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3-UNIFORM HYPERGRAPHS: DECOMPOSITION AND
REALIZATION

A. BOUSSAIRI, B. CHERGUI, P. ILLE, AND M. ZAIDI

ABSTRACT. Let H be a 3-uniform hypergraph. A tournament 7" defined
on V(T) =V (H) is a realization of H if the edges of H are exactly the
3-element subsets of V(T') that induce 3-cycles. We characterize the 3-
uniform hypergraphs that admit realizations by using a suitable modular
decomposition.

1. INTRODUCTION

Let H be a 3-uniform hypergraph. A tournament 7', with the same vertex
set as H, is a realization of H if the edges of H are exactly the 3-element
subsets of the vertex set of T that induce 3-cycles. The aim of the paper
is to characterize the 3-uniform hypergraphs that admit realizations (see [2,
Problem 1]). This characterization is in the vein of that of comparability
graphs, that is, the graphs admitting a transitive orientation (see [9]).

In Section 2, we recall some of the classic results on modular decomposi-
tion of tournaments.

In the section below, we introduce a new notion of module for hyper-
graphs. We introduce also the notion of a modular covering, which general-
izes the notion of a partitive family. In Appendices A and B, we show that
the set of modules of a hypergraph is a modular covering.

In Section 3, we consider the notion of a strong module, which is the usual
strengthening of the notion of a module (for instance, see Subsection 2.1 for
tournaments). We establish the analogue of Gallai’s modular decomposition
theorem for hypergraphs.

Let H be a realizable and 3-uniform hypergraph. Clearly, the modules
of the realizations of H are modules of H as well, but the converse is false.
Consider a realization 1" of H. In Section 4, we characterize the modules of
H that are not modules of T. We deduce that a realizable and 3-uniform hy-
pergraph and its realizations share the same strong modules. Using Gallai’s
modular decomposition theorem, we prove that a realizable and 3-uniform
hypergraph is prime (i.e. all its modules are trivial) if and only if each of
its realizations is prime too. We have parallel results when we consider a
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comparability graph and its transitive orientations (for instance, see [11,
Theorem 3] and [11, Corollary 1]).

In Section 5, by using the modular decomposition tree, we demonstrate
that a 3-uniform hypergraph is realizable if and only if all its prime, 3-
uniform and induced subhypergraphs are realizable. We pursue an inductive
characterization of the prime and 3-uniform hypergraphs that are realizable.
Hence [2, Problem 1] is solved. From this characterization, we deduce a new
proof of [2, Corollary 1], the main result of [2] for tournaments. We conclude
by counting the realizations of a realizable and 3-uniform hypergraph by
using the modular decomposition tree. There is an analogue counting when
we determine the number of transitive orientations of a comparability graph
by using the modular decomposition tree of the comparability graph. The
number of transitive orientations of a comparability graph was determined
by Filippov and Shevrin [6]. They used the notion of a saturated module,
which is close to that of a strong module.

Next, we formalize our presentation. We consider only finite structures. A
hypergraph H is defined by a vertex set V(H) and an edge set E(H ), where
E(H) c2VW) < {z}. Given a hypergraph H, v(H) denotes the cardinality
of V(H). In the sequel, we consider only hypergraphs H such that

E(H) <2V ({g}u{{v} v e V(H)}).
Given k > 2, a hypergraph H is k-uniform if

E(H)c (V(H)).
k
A hypergraph H is empty if E(H) = @. Let H be a hypergraph. With
each W ¢ V(H), we associate the subhypergraph H[W ] of H induced by W,
which is defined by V(H[W]) =W and E(H[W])={ec E(H):ec W}.

Definition 1. Let H be a hypergraph. A subset M of V(H) is a module
of H if for each e € F(H) such that en M # @ and e x M # @&, there exists
m € M such that en M = {m} and for every n € M, we have

(e~ {m}) U {n} e B(H).

Definition 1 is not the classic definition of a module of a hypergraph. The
classic definition is provided in Definition 24. We compare both definitions
in Remark 25. We motivate the choice of Definition 1 in Remark 26.

Notation 2. Given a hypergraph H, the set of the modules of H is denoted
by . (H). For instance, if H is an empty hypergraph, then .Z (H) = oV (H)

We study the set of the modules of a hypergraph. Let S be a set. A
family .# of subsets of S is a partitive family [3, Definition 6] on S if it
satisfies the following assertions.

e ge. 7, SeZ, and for every z € S, {x} € Z.
e Forany M\Ne #, MnN e %.
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e Forany M\Ne Z, it MnN +#@, M~ N #+@ and N\ M # &, then
MuNeZ and (MNN)U(N\M)eZ.

Proposition 3. Given a hypergraph H, .# (H) is a partitive family.

Proposition 3 is well-known for 2-uniform hypergraphs, that is, graphs.
Its proof for graphs is easy whereas it is more difficult in the general case.
Since the proof of Proposition 3 is long and technical in the general case, we
provide it in Appendix A. We generalize the notion of a partitive family as
follows.

Definition 4. Let S be a set. A modular covering of S is a function 9
which associates with each W c S a set (W) of subsets of W, and which
satisfies the following assertions.

(A1) For each W c S, M(W) is a partitive family on W.

(A2) For any W, W' c S, if W c W', then

{M'nW : M e MW"} cM(W).
(A3) For any W, W' c S if W W' and W e M(W'), then
(M e MW'): M' < W) = M(W).

(A4) Let W, W' c S such that W ¢ W’'. For any M € 9(W) and M’ €
MW", if MM =@ and M'nW @, then M € IM(W u M").

(A5) Let W, W' c S such that W ¢ W’'. For any M € 9(W) and M’ €
MW", it M n M’ % @, then M UM’ ¢ M(W u M").

We obtain the following result.

Proposition 5. Given a hypergraph H, the function defined on 2V(H),
which maps each W ¢ V(H) to .#(H[W1]), is a modular covering of V(H).

As for Proposition 3, we provide the proof of Proposition 5 in Appendix B.

Let H be a hypergraph. By Proposition 3, @, V(H), and {v}, where v €
V(H), are modules of H, called trivial. A hypergraph H is indecomposable
if all its modules are trivial, otherwise it is decomposable. An hypergraph H
is prime if it is indecomposable with v(H) > 3.

To state Gallai’s modular decomposition theorem for hypergraphs, we
need to define the quotient of a hypergraph by a modular partition (see
Subsection 2.1 for tournaments).

Definition 6. Let H be a hypergraph. A partition P of V/(H) is a modular
partition of H if P € .# (H). Given a modular partition P of H, the quotient
H/P of H by P is defined on V(H/P) = P as follows. For £ ¢ P, £ ¢ E(H/P)
if |€] > 2, and there exists e € F(H) such that £E={X e P: X ne + &}.

As for tournaments, we introduce the following strengthening of the no-
tion of a module. Let H be a hypergraph. A module M of H is strong if for
every module N of H, we have

if MnN+@, then M c N or Nc M.
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Notation 7. Let H be a hypergraph. Recall that a subset W of V(H) is a
proper subset of V(H) if W + V(H). We denote by II( H) the set of proper
strong modules of H that are maximal under inclusion. Clearly, II(H) is a
modular partition of H when v(H) > 2.

