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TOTAL DOMINATOR TOTAL COLORING OF A GRAPH

ADEL P. KAZEMI, FARSHAD KAZEMNEJAD, AND SOMAYEH MORADI

ABSTRACT. Here, we initiate to study the total dominator total coloring
of a graph which is a total coloring of the graph such that each object of
the graph is adjacent or incident to every object of some color class. In
more detailes: In section 2 we present some tight lower and upper bounds
for the total dominator total chromatic number of a graphs in terms of
some parameters such as order, size, the total dominator chromatic and
total domination numbers of the graph and its line graph. In section 3
we restrict our attention to trees and present a Nordhaus-Gaddum-like
relation for them, and finally in last section we show that there exist
graphs that their total dominator total chromatic numbers are equal to
their orders.

1. INTRODUCTION

All graphs considered here are nonempty, finite, undirected and simple.
For standard graph theory terminology not given here we refer to [20]. Let
G = (V, E) be a graph with the vertex set V' of order n(G) and the edge set E
of size m(G). The open neighborhood and the closed neighborhood of a vertex
veVare Ng(v) ={u eV ]uw € E} and Ng[v] = Ng(v)U{v}, respectively.
The degree of a vertex v is also degg(v) = |Ng(v)|. The minimum and
mazimum degree of G are denoted by § = 6(G) and A = A(G), respectively.
If 6(G) = A(G) = k, then G is called k-regular. For two vertices u and v in a
connected graph G the distance between v and v is the minimum length of a
shortest (u,v)-path in G and is denoted by d(u,v). The maximum distance
among all pairs of vertices of G is the diameter of GG, which is denoted by
diam(G). A Hamiltonian path in a graph G is a path which contains every
vertex of G. An independent set of GG is a subset of vertices of G, no two of
which are adjacent. And a mazimum independent set is an independent set
of the largest cardinality in G. This cardinality is called the independence
number of G, and is denoted by «(G). Also a mized independent set of G is
a subset of V U E, no two objects of which are adjacent or incident, and a
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mazimum mized independent set is a mixed independent set of the largest
cardinality in G. This cardinality is called the mized independence number
of G, and is denoted by ayniz(G). Two isomorphic graphs G and H are
shown by G = H.

We write K,,, C,, and P, for a complete graph, a cycle and a path of order
n, respectively, and K,,, is a a bipartite complete graph of order m + n
while G[S] denote the induced subgraph of G by a vertex set S. A complete
bipartite graph K7, is called a star. The line graph L(G) of G is a graph
with the vertex set E(G) and two vertices of L(G) are adjacent when they
are incident in G. The total graph T(G) of a graph G = (V,E) is the
graph whose vertex set is V U E and two vertices are adjacent whenever
they are either adjacent or incident in G [1]. It is obvious that if G has
order n and size m, then T'(G) has order n + m and size 3m + |E(L(G))|,
and also T'(G) contains both G and L(G) as two induced subgraphs and
it is the largest graph formed by adjacent and incidence relation between
graph elements. In this paper, by assumption V = {vy,vs,...,v,}, we use
the notations V(T'(G)) = VUE where £ = {e;; | vjv; € E}, and E(T(G)) =
{vieij, vjey | viv; € E}Y U EU E(L(GQ)). obviously degpq)(vi) = 2degg(v;)
and degr(a)(eij) = dega(vi) + dega(vj). So if G is k-regular, then T'(G) is
2k-regular. Also we have aui(G) = a(T(G)).

Here, we fix a notation for the vertex set and the edge set of a line
and total of a graph which we use thorough this paper. For a graph G =
(V,E) with the vertex set V = {v;| 1 < i < n}, we have V(L(G)) = &
and F(L(G)) = {eijeir | eij, e € € and j # k}, V(T'(G)) = VUE and
E(T(G)) = EUE(L(G))U{GZ']'UZ‘,GU’U]' | eij € 5}, where £ = {eij ‘ ViV € E}
In Figure 1, a graph G and its total graph are shown for an example.

FIGURE 1. The illustration of G (left) and T'(G) (right).

Domination: Domination in graphs is now well studied in graph theory
and the literature on this subject has been surveyed and detailed in the
two books by Haynes, Hedetniemi, and Slater [7, 8]. Also, recently two new
books [9, 10] are written on this topics by Haynes, Hedetniemi, and Henning.
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A famous type of domination is total domination, and the literature on this
subject has been surveyed and detailed in the recent book [11]. A total
dominating set, briefly TDS, S of a graph G = (V, E) is a subset of the
vertex set of G such that for each vertex v, Ng(v) NS # (. The total
domination number v:(G) of G is the minimum cardinality of a TDS of G.
Similarly, a subset S C VUE of a graph G is called a total mized dominating
set, briefly TMDS, of G if each object of VU E is either adjacent or incident
to an object of S, and the total mized domination number Vi, (G) of G is
the minimum cardinality of a TMDS [18]. A min-TDS/min-TMDS of G
denotes a TDS/TMDS of G with minimum cardinality. Also we agree that
a vertex v dominates an edge e or an edge e dominates a verter v mean
v € e. Similarly, we agree that an edge dominates another edge means they
have a common vertex. The next theorem can be easily proved.

Theorem 1.1 (Kazemnejad, Kazemi, and Moradi, [18]). For any graph G
without isolate vertex,

Ym(G) = n(T(G)).

Graph Coloring: Graph coloring is used as a model for a vast number of
practical problems involving allocation of scarce resources (e.g., scheduling
problems), and has played a key role in the development of graph theory
and, more generally, discrete mathematics and combinatorial optimization.
Graph colorability is NP-complete in the general case, although the problem
is solvable in polynomial time for many classes [5]. A proper coloring of a
graph G is a function from the vertices of the graph to a set of colors such
that any two adjacent vertices have different colors, and the minimum num-
ber of colors needed in a proper coloring of a graph is called the chromatic
number x(G) of G. In a simlar way, a total coloring of G assigns a color
to each vertex and to each edge so that colored objects have different col-
ors when they are adjacent or incident, and the minimum number of colors
needed in a total coloring of a graph is called the total chromatic number
x7(G) of G [20]. The Total Coloring Conjecture (Behzad, 1965) states that:

Behzad’s Conjecture. For every simple graph G, x7(G) < A(G) + 2.

