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A NOTE ON THE FULLY DEGENERATE BELL
POLYNOMIALS OF THE SECOND KIND

DONGKYU LIM*

ABSTRACT. In this paper, the authors study a new degenerating ap-
proach to the Bell polynomials which are called fully degenerate Bell
polynomials of the second kind. We establish some identities from the
fully degenerate Bell polynomials of the second kind and give explicit
relations to special numbers and polynomials.

1. INTRODUCTION

In combinatorial mathematics, the Bell polynomials are used in the study
of partitions (see [1, 2, 4, 5, 8]). The Bell polynomials Bel,, () are defined
by the generating function to be [7, 8, 12, 14, 21, 24, 25]

ot > t"
e 1) = ZBeln(q:)a.
n=0

When z = 1, Bel,, = Bel,,(1) are called the n-th Bell numbers.
For A € R, the degenerate exponential function is defined by (see [3, 6, 9,
13])
oo tn
KW = (1+M)F = (@aalr ert) = b0,
n=0 ’
where (z)ox =1, ()py =z(x —A)---(x — (n —1)A), for n > 1.
In [9], the first works on the degenerate Bell numbers and polynomials
are done by Kim and Kim

a(ex(t)- - t"
070 (1) = 37 Belya(a) .
n=0 ’
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Later in [14], Kim et al. introduced the partially degenerate Bell polyno-
mials bel,, y(z), which are given by the generating function

J:(e,\ Z beln AT

In [6], Dolgy et al. defined and studied the fully degenerate Bell polyno-
mials By, x(z) by the generating function

1

ex(z(ea(t) — 1)) = (1 + Az((1 + x)V/* —1))* ZBM

Kim et al. defined in [18, 19] the new type degenerate Bell polynomials,
Bn(z|X), n > 0 by

T

ef(e—1)=(1+ A —1))* = ZB x|/\

When z = 1, B,(1|\) are called the new type degenerate Bell numbers.
The authors obtain several expressions of identities on those numbers and
polynomials, (see [18, 19]). Recently in [23], authors considered a new de-
generating approach to the Bell polynomials which were called the fully
degenerate Bell polynomials of the second kind. We gave some identities
from the generating function and especially by using the differential equa-
tions on those polynomials. In this paper, we continuously study a new
degenerating approach to the Bell polynomials which are called fully degen-
erate Bell polynomials of the second kind. We give explicit identities from
the generating function and relate our polynomials to special numbers and
polynomials.

As is well known, for k£ > 0, the Stirling numbers of the first kind S;(n, k),
the Stirling numbers of the second kind Sa(n, k) and the central factorial
numbers of the second kind T'(n, k) are defined by the generating functions
(see [6, 7, 8, 11, 13])

log(1 +t))* ZSlnk:
1
6—1 ZSan

1,1 1 t"
H(ez —e 2)k:ZT(n,k)m.
n==k

Recall from [6, 10, 11, 15, 17, 22] that the degenerate Stirling numbers of the
first kind Sj x(n, k), the degenerate A-Stirling numbers of the second kind
S2.a(n, k) and the degenerate central factorial numbers of the second kind

k'(
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T x(n, k) are generated by

(1.1) o (logA (1+1)) ZSM (n, k
(12) (e 1) = Zsz,m ol
(1.3) %@Qw—@ E:Bknk

where k is a nonnegative integer. It is clear that
lim Sl,)\(”? k) = Sl(na k)7
A—0
lim 75 5 (n, k) = T'(n, k).
A—0

i =
/\12% Saa(n, k)

SQ(TL, k),

15

It is common knowledge that the Bernoulli polynomials B, (z), the Euler
polynomials E,,(x) and the Cauchy polynomials C,,(x) are given by

oo

b Nop (ol
et—le _nz_;) n(x)ﬁ’
2 L - tn
e+1° :;‘BE”@)n!’

t
—(1+t)" Cn(
log(1 +t * Z

In view of these, for any nonzero A € R, the degenerate polynomials

given by the generating functions

t e tn
(1.4) me,\(t) = ;ﬁn,x(@

2 > "
(1.5) g@inﬁu)ZEZ&M@g
(1.6) bgﬂi+t1+t }:cmA

are

Among them, the polynomials (3, x(x), &, x(2), and Cy x(x) are called the
Carlitz’s degenerate Bernoulli polynomials, the degenerate FEuler polyno-
mials and the degenerate Cauchy polynomials, respectively. The Carlitz’s
degenerate Bernoulli numbers 3, », the degenerate Euler numbers &, ) and
the degenerate Cauchy numbers C), \ are expressed by means of these poly-

nomials, as follows:

Bn,)\ = /Bn,)\ (0) 5

)

Crpx = Cra(0).

