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UNIFORMLY RESOLVABLE {P;, C}-DECOMPOSITION OF
K, - A COMPLETE SOLUTION

A. SHANMUGA VADIVU AND A. MUTHUSAMY

ABSTRACT. Let K,,, C),, and P, respectively denote the complete graph,
cycle and path on n vertices. Uniformly resolvable decomposition of
K, is a decomposition of K, into subgraphs which can be partitioned
into factors containing pairwise isomorphic subgraphs. In this paper,
we determine necessary and sufficient conditions for the existence of
uniformly resolvable decomposition of K, into Py and Ck, k > 3.

1. INTRODUCTION

All graphs considered here are finite. Let P,, C,,, K,,, and I,, denote the
path, cycle, complete graph, and independent set on n vertices, respectively.
Let AG denote the A edge-disjoint copies of G. A complete m-partite graph
with partite sets Vo, Vi,..., Vin—1 consisting of ng,ny,...,nm,—1 vertices re-
spectively is denoted as Ky n,,...n,_.- Kn — I denotes the complete graph
with a 1-factor removed when n is even.

For two graphs G and H their wreath product G ® H has the vertex
set V(G) x V(H) in which two vertices (g1, h1) and (g2, he) are adjacent
whenever g1g2 € E(G) or g1 = g2 and h1hy € E(H). One can easily observe
that K, ®1, = K, n,. n, the complete m-partite graph in which each partite
set has exactly n vertices. We write G = H1®Ho®---®H;, if Hy, Ho, ..., H;
are edge-disjoint subgraphs of G and E(G) = E(H,)UE(H2)U---UE(H)).
Note that, by the properties of the wreath product, if G = H1®&Hs&- - -® Hy,
and H =2 I, then G H = (H,®1,)® (Ho®I,) ®--- @& (Hp ® I,). For
more details on product graphs, see [18].

For a given collection H containing simple graphs, an H-decomposition
of a graph G is a set of subgraphs of G whose edge set partition F(G),
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and each subgraph is isomorphic to a graph from H. A factor of a graph
G is a spanning subgraph of G. A factor is called uniform H-factor if each
component of the factor is isomorphic to the same graph H. An r-factor
of G is an r-regular spanning subgraph of G. An H-decomposition of a
graph G is called uniformly resolvable H-decomposition if the subgraphs in
the H-decomposition can be partitioned into uniform H-factors, for some
H € H. Suppose ‘H = {H}, uniformly resolvable H-decomposition is called
H-factorization.

Recently, lots of results have been obtained on uniformly resolvable H-
decomposition of a graph K,,. The existence of uniformly resolvable H-
decompositions of K, has been studied in the cases, when H = {K}} with
k = 3,4,5 (for k = 5 there are only four undecided values of n), see [1];
H = {Py} for any k > 2[4, 12, 14]; H is a set of two complete graphs of order
at most five [7, 25, 26, 27, 28, 29]; H is a set of two paths on two, three, or four
vertices [10, 11]; H = {Ps, K3+ e} [9]; H = {K3, K13} [16]; H = {K>, K13}
[15, 6]; H = {C4,P3}[23]; H = {Kg,Pg} [24]; H = {PQ,P3,P4} [22];
H = {C4,K173}[8]; H = {KQ,PQk}, k > 2 [17]

In this paper, we determine necessary and sufficient conditions for the
existence of uniformly resolvable decomposition of K, into Py and Cy, k > 3.

2. PRELIMINARY RESULTS

In this section, we give some useful notations, basic results, and necessary
conditions for the existence of uniformly resolvable decomposition of K, into
P4 and Ck, k Z 3.

Let (P4, Cx)-URD(n;r, s) denote the uniformly resolvable decomposition
of Ky, into r Ps-factors and s Cy-factors. A (Py, C,)-URD(r,s) of a graph G
is a uniformly resolvable decomposition of graph G into r Py-factors and s
Ci-factors. We denote Py, k > 2 with vertex set {a1, as, ..., ar} and edge set
{{a1,a2},{a2,as},...,{ax—1,ar}} by a1, az,...,ax]; Ck, k > 3 with vertex
set {a1,aq,...,ar} and edge set {{a1,as},{az,as},...,{ax_1,axr},{ax,a1}}
by (a1,as,...,ax). The floor function, |z| denotes the greatest integer that
is less than or equal to x.

Theorem 2.1 ([2, 3, 13]). Let n, t > 3 be integers. There is a Ci-
factorization of K,, (when n is odd) or K, — I (when n is even and I
denotes a 1-factor of K, ) if and only if t divides n, except when t = 3
and n € {6,12}.

Theorem 2.2 ([20, 21]). For t > 3 and m > 2, K,, ® I, has a C}-
factorization if and only if mn is divisible by t, (m — 1)n is even, t is even
if m =2, and (m,n,t) # (3,2,3),(3,6,3),(6,2,3),(2,6,6).

Theorem 2.3 ([19]). Forn > 1 andr > 3, C, ® I, has a Cyy-factorization.

Theorem 2.4 ([5]). The graph Cy ® I; has a Cy-factorization for all t > 1
and k > 3 with the definite exceptions (t,k) = (6,3), (2,2r + 1).
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Theorem 2.5. Forr > 3, C, ® I4 has a Co.-factorization.

Proof. By Theorem 2.3, let {Cd.,C3.} be a Cy,-factorization of C,® I, where
each C5, is a Cy,-factor of C, ® I5. Then

> (C, BC3)® I = (Cy, ® 1) ® (C3, @ I).

By Theorem 2.4, each Ci,. ® Iy has a Cy.-factorization (since Ci, ® Iy =
Cyr ® I). Hence C, ® I has a Cy,-factorization. O

Lemma 2.6. Let k > 3. If there exists a (Py, Cx)-URD(n;r,s) of K,,, then
n=0 (mod ), | =lem(4,k) and (r,s) € J(n) = {(4x +2,25* — 32) |z =
0,1,..., |22}

Proof. Assume that there exists a (P, Cy)-URD(n;r,s) of K,. Then by
resolvability, n =0 (mod [), [ = lem(4, k) is trivial. (i.e.) if k =1 (mod 2),
then n = 0 (mod 4k); if £k = 2 (mod 4), then n = 0 (mod 2k) and if
k=0 (mod 4), then n = 0 (mod k). Since there are r Py-factors and s
Cy-factors, by edge divisibility,

n n, n(n—1)
7‘13 + SEk' = 5
Clearly, r =2 (mod 4). Let r =42 + 2, = > 0. Then s = "7_4 — 3xz. Hence

(r,s) € J(n) = {(4z +2,%5% —3z) | 2 = 0,1,..., | %z*|}. This completes
the proof. O

= 3r+4s=2(n—1).

3. CONSTRUCTIONS

In this section, we give two constructions which we use to prove our main
results.

If X and Y are two sets of pairs of nonnegative integers, then X + Y
denotes the set {(z1 +y1,x2+y2) | (x1,22) € X, (y1,y2) € Y}. If X is a set
of pairs of nonnegative integers and h is a positive integer, then hx X denotes
the set of pairs of nonnegative integers which can be obtained by adding any
h elements of X together (repetitions of elements of X are allowed).

Theorem 3.1. Let m > 3 be an odd integer and t divides m. If there exists
(1) a (Py,Cy)-URD(r,s) of C ® Iy with (r,s) € {(4,1),(0,4)}, where
k € {4,t,2t,4t} and C is a Cyi-factor of Ky,; and
(2) a (P4, Cy)-URD(16,0) of (C* @ C* @ C°) ® Iy, where C*, C°, and C*
are any 3 edge-disjoint Cy-factors of Ky,
then there exists a (Py,Cx)-URD(4m;r,s) of Kym with (r,s) € J(4dm) =
{(4z + 2, 4”12_4 —3x)|z=0,1,..., L4”%_4J }, where k € {4,t,2t,4t}.

Proof. Assume that (1) and (2) holds. Let A = {(4x + 2,424 — 32) |
0<o <™} and B ={(do+2 % —32) | 5 +1 <o < M)
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be the partition of J(4m). By Theorem 2.1, let {C* | 1 < i < 21} be a
Ci-factorization of K,,.