Gallai’s modular decomposition theorem for hypergraphs follows. It is
the analogue of Theorem 17.

Theorem 8. Given a hypergraph H with v(H) > 2, H|TI(H) is an empty
hypergraph, a prime hypergraph, or a complete graph (i.e. E(H/II(H)) =
TI(H
("5"))-

A realization of a 3-uniform hypergraph is defined as follows. To begin,

we associate with each tournament a 3-uniform hypergraph in the following
way.

Definition 9. The 3-cycle is the tournament C3 = ({0, 1,2},{01,12,20}).
Given a tournament 7', the Cs-structure of T' is the 3-uniform hypergraph
C3(T) defined on V(C5(T)) =V (T) by

E(C3(T)) ={X cV(T):T[X] is isomorphic to C3} (see [2]).
Definition 10. Given a 3-uniform hypergraph H, a tournament 7', with

V(T) =V (H), realizes H if H = C3(T"). We say also that T" is a realization
of H.

Whereas a realizable and 3-uniform hypergraph and its realizations do
not have the same modules, they share the same strong modules.

Theorem 11. Consider a realizable and 3-uniform hypergraph H. Given a
realization T of H, H and T share the same strong modules.

Theorem 11 is a key result, it necessitates long and technical preliminaries
(see Proposition 42). The next result follows from Theorems 8 and 11.

Theorem 12. Consider a realizable and 3-uniform hypergraph H. For a
realization T of H, we have H is prime if and only if T is prime.

Lastly, we characterize the realizable and 3-uniform hypergraphs. To be-
gin, we establish the following theorem by using the modular decomposition
tree.

Theorem 13. Given a 3-uniform hypergraph H, H is realizable if and only
if for every W ¢ V.(H) such that H{W] is prime, H[W] is realizable.

We conclude by characterizing the prime and 3-uniform hypergraphs that
are realizable (see Theorems 49 and 52).
2. BACKGROUND ON TOURNAMENTS

Given a tournament 7', v(7") denotes the cardinality of V(7"). A tour-
nament is a linear order if it does not contain C3 as a subtournament.
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Given n > 2, the usual linear order on {0,...,n — 1} is the tournament
L,=({0,....n=-1},{pg: 0<p<qg<n-1}). With each tournament T, as-
sociate its dual T™ defined on V(T™) = V(T') by A(T*) = {vw : wv e A(T)}.

2.1. Modular decomposition of tournaments. To begin, we consider a
digraph D. A subset M of V(D) is a module [16] of D provided that for any
x,y € M and v e V(D) M, we have zv € A(D) if and only if yv € A(D),
and va € A(D) if and only if vy € A(D). (A module is also called a closed
set [8], an autonomous set [13], or a homogeneous set [14].)

Let T be a tournament. We obtain that a subset M of V(T) is a module
of T provided that for any z,y € M and v € V(T), if xv,vy € A(T), then
v € M. Note that the notions of a module and of a convex subset [10]
coincide for tournaments. Moreover, note that the notions of a module and
of an interval coincide for linear orders.

Notation 14. Given a tournament 7', the set of the modules of T" is denoted

by #(T).

We study the set of the modules of a tournament. We need the following
weakening of the notion of a partitive family. Given a set S, a family .# of
subsets of S is a weakly partitive family [12] on S if it satisfies the following
assertions.

@eF, SeF, and for every x € S, {x} € Z.

For any M,Ne #, MnN e %.

For any M, N ¢ #,if Mn N @, then MuUN € .%.

For any M,N € %, if M~ N # @, then N\ M ¢ .Z.

The set of the modules of a tournament is a weakly partitive family (for

instance, see [5]). We generalize the notion of a weakly partitive family as
follows.

Definition 15. Let S be a set. A weak modular covering of S is a function
M which associates with each W ¢ S a set MM (W) of subsets of W, and
which satisfies assertions (A2)—(A5) (see Definition 4), and the following
assertion. For each W c S, M(W) is a weakly partitive family on .

Since the proof of the next proposition is easy and long, we omit it.

Proposition 16. Given a tournament T, the function defined on 2V (1),
which maps each W ¢ V(T) to #(T[W]), is a weak modular covering of
V(T).

Let T be a tournament. By Proposition 16, @, V(7T') and {v}, where
v e V(T), are modules of T', called trivial. A tournament is indecomposable
if all its modules are trivial, otherwise it is decomposable. A tournament T'
is prime if it is indecomposable with v(T") > 3.

We define the quotient of a tournament by considering a partition of its
vertex set in modules. Precisely, let T" be a tournament. A partition P of
V(T') is a modular partition of T'if P ¢ .4 (T). With each modular partition
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P of T, associate the quotient T/P of T by P defined on V(T /P) = P as
follows. Given X,Y € P such that X # Y, XY e A(T/P) if xy ¢ A(T),
where x € X and yeY.

We need the following strengthening of the notion of module to obtain
an uniform decomposition theorem. Given a tournament 7', a subset X of
V(T) is a strong module of T provided that X is a module of 7" and for
every module M of T, if X n M # @, then X ¢ M or M ¢ X. With each
tournament 7', with v(T") > 2, associate the set II(7T") of the maximal strong
module of T under the inclusion amongst all the proper and strong modules
of T. Gallai’s modular decomposition theorem follows.

Theorem 17 (Gallai [8, 14]). Given a tournament T such that v(T') > 2,
II(T) is a modular partition of T, and T |II(T) is a linear order or a prime
tournament.

Theorem 17 is deduced from the following result.

Theorem 18. Given a tournament T, all the strong modules of T' are trivial
if and only if T is a linear order or a prime tournament.

Definition 19. Given a tournament 7', the set of the nonempty strong
modules of T" is denoted by Z(T"). Clearly, Z(T") ordered by inclusion is a
tree called the modular decomposition tree of T'.

Let T be a tournament. The next proposition allows us to obtain all
the elements of 2(T') by using successively Theorem 17 from V(T') to the
singletons.

Proposition 20 (Ehrenfeucht et al. [4]). Given a tournament T', consider
a strong module M of T'. For every N ¢ M, the following two assertions are
equivalent:

(1) N is a strong module of T';
(2) N is a strong module of T[M].

We use the analogue of Proposition 20 for hypergraphs (see Proposi-
tion 39) to prove Proposition 42.

2.2. Critical tournaments.

Definition 21. Given a prime tournament 7', a vertex v of T is critical if
T — v is decomposable. A prime tournament is critical if all its vertices are
critical.

Schmerl and Trotter [15] characterized the critical tournaments. They
obtained the tournaments To,11, Uap+1, and Woy,,1 defined on {0,...,2n},
where n > 1, as follows.

e The tournament 75,1 is obtained from Lo,.1 by reversing all the
arcs between even and odd vertices (see Figure 1).

e The tournament Us, 1 is obtained from Lo,,1 by reversing all the
arcs between even vertices (see Figure 2).
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1 2i+1 2n-1

0 21 21+ 2 2n

FIGURE 1. The tournament T5,,1.

