[Op1,(n)wq"
n=0 j=0
= (r =13 > (G +DIOjs1(n)| = j10;0(n) Juw'q".
n=0 j=0

To see the second to last equality above, notice that the exponent of ¢
coming from the term
qu

1— qmr’

keeps track of the part mr (with multiplicity) of a partition A in Oj41,(n)
and the exponent of ¢ coming from the first product keeps track of the other
j different parts of A divisible by r and it is weighted by w’. The exponent
of ¢ in the second product keeps track of the parts of A not divisible by r.
Then, A contributes j + 1 to the coefficient of w7q™.

2.2. Combinatorial proof. To begin, we briefly recall Franklin’s bijective
proof of (1.4). Denote Glaisher’s bijection by 1 : Op(n) — Do ,(n). Then
Franklin’s bijection ¢ : O; (n) = Dj,(n) is defined as follows. Let

A € Oj,(n). Suppose the parts of A divisible by r are (m;r)* with m;, k; > 0
for 1 <14 < j, and the m; are distinct. Let

J
A=\ [J(mir)¥,
i=1

be the partition obtained from A\ by removing all parts equal to m;r for

1 <i<j. Then
J
= 0077» (n — Zkﬂnﬂ“) .

i=1
Let

J
i=v¢(\) € Do, (n - Z kimﬁ> ;

=1



BECK-TYPE COMPANION IDENTITIES FOR FRANKLIN’S IDENTITY 59

be the image of A under Glaisher’s bijection. Finally, let

p=mU ((m)k7, (me)k2r, ... (m;)%"). Since the parts m;, 1 < i < j, are
all distinct and they are the only parts repeated at least r times, we have
that © € Dj,(n). Set p(A) = p.

To describe the inverse mapping, let i € Dj,(n). Suppose the j different
parts that are repeated at least r times are m;, 1 < i < j, and each m;
has multiplicity a; in g. For each 1 < ¢ < j, write a; = k;r + d; with
0 < d; < r—1, and remove k;r parts equal to m; from pu to obtain a
partition

J
ne ’D()J» <n — Z kﬂ’ﬂﬂ“) .
=1

Let

J
A=19"1(f) € O, <n - Z kz‘mﬁ> ,

i=1

be the image of iz under the inverse of Glaisher’s bijection. Let
A= XU ((myr)¥r, (mar)*2, ..., (mjr)kj).

Clearly, A € Oj,(n). Then p~1(u) = .

Recently, Xiong and Keith [15] introduced a new beautiful bijection to
prove Glaisher’s identity. Clearly, it could have been used above instead of
Glaisher’s bijection.

In [8], we used the Xiong—Keith bijection to give a combinatorial proof
for (1.6), which is the case j = 0 of (1.7). Note that combinatorial proofs
of (1.6) using ideas similar to Glaisher’s bijection are given in [16] and
[6]. In this subsection, we use the combinatorial proof of (1.6) to give a
combinatorial proof of (1.7). This, combined with Franklin’s bijection, gives
a combinatorial proof of (1.8). At this time, we do not know how to prove
(1.8) combinatorially directly using the Xiong—Keith bijection, without using
Franklin’s bijection.

To count the difference in the number of parts in all partitions in O; ,(n)
and the number of parts in all partitions in D;,(n), we use Franklin’s bijec-
tion ¢ : O; r(n) = D;(n) described above. Then,

(21) ()= Y LN = D AN = D () L)

XeOj r(n) XeDj r(n) A€0; r(n)

Let A be a partition in O;,(n). Suppose the j different parts of A that
are congruent to 0 mod 7 are (m;r)* with m;, k; > 0, fori =1,2,...,4, and
m,; distinct. When
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is mapped to

we obtain a contribution of

(r-1) (—Zk)

=1

to £(A\) — £(¢()\)) from mapping (m;r)% to (m;)¥", i = 1,2,...,4, and a
contribution of (/(X) — £()(X))). Summing this over all possible A € O;,(n)
whose parts congruent to 0 mod r are precisely (m;r)¥, for i =1,2,...,7,
results in a contribution of

