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FRAISSE THEORY AND THE POULSEN SIMPLEX

MARTINO LUPINI

ABSTRACT. We present a Fraissé-theoretic perspective on the study of
the Poulsen simplex and its properties.

1. INTRODUCTION

The Poulsen simplex is a canonical object in Choquet theory and convex-
ity theory. Let us briefly recall the basic notions and definitions from the
theory of compact convex sets. By a compact convez set we mean a compact
subset K of a locally convex topological vector space. A compact convex
set is endowed with a notion of convex combinations. A point of a compact
convex set is extreme if it cannot be written in a nontrivial way as a con-
vex combination of elements of K. The extreme boundary 0.K of K is the
collection of extreme points of K. Natural examples of compact convex sets
are the standard simplices A,, for n € N. Concretely, one can describe A,
as the space of stochastic vectors in R**. A metrizable Choquet simplex is
a compact convex set that can be realized as the limit of an inverse sequence
of standard simplices with surjective continuous affine maps as connective
maps. Metrizable Choquet simplices can be regarded as the well-behaved
compact convex sets. Many equivalent characterizations of metrizable Cho-
quet simplices are known, including ones due to Choquet—Meyer, Bishop—de
Leeuw, and Namioka—Phelps [7, 26, 27]. Many compact convex sets that
arise in the applications are metrizable Choquet simplex. For example, if A
is a separable unital C*-algebra, then the space of linear functionals of norm
1 on A satisfying 7(1) = 1 and 7(xy) = 7(yz) for z,y € A is a metrizable
Choquet simplex, called the trace simpler of A. Any metrizable Choquet
simplex can be obtained in this way.

One can associate with any compact metrizable space X the metrizable
Choquet simplex P (X) of Borel probability measures on X. The metriz-
able Choquet simplices of this form are precisely those with closed extreme
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boundary (Bauer simplices). An example from 1961 due to Poulsen shows
that such a property can fail spectacularly. Poulsen constructed in [28] a
(nontrivial) metrizable Choquet simplex whose extreme boundary is dense
in the whole simplex. While Poulsen’s original construction does not sug-
gest any canonicity in such an object, Lindenstrauss, Olsen, and Sternfeld
proved in 1978 that there exists a unique nontrivial metrizable Choquet
simplex with dense extreme boundary, hence called the Poulsen simplex P
[22].

It is furthermore proved in [22] that the Poulsen simplex has the follow-
ing universality and homogeneity properties within the class of metrizable
Choquet simplices: a compact convex set is a metrizable Choquet simplex if
and only if it is affinely homeomorphic to a closed proper face of P, and any
affine homeomorphism between closed proper faces of P extends to an affine
homeomorphism of P. Additionally, one can assert that the Poulsen simplex
is generic among metrizable Choquet simplices, in the sense that the collec-
tion of metrizable Choquet simplices affinely homeomorphic to P is a dense
G5 set in the space of metrizable Choquet simplices endowed with a canon-
ical Polish topology. Since then, the Poulsen simplex has appeared in many
places in the literature. For instance, the simplex of invariant probability
measures for the Bernoulli action of countable discrete group on an alphabet
with two letters is the Poulsen simplex whenever the group does not have
Kazhdan’s property (T), and it is a Bauer simplex otherwise . Furthermore,
when G is a countable nonabelian free group, the space of weak equivalence
classes of measure-preserving G-actions endowed with its canonical topology
and convex structure is the Poulsen simplex [9].

The present survey contains an exposition of some recent work from [23],
where the Poulsen simplex and its properties are studied from the perspec-
tive of Fraissé theory for metric structures as recently developed in [4]. Some
of these results had previously been obtained in an unpublished work of
Conley and Toérnquist. Another approach to the study of the Poulsen sim-
plex from Fraissé-theoretic methods is considered in [20]. While the main
goal of [23] is to give a unified proof of various results about Fraissé lim-
its in functional analysis—including results about the Gurarij space from
[12, 17, 18, 19, 21]—in this short survey we consider the special instance of
the framework of [23] in the case of compact convex sets. This allows one to
give Fraissé-theoretic proofs of many known results about the Poulsen sim-
plex from [22]. This framework has been used in [23] to define and construct
the natural noncommutative analog of the Poulsen simplex. The model-
theoretic properties of the Poulsen simplex and its noncommutative analog
are investigated in [14]. Finally, the Fraissé-theoretic description of the
Poulsen simplex together with the Kechris—Pestov—Todorcevic correspon-
dence between the Ramsey property and extreme amenability [15, 25, 29|
is used in [2] to compute the universal minimal flow of the Polish group of
affine homeomorphisms of P. This turns out to be the canonical action on
the Poulsen simplex itself.