K4m§(Km®I4) (I ®K4)
~(ClaCe el )@ 1) (I, K))

=~ ((c! ®I4)@(62®14)@---@(C’"51 ©14)) & (Inn ® Ky).

Now we prove the existence of (Py, C)-URD(4m;r, s) of Ky, with (r,s) €

J(4m) = AU B, where k € {4,t,2t,4t} in two cases as follows:

Case 1: (r,s) € A.
By hypothesis (1), for each 4, there exists a (P4, Cy)-URD(r,s) of C* ®
Iy, with (r,s) € {(4,1),(0,4)}, where k € {4,t,2t,4t}. Since K4 has
2 Py-factors, I, @ K4(= mKy) has a (Py, Cx)-URD(2,0). This gives
the existence of (P, Cy)-URD(4m;7,s) of Ky with (r,s) € {251 «
{(4,1),(0,4)} +{(2,0)}}, where k € {4,¢,2t,4t}. Now consider

(R (0,4, (4,0 +{2,01)
={{<m7‘1—x><04>+x<4 Dio<e<™ 4 (0N
m—1
_{(4JI+2( 5 )4 dr+x)|0<z< T}
{2, sy 0<a<c ™

Hence, there exists a (Py, C)-URD(4m;r, s) of K4y, with (r,s) € {(4dz+
2,4m=4 — 32) | 0 <z < 51}, where k € {4,t,2t,4t}.
CASE 2: (r,s) € B.

By (1), for each 4, there exists a (Py, Cx)-URD(4, 1) of C*® I, where k €
{4,t,2t,4t}. Since K4 has 2 Py-factors, I, ® K4(= mKy) has a (Py, Cy)—
URD(2,0). By (2), there exists a (Py,C))-URD(16,0) of (C* @ C® @
C°) ® I,. This gives the existence of (Py, C)-URD(4m;r, s) of Ky, with
(r,5) € ({(B52—39) < {(4, )} +y{(16,0)} | 1 <y < | L]} +{(2,0)}}.

Now consider

m—1 m—1
(7 = @D+ {000} 1<y < |5 1o (200
—1 —1 —1
e R e IR E e
m—1 m—1 m—1
e R IR R =
4m —4 -1 dm —4
= {(4z +2, -2 —3x)|m+1§m§{m J}.
2 2 6
Hence, there exists a (Py, Cy)-URD(4m;r, s) of Ky, with (r,s) € {(dx+
2,4m=d _3p) | Al 41 <@ < |4 J} where k € {4,t,2t,4t}. This

completes the proof.
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Theorem 3.2. Let m > 4 be an even integer and t divides m. If there exists

(1) a (Py,Cx)-URD(r,s) of C ® Iy with (r,s) € {(4,1),(0,4)}, where
ke {4,8,t,2t,4t} and C is a Ci-factor of Ky, ;

(2) a (P1,Ck)-URD(r,s) of (C®I) ® Iy with (r,s) € {(8,0),(4,3)},
where C and I are a edge-disjoint Cy-factor and 1-factor of K., and
ke {4,8,t,2t,4t}; and

(3) a (P4, Cy)-URD(16,0) of (C* @ C’ @ C°) ® Iy, where C*, C°, and C°
are any 3 edge-disjoint Cy-factors of Ky,

then there exists a (Ps,Cy)-URD(r,s) of Kum with (r,s) €
J(m)\ {(2, %)} = {4z + 2,452 —3z) |z = 1,..., [ 422}, where
k € {4,8,t,2t,4t}, except when t =3 and m € {6,12}.

Proof. Assume that (1) to (3) holds. Let A = {(4z+2, %22 —3z) |1 <z <
2} and B = {(4o + 2,452 —3z) | 2 + 1 < 2 < |#2=2]} be the partition
of J(4m) \ {(2, *5)}.

By Theorem 2.1, let {C? | 1 <i < ™2} be a Cy-factorization of K, — I,
where I is a 1-factor of K,,, except for ¢t = 3 and m € {6, 12}.

Ky = (K @ 1) & (I ®K4)
= (C' @@ BC"T DRI D (In® Ky)

-2

g((Cl®l4)@---ea(c’7®I4) S((C7 o) ® L) ® (In @ Ky)

Now we prove the existence of (Py, C)-URD(r, s) of K4, with (r,s) € AUB,
where k € {4,8,t,2t,4t}, except when ¢t = 3 and m € {6, 12} in two cases as
follows:
CAsE 1: (r,s) € A.
By (1), for each i, 1 < i < ™4 there exists a (Py,C)-URD(r,s) of
C'®Iy, with (r,s) € {(4,1),(0,4)}, herek € {4,8,t,2t,4t}. By (2), there
exists a (Py, Cy)~URD(r, s) of (C*Z @I)®I4 with (r,s) € {(8,0), (4,3)},
where k € {4,8,t,2t,4t}. Since K, has 2 Py-factors, I,,, ® K4(= mKy) has
a (P4, Cy)-URD(2,0). This gives the existence of (P4, Cr)-URD(4m;r, s)
with (r,s) € {252 % {(4,1),(0,4)} + {(8,0),(4,3)} + {(2,0)}}, where
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k€ {4,8,t,2t,4t}, except when t = 3 and m € {6, 12}. Now consider

{

m—4

5 *1(0,4), (4, 1)} +{(8,0), (4,3))} + {(2,0)}}

m —4 m—4

:{{(T—CU)(O»4)+$(4,1) |0<2<
+{(4y+2,6-3y) [ 1 <y <2}}
= {{a, (M- [0 <o < TS

+{(4y+2,6-3y) [1<y<2}}

}

}

= (A +9) +2, ("4 63 +))

4
and 1 <y <2]}

4dm — 4 m
2

={(4z + 2, 5 —32)|1<2z<

Hence, there exists a (Py, Cx)-URD(4m;r, s) of Ky, with (r,s) € {(4z+

2, 47”2_4 —32) |1 <2< B}, where k € {4,8,t,2t,4t}, except when ¢t = 3
and m € {6,12}.
CASE 2: (r,s) € B.
By (1), for each i, 1 < i < ™4 there exists a (P, Cx)-URD(4,1)

of C' ® I, where k € {4,8,t,2t,4t}. By (2), there exists a (Py, Cy)-

URD(r, s) of (C™2° & I) ® I; with (r,s) € {(8,0)}. Since K, has 2 P-

factors, I, ® K4(= mKy) has a (Py, Cx)-URD(2,0). By (3), there exists
a (Py,Cy)-URD(16,0) of (C® @ C? @ C°) ® I,. This gives the existence of

(Py, Cx)-URD(4m;r, s) with (r, s) € {{(mT%—By)*{(él, 1)} +y+{(16,0)} |
1<y < |22]314{(8,0)}+{(2,0)}}, except when t = 3 and m € {6, 12}.

Now consider
m—4

H= = 3) {4 1)} +y +{16,0)}

T e A CUI RO

m — 4 m—4
= {{((T—3y)4+16y+1077—3y)

s |2

:{(4(mT_4+y)+1O,mT_4—3y)|1§y§ VnG_LLJ}

:{{(4(%+y)+2,m7_4—3y)\1§y§ {mﬁ_élJ}

dm —4
2

={(4z+2,

m 4dm — 4
— — <z < .
3z)|2+1_2_{ 5 J}
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Hence, there exists a (Py, Cx)-URD(4m;r, s) of Ky, with (r,s) € {(4z+
2, 4””274 -32) | 5 +1<2< L‘mgﬂ}, where k € {4,8,t,2t,4t}, except
when ¢ = 3 and m € {6,12}. This completes the proof.

O

Theorem 3.3. Let m > 4 be an even integer and t divides m. Then there

exists a (Py, Cx)-URD(4m; 2, 4’”2_4), where k € {4,8,t,2t,4t}.

Proof. We construct 2 Ps-factors and 4””‘274 Ci-factors, where k € {4, 8, t,
2t, 4t} of Ky, as follows:

Consider Kyp, = (K, ® I4) ® (I, ® K4). By Theorem 2.2, K, ® I4 has a
Cx-factorization, where k € {4,8,t,2t,4t}. Since K4 has 2 Pj-factors, I, ®
K4(= mKy) has a Py-factorization. Therefore, Ky, has 2 P,-factors and
47”—2_4 Ci-factors, where k € {4,8,t,2¢t,4t}. That is, there exists a (Py, Ck)—
URD(4m; 2, #2=4), where k € {4,8,t,2t,4t}. O

4. (P2, Py) AND (P,,C)-URD OF C; ® I4.