A color class in a coloring of a graph is a set consisting of all those
objects assigned the same color. For simply, if f is a coloring of G with
the color classes Vi, Va, ..., Vp, we write f = (V1,Va,...,V;). Motivated by
the relation between coloring and total dominating, the concept of total
dominator coloring in graphs introduced in [14] by Kazemi, and extended in
[12, 13, 15, 16, 17]. The reader can study section 4 of Part I from the book
[10] for more information on this concept.

Definition 1.2 (Kazemi, [14]). A total dominator coloring, briefly TDC,
of a graph G with a positive minimum degree is a proper coloring of G in
which each vertex of the graph is adjacent to every vertex of some color
class. The total dominator chromatic number x'(G) of G is the minimum
number of color classes in a TDC of G.
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Here, we initiate to study a new type of coloring called total dominator
total coloring of a graph which is obtained from the concept of total dom-
inator coloring of a graph by replacing total coloring of a graph instead of
(vertex) coloring of it.

Definition 1.3. A total dominator total coloring, briefly TDTC, of a graph
G with a positive minimum degree is a total coloring of G in which each
object of the graph is adjacent or incident to every object of some color class.
The total dominator total chromatic number x'%(G) of G is the minimum
number of color classes in a TDTC of G.

Next theorem can be easily proved.
Theorem 1.4. For any graph G with no isolated vertez, x'f(G) = x4(T(G)).

For any TDC (TDTC) f = (V4,Va,...,Vp) of a graph G, a vertex (an
object) v is called a common neighbor of V; or we say V; totally dominates
v, and we write v >, V;, if vertex (object) v is adjacent (adjacent or incident)
to every vertex (object) in V;. Otherwise we write v %, V;. Also v is called
a private neighbor of V; with respect to f if v =; V; and v ¥y V; for all
j # i. The set of all common neighbors of V; with respect to f is called
the common neighborhood of V; in G and denoted by C'N¢ ¢(V;) or simply
by CN(V;). Also every TDC or TDTC of G with x%(G) or x}(G) colors is
called respectively a min-TDC or a min-TDTC. For an examples see Figure
2.

€12 €xn exn

O—0—8—~C© O—e& —O

V1 V2 V3 Va4 vy V2 Vi Vg Vi V2 v Vs

FIGURE 2. A min-TDC of P (left), a min-TDTC of Py (mid-
dle) and a min-TDC of T'(Py) (right).

Goal: As we have mentioned before, here we initiate to study the total
dominator total coloring of a graph which is a total coloring of the graph
such that each object of the graph is adjacent or incident to every object
of some color class. In more detailes: In section 2 we present some tight
lower and upper bounds for the total dominator total chromatic number of a
graphs in terms of some parameters such as order, size, the total dominator
chromatic and total domination numbers of the graph and its line graph. In
section 3 we restrict our attention to trees and present a Nordhaus-Gaddum-
like relation for them, and finally in the last section we show that there exist
graphs that their total dominator total chromatic numbers are equal to their
orders. The following theorems are useful for our investigation.
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Theorem 1.5 (Kazemi, [14]). For any connected graph G of order n with
I(G) >1,
max{x(G), 1(G), 2} < xq(G) < n.

Furthermore, x%(G) = 2 if and only if G is a complete bipartite graph, or
X4(G) = n if and only if G is a complete graph.

Theorem 1.6 (Kazemi, [14]). For any connected graph G with 6(G) > 1,
(1.1) Xa(G) < 3(G) + minX(G[V(G) - S)),
where S C V(Q) is a min-TDS of G. And so x4(G) < %(G) + x(G).
Theorem 1.7 (Harary, [6]). For any nonempty graph G,
A(G) < X' (G) < A(G) +1.
Theorem 1.8 (Konig’s theorem, [3]). For any nonempty bipartite graph G,
X'(G) = A(G).

Theorem 1.9 (Behzad, Chartrand, and Cooper, [2]). For any complete
graph K,, of order at least 2,

Theorem 1.10 (Kazemnejad, Kazemi, and Moradi, [18]). For any complete
graph K, of order n > 2,

o (Kn) = ﬁﬂ .

Theorem 1.11 (Kazemnejad, Kazemi, and Moradi, [18]). For any graph G
of order n > 2 which has a Hamiltonian path, Y, (G) < [%ﬂ —n.

Theorem 1.12 (Kazemnejad, Kazemi, and Moradi, [18]). For any tree T
of order n > 3, vy (T) < [ %],

Proof. Let T be a tree with the vertex set V. It is sufficient to prove
%(T(T)) < [%]. Then V(T(T)) = V UE. Choose a leaf v of T and
label each vertex of T with its distance from v to modolu 3. This parti-
tions V to the three independent sets Ay, A; and Ay where A; = {u €
V | dr(u,v) = ¢ (mod 3)} for 0 < ¢ < 2. Then by the pigeonhole principle
at least one of them, say Ag, contains at least one third of the vertices of T,
and so |Ay U Ag| < [%]. We see that every nonleaf vertex and every leaf
v; € V(T) — A1 U Ay is adjacent to some vertex in A; U Ag. If needed, we
replace every leaf v; € A; U Az by a vertex from Npery(vi) — A1 U Aa.
The given set S is a TDS of T(T). Because obviously N(v;) NS # (
for each v; € V(T), and {v;,v;} NS # 0 for each v;v; € E(T) (because
dr(v,v;) # dr(v,v;) (mod 3)), and so every e;; € £ is dominated by v; € S
orv; € S. So 3 (T(T)) < |5] < L%”j O
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2. SOME BOUNDS

Since the problem of finding total dominator chromatic number of a graph
is NP-complete [14], the problem of finding total dominator total chromatic
number of a graph is also NP-complete by Theorem 1.4. Also since for any
graph G with no isolated vertex of order n and size m, v(G) < x4(G) < n,
by Theorem 1.5, and every TDTC is a total coloring, and also x(G) =
X45(T(G)) = n+ m if and only if G = K5, we have the next theorem.