FRAISSE THEORY AND THE POULSEN SIMPLEX 25

2. FUNCTION SYSTEMS AND THE KADISON REPRESENTATION THEOREM

Suppose that T' is a compact Hausdorff space. Let C'(T") be the space of
real-valued continuous functions on T'. The space C(T") has a distinguished
element 1 (the unit) which is the function constantly equal to 1. Concretely,
a function system is a closed subspace V of C(T') that is unital, in the sense
that it contains the unit. Function systems can be abstractly characterized
as those real Banach spaces V with a distinguished element 1 with the
property that, for any = € V such that ||z| = 1, one has that ||z + 1| = 2
or ||[x —1|| = 2 [8, Section 2]. A linear map between function systems is
unital if it maps the unit to the unit.

A function system V' C C(T) is endowed with a canonical notion of
positivity, defined by letting an element a of V' be positive if it is a positive-
valued function when regarded as an element of C(7"). Such a notion does
not depend on the concrete unital isometric representation of V as a space
of continuous functions on some compact Hausdorfl space. A linear map
between function systems is positive if it maps positive elements to positive
elements. For a unital linear map being positive is equivalent to having
norm 1.

Suppose that K is a compact set. Let A(K) be the space of real-valued
continuous affine functions on K. Then A(K) is a function system, as wit-
nessed by the inclusion A(K) C C(K). Kadison’s representation theorem [1,
Theorem I1.8.1] asserts that any function system arises in this way. Indeed,
suppose that V' is a function system. Let S(V) be the space of unital pos-
itive linear functionals. Then S(V) is a weak*-compact convex set, called
the state space of V. The norm of an element a of V' can be described as
the supremum of s(a) where s ranges in S(V').

Any element a of V gives rise to a real-valued continuous function f, on
S(V) by point-evaluation. The induced function V- — A(S(V)), a — f,
is a surjective unital isometric linear map, which allows one to identify V'
with A(S(V)). Furthermore the assignment V — S(V) is a contravariant
equivalence of categories from the category of function systems and unital
positive linear maps to the category of compact convex sets and continuous
affine maps. Indeed a unital positive linear map ¢ : V. — W induces a
continuous affine function ¢’ : S(W) — S(V), s+ s0 ¢, and all continuous
affine functions from S(W) to S(V') are of this form. Furthermore ¢ is an
isometry if and only if ¢! is surjective. Using such a correspondence between
compact convex sets and function systems, one can equivalently formulate
statements about compact convex sets as statements about function systems.
For instance, a compact convex set K is metrizable if and only if A(K) is
separable. If V' is a separable function system, we let Aut(V') be the Polish
group of surjective unital isometric linear maps from V to V', endowed with
the topology of pointwise convergence. Then Aut(V') admits a canonical
continuous action on the state space S(V'), defined by (a, s) — soa~!. More
generally if W is another separable function system, then the space of unital
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positive linear maps from V to W is a Polish Aut(V')-space with respect to
the topology of pointwise convergence and the action (a,t) + toa L.

Consider now a standard simplex A,_1 for n > 1. This is the set of
stochastic vectors s = (s1,...,,) € R™. The corresponding function system
A(A,—1) is the space £;° with norm ||(z1,...,2,)|| = max{|z1],...,|zal}
and unit (1,1,...,1). Indeed any element of A,_; defines a state on £2° by
s(x1,...,xp) = 121+ - - - + STy, and any state on £2° is of this form. The
function systems ¢>° for n € N are precisely the finite-dimensional function
systems that are injective objects in the category of function systems and
unital positive linear maps. This can be seen as a consequence of the Hahn—
Banach theorem.

Metrizable Choget simplices are precisely those compact convex sets that
can be realized as limits of an inverse sequence of standard simplices with
surjective continuous affine maps as connective maps. Equivalently, a com-
pact convex set K is a metrizable Choquet simplex if and only if the function
system A(K) can be realized as the limit of an inductive sequence of finite-
dimensional injective function systems. In this case the function system
A(K) is called a separable simplex space. In the following we will assume
all the function systems to be separable, and all the compact convex sets to
be metrizable.

