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Kn(\) IS FULLY {Ps,Cs}-DECOMPOSABLE

R. CHINNAVEDI AND R. SANGEETHA

ABSTRACT. Let Pr4+1 denote a path of length k, C, denote a cycle of
length ¢, and K,()\) denote the complete multigraph on n vertices in
which every edge is taken A times. In this paper, we have obtained
the necessary conditions for a {Pk1, Ce}-decomposition of K, (\) and
proved that the necessary conditions are also sufficient when k£ = 4 and
{=6.

1. INTRODUCTION

All graphs considered here are finite and undirected with no loops. For the
standard graph-theoretic terminology the reader is referred to [2]. A simple
graph in which each pair of distinct vertices is joined by an edge is called a
complete graph. A complete graph on n vertices is denoted by K. If more
than one edge joining two vertices are allowed, the resulting object is called
a multigraph. Let K, (\) denotes the complete multigraph on n vertices and
in which every edge is taken A times. A complete bipartite graph is a simple
bipartite graph with bipartition (X,Y) in which each vertex of X is joined to
each vertex of Y if | X| = m and |Y| = n, such a graph is denoted by K, .
In K, n(N), we label the vertices in the partite set X as {z1,22,...,%m}
and Y as {Tm+1, Tmt2, -, Tmint- A cycle is a closed trail with no repeated
vertex other than the first and last vertex. A cycle with ¢ edges is denoted
by Cy. A path is an open trail with no repeated vertex. A path with k edges
is denoted by Pj41. The complete bipartite graph K ,, is called a star and
is denoted by S;,. For m > 3, the vertex of degree m in S,, is called the
center and any vertex of degree 1 in S, is called an end verter.

Let G be a graph and G be a subgraph of G. Then G\G; is obtained
from G by deleting the edges of G1. Let G; and G2 be subgraphs of G. The
union G1 U Gg of G and Gy is the graph with vertex set V(G1) U V(G2)
and edge set E(G1) U E(G2). We say that G; and Go are edge-disjoint if
they have no edge in common. If G; and G9 are edge-disjoint, we denote
their union by G1 4+ Ga. A decomposition of a graph G is a collection of
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edge-disjoint subgraphs G1, G, ..., G, of G such that every edge of GG is in
exactly one ;. Here it is said that G is decomposed or decomposable into
G1,Goa,...,Gy. If G has a decomposition into p; copies of Gy, ..., p, copies
of Gy, then we say that G has a {p1G1,...,p,Gn}-decomposition. If such a
decomposition exists for all values of pi,...,p, satisfying trivial necessary
conditions, then we say that G has a {G1,...,Gn}{p, .. p,)-decomposition
or G is fully {Gy, ..., G, }-decomposable. We say that G is decomposed into
P5 and Cy if each G; >~ P5 or Cg.

In [6], Priyadharsini and Muthusamy gave necessary and sufficient condi-
tions for the existence of {pG1, ¢G2}-decomposition of K, (\), when

(Gl, GQ) € {(Pm Sl,n—l)a (Cm Sl,n—l)’ (Pna Cn)}

In [9], Shyu gave the necessary conditions for a {pPj11,qCy}-decomposition
of K, and proved that K, is fully {Pyy1,Ck}-decomposable, when k is
even, n is odd, n > 5k 4+ 1 and settled the case k = 4 completely. In [10],
Shyu proved that K, is fully {Py, C5}-decomposable. In [5], Jeevadoss and
Muthusamy proved that K, is fully {Pgi1,C)}-decomposable, when k is
even and n is odd with n > 4k. In [4], Ilayaraja and Muthusamy proved
that K, is fully {P4, Cs}-decomposable. In [7], Sarvate and Zhang ob-
tained necessary and sufficient conditions for the existence of a {pPs, ¢K3}-
decomposition of K, (\), when p = ¢. In [8], Shyu gave the necessary con-
ditions for a {pCl, qPi+1, 7Sk }-decomposition of K, and proved that K, is
fully {Cy, P5, S4}-decomposable, when n is odd. In this paper we prove that
K,(X) is fully {Ps, Cs}-decomposable.

2. PRELIMINARIES

For convenience we denote V(K,(\)) = {z1,z2,...,2,}. The nota-
tion (z1,x2,...,2¢) denotes a cycle with vertices z1,zg,...,x, and edges
T1T2, LT3, . . ., Tg—1Tg, TeT1, and (2122 ... Tgy1) is a path with vertices
1,22, ...,Tk+1 and edges 1292, x2X3, . .., TpThi1-

We recall here some results on Py and Cyp-decompositions that are useful
for our proofs.