Theorem 2.1. For any connected graph G of order n > 3 and size m,
max{x7(G), vm(G)} < X4 (G) <n+m—1.

Also since for any graph G = G; + G + -+ + G, with (connected)
components GG1, G, ..., G, which has no isolated vertex,

tior. 9 <ot < i
max Xa(Gi) + 2w — 2 < xq(G) < Z;Xd(Gz)a
from [14], and since T'(G) = T'(G1) +T(G2) +- - - + T(G.,), we have the next
theorem.

Theorem 2.2. For any graph G with (connected) components G1,Ga, ..., Gy,
which has no isolate vertez,

w
tt tt tt
Gi)+2w—-2< G) < Gi).
fgfg}iXd( i) + 2w < Xd ( )_Z;Xd( i)
i=

Therefore, it is sufficient to verify the total dominator total chromatic
number of connected graphs. Next theorem gives some bounds for the total
dominator total chromatic number of a connected graph in terms of the total
dominator chromatic numbers of the graph and its line graph.

Theorem 2.3. For any connected graph G of order at least 3 and with no
1solated vertex,

max{xq(G), xa(L(G))} < x4 (G) < xg(L(G)) + xa(G).
And the bounds are tight.

Proof. Let G = (V, E) be a connected graph of order n > 3 with §(G) > 1
and the vertex set V' = {v1,v2,...,v,}, and let £ = {e;; | viv; € E}. Let also
f=M1,...,V;) be amin-TDTC of G. To prove x(G) < x}(G), without
loss of generality, we may assume V; NV # () if and only if 1 < i < m for
some 1 < m < {. For every 1 < k < m or every m < k < ¢ such that for
every vertex v; € V., v; 4t Vi, we set Wi = Vi — €. Notice that if v; =, Vj
for some v; € V and some m < k < ¢, then Vj, = {e;; | for some j # i}, and
since Vj, is a (mixed) independent set, we have Vi, = {e;;} for some j # i.
On the other hand e;; > Vi for some k' # k implies Vi C {v;, e;¢} for some
¢ # i (or similarly V,, C {vj,e;} for some ¢ # j). Then we set Wy, = {v;}
and W, = {v;}. Therefore the coloring function (W1,..., W) is a TDC of
G, and so x4(G) < £ = x¥(G).
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In a similar way, to prove x%(L(G)) < x%(G), without loss of generality,
we may assume V; NE # () if and only if 1 <7 < m for some 1 < m < /.
For every 1 < k < m or every m < k < £ such that for every vertex e;; € £,
eij #t Vi, we set Wy, = Vi, — V. Notice that if e;; =; V}, for some e;; € £
and some m < k < ¢, then Vj, C {v;,v;}, by e;; = vv; € E(G). So,
without loss of generality, we may assume Vi, = {v;}. If degg(v;) > 2, then
vivg € E for some ¢ # j, and in this case we set Wi, = {e;s}. Otherwise,
since {e;p | vp € Ng(vi)} = {esj}, we set Wi, = {ejr} where v, € Ng(vj).
Then the function (Wi, ..., W) is a TDC of L(G), and so x4(L(G)) < ¢ =
X4 (G). Therefore we have proved max{x}(G),x4(L(G))} < x%(G). Since
xX4(K3) = x4(L(K3)) = X (K3) = 3, the lower bound is tight for K.

The upper bound is proved by considering this fact that for any min-
TDC (V4,...,V,) of G and any min-TDC (V{,...,V]) of L(G), the coloring
function (V1,...,Vp, V{,..., V) is a TDTC of G. The upper bound is tight
for the cycle Cy, because of x4(Cy) = x4(L(Cy)) = 2 (because L(Cy) = Cy),
and x%/(Cy) = 4 (because for any min-TDTC f = (V4,Va,...,Vp) of Cy,
8=|VUE|l = Zle |Vi| <€ apmiz(Cy) = 2¢ implies £ > 4, and the coloring
function ({e12, €34}, {e23, €14}, {v1,v3},{v2,v4}) is a TDTC of Cy). O

Next theorem gives an upper bound for the total dominator chromatic
number of a connected graph in terms of the total domination numbers of
the graph and its line graph.

Theorem 2.4. Let G be a connected graph with §(G) > 1. Then we have
the following tight bound

XHHG) < X(T(G) = S1U Ss) + (@) + n(L(G)),
where Sy is a min-TDS of G and S is a min-TDS of L(G).

Proof. Let S; be a min-TDS of G and S3 be a min-TDS of L(G). Color
T(G)— S1USy with minimum colors, and assign |S1|+|S2| new colors to the
|S1] 4 | S2| vertices of S1 U Sa. Since S1U Sy is a TDS of T'(G), this coloring
of T(G) is TDC, and so x}(G) = X4(T(GQ)) < x(T(G) — 51U S2) + 1(G) +
W(L(G)).