3. THE FRAISSE LIMIT OF FINITE-DIMENSIONAL FUNCTION SYSTEMS

The goal of this section is to prove that the class of finite-dimensional
function systems is a Fraissé class in the sense of Fraissé theory for metric
structures [4]. Suppose that X, Y are function systems. An embedding
from X to Y is a unital isometric linear map. The amalgamation property
for operator systems asserts that if fo : X — Yp and f; : X — Y7 are
embeddings, then there exists a function system Z and embeddings ¢q :
Yo = Z and ¢ : Y1 — Z such that ¢go fo = ¢1 0 fi. (Here and in the
following, for an injective linear map f : X — Y we denote by f~! the
linear map f~!: f[X] — Y.) This can be verified as follows. Consider the
algebraic direct sum Yo@Y7. Define a function system structure Z on Yo@ Y]
by letting the norm of (yo,y1) be the supremum of |sg (yo) + s1 (y1)| where
(s0,81) € S(Yp) x S(Y7) are such that sgo fo = s10¢1. This gives the desired
function system Z, where the embeddings ¢¢ : Yo — Z and ¢ : Y1 — Z are
the first and second coordinate inclusion map, respectively. In categorical
terms, the function system Z is the pushout of the morphisms fo and fi.

The same argument allows one to prove an approximate version of the
result above. In this case one considers (not necessarily isometric) positive
unital linear maps fo : X — Yp and f1 : X — Yj that are invertible, and
furthermore the inverses are almost isometric in the sense that [|f; | <
1+6and ||[f{'] < 1+ 6 for some §. One can now define the function
system structure Z on Yy @ Y7 similarly as above, by considering the pairs
(s0,51) € S(Yy) x S(Y7) such that ||sgo fo —s10 f1]] < 20. We call the
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corresponding function system Z the approzimate pushout of fo and fi with
tolerance d. Observe that when Yp, Y7 are finite-dimensional, then Z is also
finite-dimensional. If furthermore Y{, Y7 are finite-dimensional and injective,
ie. Yy = Egg and Yy = {37 for some do,d; € N, then one can simply take
Z=Yo®*Y1 =L 4

To verify that the coordinate inclusions maps ¢g : Yo — Z and ¢1 : Y1 —
Z are embeddings one needs to observe that “approximately contractive”
unital linear maps can be approximated by positive unital linear maps. Pre-
cisely, if W is a function system and ¢ : W — £°° is a unital linear functional
on W of norm at most 1 + §, then there exists a positive unital linear map
s: W — £2° such that ||s —¢|| < 26. This is a consequence of the fact that
an element w of W can be written as w = wg — w1 where w, wy are positive
and ||w|| = [Jwol| + ||w1||; see [1, Proposition I1.1.14].

Using the approximate amalgamation property for function systems one
can verify that the class of finite-dimensional function systems is a (metric)
Fraissé class in the sense of [4]. One can also construct explicitly the Fraissé
limit as follows. Fix, for every n € N, a countable dense subset D,, of /7°.
Let (@, ) be an enumeration of the finite injective tuples of elements of D,
and set E, j := span{l,a,} C £°. For every n,k,m,d € N let &, 4m be
a 27™-dense set of embeddings from E, j, to £3°, where the distance in the
space of embeddings is given by d (¢,1) = ||¢ — ¢||.

Using the approximate pushout construction from above, one can recur-
sively define sequences (d;), (n;), (F') such that

(1) dj € N and n : ﬁgj — E;?H are unital isometric linear maps,

(2) Fnrjis a 27U+ dense collection of injective positive unital linear
maps from £, ; to EO?,