Theorem 2.1 (Bryant, et al. [1]). Let \,n and ¢ be integers with n,{ > 3
and X\ > 1. There exists a decomposition of K,(\) into Cy if and only if
0 <n, XN(n—1) is even and ¢ divides \(). There ezists a decomposition of
K, () into Cy and a perfect matching if and only if £ < n, A(n — 1) is odd
and € divides A(5) — .

Theorem 2.2 (Tarsi [11]). Necessary and sufficient conditions for the exis-
tence of a Pyy1-decomposition of Kn(X) are A() =0 (mod k) andn > k+1.

Theorem 2.3 (Lee [3]). For positive integers A, m, n and { with Am =
An =0 =0 (mod 2) and min{m,n} > % > 2, the multigraph Ky, n(X) is
Cy-decomposable if one of the following conditions holds:

(i) X is odd and ¢ divides mn,
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(ii) X is even and ¢ divides 2mn,
(iii) X\ is even and Am or An is divisible by {.

Theorem 2.4 (Truszczynski [12]). Let k be a positive integer and let m
and n be positive even integers such that m > n. Ky, n(A) has a Pgyq-
decomposition if and only if m > [*17.n > [E] and Amn =0 (mod k).

Lemma 2.5 (Shyu [9]). Let k and n be positive integers such that
k>3 and n > 2. Suppose that for i € {1,2,...,n}, C; denotes the cycle

(T, T2y - -+ T(ik)) of length k. If x11) = 2@21) =+ = T(n1),
L(i+1,2) ¢ {x(i,l)v L(3,2)r > x(z,k:)} fori € {17 2,...,n— 1}7 and
T(12) ¢ {x(n71),m(n72),...,x(mk)}, then \J;_, Ci can be decomposed into n

paths of length k.

Theorem 2.6 (Shyu [9]). Let n, £ and k be positive integers such that n is
odd and n > max{{l,k + 1}. If K,, can be decomposed into p copies of Pyi1
and q copies of Cy for nonnegative integers p and q, then pk + gl = e(K,)
and p # 1.

Theorem 2.7 (Shyu [9]). Let n, ¢ and k be positive integers such that n is
even and n > max{{,k+1}. If K,, can be decomposed into p copies of Pii1
and q copies of Cy for nonnegative integers p and q, then pk + gl = e(K,)
andp > 5.

In [9], Shyu gave the necessary conditions for a {pP1,qC¢}-decomposition
of K,, and proved that K, is fully {Pgy1, Cy }-decomposable, when k is even, n is
odd, n > 5k + 1 and settled the case k = 4 completely.

In the following theorems, we discuss the necessary conditions for a {pPy1, ¢Cy}-
decomposition of K, (A), when A > 1.

Theorem 2.8. Let A\, n, k and { be positive integers such that n is odd or n and
A are both even and n > max{{,k + 1}. If K,,(\) can be decomposed into p copies
of Pxy1 and q copies of Cy for nonnegative integers p and q, then pk + qf = )\(g)
and p # 1.

Proof. Condition pk + qf = A(}) is trivial. On the contrary, suppose that p = 1.
Let P denote the only path of length k£ in the decomposition. It follows that the

starting and end vertices of P have odd degree A\(n—1)—1 in K,,(A\)\P. Therefore,
K, (A)\P can not be decomposed into cycles. We obtained a contradiction. (]

Theorem 2.9. Let A\, n, k and £ be positive integers such that X is odd, n is even
and n > max{l,k + 1}. If K,()\) can be decomposed into p copies of Py11 and q
copies of Cy for nonnegative integers p and q, then pk + gl = /\(Z) andp > 3.
Proof. Condition pk +g¢ = A(}) is trivial. Let D be an arbitrary decomposition of
K,(\) into p copies of P41 and g copies of Cy; let PV, P() . P®) denote those
p copies of P41 in D. By assumption,

K,O\(PYuPPDuU.. .upPP)
has a Cy-decomposition. It follows that each vertex of

K,W\(PYuPPDuU.. upP)
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has even degree. Since A is odd and n is even, each vertex of K, (\) must be an
end vertex of at least one P(i)(l < i < p). It implies that 2p > n. O

We prove that the above necessary conditions are sufficient for a {Ps, Cs}p q1-
decomposition of K, () in Theorem 3.5.