In this section, we prove the existence of uniformly resolvable decompo-
sition of Cy ® Iy into P and Py or Py and Cy, k € {t, 2t,4t}.
Let K, , be a complete bipartite graph with bipartition (X, Y’), where
X =A{xy, zo, ..., zn}, Y = {y1,92,..., yn}. Now we define a 1-factor
of Knyn as Fi(X,Y) = {{zj,y4+5} | 1 < j < n, where addition in the
subscript is taken modulo n with residues 1,2, ..., n}, 0 < i < n —1,
then E(K,,) = Uy Fi(X,Y). Clearly {F; | 0 < i < n — 1} gives a
1-factorization of K, .

Lemma 4.1. For any t > 3, there ezists a (P, P4)-URD(2,4) of Cy ® Iy.

Proof. Let V(Cy ® Iy) = Ujez, Xi, where X; = {ip, 11,42,13},7 € Z¢. Now we
construct a (P, Py)-URD(2,4) of C; ® I, in two cases as follows:
CASE 1: t odd.
Let
Py = {lio, (i + D)), [ia, (i + 1)) | 0 < i <t —1};

P3 = {lir, (i + 1)2], [i3, (i + 1)o] [0 < i <t —1};

Pl = {[(t = 1o, (t = 2)a, (t = D)1, (¢ — 2)3], [(20)o, (20 + 1)o, (2i)1, (2i + 1)1],
(26— D)o, (20)2, (2~ s, (20)5] [0 <i < )

P? = {[(t — 1)3,01, (t — 1)2,00], [(2i + 1)3, (20)3, (2i + 1)2, (2i)a],
(20 4 2)1, (20 + 1)1, (20 + 2)0, (20 + 1)) |0 < i < ?};

PP = {[(t — D)3, (t = 2)3, (t = 1)a, (t — 2)a], [(t = 1)o, 00, (t — 1)1, 04],
[(i 4+ 1)o, 4, (i + 1)1,43] | 0 < <t — 3};

P = {[(i + 1)2,d0, (i + 1)3,01] |0 < i <t — 1},
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where the additions are taken modulo ¢.
CASE 2: t even.

Let
Py = {[io, (i + 1)), [ia, (i + 1)3] [0 <i <t —1};
P35 = {lin, (i 4+ D2l [is, (i +1)o] | 0 < i <t —1};
P = {[(20)0, (20 + 1)o, (20)1, (2i + 1)1],
[(21)2, (21 + 1)2, (24)3, (20 + 1)3] | 0 <@ < % :
P2 = {[(20)1, (2i + )3, (20)0, (20 + 1)a),
[(20)3, (26 + 1)1, (20)2, (20 + 1)o] |0 < i < % :
P? = {[(2i + 1)o, (20 + 2)o, (20 + 1)1, (2i + 2)4],
[(2i + 1), (20 + 2)a, (26 + 1), (20 +2)3] | 0 < i < %};
Pt = {[(2i + 1)1, (20 + 2)3, (20 + 1)o, (2 + 2)2],
(2 + 1)3, (20 + 2)1, (20 + 1), (20 +2)9] [0 <4 < t;}

where the additions are taken modulo .

Clearly, P4 and P3 are Py-factors of Cy ® I and each P!, i =1,2,3,4 is
a Py-factor of C; ® Iy. Hence {P1, P2, P, P2 P3 P4} gives the existence of
(PQ, P4)*URD(2, 4) of Ct & I4. O

Lemma 4.2. For any t > 3, there ezists a (Pa,C;)-URD(2,3) of C; ® 14.

Proof. Let V(Cy ® Iy) = Ujez, X;, where X; = {io,41,12,i3},79 € Z;. Then
E(Ci®14) = Uiez, 1cz,F1(Xi, Xit1). Now we prove the existence of (P2, Cy)—
URD(2,3) of Ct ® I in two cases as follows:
CASE 1: t odd.

Let

~

l\)‘|
—
~

w‘l
—

Ct = Fy(Xo, X1) U | | F3(Xai, Xoiv1) U | | Fi(Xaio1, X2:);

i=1 i=1
=3 t—1
2
C? = Fy(Xi-1,Xo) U U Fy(Xoi, Xoi1) U | ) F3(Xa2i—1, X2i);
=0 i=1
t—2
C3 = F3(Xo, X1) U U Fo(Xi, Xit1) U F1(Xi—1, X0);
i=1

Py = {[io, (i + )2}, [i1, (i + 1)3] | i € Z¢};
P35 = {[i2, (i + 1)o], [i3, (i + 1)1] | i € Zy},

where the additions are taken modulo ¢.
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CASE 2: t even.

Let

t—2 t—2
5 5

Ct = | ) F3(Xai, Xoi01) U | ) Fi(Xoir1, Xoito);
i=0 =0
t—2 t—2
5 5

C* = | | Fu(Xai, Xoi11) U U F3(X2i41, X2i42);
i=0 =0
-1

c? = U Fo(Xi, Xiy1);
=0

Py = {lio, (i + 1)a], [ix, (i + 1)s] | i € Zy};

P35 = {lia, (i + 1)o], [i3, (i + 1] | i € Zy},

where the additions are taken modulo ?. ‘

Clearly, each P*,¢ = 1,2 is a P»-factor of Cy ® Iy and each C*,i = 1,2,3
is a Cy-factor of C; ® I;. Hence {P3,P2,C C?,C3} gives the existence of
(Py,Cy)-URD(2,3) of C; ® I4. O
Lemma 4.3. For any t > 3, there exists a (P2, Cot)-URD(2,3) of C; ® I4.

Proof. Let V(Ct & I4) = U;ez, X;, where X; = {io,il,ig,ig},i € Zys. Let
U, = {io,il} and V; = {ig,ig},i € Zs, then X; = U; UV, 1 € Zy. We write

E(Cy®1I4) ={ U F(Ui,Ui1)}
iEZz,lEZQ

U { U Fy(Ui, Viq1) }

iEZt7lEZQ

u{ U AWV}

iEZt7lEZQ
U { U Fy(Vi,Uit1) }.
iEZtJEZQ

Now we prove the existence of (P, Co)-URD(2,3) of C; ® I4 in two cases
as follows:
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CASE 1: t odd.
Let

Ct = F1(Up, Uh) U Fy(Vo, Vi) U Fy(Uy—1, Vo) U F1(Vi_1, Up)

t—2 -2
u{ U Fo(Ui, Uipr) } U { U Fo(Vi,Vig) }
i1 i=1
C% = Fy(Up, Ur) U Fo(Vo, Vi) U Fo(Uy—1, Up) U Fo(Vi—1, V)
t—2 t—2
U { U Fi(Ui, Vig1) } U{ U Fi(Vi,Uig1) }:
i1 i=1

C* = F1(Uo, Vi) U F1(Vo, Ur) U F1(Us—1, Ug) U F1(Vi—1, Vo)

t—2 t—2
U { U Fl(UZ‘,UH_l)} U { U Fl(vivvi—i-l)}§

i=1 =1
t—1 t—1
Py = J Fo(Us, Visr); Ps = | Fo(Vi, Ussn),
1=0 1=0

where additions in the subscript are taken modulo .
CASE 2: t even.
Let

C' = F1(Us—2, Vie1) U F1(Viea, Up—1) U Fy(Us—1, Up) U Fy(Vi—1, Vo)

t—3 t—3
U { U F1(Us, Uip1) } U{ U Fi(Vi, Vig1) }s
=0 =0
C? = F1(Ut-2,U—1) U F1(Vie2, Vie1) U F1(Up—1, Vo) U F1(Vi1, Up)
t—3 t—3
u{ U F1(U;,Vig1) U { U F1(Vi,Uis1) };
=0 =0
t—2 t—2
C* = P (U1, U0) U F1(Vie1, Vo) U{ | Fo(Us, Uip) } U { | Fo(Vi, Viga) };
=0 1=0
t—1 t—1
Py = J (Ui, Viga); P3 = | Fo(Vi, Uin),
=0 =0

where additions in the subscript are taken modulo ¢.