~

(3) for every d,n,k < j, f € Forj, and ¢ € &, q; there exists f :
(g — L3, such that |fo¢—mn;oft] <277
Let now V be the limit of the sequence (53‘;) with connective maps n; :
Egj — EE?H. We claim that V has the following property, which we call
the stable extension property: whenever E, F are finite-dimensional func-
tion systems, and ¢ : E — F and f : E — V are injective unital positive
linear maps such that ¢! < 1 +J and ||f~!| < 1 + 6, then there ex-
ists a unital isometric linear map f F — V such that || f o¢— f < 26.
This is a consequence of the construction above together with the following
observations. The class of finite-dimensional injective function systems is ap-
prozimately cofinal, in the sense that any finite-dimensional function system
approximately embeds into £3° for some (large enough) d € N. Furthermore
the small perturbation lemma in Banach space theory guarantees that the
topology in the space of linear maps from a finite-dimensional function sys-
tem X to a function system Y induced by the distance d (¢, ¥) = ||¢ — ¢||
coincides with the topology of pointwise convergence.
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A back-and-forth argument, similar to the one in the proof of [21, The-
orem 1.1] allows one to deduce from the stable extension property that V
has the following stable homogeneity property: if E is a finite-dimensional
function system, and ¢ : £ — V and f : E — V are injective unital positive
linear maps such that [|¢~!|| < 146 and ||f~!|| < 14, then there exists an
automorphism « of V such that ||ao ¢ — f|| < 26. The same back-and-forth
argument shows that there exists a unique separable function system that
satisfies the stable extension property. Furthermore, the stable extension
property as stated above is equivalent to the same assertion where E, F' are
injective finite-dimensional operator systems and ¢, f are unital isometric
linear maps. Furthermore, a one-sided version of the same argument shows
that any separable function system embeds into V.

By construction, V is a separable simplexr space, being realized as the
limit of a sequence of finite-dimensional injective function systems with uni-
tal isometric linear connective maps. The state space S(V) is therefore a
metrizable Choquet simplex. We will explain in the next section how to see
that S(V) has dense extreme boundary.

From a model-theoretic perspective, one can regard function systems as
a metric structure in the sense of [5]. The corresponding language contains
function symbols for the vector space operations, a constant symbol for the
unit, and a predicate symbol for the norm. One can see that the stable
homogeneity property of V is elementary, and therefore V is the unique sep-
arable model of its first-order theory. As a consequence the automorphism
group Aut(V) of V is a Roelcke precompact Polish group; see [6, Definition
2.2]. Furthermore using [5, Proposition 13.6] one can conclude that the first-
order theory of V admits elimination of quantifiers, and that the theory of
V is the model completion of the theory of function systems. Finally, one
can give the following model-theoretic characterization of simplex spaces: a
function system W is a simplex space if and only if it is existentially closed.
This means that whenever a quantifier-free type is approximately realized
in a function system V O W, then it is also approximately realized in W;
see also [14].

4. FUNCTION SYSTEMS WITH A DISTINGUISHED STATE

In this section we still denote by V the Fraissé limit of the class of finite-
dimensional function systems as constructed in the previous section. We
will prove that the state space S(V) has dense extreme boundary. To this
purpose, we consider the class of function systems with a distinguished state.
A similar argument as the one in the previous section shows that such a class
satisfies amalgamation. Indeed suppose that fo: X — Ypand f1 : X - )
are invertible unital positive linear maps such that | f; '] < 1+ & and
| f7 Y| € 146, and that Z is the approximate pushout of fo, fi with tolerance
0 defined as in the previous section. Let ¢g : Yo — Z and ¢; : Y7 — Z
be the canonical embeddings. Then it follows from its definition that the
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approximate pushout has the following universal property: if W is a function
system, and gg : Yo — W and g1 : Y7 — W are unital positive linear maps
such that ||go o fo — g1 © fi|| < 20, then there exists a unique unital positive
linear map t : Z — W such that to ¢y = gg and t o ¢1 = ¢;. In particular, if
so € S(Yp) and s1 € S(Y1) are states such that ||sg o fo — s1 0 f]| < 26, then
there exists a unique state s on Z such that so ¢y = sg and so ¢; = s7.

It follows from the remarks above that the class of finite-dimensional
function systems with a distinguished state is a Fraissé class. By uniqueness
of the Fraissé limit, one can regard the corresponding Fraissé limit as a
distinguished state sy on V. Such a state is uniquely characterized, up
to an automorphism of V, by the following property: if Ey, F1 are finite-
dimensional function systems, s € S(E;), and ¢ : Ey — F and f: Ey — V
are injective unital positive linear maps such that ||| < 1+6, || f7} <
149, and ||sy o f — s o ¢|| < 20, then there exist a unital linear isometry
f : By — V such that Hf o¢ — f|| < 20 and sy o f = s. This is in
turn equivalent to the same assertion where Ej, F/q are finite-dimensional
injective operator systems, and f, ¢ are unital isometric linear maps. Such a
characterization implies that the Aut(V)-orbit of sy is a dense G5 subspace
of the state space S(V). In order to conclude that S(V) has dense extreme
boundary, it remains to observe that sy is an extreme point.