(r—1) <— Z kz) Oo,r <Tl - Z Tmi’%)

Using (1.6), which has several combinatorial proofs, the above is equal to

J J J
(7" — 1) (— Z k‘2> 00’7« (n — Z Tmi]ﬁ') Ol,r <n — Z T’mﬂﬁ) ‘ .
i=1 =1

i=1
Next, we reinterpret

J
+ b, (n — Z rmiki> .

i=1

+(r—1)

J
0077» (n — Z rmﬂﬁ) s
=1
and
J
0177» (n - Z rmﬂﬁ) .
=1
First, note that

j
¢ pJ(mir)™,
=1

gives a bijection between

j
Oo,r (n - Z rmiki> ;
=1

and the subset of partitions in O, ,(n) whose parts congruent to 0 (mod r)
are precisely (m;r)F, 1 <i < j.
Next, we consider ( as a mapping on

J
OLT (n — Z Tmﬂﬁ) .
i=1
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If

j
pwe O, (n - Zrmzkz> ;

i=1
then ((p) fits in exactly one of the following two cases.

(i) If myr is a part of p for some 1 < ¢ < j, then ((u) € Oj,(n) and
it contains each part m;r, i # ¢, with multiplicity k;, and part mr
with multiplicity larger than k¢, or

(ii) If po does not contain any m;r as a part, then ((u) € Oj41,(n) and
it contains each part m;r, 1 <1 < j with multiplicity k;.

We obtain a bijection between

J
O1,r (n — Z Tmiki> ,

=1

and the union of the subsets of O;,(n), respectively Oj41,(n), described in
(i), respectively (ii), above.

To obtain the contribution of all partitions A € O;,(n) to (2.1), we con-
sider this process for all possible j-tuples of positive integers
m = (my,ma,...,m;) with m; distinct, and k = (k1, ko, ..., k;).

For simplicity, we write b; (n) = A+ B, where

A= (r— 1)2 (—Zkz> Oo,r (n— ZTmzkz>

m k

9

and

B = (r—l)z

m,k

J
O1,r (n — Z Tm,-k‘i>

=1

We determine the contribution of each partition n € O;,(n) U Qji1,(n)
to A+ B.
Casg 1: n € Oj.(n).
Suppose (m;r)¥, 1 < i < j, are the parts congruent to 0 (mod r) in 7
and let m(n) be the total number of parts congruent to 0 (mod ) in 7,
ie.,

J
m(n) = Z k.
i=1

Then 7 contributes —(r — 1)m(n) to A.
The contribution of n to B comes from (i) above. For each choice of ¢,
1<t<j,and hg, 1 < hy < kg — 1, the partition 1 can be written as

n=pJmir)* U ((mer)™),
it
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with

e Oy | n—rmihy — zrmiki .
it
and myr is a part of p with multiplicity k; — hs. Thus, i contributes

J
(r=1)> (ki—1) = (r = 1)(m(n) - 5),
i=1

to B.
CASE 2: ne (’)j+17r(n).

Suppose (m;r)*, 1 <i < j+ 1, are the parts congruent to 0 (mod 7) in

1. The partition n does not contribute to A. The contribution of n to B

comes from (ii) above. For each choice of ¢, 1 <t < j+ 1, the partition

7 can be written as

n=plJomr)*,
it
with
pe Orp(n— Zrmiki),
it

where myr is a part of g with multiplicity k; and none of m;r, i # t, are

parts of p. Thus, n contributes (r — 1)(j + 1) to B.

In total, we have

bie()=(r=1) | Y —mm)+ Y (mm-i+ Y (i+1)

n€0; r(n) n€0;r(n) n€O0;+1,7(n)
= (r = D(=410jr(n)[ + (G + D]Ojt1,+(n)]).

3. A SECOND BECK-TYPE IDENTITY

Let 7;,(n) denote the number of different parts with multiplicity between
7+ 1 and 2r — 1 in all partitions in Dj,(n). Let b} .(n) be the difference in
the number of different parts in D;,(n) and the number of different parts
in O;,(n). If we denote by ¢()\) the number of different parts in A, then

Vi(n)= > IN)— Y IN.
XeDj r(n) XeOj r(n)
In [16], Yang showed that
(3.1) 0.(n) = Tip(n).