Clearly, each P4, i = 1,2 is a Py-factor of C; ® Iy and each C%,i = 1,2,3
is a Cy-factor of Cy @ I;. Hence {P1,P2,C',C? C3} gives the existence of
(PQ, Cgt)—URD(2, 3) of C; ® 1Iy. O

Lemma 4.4. For any t > 3, there ezists a (P2, Cy)-URD(2,3) of C; ® I4.
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Proof. Let V(Cy ® 14) = Ujez, Xi, where X; = {ip,41,12,i3},79 € Zs. Let
U, = {io,il} and V; = {ig,ig},i € Zy, then X; = U; UV,, i € Z;. We write

E(Cy® 1) = { U F(Ui,Uiy1) } U { U F(U;,Viq1)}

€Lt EL2 P€ELt IE s
u{ U RWViiu{ U RV,U)}
IE€EL IE s IE€EL IELs

Now we construct a (Pa, Cy)-URD(2,3) of C; ® I4 in two cases as follows:
CASE 1: t odd.

Let
t—1 t—1
C' = Fo(Uo, Vi) U F1(Vo, Ur) U U Fo(Ui, Uit1) U U Fo(Vi, Vita);
i=1 i=1
t-2 -2
C* = Fo(Up-1, Vo) U F1(Vi-1,Up) U U F1(Ui, Uiy1) U U By (Vi Vigr);
i=0 i=0
C? = Fy(Uo, U1) U Fy(Vo, Vi) U F1(Uy—1,Up) U Fy(Vi1, Vo)
t—2 12
U Fo(Ui, Vier) U | Fu(Vi, Uiga);
i=1 i=1
t-1 t—1
Py = J Fu(Ui, Vien); Ps = | Fo(Vi, Uia),
i=0 i=0

where additions in the subscript are taken modulo ¢.
CASE 2: t even.
Let
Ct = Fy(Uop, Uh) U Fy(Up, Vi) U Fy (Us—1, Vo) U Fy(Vi—1, Vo)
U F1(Up—2,Us—1) U F1(Vi—a, Viq)

-3 -3
U U Fi(Ui, Vig1) U U Fi(Vi,Uit);
i=1 i=1
C* = Fy(Vo, Vi) U Fy(Vy, Ur) U Fy(Uy—1, Uo) U Fy(Vi1, Up)
t—2 t—2
Ul Ro(Us, Uigr) U | Fo(Vi, Vig);
i=1 =1
C3 = Fy(Vo, V) U F1(Uy—2, Vie1) U F1(Vieo, Uy—1) U Fy(Up—1, Up)
-3 -3
UF1(Vie1, Vo) U | Fu (U, Uiy U | FL(Va, Vi)
i=0 i=1
t—1 t—1

Py = F1(Uo, Vi) U | Fo(Ui, Vigr); Ps = | Fo(Vi, Uiya),
i=1 =0
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where additions in the subscript are taken modulo . _

Clearly, each P3,¢ = 1,2 is a P»-factor of C; ® I; and each C*,i =1,2,3
is a Cy-factor of Cy @ Iy. Hence {P1,P3,C1,C? C3} gives the existence of
(Py,Cy)-URD(2,3) of C; ® 1. O

9. (P4, Ck)*URD(T, S) OF C; ® Iy.

In this section, we prove the existence of uniformly resolvable decompo-
sition of Cy ® I into Py and Cy, k € {4,8,t,2t,4t}.

Lemma 5.1. For any t > 3, there exists a (Py,Cy)-URD(r,s) of C; @ Iy
with (r,s) € {(4,1), (0,4)}.

Proof. Let V(Cy ® Iy) = Usez, Vi, where V; = {ig,i1,12,13},7 € Z;. Now we
construct the required number of Py-factor and Cy-factor of C; ® I in two
cases as follows:
CAsE 1: (r,s) = (4,1).

SUBCASE I: t odd.

Let

= {[(2i + 1)o, (20)1, (20 + 1)1, (24)o],
[(26)2, (21 — 1)3, (20)3, (20 — 1)a],
[(t —2)a, (t — 1)17(t—2)3,(t—1)]\0<2<7}

(

(

(

= {[(2i + 2)1, (20 + 1)o, (20 + 2)o, (20 + 1)1],
[(20 + 1)3, (24)2, (20 + 1)2, (27)3],
(
(
(

[(t —1)3,00, (t — 1)2,04] IOS’L'S?};
{[ 2i)3, (26 + 1)1, (20)2, (20 + 1)o],

(20 + 1)2, (2¢ + 2)0, (20 + 1)3, (20 + 2)4],
[(t —1)1,00, (t = 1)0,01], [(t — 1)2, (t — 2)3, (t — 1)3, (t — 2)2],
(6= 3)s, (¢ =2, (¢ =32, (= 2] [0 2 i < 2,
P4 = {[(20)0, (2i + 1)o, (20)3, (20 + 1)3],
[(22 + 1)1, 21 + 2)1, (22 + 1)2, (22 + 2)2],

(
[(t = 2)1, (t = 1)1,01, (= 1)3], [(t = D)o, (t = 2)2, (t — 1)2,02],
)

(6= 3)o, (= 200, (¢ = 3, (6 = D] [0 i < 2

C' = {(io, (i + 1)2,i1, (i + 1)3) [0 < <t — 1},

where the additions are taken modulo ¢.
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SUBCASE II: ¢ even.
Let

)
(2 o i)l [0 <i < 2
Pt = {[(2i + 1)o, (20)o, (20 + 1)2, (20)2],
(201, (20 = 1)1, (26— 2)5, (20~ B)s] [0 i < 7
¢t = {((2i — Do, (20)2, (20 — D)1, (20)3),

(
. . . . .t
((2i — 1)a, (24)0, (2 — 1)3, (20)1) | 1 < i < 5},
where the additions are taken modulo ¢.
Clearly, each P?,i = 1,2, 3,4 is a Py-factor of C;®1I, and C! is a Cy-factor
of C; ® I;. Hence {P, P2 P3, P4 C'} gives the existence of (P, Cy)-
URD(4,1) of C; ® I4.
CASE 2: (r,s) = (0,4).
By Theorem 2.3, let {C3,,C3,} be a Cy-factorization of C; ® I, where
each Cét is a Cy-factor of C; ® Is. Then

Ciol1 = (Crelh)® I = (C%t EBCZQt) ® Iy
~ChoL)® (oL =2 (Tiel)eh)® (I eI e L),
~(Hohb)ao@ehe@eh) o (T:oh),

where each j, j = 1,2, Ij’: is a 1-factor of C,, i = 1,2. Since I; ® I =
tKy 9 = tCy, Ct®14 has a Cy-factorization. Hence there exists a (Py, Cy)—
URD(0,4) of C; ® .

|

Lemma 5.2. For any event > 4, there exists a (Py, Cg)-URD(r, s) of C;&14
with (r,) € {(4,1), (0, 4)}.

Proof. Let V(Cy ® Iy) = Usez, Vi, where V; = {ig,i1,12,13},7 € Z¢. Now we
construct the required number of Pj-factors and Cg-factors of Cy ® I in two
cases as follows:
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CASE 1: (r,s) = (4,1).

Let
Pt ={[(2i = 1)o, (20)1, (20 — 1)a, (20)3],
(20)0, (20 = 1)1, (20)2, (20— 1)g] | 154 < S}
P? = {[(2i — 1)1, (20)3, (20 — 1)o, (20)2],
(26 = 1)z, (20)0, (20 = 13, 0] | 124 < S}
P3 = {[(2)1, (2i + 1)3, (20)2, (20 + 1)o],
(20)5, 20+ D)1, (20)o, (20 +1)a] [0< i < 222,
€' = {((20)o. (21 + D)o, (20)1, (2 + D, (20)o

(20 + 1), (2i)s, (20 + 1)g) [0 < i < 52,
where the additions are taken modulo ¢.
Clearly, each P? is a Py-factor of C; ® I and C! is a Cg-factor of C; ® I.
Hence {P!, P2 P3, P4 C} gives the existence of (Py,Cy)-URD(4,1) of
Cy ® 1.
CASE 2: (r,s) = (0,4).
Let {Z1,Z>} be a 1-factorization of C}, since t is even. Then

Cir @Iy = (Il @IQ) ® I, = (Il ®I4) D (IQ ®I4)

Since K44 has 2 Cg-factors and each ¢, 1 = 1,2, Z; ® I = %K474, Cir®1y
has a Cs-factorization. Hence there exist a (Py, Cg)-URD(0,4) of C;® I4.
U

Lemma 5.3. For any even t > 4, there exists a (Py,C;)-URD(4,1) of
Cy ® Iy, where k € {t,2t,4t}.