1 2i+1 2n-1

0 2 27+ 2 2n
FIGURE 2. The tournament Usj,,1.

e The tournament Ws,,1 is obtained from Lo,.1 by reversing all the
arcs between 2n and the even elements of {0,...,2n -1} (see Fig-
ure 3).

2n

0 1 2n -2 2n—-1

FIGURE 3. The tournament Wy, 1.

Theorem 22 (Schmerl and Trotter [15]). Given a tournament T, with
v(T) 25, T is critical if and only if v(T) is odd, and T is isomorphic to
Tv(T)7 U’U(T)? or W’U(T)'

2.3. The (Cs-structure of a tournament. The Cs-structure of a tourna-

ment (see Definition 9) is clearly a 3-uniform hypergraph. We recall the
main theorem of [2].
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Theorem 23 (Boussairi et al. [2]). Let T be a prime tournament. For every
tournament T', if C3(T") = C3(T), then T =T or T*.

We provide a new proof of Theorem 23 at the end of Section 5. It follows
easily from the proof of Theorem 52 (see Corollary 53).

3. MODULAR DECOMPOSITION OF HYPERGRAPHS
The classic definition of a module for hypergraphs follows.

Definition 24. Let H be a hypergraph. A subset M of V/(H) is a module [1,
Definition 2.4] of H if for any e, f € V(H) such that |e| = |f|, eNx M = f\ M,
and e\ M # @&, we have e e E(H) if and only if f € E(H).

In this paper, we use Definition 1 instead of Definition 24.

Remark 25. Definitions 1 and 24 coincide for 2-uniform hypergraphs, that
is, for graphs. They do not in the general case. Given a hypergraph H,
a module of H in the sense of Definition 1 is a module in the sense of
Definition 24. The converse is not true. Given n > 3, consider the 3-uniform
hypergraph H defined by V(H) ={0,...,n-1} and E(H) = {{0,1,p}:2<
p <n—1}. In the sense of Definition 24, {0,1} is a module of H whereas it
is not a module of H in the sense of Definition 1.

Remark 26. Let H be a realizable and 3-uniform hypergraph. Consider
a realization T' of H. Given e € E(H), all the modules of T[e] are trivial.
In order to have modular decompositions for H and 1" as close as possible,
we try to find a definition of a module of H for which all the modules of
HJe] are trivial as well. This is the case with Definition 1, and not with
Definition 24. Moreover, note that, with Definition 24, H and T" do not share
the same strong modules, but they do with Definition 1 (see Theorem 11).
Indeed, consider the 3-uniform hypergraph H defined on {0,...,n -1} in
Remark 25. In the sense of Definition 24, {0,1} is a strong module of H.
Now, consider the tournament 7" obtained from L,, be reversing all the arcs
between 0 and p € {2,...,n—1}. Clearly, T realizes H. Since T[{0,1,2}] is
a 3-cycle, {0,1} is not a module of T, so it is not a strong module.

The purpose of this section is to demonstrate Theorem 8. We use the
following notation and definition.

Notation 27. Let P be a partition of a set S. For W ¢ .S, W/P denotes
the subset {X e P: X nW # @} of P. For @ ¢ P, set

uR = U X.

Xe@

Definition 28. Let P be a partition of a set S. Consider Q ¢ P. A subset
W of S is a transverse of @ if W cu@ and [W n X|=1 for each X € Q.

The next remark makes Definition 6 clearer.
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Remark 29. Consider a modular partition P of a hypergraph H. Let
e € E(H) such that |e/P| > 2. Given X € ¢/P, we have en X # @&, and
ex X # @& because |e/P| > 2. Since X is a module of H, we obtain |en X| = 1.
Therefore, e is a transverse of e/P. Moreover, since each element of ¢/P is
a module of H, we obtain that each transverse of e¢/P is an edge of H.

Given &€ ¢ P such that || > 2, it follows that £ € E(H/P) if and only if
every transverse of £ is an edge of H.

Lastly, consider a transverse ¢ of P. The function 6; from ¢ to P, which
maps each x €t to the unique element of P containing x, is an isomorphism
from H[t] onto H/P.

In the next proposition, we study the links between the modules of a
hypergraph with those of its quotients.

Proposition 30. Given a modular partition P of a hypergraph H, the fol-
lowing two assertions hold:

(1) if M is a module of H, then M /P is a module of H|P;

(2) if M is a module of H|P, then UM is a module of H.

Proof. For the first assertion, consider a module M of H. Consider a trans-
vere ¢ of P such that

(1) for each X e M/P, tn X c M.

Clearly M nt is a module of H[¢]. Since 6; is an isomorphism from H|[t]
onto H/P(see Remark 29),

0:(M nt), that is, M /P

is a module of H/P.

For the second assertion, consider a module M of H/P. Let t be any
transverse of P. Since 6, is an isomorphism from H[t] onto H/P, (6;)"*(M)
is a module of H[t]. Set

p=(0)""(M).

Denote the elements of M by Xj,..., X,,. We verify by induction on i €
{0,...,m} that pu (XpuU...uUX;) is a module of H[t U (Xou...UX;)].
It follows from Lemma 63 that pu X is a module of H[t U Xp]. Given
0 < i <m, suppose that pu(Xou...uX;) is a module of H[tu(XouU...uX;)].
Similarly, it follows from Lemma 63 that pu(Xou...u X;,1) is a module of
H[tu(XouU...UX;s1)]. By induction, we obtain that pu (Xou...u X,,)
is a module of H[tuU (XoU...U X,,)]. Observe that

U (Xou...uX,,)=uM.

Lastly, denote the elements of P\ M by Yp,...,Y,. Using Lemma 62, we
show by induction on 0 < j < n that (UM) is a module of H[t U (XouU...U
Xm)u (You...uYj)]. Consequently, we obtain that (UM) is a module of
H[tu(Xou...uXy)u(Ypu...uY,)], that is, H. O

The next proposition is similar to Proposition 30, but is devoted to strong
modules.
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Proposition 31. Given a modular partition P of a hypergraph H, the fol-
lowing two assertions hold.

(1) If M is a strong module of H, then M [P is a strong module of H|P.
(2) Suppose that all the elements of P are strong modules of H. If M
is a strong module of H|P, then UM is a strong module of H.

Proof. For the first assertion, consider a strong module M of H. By the
first assertion of Proposition 30, M /P is a module of H/P. To show that
M /P is strong, consider a module M of H/P such that (M/P)nM = @. By
the second assertion of Proposition 30, uM is a module of H. Furthermore,
since (M /P)n M + @, there exists X € (M/P)n M. We get XnM # @ and
X ¢ UM. Therefore, M n (UM) # @. Since M is a strong module of H, we
obtain UM € M or M € uM. In the first instance, we get M ¢ M /P, and,
in the second one, we get M /P c M.