This statement generalizes to a companion identity to Franklin’s identity as
follows. Denote by bIS . (n) the difference in the number of different parts in
all partitions in D<;,(n) and the number of different parts in all partitions

in O<;,r(n).
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Theorem 3.1. Let n, j,r be non-negative integers with r > 2. Then,

() = Tisr,p(n).
In [7], Theorem 3.1 is proved by repeated application of the next theorem.

Theorem 3.2. For all non-negative integers n, j, v with r > 2, we have

b;’,r(n) = 7}+1,7”(n) - 7},7”(”)‘

Proof. For analytic and combinatorial proofs that are similar to the proofs
of Theorem 2 we refer the reader to [7]. O

4. FURTHER GENERALIZATIONS

Let S1 and Sy be subsets of the positive integers. We define 6j,r(n) to
be the set of partitions of n with exactly j different parts from r.5; and all
other parts from Sy and Dj,(n) to be the set of partitions of n with parts
in S; and exactly j different parts repeated at least r times. Subbarao [14]
proved the following theorem.

Theorem 4.1. Let r > 2. Then, \6O7T(n)\ = |Do.(n)| for all non-negative
integers n if and only if rS1 C Sy and Sy = Sy \ rS7.

Andrews [2] first discovered this result for » = 2 and called a pair (57, S2)
such that |(§072(n)\ = lﬁo,g(nﬂ an Fuler pair since the pair S; = N and
So = 2N — 1 gives Euler’s identity. By analogy, Subbarao called a pair
(S1,S2) such that \6O7T(n)\ = \7507T(n)\ an Euler pair of order r. In [6], we
showed that, if (S1,S2) is an Euler pair, the identity of Theorem 4.1 has
companion Beck-type identities analogous to (1.6) and (3.1).

It is straightforward to show that if (S7,S2) is an Euler pair of order r,
then ](5]T(n)| = |15]T(n)| A similar argument to [6] establishes analogues
of Theorems 1.2 and 3.2 and thus analogues of Theorems 1.1 and 3.1 for
all Euler pairs of order r. Denote by gj’r(n) the difference in the number of
parts in (5j,7~(n) and the number of parts in 15Jr(n) Denote by E;T(n) the
analogous difference of the number of different parts. Define Fl;gj,r(n) and
’bv’gjﬂﬂ (n). Let 7~;r(n) denote the number
of parts with multiplicity between r+1 and 2r—1 in all partitions in Ej,r (n).

(n) in analogy to b<j,(n) and b_;,
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Theorem 4.2. For all non-negative integers n,j and all integers r > 2, we
have

s (1) = (4 DIOsir (o)
= (j + DIDjr1,(n)]
i) = G+ DI ()] — 1105 ()
= (j + 1)IDjs1,,(n)| — §Djr(n)]
/<j +(n) = Tit1,r(n)

bjr(n) = Tis1,r(n) = Tjx(n).
Since there are infinite families of Kuler pairs of order r, we obtain infinite
families of new Beck-type identities. Below we give some examples of pairs
for which Theorem 4.2 gives new Beck-type identities.

The following pairs (51, S2) are Euler pairs (of order 2).

(i) Sy ={meN:m#£0(mod 3)}; So ={m eN:m=1,5(mod 6)}.
In this case, the identity |6072(n)] = |15072(n)| is known as Schur’s
identity.

(i) S;={m eN:m =2,4,5(mod 6)};
So={meN:m=2,511(mod 12)}.