Let G be the graph given in Figure 3. Obviously S; = {v1,v5} is a min-
TDS of G and Sy = {e12, €23, €56, €67} is a min-TDS of L(G). Since T(G) —
S1U Sy can be easily colored by 4 colors and the subgraph of 7'(G) — S1 U So
induced by {v4, €14, €24, €34} is isomorphic to Ky, we have x(T'(G) — (S1 U
S2)) =4, and so
(2.1) x4 (G) = xq(T(G)) < x(T(G) — (51U $2)) +1(G) +%(L(G)) = 10.
Now let f = (Vi,...,Vy) be a TDC of T(G). Since vy >¢ Vj implies
Vi = {v1} or Vi = {ep1}, and also vg »; V; implies V; = {v5} or V; =
{es9}, we assume Vi = {v1} and V; = {vs}, and then we choose set
A= {601,612,613,614,615,656,657,658,659} (IlOtiCG: if Vk = {601} or ‘/t =
{es9}, then we replace eg; by vy or esg by vs in A, respectively). Since
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the subgraph of T(G) induced by A is in fact two copies of Kj which
have only e15 in common, we can color it by minimum 5 colors other than
the colors of v and vs. Let f(vi) = 1, f(vs) = 2, f(e12) = f(ess) = 3,
flews) = f(esr) = 4, f(ers) = f(ess) =5, fleor) = fleso) =6, fleis) =T.
Obviously e;; € € — A implies e;; ¢ Vi for every 1 < k < 7. Since the num-
ber of indices of the vertices in the set B = {ea3, €24, €34} is three, we obtain
{k | eij =+ Vi, for every e;; € B}| > 2, that means £ > 9. On the other
hand, we have egr ¢ Vi for every 1 < k <9, because N(eg7) N N(ei;) =0
for each e;; € B. So ¢ =10 by (2.1). O

T(G)-(51 U S3)

FIGURE 3. The illustration of G, L(G), T(G) and T(G) —
S1USs.

Now, we establish an upper bounds on the total dominator total chromatic
number of the complete graphs and then a family of graphs. First, a lemma.

Lemma 2.5. For any complete graph K, of order n > 2, upiz(Ky) = [5].

Proof. Let K,, be the complete graph with the vertex set V = {v1,va,...,v,},
and let £ ={e;; | 1 <i < j <n}. Let S be a mixed independent set of K.
Since |SN V| <1 and so {p,q} N{r,k} = 0 for every epq, e, € S, we con-
clude |S| < [§]. On the other hand, since the sets {e(;_1)2;) | 1 <@ < |5}
when n is even, and {vn,ei—1y2i) | 1 < i < |5} when n is odd, are two
independent sets with cardinality [§ ], we obtain cmi(Kn) = [5]. O
Proposition 2.6. For any complete graph K,, of order n > 2,

5
n+e<xH(K,) < Lﬂ ,
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where € is 1 when n is even, and is zero otherwise.

Proof. Let K,, be the complete graph with the vertex set V' = {v1,va,...,v,},
and let &€ = {e;; | 1 < i < j < n}. We first prove the lower bound. Let
f=(V,...,Vi) be a TDTC of K,,. Then, by the partition VUE = (J'_, V
and Lemma 2.5, we have

L
n(n+1)
-3

~el3]

which implies X% (K,) = x4(T(K,)) > n + € in which € = 1 for even n and
€ = 0 otherwise. For the upper bound, first we have

5n if n is odd
" < [%5] if n is odd,
Xa (Fn) < { f%"} + 1 if nis even,

by Theorems 1.6, 1.9, 1.10. So we may assume that n is even. Let f =

(V1, ..., Viy1) be a proper coloring of T'(K,,) with minimum number of colors
such that v; € V; for 1 <7 < n. Then |[V;| = § for each 1 <i <n+1 and
Vat1 € E. From the proof of Theorem 1.10, we know that the sets

So ={e@irnEite), e@itEits) | 0<i< [3] -1} ifn=0 (mod 6),
S1 =5 U {e(n_l)n} ifn=4 (mod 6),
So = Sy U {e(n,g)(n,l), 6(n,1)n} if n=2 (mod 6),

are min-TDSs of T(K,). Since the complete graph K, is a subgraph of
T(K,) — S; for each i, we have x(T(K,) — S;) > n for each i. Let h =
(Vi,..., V) be a proper coloring of T'(K,,) — S; for each i. Then V]| < &
for each j. Similar to the proof of Lemma 2.5, since every independent set
of T(K,) — S; has cardinality at most [5], and {e;/244) | 1 <@ < 5} is
an independent set of T'(K,) — S;, we obtain a(T(K,) — S;) = [5]. On the
other hand, by knowing |V(T(K,) — S;)| = W when n =i (mod 3)
and 0 < i < 2, we have |V(T'(K,) — S;)| <n[5] and so x(T'(K,) — S;) =n
for 0 < i < 2. Therefore, by Theorem 1.6, x4(T(K,)) < x(T(K,) — S) +
(T (Ky)) = [5—”} in which S is a min-TDS of T'(K,,), and this completes

3
our proof. O

Since every connected graph G of order n > 2 is a subgraph of a complete
graph K, obviously x7(G) < x7(K,). Similar to the proof of Proposition
2.6, the following theorem can be proved.

Theorem 2.7. For any graph G of order n > 2 and with the total mized
domination number at most [%] —n, x}H(G) < [3].

By Theorem 1.11, every graph which has a Hamiltonian path satisfies in
Theorem 2.7.
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3. TREES

3.1. Total dominator total chromatic number of a tree. Here, we
calculate the total dominator total chromatic number of a tree of order at
most 4 or diameter at most 3, and give tight lower and upper bounds for
the total dominator total chromatic number of a tree of order n > 5.