3. MAIN RESULT

In this section, we discuss a {Ps, Cs} p,q3-decomposition of K, (\), when A > 1.
Since K, (\) cannot be decomposed into Ps and Cg when n < 5, we discuss the
decompositions for n > 6.

Remark 3.1: The necessary conditions for the existence of a {Ps, Cs}p,q1-
decomposition in K, (\) are satisfied when n = 0,1 (mod 4) if A > 1 and n =
2,3 (mod 4) if X is even, i.e., there does not exist nonnegative integers p and ¢
satisfying 4p + 6q = )\(Z) when n = 2,3 (mod 4) if X is odd.

In the following lemma, we discuss a { P, C¢ } {,,q}-decompositions of Ky ¢, which
we use further to decompose K, (A) into {pPs,qCs}.

Lemma 3.2. Ifp and q are nonnegative integers such that 4p+6q = 24, then K46
is fully {Ps, Cg}-decomposable.

Proof. (p,q) € {(0,4),(3,2),(6,0)}. By Theorem 2.3, K4 ¢ is {0P5,4Cs}-
decomposable. The graph K4 ¢ can be decomposed into

3Ps : (x176242523), (T3X100128%4), (T4T72T2291 )
and
2Cs : (w1, 25, T2, T, T3, T7), (T2, T3, T3, L9, Tq, T10)-

By Theorem 2.4, K4 ¢ is {6.P5, 0Cs }-decomposable. Therefore Ky ¢ is fully {Ps, Cs }-
decomposable. O

Remark 8.3: The graph K4 4(3) can be decomposed into

8Cs : (w1, 5,22, %6, 23,%7), (1, T6, T4, Ts, T3, Ts5), (X1, Xg, T2, T7, T4, T5),
(2, x5, T4, T, T3, 28), (L1, X6, T2, L5, T3, T7), (T1, Te, T2, T7, Ta, Ts),
(z1,z7, 23,6, T4, X3), (T2, Ts, T3, T5, T4, T7).

Thus K4 4(3) is {0P5, 8Cg}-decomposable.

Based on Lemma 2.5, we have the following remark.
Remark 8.4: Let C} = (w1, 22, 73, 24, 75, 26) and Cg = (y1, Y2, Y3, Y4, Y5, Y6 ). 1f 21 =
Y1, T6 & {y3,ya}, z2 ¢ V(CZ) and yo ¢ V(C}), then C} U C2 can be decomposed
into 3 copies of

Ps i (vox37425%6), (T6T1Y2Y3Y4), (YaYsYey1T2).

We now prove our main result.

Theorem 3.5. For any nonnegative integers p and q and any integer n > 6, there

exists a {Ps, Ce }{p,q}-decomposition of K, ()) if and only if 4p + 6q = /\(g),
(i) p > %, if X is odd and n is even, (ii) p # 1 otherwise.
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Proof. The necessary part follows from Theorem 2.8 and 2.9. From remark 3.1,
we have n = 0,1 (mod 4) if A > 1 and n = 2,3 (mod 4) if X is even. First we
prove the result for 6 < n < 17, next we generalise it for any n > 17 by applying
mathematical induction. As we discuss {pPs, ¢C¢ }-decompositions of K, (\) for all
possible choices of p and ¢, we have the following cases:
CASE 1: n =6.

If A = 2, then (p,q) € {(0,5),(3,3),(6,1)}. By Theorem 2.1, K4(2) is {0P5, 5Cg }-
decomposable. The graph K(2) can be decomposed into

3P5 . (331.7361‘3.232334), ($6$3$4$5$1), (l‘6.1‘5$1.’132.734)
and
306 : Cl = 02 = (1‘1, T3,T5,T2,T¢, 174), Cd = (:El, T2, L3,T4,T5, 2136).

The above 3Ps in Kg(2) along with (z1z3252226), (T126242322) and
(rer5247172) (Since C U C? can be decomposed into 3P5), and a C?, we get the
required {6Ps, 1Cs}-decomposition.

If A =4, then (p,q) € {(0,10), (3,8),(6,6),(9,4), (12,2), (15,0)}. We write

= {(07 10)7 (3a 8)5 (67 6)v (97 4)7 (127 2)}

By Theorem 2.2, Kg(4) is {15P5, 0Cs }-decomposable.