For the second assertion, suppose that all the elements of P are strong
modules of H. Consider a strong module M of H/P. To begin, we make
two observations. First, if M =@, then uM = &, and hence UM is a strong
module of H. Second, if M| =1, then uM € P, and hence UM is a strong
module of H because all the elements of P are. Now, suppose that

2) M) > 2.

By the second assertion of Proposition 30, uM is a module of H. To show
that UM is strong, consider a module M of H such that M n(uUM) # @. Let
x € M n(uM). Denote by X the unique element of P containing . We get
X e (M/P)nM. Since M is a strong module of H/P, we obtain M /P ¢ M
or M c M/P. In the first instance, we obtain u(M/P) € UM, so we have
M cu(M/P) c uM. Lastly, suppose M c M/P. It follows from (2) that

IM/P| > 2.

Let Y e M/P. Wehave YN M # @. Let Z e (M/P)\Y. We have ZnM # @,
and hence M \Y # @&. Since Y is a strong module of H, we obtain Y ¢ M.
It follows that M = u(M/P). Since M ¢ M /P, we obtain uM c u(M/P),
and hence uM ¢ M. O

We use the characterization of disconnected hypergaphs in terms of the
quotient (see Lemma 35 below) to prove the analogue of Theorem 18 (see
Theorem 36 below). Recall the following definition.

Definition 32. A hypergraph H is connected if for distinct v,w € V(H),
there exists a sequence (eg,...,e,) of edges of H, where n > 0, satisfying
v € ey, weE ey, and (when n > 1) e; neq # @ for every 0 < i < n— 1.
Given a hypergraph H, a maximal connected subhypergraph of H is called
a component of H.

Notation 33. Given a hypergraph H, the set of the components of H is
denoted by €(H).
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Remark 34. Let H be a hypergraph. For each component C of H, V(C)
is a module of H. Thus, {V(C): C e €(H)} is a modular partition of H.
Furthermore, for each component C' of H, V(C) is a strong module of H.
We conclude the remark with the following result.

Lemma 35. Given a hypergraph H with v(H) > 2, the following assertions
are equivalent:

(1) H is disconnected;
(2) H admits a modular bipartition P such that H|P is empty;
(3) II(H) ={V(C):Ce€(H)}, II(H)| 22, and H/II(H) is empty.

Let H be a hypergraph such that v(H) > 2. Because of the maximality of
the elements of II(H) (see Notation 7), it follows from the second assertion
of Proposition 31 that all the strong modules of H/II(H) are trivial. To
prove Theorem 8, we establish the following result, which is the analogue of
Theorem 18.

Theorem 36. Given a hypergraph H, all the strong modules of H are trivial
if and only if H is an empty hypergraph, a prime hypergraph, or a complete
graph.

Proof. Clearly, if H is an empty hypergraph, a prime hypergraph, or a
complete graph, then all the strong modules of H are trivial.

To demonstrate the converse, we prove the following. Given a hypergraph
H, if all the strong modules of H are trivial, and H is decomposable, then
H is an empty hypergraph or a complete graph.

To begin, we show that H admits a modular bipartition. (This part also
appears in the proof of Theorem 18, see [2, Proposition 2].) Since H is
decomposable, we can consider a maximal nontrivial module M of H under
inclusion. Since M is a nontrivial module, M is not strong. Consequently,
there exists a module N of H such that M n N # @, M ~ N # &, and
N~M +@. Since MnN £ @, MuN is a module of H by Lemma 57.
Clearly, M ¢ M u N because N \ M # @. Since M is a maximal nontrivial
module of H, M U N is a trivial module of H, so M u N = V(H). Since
M~ N #@, N\ M is a module of H by Lemma 58. But, N\M =V (H)\M
because M U N = V(H). It follows that {M,V(H) ~ M} is a modular
bipartition of H.

We have H/{ M,V (H)\ M} is an empty hypergraph or a complete graph.
We distinguish the following two cases.

(1) Suppose that H/{M,V (H)~ M} is an empty hypergraph. We prove
that H is an empty hypergraph. By Lemma 35, H is disconnected.
Let C € €(H). As recalled in Remark 34, V(C) is a strong module
of H. By hypothesis, V(C) is trivial. Since H is disconnected,
V(C) ¢ V(H). It follows that v(C) = 1. Therefore, H is isomorphic
to HI{V(C) : C € €(H)}. It follows from Lemma 35 that H is
empty.
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(2) Suppose that H/{M,V(H)~ M} is a complete graph. We prove that
H is a complete graph. Consider the graph H¢ defined on V(H) by

®) wey = e~ (VU)o (VOD) s B,
It is easy to verify that H and H ¢ share the same modules. Therefore,
they share the same strong modules. Consequently, all the strong
modules of H¢ are trivial, H¢ is decomposable, and {M,V (H)\ M}
is a modular bipartition of H. Since H/{M,V (H)\M} is a complete
graph, H°/{M,V (H) \~ M} is empty. It follows from the first case
that H¢ is empty. Hence F(H¢) = @, and it follows from (3) that

E(H) = (V). O

Remark 37. Theorem 36 is stated as follows for hypergraphs that are not
graphs. Given a hypergraph H such that

V(H
B(H) ( (2 ))) : 0,
all the strong modules of H are trivial if and only if H is empty or prime.

Proof of Theorem 8. For a contradiction, suppose that H/II(H) admits a
nontrivial strong module S. By the second assertion of Proposition 31, uS
is a strong module of H. Given X € S, we obtain X ¢ uS ¢ V(H), which
contradicts the maximality of X. Consequently, all the strong modules
of H/TI(H) are trivial. To conclude, it suffices to apply Theorem 36 to
H/TI(H). O

Definition 38. Let H be a hypergraph. As for tournaments (see Defini-
tion 19), the set of the nonempty strong modules of H is denoted by Z(H).
Clearly, Z(H) ordered by inclusion is a tree. It is called the modular de-
composition tree of H. For convenience, set

Pe2(H) ={X € 7(H):[X]>2}.

Moreover, we associate with each X € Z55(H), the label ey (X) defined
as follows
A if H[X]/II(H[X]) is prime,
oif H[X|/II(H[X]) is empty,
or
o if H{ X ]/TI(H[X]) is a complete graph.

5H(X) =

To conclude, we prove the analogue of Proposition 20 for hypergraphs.

Proposition 39. Given a hypergraph H, consider a strong module M of
H. For every N ¢ M, the following two assertions are equivalent:

(1) N is a strong module of H;
(2) N is a strong module of H[M].
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Proof. Let N be a subset of M. To begin, suppose that N is a strong module
of H. Since N is a module of H, N is a module of H[M ] by Lemma 60. To
show that N is a strong module of H[M], consider a module X of H[M]
such that N n X # @. Since M is a module of H, X is a module of H by
Lemma 61. Since N is a strong module of H, we obtain N € X or X ¢ N.
Conversely, suppose that N is a strong module of H[M]. Since M is a
module of H, N is a module of H by Lemma 61. To show that IV is a strong
module of H, consider a module X of H such that N n X # @g. We have
MnX # @ because N ¢ M. Since M is a strong module of H, we obtain
M c X or X ¢ M. In the first instance, we get N € M < X. Hence, suppose
that X ¢ M. By Lemma 60, X is a module of H[M]. Since N is a strong
module of H[M] and N nX # &, we obtain N < X or X ¢ N. O

4. REALIZATION AND DECOMPOSABILITY

We need the following notation for the next proposition.