Theorem 3.1. For any tree T of order n > 2,

t o 3 n:2,
Xd(T)_{ n n=3,4,

and if n > 5, we have the tight bounds

s<aim < |3 ram

Proof. Let f = (V1,Va,...,V;) be a min-TDC of T(T) in which T = (V, E)
is a tree of order n > 2, and so V(T'(T)) = V U & where £ = {ej; | viv; €
E(T)}. First consider 2 < n < 4. Then T € {P>, P3, Py, K;3}. Let T =
P, : vivy---v, when 2 < n < 4. Then V(T'(P,)) = V UE where £ =
{ei1ll <@ < n —1}. Since T(P) is isomorphic to K3, and also K3 is
a subgraph of T'(Ps) and ({vi,ea23}, {vs, €12}, {v2}) is a TDC of T(P3), we
have x(P,) = x4(T(P,)) = 3 for n = 2,3. Since the subgraph of T'(Py)
induced by {v1,v2,e12} is isomorphic to a complete graph of order 3, we
may assume f(v1) = 1, f(v2) = 2 and f(e12) = 3. Then, vg ¥, V; for
1 < < 3 implies ¢ > 4. Now since ({v2},{vs}, {v1, €23, v4},{€12,€34}) is a
TDC of T(Py), we have x!f(P,) = 4. In the next step, let T = K1 3 = (V, E)
where V.= {v; | 0 < i < 3} and F = {wov; | 1 < i < 3}. Then on
one hand, this fact that the subgraph of T'(K; 3) induced by {eg; | 1 <14 <
3}U{wo} is a complete graph of order 4 implies £ > 4, and on the other hand,
since ({vo}, {eo1,vs}, {eo2, v1}, {eos, v2}) is a TDC of T(Ki3), we obtain
X4 (K13) = 4. Therefore we continue our proof when n > 5. For the lower
bound, since the subgraph H,, of T'(T) induced by {v;} U{e;i; | v; € Nr(v;)}
is a complete graph of order 1 + degr(v;), we have done when A(T) > 4.
Thus A(T) < 3. If A(T) = degr(v;) = 3 for some v;, then H,, = Ky, and
by assumption f(V(H,,)) = {1,2,3,4}, n > 5 implies that there exists a
vertex v; & Nyt (v;) which is not totally dominated by V; when 1 <i < 4.
So £ > 5, as desired. Finally, let A(T) = 2. Then T = P, : vivg--- v, is a
path of order n > 5. Since v; is totally dominated only by {v2} or {eia},
and vy, is totally dominated only by {v,_1} or {e(;,—1),}, and since Hy, is a
subgraph of T'(T) — (Vi U V}y,), we have £ > 5, as desired. The lower bound
is tight for T = P5. Because ({7}2}, {Ug}, {U4}, {1)1, €23, 645}, {612, 634,2}5}) is
a TDC of T'(Ps).
To prove the upper bound, first

Xd (T) = Xa(T(T)) < Y (T) + min x\(T(T)[V U E — 5))
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where S C V(T'(T)) is a min-TDS of T(T) by (1.1). Let T(T)[V U & — 5]
be the subgraph of T(T) induced by VU E — S = £ U Ay where S is the
min-TDS of T'(T) in the proof of Theorem 1.12. Then

X(T(TM[Vue-5) < x(T(DE]) + x(T(T)[Ad))
= x(L(T))+1 (Ap is independent)
= X(T) +1
= A(T)+1. (Konig’s Theorem)

On the other hand, since vy, (T) < |%*] by Theorem 1.12, we have com-
pleted our proof.

The upper bound is tight for path P; with vertex set V' = {vy,va,...,v7}
and edge set F = {vviy1 | 1 < 1@ < 6}. Let f = (Vi,Va,...,V}) be a
TDC of T(P;) where V(T'(P7)) = VUE and £ = {ei(i+1)|1 < i < 6}.
Let v1 »; Vi for some k. Then Vi = {w} where w € {vg,ei2}, and
so w = Vp, for some m # k (because either V;,, C {vi,vs,e1a,e23} if
w = vy or Vi, C {v1,v9,e93} if w = e12). Since a similar result holds
by consider v; instead of vi, we conclude that the number of Vj such
that v; >=; Vi for some v; € V — {vy} is at least four, and that Vs do
not contain vertices vy, ess, e4s. Since the subgraph of T'(P;) induced
by {v4,e34,€e45} is a complete graph, we conclude ¢ > 7. On the other
hand, since ({v1,v4,v7, €3, €56}, {€12, €34, €67}, {eas}, {va}, {vs}, {vs}, {ve})
is a TDC of T'(P7), we have x/(P7) = 1. O

Theorem 3.2. For any nonempty tree T, diam(T) < 3 if and only if

i A(T)+2 if diam(T) = 1,3,
Xa (T) = { A(T) +1 if diam(T) = 2.

Proof. Let T be a tree of order at least 2. Since diam(T) = 1 implies
T = K> and T(T) = K3, and so x{f(T) = xj(K3) = x(K3) = 3 = A(T) + 2,
in the first step, we assume diam(T) = 2. Then n > 3 and T = K ;.
Let V(Kipn-1) = {v; [0 < i < n — 1} in which deg(vg) = n — 1. Since
T(T)[{eoi | 1 < i < n—1}U{v}] = K, and the function f with the
criterion f(vg) = 0 and f(v;) = f(epi) + 1 (mod n) when 1 < i <n-—1
and 1 < f(eg;) <n—11isa TDC of T(T) with n colors, we have x%(T) =
Xy(T(T)) = n = A(T) + 1. Finally let diam(T) = 3. Then T is a tree
which is obtained by joining the central vertex v,41 of tree K, with the
central vertex v,y of tree Kj,, where V(Ki,) = {v; | 1 < i < p+ 1},
V(Kig) ={vi|p+2<i<p+q+2},p>qgand p+q=n—2 Hence
A(T) = p+ 1 and V(T(T)) = V(T) U & where £ = {ejpq1) | 1 < i <
ptU {e(p+2)(p+2+i) |1 <i<q}U {6(p+1)(p+2)}. Let f=(V4,...,V;) be a
TDC of T(T). Since the subgraph of T'(T) induced by A = {e;(p+1) | 1 <@ <
P} U{Upt1, €(pt1)(p+2)} 18 @ complete graph of order p + 2, we conclude that
p+ 2 colors, say 1, 2, ..., p+ 2, are needed to color the vertices in A, and
so £ > p+ 2. Also, by this fact that vy 3 = Vi implies Vi, = {e(p1-2)(p+3)}
or Vi = {vp42}, and since vp43 #¢ Vs where 1 < s < p+ 2, we conclude that
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a new color is needed to color the vertex in Vi, and so £ > p + 3. Without
loss of generality, we may assume that f(e;pq1)) = ¢ when 1 < i < p,
fopr1) = p+ 1 and f(epri1y(pt2)) = p+ 2. Since also the subgraph of
T(T) induced by A = {€(p+2)(p+2+i) | 1< < Q} U {Up+2,6(p+1)(p+2)} is a
complete graph of order ¢ + 2, we may assume that f(vp42) = p+ 3 and
f(epratiyp+2)) =@ when 1 <i < g. Now by assigning color 1 to all vertices
V2, ..., Up, Upgd, - - -, Uptq+2, and color 2 to the vertices v1 and vy, 3, we obtain
a TDC of T(T) with p+3 colors, which implies x/(T) = x4(T(T)) = p+3 =
A(T) + 2.