Suppose that tg,t; € S(V) and A\ € (0,1) are such that Ao+ (1 — \)t; =
s. Fix a unital isometric linear map f : £3° — V and € > 0. Consider
the unital linear isometry ¢ : £3° — €35, (71,...,24) ¥ (T1,...,24, (Sv ©
f)(x1,...,24)), and let e € S(f?ﬁrl) be the state e(r1, ..., Tgr1) = Tgs1-
Then there exists a unital linear isometry f : (35, — V such that | fop—f|| <
e and sy o f = e. Since e is an extreme point of S(£35,) we have that
too f =t10f =e. Hence [to o f — sy o f|| < e. Since this is true for any
unital linear isometry f : £3° — V and any € > 0, we can conclude that
to = sy. This concludes the proof that sy is an extreme point of the state
space of V.

The argument above shows that S(V) is a metrizable Choquet simplex
with dense extreme boundary. In the following section, we will observe that
in fact the set of extreme points of S(V) is equal to the Aut(V)-orbit of
sy, and that S(V) is the unique nontrivial metrizable Choquet simplex with
dense extreme boundary.

5. EXISTENCE AND UNIQUENESS OF THE POULSEN SIMPLEX

In this section we still denote by V the Fraissé limit of the class of finite-
dimensional function systems, and by sy the state on V obtained as the
Fraissé limit of the class of finite-dimensional function systems with a dis-
tinguished state. We have proved before that sy is an extreme point of
the state space of V. We now observe that, conversely, any extreme point
belongs to the Aut(V)-orbit of sy.
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Indeed, suppose that W is a simplex space. Then one can characterize
the extreme points of the state space of W as those states ¢t that satisfy
the following: for any finite-dimensional function systems FEy C FE7, unital
positive linear map f : Ey — W, state s € S(E}) such that ||t o f — s|g, || <
€, there exists a unital positive linear map f : B — W such that to f = sand
1f]E, — Il < 3¢; see [23, Proposition 6.21]. From this and the homogeneity
property characterizing the Aut(V)-orbit of sy mentioned in the previous
section, it follows that any extreme point of the state space of V belongs
to the Aut(V)-orbit of sy. In other words, Aut(V) acts transitively on the
extreme points of S(V).

The characterization of extreme points of a Choquet simplex recalled
above admits the following generalization. Suppose that A(K), A(F) are
simplex spaces, and P : A(K) — A(F) is a unital linear quotient mapping.
This means that P maps the open unit ball of A(K) onto the open unit ball
of A(F). Then the image {so P : s € F} of F under the dual map P is a
closed face of K if and only if for any finite-dimensional function systems
FEy C Eq, unital positive linear maps ¢ : Ey — E7 and g : Ey — V such that
It o f — glg,|| < ¢, there exists a unital positive linear map f: Ey — W such

that Po f = g and Hf|EO — fH < 3g; see [23, Proposition 6.21]. Furthermore

in this case one can regard P as the function A(K) — A(F), a — a|p after
one identifies F' with its image under the dual map P. One recovers the
characterization of extreme points mentioned above in the particular case
when F' is the trivial simplex.

We now observe that the state space of V is the unique nontrivial metriz-
able Choquet simplex with dense extreme boundary. Indeed, suppose that
K is a nontrivial metrizable Choquet simplex and A(K) be the correspond-
ing simplex space. Our goal is to prove that A(K) satisfies the characterizing
property of the Fraissé limit V of finite-dimensional function systems. To
this purpose, fix d € N, € > 0, and unital linear isometries f : £3° — A(K)
and ¢ : £ — £35,. Since f is a unital linear isometry, without loss
of generality, we can assume that ¢° C A(K) and f : {7 — A(K) is
the inclusion map. One can also choose a standard basis e1,...,eq of £3°
and a standard basis f1,..., fgr1 of £35, such that ¢(e;) = fi + t(ei) far1
for some state ¢ on £77,. Pick extreme points si,...,s, of K such that
si(ej) = d;5. Since K by assumption is nontrivial and has dense extreme
boundary, there exists an extreme point s,41 of K different from sy,...,s,
such that |s,41(ej) —t(e;)] < € for j = 1,2,...,d. Define now the unital
positive quotient mapping Q : A(K) — £33, by a = (s1(a),...,snt1(a)).
Observe that the image of the state space of £33 | under the dual mapping Qf
is precisely the convex hull of sq,...,s,41. This is a closed face of K, since
S1,--.,Sn+1 are extreme points. Furthermore by the choice of s1,...,$p41
the map @ satisfies ||Q|g — ¢|| < e. Therefore there exists a unital posi-
tive (necessarily isometric) linear map f: ¢35, — A(K) such that Qo fis
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the identity map of £3°; and || fop—f || < 3e. This concludes the proof
that A(K) is unitally isometrically isomorphic to V, and hence K is affinely
homeomorphic to the state space of V.