If A > 6, then the proof is divided into the following cases.
A=0 (mod 4). We write K¢(\) = 3 Kq(4).
A =2 (mod4). We write Kg(A) = Kg(A — 2) + K¢(2) = 272K6(4) + Kq(2).
Therefore Kg(A) is fully {Ps, Cs}-decomposable.

CASE 2: n=1T.
If A =2, the graph K7(2) can be decomposed into

7Cs :C" = (21,22, T4, T7, T6, T5), O = (21, T3, T7, T4, T5, T,
C? = (22, 24,71, 27, %6, 73), C* = (22, 25, 27, 71, T3, ),
05 = (:L‘4,IZ?6,:E2,LL’7,ZZ73,IL'5),CG = (IE4,J’J1,II}'2,I’7,LE5,IE3),
C" = (x1, 25,72, T3, T4, Tg).

By applying remark 3.4 to C* U C2%, C3 U C*, C° U C, we get all the possible
decompositions.

If A =4, then (p,q) € {(0,14),(3,12),(6,10),...,(21,0)} (we see that the values
of p increases by 3 and the values of ¢ decreases by 2). By Theorem 2.2, K(4)
is {21P5,0C¢}-decomposable. By taking K7(4) = 2K7(2), we get all the above
possible decompositions.

If A > 6, then the proof is divided into the following cases.
A=0 (mod 4). We write K7(\) = 3 K7(4).
A =2 (mod 4). We write K7(\) = K7(A — 2) + K7(2) = 272 K7(4) + K+(2).
CASE 3: n =38.

If A = 1, then (p,q) € {(4,2),(7,0)}. By Theorem 2.2, Kg is {7P5,0Cs}-
decomposable. The graph Kg can be decomposed into

4Ps : (x3w108%2%6), (T4T2270125), (X8T6TaT5T2), (T126L3T527)

and
QCG : ($1,$2,$3,$8,I7, SU4), ($3,$4,x87$5,$6, $7).
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If A =2, then (p,q) € {(2,8),(5,6),(8,4),...,(14,0)}. The graph Kg(2) can be
decomposed into
2P; : (x127252673), (T12528T423)
and
8Cs :Ct = (1, w7, T4, To, T3, 76), C% = (21, T3, Tg, Ts, Ty, T2),
03 = (1'17 T3,X8, T4, X7, 1'5)7 C4 = (331) X2,T3,T4,Ts, 33'6),
C® = C% = (g, g, 27, T3, T5,22),C7T = C® = (11, 28, T7, T2, T6, T4).
The above 2P5 in Kg(2) along with (z7x1232224), (x724252873) and
(r429712673) (Since C* U C? can be decomposed into 3Ps), and C3, C*, C°, C°,
C", C®, we get the required {5P5,6Cs}-decomposition. By taking Kg(2) = 2K,
we get all the other possible decompositions.
If A = 3, then (p,q) € {(6,10),(9,8),(12,6),...,(21,0)}. By taking Ks(3) =
Kg(2) + Ks, we get all the above possible decompositions.
If A =4, then (p,q) € {(4,16),(7,14),(10,12),...,(28,0)}. By taking Kg(4) =
2K5(2), we get all the above possible decompositions.
If A = 5, then (p,q) € {(5,20),(8,18),(11,16),...,(35,0)}. The graph Kg(5)
can be decomposed into
5Ps :(13250426%2), (T5T82403%6), (TaxaT32711),
(r420w37127), (T3T7712672)
and
20Cs :(x3, 74, 5, T8, T2, T6), (T8, Ts, T, T2, T3, T4),
(xla L7, X2,T6, L4, $3)7 (xS, L5, X6, L1, L7, xQ)?
3 Copies of (:I;87 T2,X7,T3,T6, .%'4)7 (:L.h T3,X2,T4,Ts5, .’IJG),
5 copies of (g, 3,25, 1,74, 77), (T8, T6, T7, Ts, T2, T1)-
By taking Kz(5) = K3(3) + Kg(2), we get all the other possible decompositions.