Now by assumption diam(T) = r > 4 let P, : v1,v2,...,0,, 041 be a
longest path of length r in T. Then degr(v;) = A(T) for some v; € V(T) \
{vi,v,41} (because in otherwise we have a cycle in the tree). Let H,, be
the subgraph of T'(T) induced by {v;} U{e;; | v; € Nr(v;)} and let f =
(V1,...,Vy) be a min-TDC of T(T). Then, since degr(v1) = degr(vy41) =1
and r > 4, v1 =+ Vi and vyq1 =+ Vi, for some k and m, imply k& # m and
Vi = {w} and V,;, = {w'} where w € {v2,e12} and w' € {v;, e,41)}. Also
there exist a color class V}, other than Vj and V;, such that w' >=; V},. Since
H,, is a complete graph of order 1+ degr(v;), we have to assign A(T) + 1
colors to the vertices of H, . Since v; = vy implies that the A(T) + 1
colors which are assigned to the vertices of H,, are different of the colors
of the vertices of Vj, UV, and simliarly v; = v, implies that the A(T) + 1
colors which are assigned to the vertices of H,, are different of the colors of
the vertices of Vi, UV}, we have ¢ > A(T) + 3, as desired. So we assume
v; # v2,vp. In this case, similarly, the A(T) + 1 colors which are assigned to
the vertices of H,, are different of the colors of the vertices of Vj, UV, and
so £ > A(T) + 3, as desired. O

Corollary 3.3. The Behzad’s conjecture is true for any tree with diameter
at most three.

3.2. A Nordhaus-Gaddume-like relation for trees. Finding a Nordhaus-
Gaddum-like relation for any parameter in graph theory is one of a tradition
work which is started after the following theorem by Nordhaus and Gaddum
in 1956 [19].

Theorem 3.4 (Nordhaus and Gaddum, [19]). For any graph G of order n,

2v/n < x(G) + x(G) <n+1.

Here, we will find some Nordhaus-Gaddum-like relations for the total
dominator total chromatic number of a tree. For this aim we will find some
bounds for the total dominator chromatic number of the complement of a
tree. First two lemmas.

Lemma 3.5 (Clark and Holton, [4]). For any complete graph K,, of order
at least 2,

/ _J n—=1 1ifn is even,
X (En) = { n if n is odd.
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Lemma 3.6. For any tree T of order n > 3,

'(T) = n—2 if T is Py or is nonstar or is star with odd n,
| n—1 if T is star with even n.

Proof. If T is the star K1 ,—1, then T up to isomorphism is the disjoint union
of K,_1 and K1, and so

rimy ) m—2 ifnis odd,
X(T)_{n—l if n is even,

by Lemma 3.5. If T = Py, then T = Py, and obviously \'(Py) =2 =n — 2.
Therefore, we assume T = (V, E) is a nonstar tree of order n > 5, which
implies a(T) = w(T) < n — 2 (recall that w(G) is the cliqgue number of a
graph G, which is the number of vertices in a maximum clique of G). By
assumption V = {v1,v2,...,v,}, we have V(L(T)) = {e;; | viv; € E}. Since
for any leaf v; in T the subgraph of L(T) induced by {e;; | v; & Nr(v;)} is
a complete graph of order n — 2, we have x(L(T)) > n — 2. On the other
hand, Lemma 3.5 and this fact that every m-clique K,, in T with the vertx
set {v; | i € I}, for some index set I, makes m cliques in L(T) with the
vertex sets E; = {e;; | j € I —{i}} of order m — 1 such that E; N E; = {e;;}
for each i # j, give us this possibility that we color the vertices of L(K,;,)
by at most m colors. By a permutation on the used colors in each clique in

T, if needed, we can color the vertices of L(T) by at most n — 2 colors, that

is, X(L(T)) < n — 2, which implies x/(T) = x(L(T)) = n — 2 by considering
the previous inequality. O

Theorem 3.7. For any nonstar tree T of order n > 5 with ¢ leaves,
(+n—2<x{(T) <2n—4,
and this bounds are same for any tree with diameter three.

Proof. Let T = (V,E) be a nonstar tree T of order n > 5 with ¢ leaves
which implies (T) = w(T) < n — 2. By assumption V = {v1,v2,...,v,},
we have V(T(T)) = V UE where € = {e;; | viv; ¢ E} and E(T(T)) =
E(T) U {eijvk ’ eij € Eand k ¢ {Z,j}} U {eijei/j/ ‘ €ij, €/ j € & and {Z,j} N
{#,7'} # 0}. For some index set I, let L = {v; | i € I} be the set of all
leaves of T, and let f be a proper vertex coloring of T'(T). By Lemma 3.6, we
have |f(V(L(T)))| = |f(€)| > n — 2. On the other hand, since the induced
subgraph T[L] is a complete graph of order ¢ and also for any v; € L, since
degs(v;) = n — 2, each of the induced subgraphs H,, = T[{v;} U {e;; | v; €
Nz (v;)}] of T is a complete graph of order n—1 such that V (H,,)NV (T[L]) =
{v;} and V(H,,) — {v;} C &, we conclude that f(L) N f(£) = 0, and so
V) = X4(T(T)) > X(T(T) > n+ L —2.