)
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We obtain identities involving the fully degenerate Bell polynomials of
the second kind, the Carlitz’s degenerate Bernoulli polynomials, and the A-
Stirling numbers of the second kind. We also have two identities involving
those fully degenerate Bell polynomials of the second kind, the degener-
ate Euler polynomials and the A-Stirling numbers of the second kind. In
addition, we can find an identity involving those fully degenerate Bell poly-
nomials of the second kind, the Cauchy polynomials, and the degenerate
A-Stirling numbers of the second kind. As an application, we can express
some identities involving the degenerate Bell polynomials of the second kind,
the degenerate Fubini polynomials, the degenerate Stirling numbers of the
first and the second kind, and the degenerate derangement numbers and
polynomials.

2. SOME IDENTITIES OF FULLY DEGENERATE BELL POLYNOMIALS OF THE
SECOND KIND

In this section, we establish some identities of the degenerate Bell poly-
nomials of the second kind. Specially we relate our polynomials to the
Carlitz’s degenerate Bernoulli polynomials, the degenerate Euler polynomi-
als, and the degenerate Stirling numbers of the first kind and the second
kind.

We recall the fully degenerate Bell polynomials of the second kind in [23],
denoted by B}, ,(z), by the generating function

e5(ex(t) = 1) = (1+ Aea(t) — 1)
=SB
n=0

When z = 1, B}, | = B, \(1) are called the fully degenerate Bell numbers of
the second kind, which are the same as the degenerate Bell numbers in [6].
In [23], it is listed that for n > 0

(2.1)

(2.2) Z l,\Sg A(m, l)

=0

and
nA—ZBm/\ Sl,\nm)

In [15, 22], we have an identity on the A-Stirling numbers of the second
kind, which are defined in (1.2).

(2.3) Soa(n,m) =Y A" S (n, k) Sy(k,m).
k=0
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We can rewrite the right hand side of (2.3) as follows:
n—1

(2.4) Soa(n,m) = Z A"KS) (n, k)Sa(k, m) + Sa(n, m).
k=0

It follows that

(2.5)

Sax(n,m —)\Z (n — DAPD=EG (0 — 1, k) Sy (k, m)
+ ZA”*ksl(n — 1,k — 1)mSy(k — 1,m)
k=1

n—1
+ ) (MRS (= 1,k = 1)Sa(k — 1,m — 1)) + Sa(n,m)
k=1
n—1

=AY —(n— DAV TEG (0 — 1, k) Sy (k, m)

(]

=
Il
o

3
—

+ (mAFS (n — 1, k)mSa(k,m)) — mSa(n — 1,m)

(]

+ ) ARG (0 — 1,k — 1)Sa(k — 1,m))
k=0
—Sa(n—1,m—1) + Sa(n,m)
=—-A(n—1)S (n—1,m)+mSs x(n —1,m) —mSa(n —1,m)
+ S (n—1,m—1) = Sa(n —1,m —1) + Sa(n,m).
Using the recurrence relation of the Stirling numbers of the second kind in

(2.5), we have the recurrence relation of the A-Stirling numbers of the second
kind, which is proved in the [17, Theorem 1].

T
=

Theorem 2.1. Forn > 0, we have
527/\(72,7%) = (_)‘(n - 1) + m) SQ,)\(n -1, m) + 527)\(71 —1,m— 1)
Applying (2.4) in (2.2) for n > 1, we have

n

(@) =D (@)maS2a(n,m)

m=0
n n n—1
(2.6) = (@maSa(n,m) + > (@) AF Sy (n, k) Sa(k, m)
m=0 m=0 k=0

n—1 n

= Bela(z[A) + > D> NSy (n, k) Sk, m) (%)
k=0 m=0
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So we describe the differences between degenerate Bell polynomials in [18,
19] and fully degenerate Bell polynomials of the second kind.

Remark: The identity (2.6) can be written

(@) =Belpa(z|A) + > Mg;(x)

j=1
where
n—j
gj(w) = Z S1(n,n —7)S2(n — j,m)(x)m,»
m=0
and

degg;j(z) =n—j.

Now we apply the ideas in [9] to our degenerate Bell polynomials of the
second kind. We can give some explicit expressions for those polynomials to
special numbers and polynomials.