In this case, the identity ]60,2(71)| = \25072(n)| is known as Gollnitz’s
identity.
(iii) S1 = {m € N:m = 22 4 2y? for some z,y € Z};
Sy ={m e N:m=1(mod 2) and m = z%+2y? for some z,y € Z}.
The following is an Euler pair of order 3.
(iv) S ={m e N:m = 22 + 2y + y? for some z,y € Z};
Sy ={meN:3z,2 € Z,ged(m,3) =1 and m = 22 + zy + y°}.
The following pairs (51, S2) are Euler pairs of order r.
(v) Si={meN:m==%r (modr(r+1))}
So={meN:m=+r(mod r(r+1)) and
m % £r® (mod r*(r + 1)) }.
(vi) Si={meN:m==4r,—1(mod r(r+1))};
So={meN:m==+r,—1(mod r(r +1)) and
m # £r®, —r (mod 7%(r + 1)) }.
If r = 2, this Euler pair becomes Go6llnitz’s pair in (ii) above.
(vii) Let  + 1 be a prime.
Si={meN:m#0(modr+1)}
Sy ={meN:m#tr,t(r+1) (mod r* +r) for 1 <t <r}.
If r = 2, this Euler pair becomes Schur’s pair in (i) above.
(viii) Let p be a prime and r a quadratic residue (mod p).
S1 = {m € N : m quadratic residue (mod p)};
So ={m € N:m # 0 (mod r) and m quadratic residue (mod p)}.



11.

12.

13.

14.

15.

16.

BECK-TYPE COMPANION IDENTITIES FOR FRANKLIN’S IDENTITY 65

REFERENCES

. The On-Line Encyclopedia of Integer Sequences, oeis: A090867 and A265251.
. G. E. Andrews, Two theorems of Euler and a general partition theorem, Proc. Amer.

Math. Soc. 20 (1969), 499-502. MR 233791
, Buler’s partition identity and two problems of George Beck, Math. Student
86 (2017), no. 1-2, 115-119. MR 3699586

. G. E. Andrews and C. Ballantine, Almost partition identities, Proc. Natl. Acad. Sci.

USA 116 (2019), no. 12, 5428-5436. MR 3939765

. C. Ballantine and R. Bielak, Combinatorial proofs of two Euler-type identities due to

Andrews, Ann. Comb. 23 (2019), no. 3-4, 511-525. MR 4039547

. C. Ballantine and A. Welch, Beck-type identities for euler pairs of order r, to appear

in PROMS (Proceedings in Mathematics & Statistics) (2020).

, Beck-type companion identities for franklin’s identity via a modular refine-
ment, Discrete Math 344 (2021), no. 8, 11.

, Beck-type identities: New combinatorial proofs and a theorem for parts con-
gruent to t mod r, Ramanujan J. (2021), https://doi.org/10.1007/s11139-021-00469—
w

. F. Franklin, On partitions, Johns Hopkins Univ. Cir. 2 (1883), 72.
. S. Fu and D. Tang, Generalizing a partition theorem of Andrews, Math. Student 86

(2017), no. 3-4, 91-96. MR 3752247

R. Li and A. Y. Z. Wang, Composition analogues of Beck’s conjectures on partitions,
European J. Combin. 81 (2019), 210-220. MR 3963708

, Generalization of two problems of George Beck, Discrete Math. 343 (2020),
no. 5, 111805, 12. MR 4051859

, Partitions associated with two fifth-order mock theta functions and Beck-type
identities, Int. J. Number Theory 16 (2020), no. 4, 841-855. MR 4093386

M. V. Subbarao, Partition theorems for Euler pairs, Proc. Amer. Math. Soc. 28 (1971),
330-336. MR 274410

X. Xiong and W. J. Keith, Euler’s partition theorem for all moduli and new com-
panions to Rogers-Ramanujan-Andrews-Gordon identities, Ramanujan J. 49 (2019),
no. 3, 555-565. MR 3979691

JY. X. Yang, Combinatorial proofs and generalizations of conjectures related to Euler’s
partition theorem, European J. Combin. 76 (2019), 62-72. MR 3886512

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE
COLLEGE OF THE HoLy CROSS
WORCESTER, MA 01610, USA

E-mail address: cballant@holycross.edu

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE
EASTERN ILLINOIS UNIVERSITY
CHARLESTON, IL 61920, USA

E-mail address: arwelch@eiu.edu



	1. Introduction
	2. Proof of Theorem 1.2
	2.1. Analytic proof
	2.2. Combinatorial proof

	3. A second Beck-type identity
	4. Further Generalizations
	References