For the upper bound, first A(T) < n — 2 implies diam(T) > 3, so there
exist at least two nonleaf vertices, say v; and w9, such that vy is adjacent
to vy in T and so degp(vi) < degp(ve) < n— 3. We will give a TDC f in

T(T) with 2n — 4 color classes. Since x(L(T)) = n — 2, by Lemma 3.6, we
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can assign n — 2 colors to the vertices in V(L(T)) = £. For i = 1,2, since
NT(T)(W) NE = {e; | eij € £}, we define f(v;) = a; for i = 1,2 where
a; # f(ei;) for some 1 < a; < n — 2. Finally we assign n — 2 new colors
to the n — 2 vertices of V — {v1,v2}. We claim that f is a TDC of T(T).
For this aim, we have to show that for any vertex w € T(T) = V U € there
exists a color class V}, such that w >; V,,. Since T has always two leaves, say
v, and vy, and so deggp(vi) = degp(vy) = n — 2, we have v; = V,, for any
v; € V when V,, = {vi} or {vg}. Also e;; = V), where V), = {v;} or {v;} for
any e;; € £ because ejp ¢ £ and so e;; # ej.

This bounds are same for any tree with diameter three. Because every
tree T with diameter three is in fact a tree which is obtained by joining the
central vertices of two star trees Ki, and Kj 4 in whichp+¢=n—-2. O

By Theorems 3.1 and 3.7 we have the following theorem.

Theorem 3.8. For any nonstar tree T of order n > 5 with £ leaves,
— 8
n+0+3<x{(T)+ x4 (T) < {;J + A(T) — 3.

By Theorems 3.2 and 3.7, we see that while the lower bound in Theorem
3.8 is tight for any tree T of order n = 5 with diameter three, but x(T) +
XHT) < 3n—4 < 2] + A(T) — 3 when diam(T) = 3. So we ask the
following question.

Question. Is the upper bound in Theorem 3.8 tight for any tree with order
greater than or equal to 5 and diameter greater than or equal to 47

4. GRAPHS WHICH THEIR TOTAL DOMINATOR TOTAL CHROMATIC
NUMBERS ARE EQUALE TO THEIR ORDERS

One of the usual questions in graph theory is the following question.

Question. Let P be a property defind on a set S of graphs. Is there any
graph in S of order n with P = k?

Next two propositions give positive answer to this question when P is the
total dominator total chromatic number of the double star trees and the
corona graphs G'o P; and G o P,. We recall that the double star tree Si
is a subdivition graph of K, by replacing every edge by a path with lengh
2, and the m-corona graph G o P, of a graph G is the graph obtained from
G by adding a path of order m to each vertex of G. First three lemmas.

Lemma 4.1. For any n > 1, Y4m(S1nn) =n+ 1.

Proof. Let S}, be a double star with vertex set V = {v; | 0 < i < 2n} and
edge set E = {vov;, vivp4i | 1 < i < n}. Let S be a TDS of T(S1 ), the
total of S1 5., which its vertex set is

V(T(Slm’n)) =Vu {601', €i(n+i) ’ 1< < TL}



TOTAL DOMINATOR TOTAL COLORING OF A GRAPH 15

Since Ny(s, ,,..)(Un+i) = {vi; €y} for 1 <i <nand Nps, , ) (Unti) NS #
0, we have {wi,ws,...,w,} C S where w; € {v;,ejnqq} for 1 < i < n.
On the other hand, since Np(g, , y(wi)) NS # @ for 1 < i < n, we have
|S| > n+ 1. Now since the set {v; | 0 < i < n} is a TDS of T'(S1,nn), we
have ’th(sl,n,n) = ’Yt(T(Sl,n,n)) =n+1 O

Lemma 4.2. For any connected graph G of ordern > 2 and any 1 < m < 2,
Yem (G o Pp,) = mn.
Proof. Let G = (V,E) be a connected graph of order n > 2 when V =
{UZ‘ | 1 S ) § n}
Case 1: m=1.

Then V(Go P) =V U{vp4i | 1 <i<n}and

E(GoP))={vivp+i | 1 <i<n}UE.

Let S be a min-TDS of T'(G o P), the total of G o P;, in which
V(T(GoPy))={v; | 1<i<2n}U{ey | viv; € B} U{ejnqs | 1 < i <n}

and

E(T(GoP)) = E(GoP)

U {€i(n+i)Vis Ci(ngi)Unti | 1 <@ <n}
U A{eimgneir | 1 <i<n, viug € B}

Since Nr(gop,) (Vn+i) = {vis €i(nri)} and Nr(gop,)(vnti) NS # 0 for each

1 <i < n, we have {wy,ws,...,w,} C S where w; € {v;, €;(;44)}, which

implies |S| > n. Now since {v; | 1 < i < n}is a TDS of T(G o P;), we

have 7um (G o Pt) = %(T(G o P1)) = .
CASE 2: m = 2.

Then V(G o Py) ={v; | 1 <i <3n} and

E(G o P) = {€i(nti), e(ntiyznti) | L ST <n}UE.
Let S be a min-TDS of T(G o P,), the total of G o P,, in which
V(T(GoPy)) ={vi | 1 <i<3n}U{e; | vivj € B}
U{€itn+i) €ntiy@nts) | 1 < i <n}
and
E(T(Go P)) E(Go P,)

{€i(n+i)Vis Cini)Unti | 1 <0 <n}
{eitnrier | 1 <i <n, vu, € B}
{e(n+i)(2n+i)v(n+i) ) 6(n+i)(2n+i)”(2n+i) )
€(n+i)(2n+i)Citn+i) | 1 <1 < nj.

cC CcCc |

Since for each 1 < i < n, Npgop,)(Vanti) = {Vntis €(nti)(2n+i)) and
Nr(Gory)(Va2nyi) NS # 0, we have {wi,w2,...,w,} C S where w; €
{vnti, €(n+i)(2n+1) }. Since also every w; must be dominated by an element
w; € Np(Gopy)(wi) NS, and all of the elements w; and w; are distinct, we
conclude that S includes the set {w;,w) | 1 <1i < n} of cardinality 2n,
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and so (T (GoP)) > 2n. On the other hand, since {v;, vp+; | 1 < i < n}
is a TDS of T'(G o P»), we have Y, (G o Py) = (T (G o P2)) < 2n, which
completes our proof.