If A = 6, then (p,q) € {(0,28),(3,26),(6,24),...,(42,0)}. By Theorem 2.1,
Ks(6) is {0Ps, 28Cs }-decomposable. The graph Kg(6) can be decomposed into

3P5 : (zaxer8T723), (T8T2T7X6T4), (TgToX4T7T3)

and
26Cs :(21, 5, 26, T4, T7,73), (T1, 5, T7, T3, T8, T2),
X8, Lo, Ts, L1, T, T4), (L1, L5, Ta, Te, T3, T7),
378)7 (.’1?6,.%‘4, 1, (L‘5,$g,$2),
)

:(

(s
(21,75, 3, T4, T2,
(z1, 22, %3, T7, X8, T¢),d copies of (z2,xg, T7, Ts5, 28, X3),
(

X1, X3, L6, T, Tq,Ts), (T1,24, T3, T5, T, T7),
4 copies of (x1,x2, x4, T7,Ts, T6)-
By taking Kg(6) = Kg(4) + Kg(2), we get all the other possible decompositions.
If A > 7, then the proof is divided into the following cases.
(mod 6). We write Kg(\) = %Kg(G).
( ). We write Kg(\) = Kg(A — 1) + Kg = 21 Kg(6) + K.
(mod 6). We write Ks(A\) = Ks(A — 2) + Kg(2) = 2:2K5(6) + Ks(2).
(mod 6). We write Ks(A\) = Ks(A — 3) + Kg(3) = 252 K5(6) + Ks(3).

A
A

Il o
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A=4 (mod 6) We write Ks()\) = Kg()\ - 4) + K8(4) = /\74K8(6) + K8(4)
A=5 (mod 6). We write Kg(\) = Kg(A —5) + Ks(5) = 222 K5(6) + Ks(5).
CASE 4: n=9.

The graph Ky can be decomposed into

a2 2 __
6C6 C - ($1,$9,$4,x7,l’8,1'5),c - ($1,$2,£L’3,1’4,(E6,$8),
3 4
C° = ($9,$2,.T6,$3,$7,$5),C = ($9,$8,$3,l’1,x7,.’1§‘6),

5 6 _
C® = (x5, x6, 21, T4, X8, T2), C° = (25, T3, L9, T7, T2, La).

By applying remark 3.4 to C'UC?, C3UC*, C°UCY, we get all the possible decom-
positions. If A > 2, by taking Kg(\) = MKy, we get all the possible decompositions.
CASE 5: n = 10.

If A\ = 2, then (p,q) € {(0,15),(3,13),(6,11),...,(21,1)}. By Theorem 2.1,
K10(2) is {0Ps, 15Cg}-decomposable. We write Ki10(2) = K10(2)\Ks(2) + Ks(2).
The graph K1(2)\Ks(2) can be decomposed into

3P : (zsT7T5%10%9), (T9T10T2X7Ts5), (TsT7T2L10T5)

and
806 :C' = (10, 74, T8, T9, T7, 76), C* = (210, 71, T9, T2, Ts, T3),
($10a$4’5€87$97$7, 6) (%10,1‘1,%9,%2,1‘8,1’3)
(JU -754,-1'9;3757378’-1'10) (x -T17-758>-1'6;3797553)a
(x7,x10,x8,x5,x9,x4) (Z7,$3,(I}'9,ZL’6,§C8,Z1).

By applying remark 3.4 to C* U C?, C3 U C*, C° U C% C7UC® we get the de-
compositions (p,q) € {(6,6), (9,4),(12,2),(15,0)} in K19(2)\Ks(2). By combining
these copies of P5 and Cs along with the copies of P5 and Cg in Kg(2), we get all
the above possible decompositions.

If A = 4, then (p,q) € {(0,30),(3,28),(6,26),...,(45,0)}. By Theorem 2.2,
Ki0(4) is {45P5,0Cs }-decomposable. By taking Kio(4) = 2K1(2), we get all the
other possible decompositions.

If A > 6, then the proof is divided into the following cases.

A=0 (mod 4). We write K19(A) = 3 K10(4).
A =2 (mod 4). We write K19(X) = K19(A — 2) + K10(2) = 2372 K10(4) + K10(2).
CASE 6: n = 11.