Proof. Let V(C; ® Iy) = Usez, Vi, where V; = {ig,i1,12,13},7 € Z;. Now we
prove the existence of (Py, C,)-URD(4, 1) of C;® I, in three cases as follows:
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CASE 1: k=1t.
Let
Pt = {[(2i)o, (2i + 1)1, (23)2, (2 + 1)3],
26+ 1o, (2001, 20+ 1), 20)s] [ 0< i < *2 2,
P? = {[(2i)2, (2i + 1), (23)3, (2 + 1)1],
(2 + 1), (20)0, (20 + )3, (201] [0 < i < ° - 21,
P = {[(2i + 1)o, (20 + 2)1, (2i + 1)a, (20 + 2)3],
[(2 + 2)0, (20 + 1)1, (20 + 2)2, (20 + 1)3] |
.o t—=2
0<:< T}a
Pt = {[(2i + 1)2, (20 + 2)o, (20 + 1)3, (20 + 2)4],
[(2i + 2)a2, (20 + 1)o, (20 + 2)3, (20 + 1)1] |
Lo t—2
0<:< T}7

Cl={(0;14,24...,(t—2);, (¢t —1);) | 0 < i < 3},
where the additions are taken modulo .
Clearly, each P%,i = 1,2, 3,4 is a Py-factor of C;®1I4 and C' is a Cy-factor
of Cy ® Iy. Hence {P', P2, P3 P4 C'} gives the existence of (Py,C;)-
URD(4,1) of Cy ® I4.
CASE 2: k = 2t.
Let

P = {[00, 13,02, 11], [03, 19, O1, L2], [(24)0, (2i + 1)1, (23)2, (2i + 1)3],
t—2
[(2i + 1), (24)1, (20 + 1)9, (20)3] | 1 < i < T};

(
)
P? = {[01,11, 00, Lo, [02, 12, 03, 13], [(24)2, (2i + 1)o, (24)3, (20 + 1)1],
)

(2 + 12, (20)o, (20 + 1), 2i0] |10 2,

C' = {(00,12,29,...,(t — 1)2,02,1¢,20,..., (t — 1)o)

(01,13,23,...,(t — 1)3,03,11,21,...,(t — 1)1)},
where the additions are taken modulo t. ‘
Take P> and P* are as in case 1. Clearly, each P! i = 1,2,3,4 is a
Py-factor of C; ® I and C! is a Cy-factor of Cy ® I,. Hence {771, P2 P3,
P4, C'} gives the existence of (Py, Cy)-URD(4,1) of Cy ® I4.
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CASE 3: k = 4¢.

Let

P = {[00, 10,01, 11], [02, 12, 03, 13], [(24)0, (2i + 1)1, (24)2, (2i + 1)),

P? = {[01, 13,00, 12], [03, 11, 02, 1o, [(24)2, (2i + 1), (24)3, (2 + 1)1],

t—2

(
[(27 + 1)o, (20)1, (20 + 1), (2i)3] | 1 <i < %};
[(20 + 1)2,(24)0, (20 + 1)3,(2i)1] | 1 <i < 5

Cl - {(007117215‘ . 7(t_ 1)17017127227"°7(t_ 1)27

02,13,23,...,(t — 1)3,03,10,20,...,(t — 1))}

where the additions are taken modulo t.

P3 and P* are same as in case 1. Clearly, each P*,i = 1,2,3,4 is a
Py-factor of C; ® I, and C! is a Cy-factor of C; ® I4. Hence {731, P2, P3,
P4, C'} gives the existence of (Py, Cys)-URD(4,1) of Cy ® I. Hence the
Lemma is proved.

O

Lemma 5.4. For any oddt > 3, there exists a (Py, Cx)-URD(4,1) of C;®14,
where k € {t,2t,4t}.

Proof. Let V(C; ® Iy) = Usez, Vi, where V; = {ig,i1,12,13},7 € Z;. Now we
prove the existence of (Py, C,)-URD(4, 1) of C;® I, in three cases as follows:

CASE 1: k=t.
Let
P = {[io, (i — 1)1, (i — 2)2, (i — 3)3] [0 <i <t —1};
P2 = {[io, (i + 1)1, (i +2)2, (1 +3)3] | 0< i <t —1};
P3 = {[i1, (i + 1)3,40, (i + 1)2] |0 < i <t —1};
Pt = {li2, (i + D)o,is, (i + 1)1] | 0 <i <t —1};

Cl={(05 14,24, .., (t—2)s, (t—1);) | 0 <4 < 3},

where the additions are taken modulo .

Clearly, each P?,i = 1,2,3,4 is a Py-factor of C;® I, and C! is a Cy-factor
of C; ® I. Hence {P!, P2, P3 P* Cl} gives the existence of (Py, Cy)-
URD(4,1) of C; ® I4.
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CASE 2: k = 2t.
Let

P = {{(t = 2)2, (t = D)1, (t = 2)3, (t = 1)o], [(20)2, (20 — 1)3, (20)3, (2i — 1)a],
(2 -+ D, (20)1, (20 + 1)1, (200] [0 < i < 220
P? = {[(t — 1)a,01, (t — 1)3,00], [(2i + )2, (20)3, (20 + 1)3, (20)2],
[(2¢ +2)0, (20 + 1)1, (20 + 2)1,(2i + 1)) |0 <3 < ?};
(t—

PP = {[(t = D)3, (t = 2)2, (t = D)2, (¢t — 2)3], [(t = 1)1, 00, (t = 1)o, 04],
[(z—l— 1)1,dg, (i + 1)0,43] | 0 < i < t — 3};
{[(z—i— 1)3,40, (i +1)2,01] |0 <i <t — 1}
= {(00, 10,20, ..., (t = 2)0, (t = 1)o, (t — 2)2, (t — 3)2,...,32,22, 12,02,
(t—1)2),(01,13,21,33,41 ..., (t — 3)1, (t — 2)3,
(t =13, (t =2)1,(t = 3)3, (t —4)1,..., 43,

317237 117037 (t - 1)1)}’

where the additions are taken modulo t.
Clearly, each P?,i = 1,2, 3,4 is a Py-factor of C;®I4 and C! is a Cos-factor
of Cy ® Iy. Hence {P!, P2 P3 P4 C'} gives the existence of (Py, Cat)—
URD(4,1) of C; ® I4.
CASE 3: k = 4t.

The proof of this case follows from the proof of case 1 of Lemma 4.1
by taking C' = 7321 U P22. Clearly C' is a Cy-factor of C; ® I. Hence
{PL, P2 P3, P4 C'} gives the existence of (Py, Cy;)-URD(4,1) of C;® 1.
Hence the Lemma is proved.

O

6. (P4, Cy)-URD(r,s) OF SOME PRODUCT GRAPHS

In this section, we prove the existence of uniformly resolvable decompo-
sition of some product graphs into P4 and Cy, k > 3.

We arrange the vertex set of Ky,, in a m x 4 array. The vertices of each
row form a copy of K4 and the vertices of 4 columns together form a K, ®14.
Let K4 4 be a complete bipartite graph with bipartition (X, Y), where X
= {1, 20, 23,24}, Y = {y1,92,y3,94}. Then let P! = {[x1,ys, T4, 1], 22,
Y3, x3,y2]}, P? = {[23,y1, 21, y3], [4, y2, 22, ya]} and Py = {[z1, y2], [x2, y1],
[x3,94], [74,y3]}. Clearly {P}, P2 PJ} gives the existence of (P,
P4)*URD(1, 2) of K4’4.