Notation 40. Let H be a 3-uniform hypergraph. For W ¢ V(H) such that
W+g, WH denotes the intersection of the strong modules of H containing
W. Note that W is the smallest strong module of H containing W.

Notation 41. Let T be a tournament. For a subset W of V(T), set
AW ={veV(T)NW :W is not a module of T[W u{v}]}.

Consider a realizable and 3-uniform hypergraph. Let T be a realization of
H. A module of T is clearly a module of H, but the converse is false. Nev-
ertheless, we have the following result. Its proof is arduous and somewhat
long, but it is central to establish Theorem 11.

Proposition 42. Let H be a realizable and 3-uniform hypergraph. Consider
a realization T of H. Let M be a module of H. If M is not a module of T,
then the following four assertions hold:

(1) Mu(rM) is a module of T';

(2) M is not a strong module of H;

(3) Mu (M) c MY,

(4) eg(M™) = 0 (see Definition 38) and [II(H[M™T])| > 3.

Proof. Since M is not a module of T', we have 7pM # @. Let v € 7pM.
Since M is not a module of T[M u {v}], we obtain

Ni(v)nM # @
(4) and
Ni(v)nM + @.
Furthermore, consider v~ € Nj(v) n M and v* € Nj(v) n M. Since M is a

module of H, v vv* ¢ E(H). Hence v vv* ¢ E(C5(T)). Since v v,vv* €
A(T), we get v"v™ € A(T). Therefore, for each v € 1M, we have

(5) for v- e Np(v)n M and v* e Nj(v)n M, v v" € A(T).
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Now, consider v,w € M such that vw € A(T). Let v~ € Ny(v)n M.
Suppose for a contradiction that v~ € Nj(w)nM. We get v-vw € E(C3(T)),
and hence v-vw € E(H). Since M is a module of H, we obtain pvw € E(H)
for every p € M. Thus, since vw € A(T), pv € A(T) for every p € M.
Therefore, M ¢ Nz(v), so Nj.(v) n M = @, which contradicts (4). It follows
that for v,w € 7p M, we have

(6) if vw e A(T'), then Np(v)n M < Np(w) n M.
For the first assertion, set

M~ ={veV(H)NM:vme A(T) for every me M}
and
M*={veV(H)NM:mveA(T) for every m e M }.

Note that {M~, M,7pM,M*} is a partition of V(H). Let m™ € M~ and
veIrM. By (4), there exist v~ € Np(v) n M and v* € Nj(v) n M. Suppose
for a contradiction that vm™ € A(T). We get vm™ v~ € E(C3(T)). Hence
vm v~ € E(H). Since m v",vv" € A(T), we have vm™v* ¢ E(C3(T)).
Thus vm~v* ¢ E(H), which contradicts the fact that M is a module of
H. Tt follows that m™v € A(T) for any m~ € M~ and v € 7pM. Similarly,
vm™* € A(T) for any m*™ € M* and v € 7pM. It follows that M u (7pM) is
a module of T'.
For the second assertion, consider v € (7pM). Set

(7)  Ny=(Np(v)nM)ufwe (rM): Np(w) n M € Np(v) n M}

We show that N, is a module of T. If m™ € M~, then m™n € A(T) for
every n € N, because M U (770 M) is a module of T'. Similarly, if m* e M™,
then nm* € A(T) for every n € N,. Now, consider m € M \ N,. We get
m € M ~ Nz(v). Therefore, we have m € M ~ Ny(w") for every w' e {w €
(rM) : Np(w)nM ¢ Np(v) n M}. Thus, m € Nj(w') n M for every
w' e {w e (pM) : Np(w) n M < Nz(v) nM}. Since m € Nj(v)n M, it
follows from (5) that v™m e A(T') for every v~ € N(v) n M. Furthermore,
since m € Nj.(w")nM for every w' € {w € (77 M) : Np.(w)nM ¢ Np(v)nM},
we have w'm € A(T') for every w' e {w € (M) : Np.(w)nM ¢ Nyp(v)nM}.
Therefore, we obtain nm € A(T) for every n € N,. Lastly, consider u €
(M) N Ny. We get uwe (7pM) and Np(u)n M ¢ Np(v) n M. It follows
from (6) that vu € A(T). By (6) again, we have Nj(v) n M ¢ Np(u)n M.
Thus v™u € A(T) for each v~ € Nn(v) n M. Let w’' € {w e (7 M) : Np(w) N
M c Nn(v)nM}. We get Np(w')n M ¢ Np(u)n M. It follows from (6)
that w'u € A(T). Consequently, N, is a module of T for each v € (0 M).
Hence N, is a module of H for each v € (77 M). Let v e (77 M). Clearly,
v € Ny N M. Moreover, it follows from (4) that there exist v~ € Nn(v) n M
and v* € Nj(v)n M. We get v~ e M n N, and v* € M \ N,. Since N, is a
module of H, M is not a strong module of H.

For the third assertion, consider v € (77 M). As previously proved, N,
is a module of H. Furthermore, by considering v~ € Ny(v) n M and v* €
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N7(v) n M, we obtain M nN, # @ and M \ N, # &. Hence MEAN,+@
and MY <\ N, + @. Since M is a strong module of H, we get N, ¢ M.
Thus v € M for every v e (pM). Therefore M u (7p M) c M.

For the fourth assertion, we prove that for each v € (7pM),

P, ={Np(v)nM,N;(v)n M, rM}

is a modular partition of H[Mu(77M)]. Let v € (7rM). By (5), Np(v)nM
and N7.(v) M are modules of T[M]. Thus, N;(v)nM and Nj(v)nM are
modules of H[M]. Since M is a module of H, it follows from Lemma 61 that
Nz (v) n M and Nj.(v) n M are modules of H. By Lemma 60, Ny (v) n M
and Nj.(v) n M are modules of H[M u (77 M)]. Now, we prove that 77M
is a module of H[M u (7pM)]. It suffices to prove that there exists no
ee E(H[Mu (7rM)]) such that en (77pM) + @ and en M # @&. Indeed,
suppose to the contrary that there exists e ¢ E(H[M u (77 M)]) such that
en(7pM) +@ and en M # @. Since M is a module of H, we get [en M| =1
and |en (7pM)| = 2. Therefore, there exist v,w € en (pM) and m €
e N M such that vwm € E(H). By replacing v by w if necessary, we can
suppose that vw € A(T'). Since H = C3(T), we obtain vw,wm,mv € A(T),
which contradicts (6). Therefore, 77 M is a module of H[M u (7rM)].
Consequently, P, = {Ny(v)nM,Nj(v)nM,7pM} is a modular partition of
H[M u (7pM)]. Furthermore, given v € (77M), consider v~ € Ny(v) n M
and v* € Nj(v) n M. It follows from (5) that v"v"v ¢ E(C3(T")), and hence
v v v ¢ E(H). Consequently,

(8) H[Mu (7pM)]/P, is empty.