If A = 2, then (p,q) € {(2,17),(5,15),(8,13),...,(26,1)}. We write K;11(2) =

K11(2)\K7(2) + K7(2). The graph K11(2)\K7(2) can be decomposed into

2Ps : (x1102210T978), (L8T62L10T1211)
and

Nal 2 __
10Cs :C* = (10, T3, Tg, T2, T3, T6), C*° = (x10, T9, Ts, T3, T11,T7),
3 4
C° = (w11, %1, %10, T2, Tg, x3), C* = (x8, %3, T10, T7, T11, T2),
5 6 7 8
C° = C° = (z8, 25,211, T6, Tg,T4), C" = C° = (210, T4, T11, Tg, T1, Tg),

9 _ ~10 __
C == C == (1’11,$10,CE5,.’£9,£L‘7,1’8).
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The above 2P5 in K11(2)\K7(2) along with

(T1075797728), (T8T11710T37T9), (T10T6T8T2T9),
(I8$35€105€1$11), (33101"23391733311), (1710£E7$111725€8)7
(»’511905!58%4589), (»’8109681515595811), ($9$6IE11$4$10),
(T10247117578), (10082129711 ), (T11T6T9T4T8),
(

T11T7T10T9Ts ), (TT11L10T5T9) and (X11T328L7T9)

(Since CtUC?, C3UC*, COUCT,COUC?, C?UC can be decomposed into 15P5),
we get a {17Ps5,0Cg}-decomposition in K;1(2)\K7(2). The above 2Ps;, 3P5 ob-
tained from C*UC? in K11(2)\K7(2) and C?,C3,C*,C5,C%,C7,C8, C1° we get a
{5Ps,8Cg}-decomposition in K11(2)\K7(2). By combining these copies of P and
Cs along with the copies of Ps and Cg in K7(2), we get all the above possible
decompositions.

If X = 4, then (p,q) € {(4,34),(7,32),(10,30),...,(55,0)}. By Theorem 2.2,
K11(4) is {55P5,0Cs }-decomposable. By taking K11(4) = 2K11(2), we get all the
above possible decompositions.

If A = 6, then (p,q) € {(0,53),(3,53),(6,51),...,(81,1)}. By Theorem 2.3,
K5 5(6) is {0Ps,25Cs}-decomposable. By taking Ki1(6) = 2K4(6) + K55(6), we
get the decomposition (p,q) = (3,53). By taking K11(6) = K11(4) + K11(2), we
get all the other possible decompositions.

If A =8, then (p,q) € {(2,72),(5,70),(8,68),...,(110,0)}. By Theorem 2.2,
K11(8) is {110P5,0C¢}-decomposable. By taking K31(8) = K11(6) + K11(2), we
get all the above possible decompositions.

If A =10, then (p,q) € {(4,89), (7,87),(10,85),...,(136,1)}. By taking
K11(10)=K11(6) + K11(4), we get all the above possible decompositions.

If A = 12, then (p,q) € {(0,110),(3,108), (6,106),...,(165,0)}. By Theorem
2.2, K11(12) is {165P5,0Cs}-decomposable. By taking K;1(12) = 2K11(6), we get
all the above possible decompositions.

If A > 14, then the proof is divided into the following cases.

(mod 12). We write K11(A\) = 25 K11(12).

A=0

A =2 (mod 12). We write K11(\) = Ku()\ —2)+ K11(2) = 252 K11 (12) + K11(2).
A =4 (mod 12). We write K11(A) = K11(A —4) + K11(4) = 252 K11 (12) + K11 (4).
A=6 (mod 12) We write Kll()\) K ()\ - 6) + KH(G) K11(12) + K11(6)
A=8 (mod 12) We write K11 )\) ()\ - 8) + KH(S) K11(12) + K11(8)
A=10 (mod 12). We write K11()\) = K 1(A—10) + K11 (1 ) A0k (12)

+ K11(10).
CASE 7: n =12.
If A = 1, then (p, q) € {(6,7),(9,5),(12,3), (15,1)}. We write K15 = (K12\Ko)+
Kg. The graph Kj2\ Ky can be decomposed into
6P5 :(x6x10T521103), (T12210T421128),
($5$125E6$115E9), (5645812967%11%10),

(x2x122921021), (T1121208T1027)
and a

CG : ($127mlvxllax27x103 fﬂg).
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By combining these copies of P; and C along with the copies of P; and Cg in Ky,
we get all the above possible decompositions.

If A = 2, then (p,q) € {(0,22),(3,20),(6,18),...,(33,0)}. By Theorem 2.2,
K12(2) is {33P5,0Cs}-decomposable. By Theorems 2.3 and 2.4 Kg ¢ is
{{0P5,6Cs},{9P5,0Cs}}-decomposable. By taking K12(2) = 2K(2) 4+ 2Kg6, we
get all the above possible decompositions.