The argument above—although presented in a slightly different language—
is essentially the original argument of Lindenstrauss—Olsen—Sternfeld in their
proof of the uniqueness of the Poulsen simplex [22]; see also [27]. From now
on we will denote by P the unique nontrivial Choquet simplex with dense
extreme boundary, and call it the Poulsen simplex. Consistently, we will
identify the Fraissé limit V of the class of finite-dimensional function sys-
tems with the space A(P) of real-valued continuous affine functions on P. We
will also identify the group Aut(A(P)) of surjective unital linear isometries
of A(PP) with the group of affine homeomorphisms of P.

6. HOMOGENEITY OF THE POULSEN SIMPLEX

Besides the uniqueness of the Poulsen simplex, the main result of the
paper [22] of Lindenstrauss—Olsen—Sternfeld is that the Poulsen simplex P
satisfies the following universality and homogeneity properties: any metriz-
able Choquet simplex is affinely homeomorphic to a closed proper face of P,
and any affine homeomorphism between closed proper faces of P extends to
an affine homeomorphism of P. In this section we will observe that these
results can be proved by adapting the techniques of the previous section.

Indeed, suppose that K is a metrizable Choquet simplex, and A(K) is
the corresponding simplex space. Then one can show that finite-dimensional
function systems F with a distinguished unital positive linear map s : E —
A(K) form a Fraissé class. When K is the trivial simplex, one recovers the
class of finite-dimensional function systems with a distinguished state. The
proof in the general case is entirely analogous, after observing that A(K)
satisfies the following property (which in fact characterizes simplex spaces
among function systems): whenever Ey C E; are finite-dimensional function
systems, f : Fp — A(K) is a unital positive linear map, and £ > 0, there
exists a unital positive linear map f : By — A(K) such that || f|z, — f|| < e.
This follows from a small perturbation argument and the fact that A(K)
is the limit of an inductive sequence of finite-dimensional injective function
Systems.

The Fraissé limit of the class of finite-dimensional function systems with
a distinguished positive linear map to A(K) can be seen as a distinguished

unital positive linear map Qigf)) : A(P) — A(K). Observe that the space
Aut(A(P)) has a canonical continuous action on the space of unital positive

linear maps from A(P) to A(K). Asin the case when K is the trivial simplex,

one can characterize the Aut(A(P))-orbit of Qﬁgf)) as those maps of the
form f — f|p, where F is a closed proper face of P affinely homeomorphic

to K and A(K) is identified with A(F). From the existence of the Fraissé
limit Qﬁgf)) one can conclude that K is affinely homeomorphic to a closed
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proper face of P. From the functoriality of the assignment K Q’:gf)) one
can conclude that any affine homeomorphism between closed proper faces
extends to an affine homeomorphism of P.

It is proved in [2] that the class of finite-dimensional function systems
satisfies the approximate Ramsey property for embeddings. This is the
natural analog in the setting of metric structures of the Ramsey property
for discrete structures, where colorings are replaced with [0, 1]-valued Lip-
schitz maps (continuous colorings), and monochromatic sets are replaced
with sets where the oscillation of the given continuous coloring is less than
a given strictly positive €. The Kechris—Pestov—Todorcevic correspondence
between the Ramsey property of a Fraissé classes of finitely-generated dis-
crete structures and the extreme amenability of the automorphism group of
the corresponding Fraissé limit [15] admits a natural generalization to the
metric setting [25]. From this one can deduce that, for any closed proper
face F' of P, the group of affine homeomorphisms of P that fix F' pointwise
is an extremely amenable group. Particularly, the stabilizer Aut(P,e) of an
extreme point of P is extremely amenable. The latter fact allows one to
compute the universal minimal flow of the group Aut(PP) of affine homeo-
morphisms of P. This is the canonical action Aut(P) ~ P. Minimality of
such an action is a result of Glasner [13], while universality follows by ob-
serving that P is Aut(P)-equivariantly homeomorphic to the completion of
the homogeneous space Aut(P) /Aut(PP, e).