Since Mu(77p M) is a module of T by the first assertion above, M u(7pM)
is a module of H. By Lemma 60, M u(77M) is a module of H[M"]. Given
v e (pM), it follows from Lemma 61 that each element of P, is a module
of H[M™].

Let v e (7pM). For a contradiction, suppose that there exist Y € P, and
X e II(H[M™]) such that Y ¢ X. We get X n (M u (7pM)) # . Since
M U (77 M) is a module of H[M"] and X is a strong module of H[M7],
we have M u (M) € X or X ¢ M u (7pM). Furthermore, since X is a
strong module of H[M"] and M¥ is a strong module of H, it follows from
Proposition 39 that X is a strong module of H. Since X ¢ M, it follows
from the minimality of M¥ that we do not have Mu(77M) € X. Therefore,
Xe¢Mu(pM). Let x € X\Y. We have x € (M u(7pM)) Y. Denote by
Y’ the unique element of P, ~ {Y'} such that x € Y. Also, denote by Z the
unique element of P, N {Y,Y’}. We get XnY’' #@ and Y ¢ X \Y’. Since
X is a strong module of H[M], we get Y’ ¢ X. Since X ¢ M u (77 M),
we obtain X nZ = @. Thus X = YuY’'. Since HM u (7pM)]/P, is
empty, {Y,Z} is a module of H[M u (7pM)]/P,. By the second assertion
of Proposition 30, Y u Z is a module of H[M u(7pM)]. As previously seen,
M U (77 M) is a module of H[M?]. By Lemma 61, Y U Z is a module of
H[M™], which contradicts the fact that X is a strong module of H[M™].
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Consequently,
9) for any Y € P, and X e II(H[M™]), we do not have Y ¢ X.
Let Y € P,. Set

Qy = {X eII(H[M"]): X nY g}

For every X € Qy, we have Y ¢ X or X ¢ Y because X is a strong module
of H{M*]. By (9), we have X c Y. It follows that

(10) for each Y € P,, we have Y = uQy.
Therefore, [II(H[M"])| > |P,], that is,
(] 2 3.

Finally, we prove that H[M"]/TI(H[M"]) is empty. Suppose that M u
(77 M) ¢ MY | and set

Qnoapany = {X eIN(H[M"]): X n (M u (7rM)) + 2}

Since M U (77 M) is a module of H[M™], it follows from the first asser-
tion of Proposition 30 that @Qpry(,ar) is a module of H[M")/u(H[M"]).
Moreover, it follows from (10) that |Qau(,a)| > 3. Since each element of
II(H[M™]) is a strong element of M, we get M u (77 M) = UQ pu(pM)-
Since M U (77 M) ¢ MY | we obtain that Qnmu(~p M 18 @ nontrivial module
of H[M"]/U(H[M"]). Hence H[M"]/U(H[M"]) is decomposable. It
follows from Theorem 8 that H[M™]/II(H[M"™]) is empty. Lastly, sup-
pose that M U (7pM) = M. Suppose also that there exists Y € P, such
that |Qy| > 2. As previously, we obtain that Qy is a nontrivial module of
H[M")/TI(H[M"]), and hence H[M"]/TI(H[M'"]) is empty. Therefore,
suppose that |Qy| = 1 for every Y € P,. By (10), II(H[M"]) = P,. Hence
H[M")/TI(H[M"]) is empty by (8). 0
Remark 43. Let T be a tournament. Consider a subset M of V(T') such
that M is not a module of T'. In general, M u (77 M) is not a module of
T. Nevertheless, if M is a module of C3(T"), then it follows from the first

assertion of Proposition 42 that M u (7pM) is a module of 7. In this case,
M u (7pM) is the convex envelope of M in T.

The next result is an easy consequence of Proposition 42.

Corollary 44. Consider a realizable 3-uniform hypergraph H, and a real-
ization T of H. The following two assertions are equivalent:

e H and T share the same modules;
e for each strong module X of H such that |X| > 2, we have

if e (X) =0, then II(H[X])| = 2.
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Proof. To begin, suppose that H and T do not share the same modules.
There exists a module M of H, which is not a module of T. By the last
assertion of Proposition 42, we obtain ey (M) = 0 and |[II(H[M"])| > 3.
Conversely, suppose that there exists a strong module X of H, with | X| >
2, such that eg(X) = 0 and |[II(H[X])| > 3. Tt follows from the second
assertion of Proposition 42 that X is a module of 7. Observe that T[X]
realizes H[X]. Let Y € II(H[X]). Since Y is a strong module of H[X],
it follows from the second assertion of Proposition 42 applied to H[ X ] and
T[X] that Y is a module of T[X]. Thus, II(H[X]) is a modular partition
of T[X]. Since H[ X |/II(H[X]) is empty, T[X ]/TI(H[X]) is a linear order.
Denote by Ymin the smallest element of T[X |/II(H[X]). Similarly, denote
by Ymax the largest element of T[X|/II(H[X]). Since H[X]/II(H[X]) is
empty, {Yimin, Ymax | is @ module of H[ X ]/II(H[X]). By the second assertion
of Proposition 30, Yinin U Yinax is @ module of H[X]. Since X is a module
of H, it follows from Lemma 61 that Y, U Yiax is a module of H. Lastly,
since [II(H[X])| > 3, there exists Y € II(H[X]) \ {Yiin, Ymax}- Since Yiin
is the smallest element of T[X|/II(H[X]) and Ypax is the largest one, we
obtain YininY, Y Yiax € A(T[X]/II(H[X])). Therefore, for ymin € Yinin, y €Y
and Ymax € Ymax, we have Ymin¥, Yymax € A(T[X]), and hence Ymin¥y, YYmax €
A(T). Consequently, Yinin U Yinax is not a module of T'. O

Now, we prove Theorem 11 by using Proposition 42.

Proof of Theorem 11. To begin, consider a strong module M of H. By the
second assertion of Proposition 42, M is a module of T'. Let N be a module
of T such that M n N # @. Since N is a module of 7', N is a module of H.
Furthermore, since M is a strong module of H, we obtain M € N or N € M.
Therefore, M is a strong module of T'.

Conversely, consider a strong module M of T. Since M is a module of
T, M is a module of H. Let N be a module of H such that M n N = @&. If
N is a module of 7', then M € N or N € M because M is a strong module
of T. Hence suppose that N is not a module of T'. By the last assertion
of Proposition 42, 5H(NH) = 0 and |[II(H[N"])| > 3. Since M n N # g,
Mn NP £ @, Since N¥ is a strong module of H, we get N ¢ M or
M ¢ N Clearly, if N¥ ¢ M, then N ¢ M. Thus, suppose that

Mg NH.