Theorem 6.1. Lett >3, m =0 (mod t) and let C be any Cy-factor of K,y,.
Then there exists a (Py,Cy)-URD(r,s) of C® 14 with (r,s) € {(4,1),(0,4)},
where k € {t,2t,4t}.
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Proof. Let m = tx, x > 1. Since C is a Cy-factor of K, C® Iy = x(Cy ® Iy).
By Lemmas 5.3 and 5.4, C; ® I4 has 4 Pj-factors and a Cy-factor, where
k € {t,2t,4t}. That is, C; ® I4 has a (Py, C;,)-URD(4, 1). Also by Theorems
2.3, 2.4, and 2.5, C; ® I4 has a Cy-factorization where k € {t, 2t, 4t}. That is,
(Py, C,)-URD(0, 4) exists for Cy® I4. Hence C® I has a (Py, C,)-URD(r, s)
with (r,s) € {(4,1),(0,4)}, where k € {t,2t,4t}. O

Theorem 6.2. Let t > 3, m = 0 (mod t) is even. Let C and I be the
edge-disjoint Cy-factor and 1-factor of K,,. Then there exists a (P4, Ck)—
URD(r,s) of (C®I)® Iy with (r,s) € {(4,3),(8,0)}, where k € {t,2t,4t}.

Proof. Let m = tx, x > 1. Consider the graph G = (CH ) @ I4 = (C®

1) & (I ® 14). Now we prove the existence of (Py, C)-URD(r, s) of G with

(r,s) € {(4,3),(8,0)}, where k € {t,2t,4t} in two cases as follows:

CAsE 1: (r,s) = (4,3).
Since C is a Cy-factor of K, C ® Iy = x(Cy ® 14). By Lemmas 4.2, 4.3,
and 4.4, Cy ® I has 2 Py-factors and 3 Cy-factors, where k € {t,2t, 4t}
and hence C ® I has 2 P,-factors, say Hy, Hs and 3 Cy-factors, where
ke {t,2t,4t}. Since I ® Iy = F(Ky44), and K44 has a P-factor and 2
P,-factors, the graph I ® I, has a P»-factor and 2 Pj-factors.
Therefore, each Cj-factor of C ® I is also a Cj-factor of G, where k €
{t,2t,4t} and each Py-factor of I ® I4 is also a Py-factor of G. There are
3 Cy-factors and 2 P, factors of G. The remaining 2 P, factors of G can
be constructed from 2 P»-factors of C ® Iy and a Py-factor of I ® Iy4.
Each H;,7 = 1,2, is a Py-factor between the set of vertices in the 1st and
2nd columns and the set of vertices in the 3rd and 4th columns (as per
Lemmas 4.2-4.4). A Py-factor of I ® I is a union of a Ps-factor between
the vertices in the 1st and 2nd columns and a P»-factor between the
vertices in the 3rd and 4th columns.
The graph obtained by joining the P»-factor between the vertices in the
1st and 2nd columns of I ® I, with H; gives a Py-factor of G and the
graph obtained by joining the P»-factor between the vertices in the 3rd
and 4th columns of I ® I, and Hs gives a Pj-factor of G.
In total, there are 3 Cj-factors and 4 P, factors of G. That is, there
exists a (Py,Cy)-URD(4,3) of G = (C® ) ® I4.

CASE 2: (r,s) = (8,0).
By Lemma 4.1, C; ® I4 has 2 P»-factors and 4 P4-factors. Hence C ® Iy
has 2 Pp-factors and 4 Pj-factors. Since I ® Iy = (K44) and Ky4
has a P>-factor and 2 Py-factors, the graph I ® I has a P»-factor and 2
Py-factors.
Each Py-factor of C®1y is also a Py-factor of G and each Py-factor of I® 1y
is also a Pj-factor of GG. So, there are 6 P;-factors of G. The remaining
2 Pj-factors of G can be constructed from 2 P»-factors of C ® Iy and a
Py-factor of I ® Iy.
Note that one Ps-factor of C ® I is a union of a Ps-factor between the
vertices in the 1st and 2nd columns and a P»-factor between the vertices
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in 3rd and 4th columns. Another P,-factor of C ® I is a union of a Ps-
factor between the vertices in the 2nd and 3rd columns and a P»-factor
between the vertices in the 4th and 1st columns. Also P-factor of I ® Iy
is a union of a Py-factor between the vertices in the 1st and 2nd columns
and a P»-factor between the vertices in the 3rd and 4th columns.
The union of 2 P,-factors of C ® Iy gives a 2-factor of C ® Iy, say H,
such that it has a P»-factor between any two consecutive columns. Now
remove the P-factor between the vertices in the 2nd and 3rd columns
of H, then the existing graph is a Ps-factor of G. Joining the removed
edges from H with the P»-factor of I ® I, gives a Py-factor of G.
In total, there are 8 Pj-factors of G. That is, there exists a (Py, C)—
URD(8,0) of G=(CH 1) ® I4.

O

Theorem 6.3. Lett > 3, m = 0 (mod t) > 7 and let C*, C?, and C3
be any three edge-disjoint Ci-factors of Ky,. Then there exists a (Py, Ck)-
URD(16,0) of (9?_,C") ® I4.

Proof. Let m = tz, x > 1. Consider the graph G = (&3_,C) @ I = (C' ®
L)@ (C?®1,)®(C3®14). Now we prove the existence of (Py, Cj)-URD(16,0)
of G as follows:

Since each C',i = 1,2,3 is a Cy-factor of K, C' ® Iy = z(C; ® Iy).
By Lemma 4.1, C; ® Iy has 2 P,-factors and 4 P,-factors. Hence each
C'® I4,i = 1,2,3 has 2 Py-factors and 4 P-factors. These 4 Py-factors of
each C'®1y, 1 = 1,2, 3 together gives 12 Py-factors of G. The remaining 4 P;-
factors of G can be constructed from 2 P»-factors of each C' ® I4,i = 1,2, 3.

For each 4, i = 1,2,3, adding 2 P»-factors of C* ® I gives a 2-factor,
say H;, of C' ® I such that it has a Ps-factor between any two consecutive
columns.

Now remove the Ps-factor between the vertices in the i and (i + 1)th
column of each H;, i = 1,2, 3, then the remaining graph gives a P;-factor of
G. Form a new graph by adding the removed edges from each H;, i =1, 2, 3,
then the resulting graph itself is a Py-factor of G. Hence we get 4 P,-factors
of G.

In total, there are 16 Pj-factors of G. (i.e.) there exists a (Ps, Ck)—
URD(16,0) of G = (&?_,C") ® I4. O

Theorem 6.4. Let m > 4 is even. Let C and I be the edge-disjoint C,,-
factor and 1-factor of K,,. Then there exists a (Py,C))-URD(r,s) of (C ®
I ® Iy with (r,s) € {(8,0), (4,3),(0,6)}, where k € {4,8}.

Proof. Let G = (CaI)®1y = (C®I1,)D(I®1,). Now we prove the existence of
(Py, Cx)-URD(r, s) of G with (r,s) € {(8,0),(4,3),(0,6)}, where k € {4,8}

in two cases as follows:
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Caske 1: (r,s) € {(4,3),(0,6)}.
Since I ® Iy = ( 44) and K44 has 2 Cy-factors, k € {4,8}. Hence
(P4, Cy)-URD(0,2) of I ® I4 exists, where k € {4,8}. By Lemmas 5.1
and 5.2, C ® Iy has a (Py,Cy)-URD(r,s) with (r,s) € {(4,1),(0,4)},
where k € {4, 8}.
Therefore there exists a (Py, Cx)-URD(r, s) of G with (r,s) € {(4,1),
(0,4)} +4{(0,2)} = {(4,3),(0,6)}, where k € {4, 8}.

CASE 2: (r,s) = (8,0).
This case follows from case 2 of Theorem 6.2.

7. MAIN RESULTS

In this section, we prove our main results.

Theorem 7.1. There exists a (Py,Cs)-URD(n;r,s) if and only if n
0 (mod 4) and (r,s) € J(n).