Replacing ¢ by ex(t) — 1 in (1.4) gives

et CCRD 2 Baw) 1 eat) — 1)
(2.7) _Zﬁm/\ ZSQ)\nm
_Z(ZﬁmA )Sax(n m)) ijl

From (2.1) it can be deduced that
(2.8)

e CURHED I CU R S AT

o k
DI IHCSTRIS SERBE

k=0 m=0

2 (Z <Z> Z BmaSz(k,m) BZ—k,A(Q?)) %n,
n=0 \k=0 !

m=0

Therefore, by comparing the coefficients on both sides of (2.7) and (2.8), we
obtain a theorem.

Theorem 2.3. Forn > 0, we have

n k
Z Bm AT SQ )\ n, m) Z (Z) Z Bm,)\SZ)\(k? m) B;szk,/\(x)'

k=0 m=0
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Let us replace t by ex(t) — 1 in (1.5). Then we get

6)\(6)\(t)2— 1) + 1€§(e>\(t) - 1) = mzzogm)\(x)ni!(e)\(t) _ l)m
(2:9) = Z Z So.a(n,m)
— ( Em(x)S2 2 (n, m)) %n'
n=0 \m=0 .

The left hand side of (2.9) is also given by
(2.10)

2 (ex(t) — 1) t!
exlen® 1) + 16 Z Emr——"~—— 2 Bl,)\(x)ﬁ

o0

— Z Em Z SQ,A(kam)gZBZA( )

—ZZSWASukm Z

k=0 m=0 =0

o n n . t”
=y (Z (k> Z EmnSax(k,m) Bnm(x)) —

n=0 \k=0 m=0 ’

Therefore, from (2.9) and (2.10), we obtain the following.
Theorem 2.4. Forn > 0, we have
n n k
Z Ema(@Saatnm) =3 (1) 3 EnaSaahom) By (o).
k=0 m=0

From (1.4), the generating function of the Carlitz’s degenerate Bernoulli
polynomials f; x(z) can be rewritten as

(2.11) tes (t) Zﬁ”\ l' (ex(t) —1).

By replacing t by e)(t) — 1 in (2.11), we obtain
(2.12)

(ex(t) — 1)ex(ea(t Zﬂl,\ (el t feat®) = 1f (ex(ex(t) —1) —1).
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The right hand side of (2.12) is equal to

ZZﬁM 52,\ml Z k’\k;'
m=0 [=0
Z(Z( )Zﬁz,\ )S2 (1 k,l)BZ,A) %T:

k=1
On the other hand, the left hand side of (2.12) is equal to

- th SN, " A= (1 . "
(2.14) kZ(l)Imk! Z{)Bm,x(if)m! = Z <k>(1)k>\ ank,x(x)a-
=1 m=

n=1k=1

(2.13)

Therefore, by equating (2.13) and (2.14), we obtain the following.

Theorem 2.5. Forn > 0, we have

n

; ( ) Zﬂz A@) S — k) By = (Z) ()i Bl _pa(2)-

k=1

Setting £ = 0 in Theorem 2.5 reveals the following.

Corollary 2.6. For any n € N, we have

n n—~k

ZZ( )5M52A —k,)Bi =1

From (1.5), the generating function of the degenerate Euler polynomials
&\ can be formulated as

2= Zgz,,\l*,(ex(t) +1)
1=0 ’

which implies that

=
o~ k
=3 anSanlk, 1) (ZB;‘MH)

k=0 1=0
:Z Z<k>zgl)\S2)\kl)Bn kA+ZSkASQA(n k)) f:
=0 \k=0 1=0 ’

Consequently7 it follows that

n 2, forn=20
Z( >Z(€lz\52)\kl)Bn k)\‘i‘zgk)\sé)\(n k') {O, fOI'TLZl-

k=0 =0
Therefore, we obtain the following.
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Theorem 2.7. Forn > 0, we have

n

k n
n *
<k> D EaSon(k, ) By ==Y EenSan(n, k).