We prove that M ¢ N. As previously proved, N is a strong module of
T because it is a strong module of H. Since M is a strong module of T,
it follows from Proposition 20 that M is a strong module of T[N*]. For
each X e I(H[N"]), X is a strong module of T[N*] because it is a strong
module of H[N]. Therefore, II( H[N*]) is a modular partition of T[N*].
Set

v={X elI(H[N"])): MnX 2}
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By the first assertion of Proposition 31, @y is a strong module of T[N*]/
I(H[NH]). Since H[NH/TI(H[N"]) is empty, T[N?]/II(H[N"]) is a
linear order. Therefore, Qy is a trivial module of T[N#]/II(H[N*]). For a
contradiction, suppose that Qy; = I(H[N"]). Since M is a strong module
of T[N"], we get M = N which contradicts M ¢ N*. Tt follows that
|Qu| = 1. Hence there exists Xy € II(H[N"]) such that

Mc Xyy.
Since N is not a module of 7', it follows from the second assertion of Propo-
sition 42 that N is not a strong module of H. Thus N ¢ N¥. Set
Qn ={X eII(H[N¥]): Nn X = &}.

Since N7 is a strong module of H, it follows from Proposition 39 that
each element of II(H[N"]) is a strong module of H. It follows from the
minimality of N that |Qn| > 2. Since each element of II(H[N]) is a
strong module of H, we obtain

N = UQN.
Since M n N # @, we get Xpr € Qn. We obtain M € Xy € N. O
Lastly, we establish Theorem 12 by using Theorems 8 and 11.

Proof of Theorem 12. Suppose that H is prime. Since all the modules of T
are modules of H, T is prime.

Conversely, suppose that T is prime. Hence, all the strong modules of
T are trivial. By Theorem 11, all the strong modules of H are trivial. We
obtain

II(H)={{v}:veV(H)}.
Thus, H is isomorphic to H/II(H). It follows from Theorem 8 that H is
an empty hypergraph, a prime hypergraph, or a complete graph. Since T
is prime, we have E(C3(T)) + @. Since E(C3(T)) = E(H), there exists
e € E(H) such that |e| = 3. Therefore, H is not an empty hypergraph and
H is not a graph. It follows that H is prime. (]

5. REALIZABILITY OF 3-UNIFORM HYPERCGRAPHS

The next proposition is useful to construct realizations from the modular
decomposition tree. We need the following notation and remark.

Notation 45. Let H be a 3-uniform hypergraph. We denote by Z(H) the
set of the realizations of H.

Remark 46. Let H be a 3-uniform hypergraph. Consider T' € Z(H). It
follows from Theorem 11 that

P2(H)=2(T).
By the same theorem, for each X € Z59(H ), we have
I(H[X]) = I(T[X]).
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Therefore, for each X € Z59(H), T[X|/II(T[X]) realizes H[ X |/II(H[X]),
that is,
TIX]/I(T[X]) e 2(H[X]/TI(H[X])).
Set
#y(H)= U  Z(H[X]/T(H[X])).
XeP-2(H)

We denote by 0 (T) the function
Ds9o(H) — HAy(H)
Y — T[Y]/I(T[Y]).
Lastly, we denote by 2(H) the set of the functions f from Z-2(H) to
Hy(H) satistying f(Y) e Z(H[Y]/II(H[Y])) for each Y € Z55(H). Under
this notation, we obtain the function
Og: #Z(H) — 2(H)

T +— 0g(T).
Proposition 47. For a 3-uniform hypergraph, 0 is a bijection.
Proof. To begin, we show that 6y is injective. Let T and T” be distinct
realizations of H. There exist distinct v,w € V(H) such that vw € A(T)

——H

and wv € A(T"). Consider Z,, Z,, € I(H[{v,w} ]) (see Notation 40) such

H
that v € Z, and w € Z,. Since {v,w} is the smallest strong module of
H containing {v,w}, we obtain Z, # Z,,. It follows from Theorem 11 that

(H[{v,w} 1) = I(T[{v,w} 1) and T(H[{v,w} 1) = T(T'[{v,w] ]).
Since vw € A(T') and wv € A(T"), we obtain

207 € A(T[{v,w} (T [{v, w0} 1))

and

ZuZy e A(T'[{v,0) " I(T' {00} 1)),

Consequently, HH(T)(WH) * QH(T’)({v,w}H). Thus, 0y (T) + 05 (T").

Now, we prove that 6y is surjective. Consider f € 2(H), that is, f is
a function from Z-9(H) to Z4(H) satistying f(Y) € Z(H[Y ]/TI(H[Y]))
for each Y € P59(H). We construct T € Z(H) such that 05 (T) = f in the

following manner. Consider distinct vertices v and w of H. Clearly, {v,w}
—H
is a strong module of H such that [{v,w} | > 2. There exist Z,,Z, €
——H —H
II(H[{v,w} ]) such that v e Z, and w € Z,. Since {v,w} is the smallest
strong module of H containing v and w, we obtain Z, # Z,,. Set
—H
vwe A(T) if Z,Zy, € A(f({v,w} )),
(11) and
—H
wv e A(T) if ZyZ, € A(f({v,w} )).
We obtain a tournament 7" defined on V (H).
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Lastly, we verify that T realizes H. First, consider distinct vertices u, v, w

— H
of H such that wow € E(H). There exist Zy, Zy, Zy, € W(H[{u,v,w} ])
such that v € Z,, v € Z,, and w € Z,. For a contradiction, suppose
that Z, = Z,. Since Z, is a module of H and uwvw € E(H), we get

— H
w € Zy. Thus, Z, = Z, = Z,, which contradicts the fact that {u,v,w}
is the smallest strong module of H containing u,v and w. It follows that
Zy # Zy. Similarly, we have Z, # Z, and Z, # Z,. It follows that

2,2,%, € B(H[ (w00} JI(H 0w} ])). Since f({uv.w}") real-
izes H[{u,v,w} /H(H[{u,v,w} ]), we obtain ZyZy, ZyZuw, ZwZu € Al

— H —  H
fu,v,w} ) or ZyZy, ZwZy, ZyZy € A(f({u,v,w} )). By exchanging
u and v if necessary, assume that

LT ZoZoss ZosZw € A(f (Liyoyw} ).

—H —— H —H
Since Z,, # Z,, we obtain {u,v} = {u,v,w} . Similarly, we have {u,w} =

— H —H —— H
{u,v,w} and {v,w} ={u,v,w} . It follows from (11) that wv,vw,wu €
A(T). Hence, T[{u,v,w}] is a 3-cycle.
Conversely, consider distinct vertices u,v,w of T such that T[{u,v,w}] is

: —— H
a 3-cycle. There exist Zy, Z,, Z,, € W(H[{u,v,w} ]) such that ue Z,, v e

— H
Zy, and w € Z,,. For a contradiction, suppose that Z, = Z,,. Since {u,v,w}
is the smallest strong module of H containing u, v, and w, we obtain Z,, # Z,,.

— _ H — H m — H
Therefore, we have {u,w} ={u,v,w} and {v,w} ={w,v,w} . For in-

——— H
stance, assume that 7,7, € A(f({u,v,w} )). It follows from (11) that
uw,vw € A(T), which contradicts the fact that T[{u,v,w}] is a 3-cycle.