Proof. Necessity follows from Lemma 2.6. Conversely, let n = 4m, m >
1. Since K4 has 2 Py-factors, (Ps, C4)-URD(4;2,0) exists. We know that
Kg = Ky4 ® 2Ky, K4 has 2 Cy-factor and Ky has 2 Pj-factor. Hence
(P4, Cy)-URD(8;2,2) exists.

Let m > 3 and let C be any C,,-factor of K,,. Since C is a C,,-factor of
Ky, C® 1y = C, ® Iy. By Lemma 5.1, Cy,, ® Iy has a (Py,Cy)-URD(r, s)
with (r,s) € {(4,1),(0,4)}. Hence C ® Iy has a (Ps, C4)-URD(r,s) with
(r,5) € {(4,1),(0,4)}.

By Theorem 6.3, there exists a (Py, C4)-URD(16,0) of (C°®C*®C®) @ 14,
where C%, C°, and C¢ are any 3 edge-disjoint C,,-factors of K,,. When m is
even, (C @ I) ® Iy has a (P4, Cs)-URD(r,s) with (r,s) € {(8,0),(4,3)} by
Theorem 6.4, where [ is a 1-factor of K, edge-disjoint from C.

Applying Theorem 3.1 (when m is odd) and Theorems 3.2 and 3.3, (when
m is even) with t = m and k = 4, we obtain a (Py, C4)-URD(4m;r, s) with
(r,s) € J(4m). This completes the proof. O

Theorem 7.2. There exists a (Py,Cg)-URD(n;r,s) if and only if n =
0 (mod 8) and (r,s) € J(n).

Proof. Necessity follows from Lemma 2.6. Conversely, let n = 8x = 4m,
m > 2 is even. We know that Kg = K44 © 2Ky, K44 has 2 Cg-factors and
K, has 2 Py-factors. Hence (Py, Cs)-URD(8;2,2) exists.

Let m > 4is even and let C be any C,,,-factor of K,,. Since C is a C,,,-factor
of K, C® Iy = Cp, ® Iy. By Lemma 5.2, C),, ® I has a (Py, Cg)-URD(r, s)
with (r,s) € {(4,1),(0,4)}. Hence C ® I4 has a (Py,Cs)-URD(r,s) with
(r,5) € {(4,1), (0, 9)}.

By Theorem 6.3, there exists a (Py, Cg)-URD(16,0) of (C°@®C*®C®) @ 14,
where C%, C?, and C¢ are any 3 edge-disjoint C,,-factors of K,,. (C® 1) ® I4
has a (Py, Cs)-URD(r, s) with (r,s) € {(8,0), (4,3)} by Theorem 6.4, where
I is a 1-factor of K, edge-disjoint from C.
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Applying Theorems 3.2 and 3.3 with ¢t = m and k = 8, we obtain a
(P4, C3)-URD(4m;r, s) with (r,s) € J(4m). This completes the proof. [

Theorem 7.3. Let k > 3 be an odd integer. Then there exists a (Py, Ck)—
URD(n;r,s) if and only if n = 0 (mod 4k) and (r,s) € J(n), except for
k=3 and n € {24,48}.

Proof. Necessity follows from Lemma 2.6. Conversely, let n = 4kz, x > 1.

There exists a (Ps, Cx)-URD(r, s) of C ® Iy, with (r,s) € {(4,1),(0,4)},
by Theorem 6.1, where C is a Ci-factor of Kj;. By Theorem 6.3, there exists
a (Py,Cy)-URD(16,0) of (C*®C? ®C°) ® I4, where C?, C°, and C¢ are any 3
edge-disjoint Cy-factors of Ky,. When kz is even, (C®)® 14 has a (Py, Cy)—
URD(r, s) with (r,s) € {(8,0), (4,3)} by Theorem 6.2, where [ is a 1-factor
of Ky, edge-disjoint from C.

Applying Theorem 3.1 (when kx is odd) and Theorems 3.2 and 3.3, (when
kx is even) with m = kx and ¢ = k, we obtain a (Py, Cy)-URD(4kx;r,s)
with (r,s) € J(4kx) except when k = 3 and 4kx € {24, 48}.

That is, there exists a (Ps, Cy)-URD(n;r,s) with (r,s) € J(n) except
when k& = 3 and n € {24,48}, where £k = 1 (mod2) > 3 and n =
0 (mod 4k). O

Theorem 7.4. Let k = 2 (mod 4) > 6. Then there exists a (P1,Cy)-
URD(n;7,s) if and only if n = 0 (mod 2k) and (r,s) € J(n), except for
k=6 and n € {24,48}.

Proof. Necessity follows from Lemma 2.6. Conversely, let n = 2kz = 4(%)1‘,
x> 1. Let % =k, then k¥’ > 3 is an odd integer.

Let C be any Cjy/-factor of Kys,. Then there exists a (Py, Cor)-URD(r, s)
of C® 1y, with (r,s) € {(4,1),(0,4)}, by Theorem 6.1. By Theorem 6.3, there
exists a (Py, Cop)-URD(16,0)) of (C* @ C® & C°) ® I4, where C?, C°, and C°
are any 3 edge-disjoint Cy/-factors of Kp,. (C @ I) ® Iy has a (Py, Copr)—
URD(r, s) with (r,s) € {(8,0),(4,3)} by Theorem 6.2, when £’z is even,
where [ is a 1-factor of Ky, edge-disjoint from C.

Applying Theorem 3.1 (when £’z is odd) and Theorems 3.2 and 3.3, (when
Kz is even) with m = k'z, t = k' and k = 2t, we obtain a (Py, Cop)—
URD(4k'x;r,s) with (r,s) € J(4k'z) except when k' = 3 and 4Kz €
{24, 48}.

That is, there exists a (Ps, Cy)-URD(n;r,s) with (r,s) € J(n) except
when k& = 6 and n € {24,48}, where £ = 2 (mod4) > 6 and n =
0 (mod 2k). O

Theorem 7.5. Let k = 0 (mod 4) > 12. Then there exists a (Py,Cy)—
URD(n;r,s) if and only if n =0 (mod k) and (r,s) € J(n).

Proof. Necessity follows from Lemma 2.6. Conversely, let n = kx = 4(%)1‘,
x> 1. Let%zk" Then n = 4k'z, x > 1.

Let C be any Cy-factor of Kjs,. There exists a (Py, Cyrr)-URD(r, s) of
C ® Iy, with (r,s) € {(4,1),(0,4)}, by Theorem 6.1. By Theorem 6.3, there
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exists a (Py, Oy )-URD(16,0) of (C* @ C* & C®) ® Iy, where C?, C?, and C°©
are any 3 edge-disjoint Cy/-factors of Kjys,. The graph (C & I) ® I has a
(Py, Cypr)-URD(r, s) with (r,s) € {(8,0),(4,3)} by Theorem 6.2, when k'z
is even, where [ is a 1-factor of K}, edge-disjoint from C.

Applying Theorem 3.1 (when £’z is odd) and Theorems 3.2 and 3.3, (when
Kz is even) with m = k'z, t = k' and k = 4¢, we obtain a (Py, Cypr)—
URD(4kn;r, s) with (r, s) € J(4k'z) except when k' = 3 and 4K’z € {24, 48}.

That is, there exists a (Ps, Cy)-URD(n;r,s) with (r,s) € J(n) except
when k£ = 12 and n € {24,48}, where k¥ = 0 (mod 4) > 12 and n =
0 (mod k). O

Theorem 7.6. There exists a (Py,C3)-URD(24;r,s) with (r,s) € {(4z +
2,10 — 32) |z = 0,1,2,3).

Proof. We prove the existence of (Py, C3)-URD(24;r, s) with (r,s) € {(4z+

2,10 — 3z) | x = 0,1,2,3} in three cases as follows:

Cask 1: (r,s) = (2,10).
By Theorem 3.3, there exists a (Py, C3)-URD(24; 2, 10).

CASE 2: (r,s) € {(14,1),(10,4)}.
Let V(Kg) = {0,1,2,3,4,5}. Then K¢ = C' @ C? @ I, where C! =
{(0,1,2),(3,4,5)}, €2 = {(0,3,1,5,2,4)} and I = {[2,3],[1,4],[0,5]}.
Clearly C' is a Cs-factor, C? is a Cg-factor and I is a 1-factor of K.
Consider

Koy =

>~

(Ko ®1I4) ® (Is ® Ky)
(C'oL)e(CCaol)el)® (Is® Ky).