If A > 3, then the proof is divided into the following cases.

A =0 (mod 2). We write K12(\) = 3K12(2).
A=1 (mod 2) We write Klz()\) = K12(>\ - ].) + K12 = %Klg(Q) + Klg.
CASE 8: n = 13.

If A = 1, then (p,q) € {(0,13),(3,11),(6,9),...,(18,1)}. We write Kj3 =

(K13\Ky) + Ky. The graph K;3\Kg can be decomposed into

Nal s 2 _
7Cs :C" = (213, 27, 10, &8, T11, 23), C° = (213, T4, T10, T5, 12, Tp),
3 4
C - (l’ll,x77$12,x8,$13,m9),c == ($11,$5,x13,$2,$10,1‘12),
5 6
C° = (x11, %4, T12, T3, T10, T6), C° = (T11, T1, T10, To, T12, T13),

7
C - (I13,$17I12,I2,$11, 5510)-

By applying remark 3.4 to C' U C?, C3 U C*, C° U CY, we get the decompositions
(p,q) € {(0,7),(3,5),(6,3),(9,1)} in K;i3\Ky. By combining these copies of Ps
and Cg along with the copies of Ps and Cg in K9, we get all the above possible
decompositions.

If A\ = 2, then (p,q) € {(0,26),(3,24),(6,22),...,(39,0)}. By Theorem 2.2,
K13(2) is {39P5,0C¢}-decomposable. By taking Ki3(2) = 2K;3, we get all the
above possible decompositions.

If A > 3, then the proof is divided into the following cases.

A=0 (mod 2). We write K13(\) = 3K13(2).
A=1 (mod 2) We write Klg()\) = K13<)\ — 1) + K13 = %K13(2) + K13.
CASE 9: n = 14.

By taking K14(\) = Ks(A\) + Kg(\) + 2AKy 6, we get all the possible decompo-
sitions.

CASE 10: n = 15.

By taking Ki5(A) = Ko(\) + K7(\) + 2AK4 6, we get all the possible decompo-
sitions.

CASE 11: n = 16.

If A = 1, then (p,q) € {(9,14), (12,12), (15,10),...,(30,0)}. We write K¢ =
(K16\K13) + K33. The graph Ky6\K13 can be decomposed into

9P5 :(21171422215213), (152121625214), (T4T16T12214%6 ),
(11216T9T14%7), (X5215T72162%10), (T1214Z16T15T12),
(711715714713%16), (271678 15T9), (T3T15T1071478)
and a
Cs : (216, T3, T14, T4, T15, T6)-

By Theorem 2.1, K3 is {0P5, 13Cs }-decomposable. We have,

K16 = (KIG\K13) + K13 = {(9,1)} + {(O, 13)} = {(9,14)} The graph K278 is
{4P5,0Cs}-decomposable. By taking K15 = 2Kg + 2Kg4 + Ko g, we get all the
other possible decompositions.
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If A = 2, then (p,q) € {(0,40),(3,38),(6,36),...,(60,0)}. By Theorem 2.2
K16(2) is {60P5,0Cs}-decomposable. By Theorems 2.3 and 2.4, K¢ 6(2) is
{{0P5,12C¢},{18P5,0Cs} }-decomposable. By taking Ki6(2) = K10(2) + Kg(2) +
Ks6(2) + 2K46, we get all the above possible decompositions.

If A > 3, then the proof is divided into the following cases.

A =0 (mod 2). We write K15(\) = $K16(2).
A=1 (mod 2) We write K16(/\) = Km()\ - 1) + KlG = %KlG(Q) + Klﬁ.
CASE 12: n=17.

If A =1, then (p,q) € {(4,20),(7,18),(10,16),...,(34,0)}. The graph K3 g is
{4Ps,0Cs}-decomposable. By taking K17 = 2Kg + 2Kg 4 + Ko, we get all the
above possible decompositions.

If A\ = 2, then (p,q) € {(2,44),(5,42),(8,40),...,(68,0)}. By Theorem 2.2,
K17(2) is {68P5,0C¢}-decomposable. By Theorems 2.3 and 2.4, K¢ ¢(2) is
{{0P;5,12C¢}, {18P5,0C } }-decomposable. By taking K17(2) = K11(2) + K7(2) +
Kg,6(2) + 2K4,6, we get all the above possible decompositions.