k=0 =0 k=0

In other words, for n > 0, we have

n k n

n . X
Z <k‘) Z&,ASZA(k,l) ank,A_‘_ngv\S?v\(n? k)= QBn)\(O).
k=0

=0 k=0

Let us replace t by ex(ex(t) —1) — 1 in (1.6). Then we have
(2.15)
exlealt) 1) 1
ex(t) — 1

m=0

This implies that

oo k "
=Y > Cunl(@)Saa(k,m) > Saa(n, k)%
=

0m=0 n=~k
n

(2.17) 00 n k o
( Z Cm,,\(w)sz,A(kam)Sz,A(nak)) o

21

Sea(ert) = 1) = 3 Ca(a) - (ealea(t) — 1) ~ 1™
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On the other hand,

ex(t) — 1
= () S (T e - 1) - o) — 1)
ex(t)—1) t VA A
(218)  [& ) o= 1 . tm
= Zﬁk,)\g > n (Bra(z +1) =By A (@) oo
k=0 m=0
- tF\ & (Bl +1) =B (@) t™
—<Zﬁkm>z< o >m'
k=0 m=0
_ i i <n> (B:n+1,)\(x +1) - ;wl,x(x)) 5 t"
= n—m,A | -
=\ \m m+1 n!
Therefore, by (2.17) and (2.18), we obtain the following.
Theorem 2.8. For n > 0, we have
n k
> Coua(@) 82,5k, m) S (1, k)
k=0m=0
B " /n Bm+1 Az +1) - :n+1,>\(33)
- Bn—m,)\-
m m+1
m=0

Letting = 0 in Theorem 2.8 leads to

Corollary 2.9. For n > 0, we have

n k n
DY CunSaa(k,m)Soa(n k) = > ( > T;Ln:_lfﬁn—m,,\'

k=0 m=0 m=0

3. FURTHER IDENTITIES OF THE FULLY DEGENERATE BELL NUMBERS

AND POLYNOMIALS OF THE SECOND KIND

In this section, we further investigate the fully degenerate Bell polyno-
mials of the second kind. We will discover or recover more identities on
those polynomials related to the degenerate central factorial numbers and
the degenerate Stirling numbers of the second kind. Finally, we establish
the Dovinski-like theorem on the fully degenerate Bell polynomials of the

second kind.
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From (1.3) and (2.1), we have the following observation.

K = 1) = 3 mar(ex(t) - "

NE

3
Il
)

(@ma— (e (1) = & 20y ey (1)

m=0

I mAZZ()TQ,\km)(;L) "

_ |
e ke n—k,\ !

||P”18

8

Therefore, we can derive the following.
Theorem 3.1. For n > 0, we have

D=3 (1) @matartem (5) -

m=0 k=m

In particular, when A approaches zero in Theorem 3.1, we obtain the
known identity in [18]

-2 2 (permom (5)

m=0 k=m

On the other hand, by (1.2) and (2.1), it follows that

i BZ,A(JU)%”! = e%(er(t) — 1) = i loslFAA 1))
-~ (5)
2

()" 3 smn 3 sty

log (14 Xex(t) —1)™

>R

Mz 2|~

1\
51(l,m))\l(€)\(t;!1)

Il
M&B I
>18

m

T
8 3

WE

0

= Z (Z Z 2™ N8 (1,m) Sg (0, l))

=0 m=0

3
Il
3

o~ o~

Equating coefficients of t” /n! on both sides of this yields the following.
Theorem 3.2. Forn > 0, we have

n l
z)=> Y a™A"S(1,m)SyA(n, 1)

=0 m=0

n l
A = Z Z A8 (1, m) S A (0, D).

=0 m=0

and
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Specially, if A approaches to 0, we have a very interesting identity:

B, = Z Sa(n,m).
m=0

Using the generating function of the fully degenerate Bell polynomials of
the second kind, we have
oo

S Bia@) = k(e - 1)

n=0

=0 m=0
0 l 00 n
=S g X ()0 Sty
=0 m=0 n=0
[e%e) oo I n
=> (Z > ;(;)(—1)lm(m)n¢(ﬂf)l,x> %
n=0 \I=0 m=0 ’

Accordingly, comparing both sides of this leads to the the following

Theorem 3.3. Forn > 0, we have

In particular,

By using Theorem 3.2 or Theorem 3.3, we can show that the first five
fully degenerate Bell polynomials of the second kind B}, (z) for 1 <n <5
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are as follows:

Bl \(z) =z,

Bj\(2) = (2 + 2) — 22\,

B3 \(7) = (23 + 32% + z) + (=622 — 62)\ + Tz\%,

BZ,,\(ﬂC) (96 + 623 + 722 + x) + (—12963 — 3622 — 13z)A
(3.1) + (402% + 412)A? — 35273,

B5 \(7) = (2° +102* + 252° + 1522 + z)

(—20z%

(—31522

- — 12023
+ (1302% + 39522 + 1552)\?
- — 3352) A3 + 228221,

— 14527 — 252)A

Figure 1 shows the graphs of the degenerate Bell polynomials B,,(z|\) and
the fully degenerate Bell polynomials of the second kind B, (z) for A =

0.5,0.3 and 0.1.
We observe that

[e.e]

a > * tn *
g ;Bn,x(@n! = Z Boa(z) (n

n=1

- ZBTL-‘,-I )\

8
T ot

Therefore, we obtain the following.