7. THE NONCOMMUTATIVE POULSEN SIMPLEX

Noncommutative mathematics studies, broadly speaking, the mathemat-
ical structures that arise when classical physics is replaced with quantum
physics. In this setting, many classical notions admit a natural noncom-
mutative generalization. The noncommutative analog of function systems
is given by operator systems. Recall that, concretely, a function system
is a unital subspace of C(T) for some compact Hausdorff space T. The
spaces C(T') are precisely the abelian unital C*-algebra. In general, a (con-
crete) unital C*-algebra is a space A of operators on a Hilbert space H with
the property that A is invariant under taking compositions and adjoints, it
contains the identity operator (the wnit), and it is closed in the topology
induced by the operator norm. Unital C*-algebras can be regarded as the
noncommutative analog of compact Hausdorff spaces.

An operator system is a closed subspace V of a unital C*-algebra A that
contains the identity operator and it is invariant under taking adjoints. An
operator system V is a function system when it can be represented inside
an abelian unital C*-algebra A. Operator systems can be regarded as the
noncommutative analog of compact convex sets.

Operator systems are in canonical correspondence with geometrical ob-
jects called compact matriz convez sets [31, 10, 11, 30]. Suppose that W is
a locally convex topological vector space. We denote by M, (W) the space
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of n X n matrices with entries in W, endowed with its canonical topolog-
ical vector space structure. We also denote by M, (C) the space of n x n
complex matrices, and by M,, ;(C) the space of n x k complex matrices. A
compact matrix convex set is a sequence K = (K,,) of compact convex sets
K, C M, (W) that is invariant under matriz convex combinations. A matrix
convex combination is an expression of the form ajviai+---+ajveap where
v; € Ky, oy € My, »(C) is right invertible, and ajai + --- 4+ ajay is the
identity m x n matrix. Several notions from convexity theory admits natu-
ral matrix convex analogs, obtained by replacing convex combinations with
matrix convex combinations. For instance, a matriz affine function between
matrix convex sets K and K’ is a sequence of functions f,, : K,, — K/, that
preserves matrix convex combinations. An element of a compact matrix
convex set is a matriz extreme point if it cannot be written in a nontrivial
way as a matrix convex combination.

One can assign in a natural way to a compact matrix convex set K
an operator system A(K) whose elements are the matrix affine functions
from K to (M,(C)),cy- It is proved in [30] that, conversely, any operator
system V' arises from a compact matrix convex set K in this way. Here
K, is the collection of all morphisms (in the category of operator systems)
from V to M, (C), where M,(C) is identified with the algebra of bounded
linear operators on an n-dimensional Hilbert space. Furthermore such a
correspondence between compact matrix convex sets and operator systems
is functorial, and extends the correspondence between compact convex sets
and function systems.

The notion of noncommutative Choquet simplex has been introduced and
studied in [23]. A compact matrix convex set K is a (metrizable) noncom-
mutative Choquet simplex if the corresponding operator system A(K) is a
(separable) nuclear operator system. Nuclearity is a regularity condition for
operator systems that requires the identity map to be the pointwise limit
of morphisms that factor through finite-dimensional injective operator sys-
tems. For function systems such a condition is equivalent to being a simplex
space.

The natural noncommutative analog of the Poulsen simplex is defined and
studied in [23]. The noncommutative Poulsen simplex NP is a (nontrivial)
metrizable noncommutative Choquet simplex with a dense set of matrix ex-
treme points. It is proved in [24] that the noncommutative Poulsen simplex
is unique, and its corresponding operator system A(NP) is the unique non-
trivial separable nuclear operator systems that is universal in the sense of
Kirchberg and Wassermann [16]. The operator system A(NP) can be real-
ized as the Fraissé limit of the class of finite-dimensional operator systems.
A unified approach to the study of the Poulsen simplex and its noncom-
mutative analog, as well as other Fraissé limits in functional analysis, is
presented in [23]. It is also proved in [23] that any metrizable noncommu-
tative Choquet simplex can be realized as a proper noncommutative face of
NP. Finally, the methods of [3] apply to show that the universal minimal
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flow of the group Aut(NP) of matrix affine homeomorphisms of NP is the
canonical action of Aut(NP) on the space of positive unital linear functionals
on A(NP); see [3].
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