If A = 3, then (p,q) € {(0,68),(3,66),(6,64),...,(102,0)}. By Theorem 2.1,
K17(3) is {0Ps,68C¢}-decomposable. By taking Ki7(3) = 2Ko(3) + 4K4.4(3), we
get the decomposition when (p, ¢) = (3,66) and by taking K17(3) = K17(2) + K7,
we get all the other possible decompositions.

If A > 4, then the proof is divided into the following cases.

A=0 (mod 3). We write K17(A) = 3 K17(3).
A=1 (mod 3) We write K17(/\) = K17(>\ - 1) + K17 = %Kl'r(?)) + K17.
A=2 (mod 3) We write K17(/\) = K17(>\ - 2) + K17(2) = ¥K17(3) + K17(2).

Now we prove the result for n > 17. We apply mathematical induction on n and
split the proof into four cases as follows:

n =0 (mod 4). Let n = 4r, where r > 2. If 2 < r < 4, the result follows from
Cases 3, 7 and 11. Now for some ¢ > 4 we assume that there exists a {Ps, Cs }{5,q}-
decomposition of Ky,.(A) for all » where 2 < r < t. Next, we write

Kat(N) = Kyi-3)(A) + K12(A) + Kye-3),12(A)
= Ki—3)(A) + K12(A) + (t = 3)K412(N)
= Ky—3)(A) + K12(A) + (2t — 6)AKy 6.

By the induction hypothesis, there exists a {Ps, Cs} {;,q}-decomposition of
Kyt—3)(A), and by case 7 and by Lemma 3.2 there exist {Ps, C¢}{p,q}-
decompositions of Kj2()\) and Ky g, respectively. Therefore a {Ps, Cs}(p,q}-
decomposition of Ky () exists.

n =1 (mod4). Let n = 4r + 1, where r > 2. If 2 < r < 4, the result
follows from cases 4, 8 and 12. Now for some ¢ > 4 we assume that there exists a
{Ps, Cs}{p,q1-decomposition of Ky, 1(A) for all » where 2 < r < t. Next, we write

Ku11(N) = Ky—3)41(A) + K13(A) + Kyp—3),12(N)
= Ky—3)41(A) + K13(A) + (t — 3) K4,12(N)
= Ky—3)+1(A) + K13(A) + (2t — 6)A Ky 6.
By the induction hypothesis, there exists a {Ps, Cs} (p,q3-decomposition of
Ky—3)+1(A), and by case 8 and by Lemma 3.2 there exist {Ps, Cs}{p,q}-

decompositions of Kj3()\) and Ky g, respectively. Therefore a {Ps, Cs}(p.q)-
decomposition of Ky;y1(\) exists.
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n =2 (mod4). Let n = 4r + 2, where r > 1. If 1 < r < 3, the result
follows from cases 1, 5 and 9. Now for some ¢t > 3 we assume that there exists a
{Ps, Cs} {p,q1-decomposition of Ky, 2(A) for all r where 1 <7 < t. Next, we write

Kary2(N) = Kyi—1)(A\) + Ke(A) + Ka—1),6(A)
= Ky—1)(A) + Ks(\) + (t = 1)AK 4.

By the induction hypothesis, there exists a {Ps, Cs} (p,q3-decomposition of
Ky—1)(\), and by case 1 and by Lemma 3.2 there exist {5, C6} {p. q}-
decompositions of Kg(\) and Ky, respectively. Therefore a {Ps, Cs}p q1-
decomposition of Ky y2(\) exists.

n =3 (mod4). Let n = 4r + 3, where r > 1. If 1 < r < 3, the result
follows from cases 2, 6 and 10. Now for some ¢ > 3 we assume that there exists a
{Ps, Cs}{p,q1-decomposition of Ky, y3(A) for all » where 1 <r < t. Next, we write

Karr3(N) = Kag—1)41(A) + K7(A) + Ka—1),6(A)
= Ky—1)+1(A) + K7(A) + (t = DAKy6.

By the induction hypothesis, there exists a {Ps, Cs} {p,q3-decomposition of
K4(t—1)+1(A), and by case 2 and by Lemma 3.2 there exist {Ps, Cs}{p,q3-
decompositions of K7(\) and Ky, respectively. Therefore a {Ps, Cs}pq1-
decomposition of Ky;13(\) exists, and the result follows by mathematical induction.
U
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