U

Lemma 4.3. For any connected graph G with no isolated verter,
XH(G o Py) < n(m+1)
when m =1, 2.

Proof. Let G = (V,E) be a connected graph with no isolated vertex of

order n > 2. We continue our proof in the following two cases by using the

notations in the proof of Lemma 4.2.

CASE 1: m = 1.
Since V' is a min-TDS of T(Go P;)) (by Lemma 4.2), Theorem 1.6 implies
X5(T(GoPy)) < n+x(T(GoPy)—V). By showing x(H) < n our proof will
be completed in which H = T(G o P;) — V. Since x(L(G)) = X'(G) <n
(by Theorem 1.7), we have |Np(Gop,)(€i(nti)) N E| = dega(vi) <n —1
for each 1 < 4 < n in which & = {e;; | viv; € E} U{ejpes | 1 <
i < n}. Thus each of the subgraphs induced by & = {e;; | 1 < j <
n and j # i} U{e€in44)} is a complete graph of order at most n, and so
each of them can be colored by a set X; of colors which has cardinality
at most n. If need, we can color each of them in this way that the
common vertices in different induced subgraphs have same colors, and
so [X1U---UX,| <n. Now since Ny (vnti) = {€j(nti)}, We can assign
a color from X; U---U X, to the vertices in {v,4; | 1 < i < n}, which
implies x(H) < n, as desired.

CASE 2: m = 2.
Since S = {vj, vpyi | 1 <i < n}is amin-TDS of T(G o P»)) (by Lemma
4.2), Theorem 1.6 implies x4(T(G o P2)) < 2n+ x(T(Go P2) — S). Since,
similar to the case m = 1, it can be shown that x(T(G o P») — S) < n,
our proof is completed.

[l

Proposition 4.4. For any integer n > 1, X’éf(SLn,n) =2n+1.

Proof. Let Sy, be a double star with vertex set V= {v; | 0 < i < 2n}
and edge set E = {vovj,vivn4; | 1 < i < n}. Let f = (V1,Va,...,V))
be a TDC of T(S1nn), the total of Si, ., which its vertex set is V' U
{eoi, €im+i) | 1 < @ < n}. Since the subgraph of T'(S1,,) induced by
{epi | 1 < i < n}U{vp} is isomorphic to a complete graph of order n + 1,
we have x4(T(Sinn)) > n+ 1, and so we may assume ey; € V; for each
1 <i<nandwv € Vppr. Since for each 1 < i < n, vpgq = Vi im-
plies Vi = {€;(nt4y} or {vi} and Vi N (V1 U--- UV, UVyyq) = 0, we have
X5(T(S1n,n)) > 2n+ 1. On the other hand, since S’ = {v; | 0 <i<n}isa
min-TDS of T'(S1,n,n) by Lemma 4.1, Theorem 1.6 implies x*(T(S1nn)) <
2n + 1, and so x5 (Sinn) = X4(T(Sinn)) = 2n+ 1. Figure 4 shows the
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min-TDC ({vo}, {v1}, {v2}, {vs}, {€o1. €36}, {€o2, va, v5,v6}, {€03, €14, Va5 }) of
T'(S133) for an example. O

€14

Ve V3 V2 Vs

FIGURE 4. A min-TDC of T'(S133).

Proposition 4.5. For any integersn > 2 and 1 < m < 2, xX!(K,, o P,,) =
n(m+1).

Proof. Let K, = (V, E) be a complete graph of order n > 2 with the vertex
set V. = {vy,va,...,v,} and let f = (Vi,...,V}) be an arbitrary TDC of
T(K, o Py). By Lemma 4.3 and using the notations in its proof, it is
sufficient to prove £ > n(m + 1).
CAsE 1: m = 1.
Since for each 1 < i < n, vyqy = Vi implies Vi, C {vj, €j(n4i)}, we
may assume Vi = {w;} and {v;, €y} — {wi} = {wj}. Since we have
to assign one color to each vertex w; for 1 < i < n, and we need n
new colors to assign to the vertices of the complete subgraph induced by
E={eij |1 <j<mn, j#i}U{w}, for 1 <i<mn, we have { > 2n, as
desired.
CASE 2: m = 2.
Since vanti =t Vi, implies Vi, . C {Vn+i, €(ntiy(2nts)} for each 1 <
i < n, we have

t> Hf(wl) ’ Vk2n+i - {wi}a 1<i< TL}| =n.
Also since w; = Vi, implies

kai CW; = {Ui, Un+i; V2n+1, tz’(nJri)’ t(n+i)(2n+i)} - {f(wz)}

for each 1 < i < n, and W; N W; = 0 when i # j, we have ¢ > 2n.
Finally since at least one of the complete graphs of order n induced by
foid U{ty; [ 1 <@ <j < n}orby {tijnsnt U{tiy | 1 <@ <j<njhas
no vertex in-common with Vg, ., U Vg, , we need n new colors, which
implies £ > 3n, as desired.

O
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5. PROBLEMS

In this introductory paper on total dominator total coloring of a graph,
we present some bounds on the parameter and some fundamental properties
of the parameter and determine the total dominator total coloring of special
classes of graphs. We close with a list of open problems.

Problem 5.1. Study the total dominator total chromatic number on vari-
ous graph products, including, among others, the Cartesian product, lexico-
graphic product, direct product.

Problem 5.2. Study the the total dominator total chromatic number in cer-
tain classes of graphs, including, among others, chordal graphs, split graphs,
block graphs, proper interval graphs, Cayley graphs, Mycieleskian graphs,
and Kneser graphs.

Problem 5.3. Find a family of connected graphs G satisfy

* Xg (G) = xg(L(G)) + xq(G), or
o X'HG) = xX(T(G) — (S1US2) + %(G) + %(L(G)) where Sy is a
min-TDS of G and S3 is a min-TDS of L(G).

Problem 5.4. Characterize trees T of order n > 5 satisfy

3
Problem 5.5. Whether for any connected graph G of order n > 3,

SORESE

XH(T) = V"J + A(T) + 1.
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