Since C! ® I = 2(C3 ® 1), there exists a (Py, C3)-URD(r, s) of C! ® I4
with (r,s) € {(4,1),(0,4)}, by Theorem 6.1. The graph (C?> & I) ® I4
has a (Py, C3)-URD(r, s) with (r,s) = (8,0), by Theorem 6.2. Since K4
has 2 Py-factors, Is ® K4 has a (Py,C3)-URD(r, s) with (r,s) = (2,0).
This gives the existence of (Py,C3)-URD(v;r,s) of Koy with (r,s) €
{14,1), (0,4)} + {(8,0)} + {(2,0)}} = {(14,1), (10, 4.
CASE 3: (r,s) = (6,7).

Consider Koy = (Kg (%9 Ig) D (Ig ® Kg) Let V(Kg &® Kg) = UiEZgXiv
where X; = {i; | j € Zg},i € Z3. E(K3® Ig) = Uicz,1ez:F1(Xi, Xig1)
and E(I3 ® Kg) = Ujez,.0<a<b<7{la,ip}. Now we construct 6 P;-factors
of K94 as follows: Let

i1,14,%0,15), [i3, i6,92,07] | 1 € Z3};
i0, 17,13, 14, [i2, i5,71,16) | 1 € Z3};
[i J i€ Zsk
i1,13, 190,12, [i6, 14, 97,15) | 1 € Zs};
i+ 1)4,90,11, (0 + 1)5], [(4 4+ 1)6, 2,43, (i + 1)7] | ¢ € Zs};

1+ 1)0,24,25, (Z + 1) ], [(Z + 1)2,i6,i7, (Z + 1)3] ’ 1€ Zg},

]
0, 16, U5, 03], [14, 12, 11, 7
]

.—‘.—‘r—.r:‘r—|r—|

/\/\
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where the additions are taken modulo 3. Now we construct 7 Cs-factors
of Koy as follows: Let

Cl = Fy(Xo, X1) U Fy(X1, Xo) U Fy(X2, Xo);
C? = F1(Xo, X1) U F5(X1, X2) U Fy(X2, Xo);
C3 = Fy(Xo, X1) U F1(X1, Xo) U F5(X2, Xo);
C* = F3(Xo, X1) U Fr(X1, Xo) U F(X2, Xo);
C5 = F5(Xo, X1) U Fy (X1, Xo) U F1 (X2, Xo);
C5 = F5(Xo, X1) U F3(X1, X2) U Fr (X2, Xo);
C" = Fy(Xo, X1) U F5(X1, X2) U F3(Xo, Xo),

Hence {P*,C7 |1 <i<6,1<j <7} gives a (Py,C3)-URD(6,7) of Kay.
Hence there exists a (Py, Cg) ~-URD(24;r, s) with (r,s) € {(2,10), (6,7),
(10,4), (14,1)}.

U

Theorem 7.7. There exists a (Py,C3)-URD(48;r,s) with (r,s) € {(4z +
2,22 — 3z) |2 =0,1,2,3,4,5,6,7}.

Proof. We prove the existence of (Py,C3)-URD(48;r,s) with (r,s) € {(4z+

2,22 —3z) | x=0,1,2,3,4,5,6,7} in three cases as follows:

CASE 1: (r,s) = (2,22).
By Theorem 3.3, there exists a (Py, C3)-URD(48; (2, 22)).

CasE 2: (r,s) € {(10,16), (14,13), (18,10), (22, 7), (26, 4), (30, 1)}
Let V(K12) = {0,1,2,3,4,5,7,8,9,10,11}. Then K1 =C' @ C? o C® @
C* @ C° @ I, where C' = {(0,2,4),(1,3,5),(6,8,10),(7,9,11)}; C* =
{(0,3,6),(1,2,7), (4,8,11),(5,9,10)}; ¢* = {(0,5,11), (1,4,10), (2,6, 9),
(3,7,8)}; ¢* = {(0,7,10),(1,6,11),(2,8,5),(3,9,4)}; C° = {(0,8,1,9),
(2,10,3,11), (4,6,5,7)} and T = {[0,1],[2,3], [5,4], [6, 7].[8,9], [10, 1]}
Clearly each C?, i = 1,2,3,4 is a Cs-factor, C° is a Cy-factor and I is a
1-factor of Ki5. Now

Kys = (K12 ® 14) @ (112 @ Ky)
= ('@ L)@ (C*el) o (C° 1)
ORI (CODI)® 1) @ (I1n ® Ky).

There exists a (P4, C3)-URD(r,s) of each C' ® I, i = 1,2,3,4 with
(r,s) € {(4,1),(0,4)} by Theorem 6.1. (C° @ I) ® I4 has a (Py,C3)—
URD(8,0) by Theorem 6.2. There exists a (Py,C3)-URD(16,0) of
(@?Zlci) ® Iy by Theorem 6.3. Since K, has 2 Py-factor, I1o ® K, has
a (Py, C3)-URD(2,0). This gives the existence of (P4, C5)-URD(48; 7, s)
with (r,s) € {(4—3z)%{(4,1),(0,4)} +z «{(16,0)} +{(8,0)} +{(2,0)} |
0<z<1}={(10,16), (14,13), (18,10), (22,7), (26,4), (30, 1)}.
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CASE 3: (r,s) = (6,19).

Consider Kyg = (K4 ® I12) ® (I3 ® Ki2). By Theorem 2.2, K4 ® I3 has a
(P4, C3)-URD(0, 18). There exists a (Py, C3)-URD(12;6,1) by Theorem
7.3 and Iy ® K192 =2 4K39, 14 ® Kj2 has a (Py, C5)-URD(6, 1). This gives
the existence of (P4, C3)-URD(48;6,19).
Therefore, there exists a (Py,C3)-URD(48;r,s) with (r,s) € {(2,22),
(6,19), (10,16), (14,13), (18,10), (22,7), (26,4), (30, 1)}.

U

Theorem 7.8. There exists a (Py,Cy)-URD(n;r,s) with (r,s) € J(n) =
{(4a+2,252-3z) |z =0,1,..., | 22|}, where k € {6,12} and n € {24,48}.

Proof. We prove the existence of (Py, Cy)-URD(n;r,s) with (r,s) € J(n),
where k € {6,12} and n € {24,48} in two cases as follows:
CASE 1: n = 24.
Let C be a Cg-factor of Kg — I, where [ is a 1-factor of Kg. There exists
a (Py, Cx)-URD(r, s) of C ® I4, with (r,s) € {(4,1),(0,4)}, by Theorem
6.1 and (C®I)® I4 has a (Py, Cx)-URD(r, s) with (r,s) € {(8,0), (4,3)}
by Theorem 6.2, where k € {6,12}.
Applying Theorems 3.2 and 3.3, with t = m = 6 and k € {6,12}, we
obtain a (Py, Cy)-URD(24;r, s) with (r,s) € J(24), where k € {6,12}.
CASE 2: n =48.
Let C and I be edge-disjoint Cg-factor and 1-factor of Kj9. There exists
a (Py, Cr)-URD(r,s) of C ® Iy, with (r,s) € {(4,1),(0,4)}, by Theorem
6.1 and (C®I)® 1, has a (Py, Cx)-URD(r, s) with (r,s) € {(8,0),(4,3)}
by Theorem 6.2, where k € {6,12}. By Theorem 6.3, there exists a
(P4, Cy,)-URD(16,0) of (C* @ C’ @ C°) ® Iy, where C?, C°, and C¢ are any
3 edge-disjoint Cg-factors of Kjo.
Applying Theorems 3.2 and 3.3, with ¢ = 6, m = 12 and k € {6, 12}, we
obtain a (Py, Cy)-URD(48; 7, s) with (r,s) € J(48), where k € {6,12}.
From cases 1 and 2, there exists a (Py, Cy)-URD(n; r, s) with (r, s) € J(n),
where k € {6,12} and n € {24, 48}. O

8. CONCLUSION

Combining Theorems 7.1 to 7.8, we have completely settled the existence
of (Py, Cx)-URD(n;r,s) for any admissible parameters n, r, and s, where
k> 3.
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