(1+ Mea(t) —

= ey i )(1+)\(€>\( ) -

o) m

Theorem 3.4. (Dovinski like Theorem) For n > 0, we have
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-10 05 T Py 101
— Bl.l) — Bi(«[n)
~05 — Bi,) — Ba(z])
— Bjal) — Ba(x|)
= Bi\) — Ba(«]A)
10 — B — Bs(al)
(a) Bhos(@)
By () B (| X)
10 10
05
05 WOE -10 05 101'
— Bi,@) — Biy(«]A)
— Byal0) s — Ba(«|A)
— Bjal) — Bs(«|A)
— Bi\(x) — Ba(«|A)
) o — Bs(ald)
(D) Bn(2]0.3)
Baale) Ba(al)
10 10
N
ST P 05 107 o S f s T 05 T
— Bi) — By(«]A)
— Bialo) s — Ba(«]A)
— Bial) — By
— Bj() — Balel)
~10 — Bial) o — Bs(aA)
(B) Bro.(2) (F) Bn(z]0.1)

FiGUurRe 1. Graphs of the degenerate Bell polynomials
B, (z|A) and the fully degenerate Bell polynomials of the sec-
ond kind B,, x(x) for A = 0.5,0.3 and 0.1.

Remark: Letting A — 0 in Theorem 3.4 reduces to
Brnii(z) = )1\im Bliia(x)

= ZR:Z( )a,'Sgkl)

=3 () o)
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This is the well-known Dovinski’s Theorem, which can be found in [6, 7, 8].

We want to study some applications of the fully degenerate Bell polyno-
mials of the second kind to give some identities related to the degenerate
derangement polynomials and the degenerate Fubini polynomials, which are
introduced in the paper [16, 20].

The degenerate derangement polynomials d,, y(x), and the degenerate Fu-
bini polynomials F;, x(x) are given by

(3.2) - 7te/\ de

1—$6)\ ZFnA

Replacing t by e)(t) — 1 in (3.2) results in

(3.3)

e e = 1) = 2 da@)j )
=0

=2 (Z Sz,A(n,l)dz,A(x)> g
n=0 \[1=0 .

The left hand side of (3.4) can be expanded into

(3.4)

0 [ = m
2_1€A(t)e§ Len(t) — 1) = IZ_;FM(I); z_: Bz - 1)%
(3.5) ;o n "
=y (Z (7)ﬂ,>\(1) B iz - 1)> Zu
n=0 \[=0

Therefore by (3.4) and (3.5), we obtain a relation between the degenerate
derangement polynomials via Fubini numbers and the degenerate Bell poly-
nomials of the second kind.

Theorem 3.6. Forn > 0, we have
o0 n n .
Z SQA(TL, l)dl7>\($) = Z (l)ﬂ’k(l) Bn—l,)\(x - 1)
=0 =0

Now we replace ¢ by log, (1 +t) in (3.3) with z = 1, we get

[

7—25/\ il (logy (1 + 1))’

—Z<ZFM )S1a(n, z>)

(3.6)

m
n!
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On the other hand, the left hand side of (3.6) can be represented by the
degenerate derangement polynomials as

0 l 0 m
(3.7) = (Z dm(i”)}t!) (Z(l - @m»A;!)

=0

E(En )

=0
By (3.2), (3.6) and (3.7), we have a result.

Theorem 3.7. Forn > 0, we have

ZFZ,A(USL,\(W l) = Z (7) dia(@)(1 = 2)p_
1=0 =0

We represent (3.7) in a slightly different form as

k=0 =0 m=0
00 l - .
-3 <; ()0 k)leA(@Z) (ZO<—x>m,A 5 Soatn )’ '>
00 l N y
:Z < <Ii‘> (l—k‘) BZ:)\(IL‘);') Z Z( )m)\SQA(j’ )) i‘
=0 \k=0 ") 20 \omso

00 I n-l )
= ( Z <]lq;> (l — k)! Bi)\(x)(_l’)m,)\SQ,)\(n — l7 m)) %
k

n=0
Thus by (3.2), (3.6) and (3.8), we obtain the following result.

Theorem 3.8. For n > 0, we have

l
ZFM )S1.a(n,1) ZZ ( ) k) B] () (—2)maS2p (0 — 1, m).

=0 k=0 m=0
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