——H R
Consequently, Z, + Z,. It follows that {u,v} = {u,v,w} . Similarly,

———H —— H —H [ —— H .
we have {u,w} = {u,v,w} and {v,w} = {u,v,w} . For instance, as-
sume that uv, vw,wu € A(T). It follows from (11) that Z,Z,, ZyZy, ZwZy €

A(f({v,w)™)). Since f({w,0,w}") realizes
H{{w,0,w}" JJT(H[{u, 0,0} 1),

we obtain Z, 7,7, € E(H[{u,v,w}H]/H(H[{u,v,w}H])). It follows that

uow € E(H[{u,v,w}H]), and hence uvw € E(H).
Consequently, T' € Z(H). Let X € P-9(H). As seen at the beginning of
Remark 46, we have II(H[X]) =II(T[X]), and

TIX]I(T[X]) e 2(H[X]/TI(H[X]))-

Consider distinct elements Y and Z of II(H[X]). For instance, suppose
that YZ € A(T[X]/II(T[X])). Let ve Y and w e Z. We obtain vw € A(T).

——H
Moreover, we have {v,w} = X because Y, Z e [I(H[X]) and Y # Z. Tt
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follows from (11) that Y'Z € A(f(X)). Therefore,

(12) TIX]I(T[X]) = f(X).

Since (12) holds for every X € Z59(H), we have 0y (T) = f. O
Theorem 13 is an easy consequence of Proposition 47.

Proof of Theorem 13. Clearly, if H is realizable, then H[W] is also for every
W c V(H). Conversely, suppose that H[W] is realizable for every W ¢
V(H) such that H[W] is prime. We define an element f of 2(H) as
follows. Consider Y € Z59(H). By Theorem 8, H[Y |/II(H[Y]) is empty or
prime.

First, suppose that H[Y]/II(H[Y]) is empty. We choose for f(Y') any
linear order defined on II(H[Y]). Clearly, f(Y) e Z(H[Y]|/II(H[Y])).

Second, suppose that H[Y|/II(H[Y]) is prime. Consider a transverse W
of TI(H[Y']) (see Definition 28). The function

ew W: — M(H[Y])
w +—— Z, where we Z,

is an isomorphism from H[W] onto H[Y |/II(H[Y]). Thus, H[W] is prime.
By hypothesis, H[W] admits a realization Tyy. We choose for f(Y) the
unique tournament defined on II(H[Y]) such that py is an isomorphism
from Ty onto f(Y). Clearly, f(Y) e Z(H[Y|/II(H[Y])).

By Proposition 47, (6g)7*(f) is a realization of H. O

Theorem 13 leads us to study the realization of prime and 3-uniform
hypergraphs. We need to introduce the analogue of Defintion 21 for 3-
uniform hypergraphs.

Definition 48. Given a prime and 3-uniform hypergraph H, a vertex v of
H is critical if H — v is decomposable. A prime and 3-uniform hypergraph
is critical if all its vertices are critical.

For critical and 3-uniform hypergraphs, we obtain the following charac-
terization, which is an immediate consequence of Theorems 12 and 22.

Theorem 49. Given a critical and 3-uniform hypergraph H, H is realizable
if and only if v(H) is odd and H is isomorphic to C3(Tymy), C3(Uyay),
or Cg(Wv(H))

Now, we characterize the noncritical, prime, and 3-uniform hypergraphs
that are realizable. We need the following notation.

Notation 50. Let H be a 3-uniform hypergraph. Consider a vertex w of
H. Set

Vw=V(H) {w}.
We denote by G, the graph defined on V,, as follows. Given distinct elements
v and v’ of V,

v’ € B(Gy) if wov' € E(H) (note that the graph G, is used in [7]) .
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Also, we denote by I, the set of the isolated vertices of G,.

Notation 51. Let T" be a tournament. Consider W, W' c V(T') such that
WnW'=g@. We denote by (W — W')p the subset of w’ € W' such that

there exists a sequence wy, ..., w, satisfying

e woeW and w, = w';

o wi,...,wy, €W’
e fori=0,...,n-1, wyw1 € A(T).

Theorem 52. Let H be a noncritical, prime, and 3-uniform hypergraph.
Consider a vertex w of H such that H —w is prime. The S-uniform hy-
pergraph H is realizable if and only if H —w admits a realization, say Ty,
satisfying the following two assertions.
(M1) There ezists a bipartition {X,Y} of Vi N\ I, (see Notation 50) sat-
18fying
e for each component C of G, with v(C) > 2, C is bipartite with
bipartition {X nV(C),Y nV(C)};
o forxeX andyeY, we have

(13) xy € E(Gy) if and only if xy € A(Ty).

(M2) We have (X - I,)71, n (Y - I,) 1) = @ (see Notation 51) and
(X = Ly)r, V(Y > L))+ = Lw. Furthermore, for v € X, yeY,
vt e (X > Iy)1,, and y~ € (Y - L) (1, )+, we have y~x,yz*,y a" €
A(Ty).

Proof. To begin, suppose that H admits a realization T'. Clearly, T'—w is a
realization of H —w. Set
To=T-w.
For assertion (M1), consider a component C' of G,, such that v(C) > 2.
Consider distinct vertices cg,c1,co of C such that coey,cieo € E(Gy). We
show that

cocy,cocy € A(T)
(14) or
c1cp,c1c9 € A(T).

Suppose that coc; € A(T). Since coc1 € E(Gy), T[{w,co,c1}] is a 3-
cycle. Hence, wcp,cyw € A(T) because cocy € A(T). Since cica € E(Gy),
T[{w,c1,co}] is a 3-cycle. Since cyw € A(T'), we obtain cacq € A(T). Dually,
if cico € A(T), then cico € A(T). It follows that (14) holds. We denote
by V(C)~ the set of the vertices ¢~ of C such that there exists ¢* € V(C')
satisfying ¢ ¢* € E(G;) and ¢ ¢* € A(T). Dually, we denote by V(C)*
the set of the vertices ¢* of C such that there exists ¢~ € V(C') satisfying
¢ ¢ e E(G;) and ¢ ¢" € A(T). Since C is a component of G,, we have
V(C)=V(C)"uV(C)". Moreover, it follows from (14) that

V(C) nV(0)* =.
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Therefore, it follows from the definition of V(C)~ and V(C)* that V(C)~
and V(C)* are stable subsets of C. Therefore, C is bipartite with bipartition
{V(C)~,V(C)*}. Set

X= |J V(@) andY = |[J V(C)" (see Notation 33).
Cet(Gu) Ce€(Gu)

Clearly, {X,Y} is a bipartition of V;, \ I,. Consider again a component C'
of Gy, such that v(C) > 2. Since V(C)™ = XnV(C) and V(C)* =Y nV(C),
C' is bipartite with bipartition {X nV(C),Y nV(C)}. To prove that (13)
holds, consider x € X and y € Y. Denote by C the component of G,
containing x. Since xz € X, x ¢ I,,, so v(C) > 2. We obtain z € V(C)~.
First, suppose that xy € F(G,). Hence y € V(C). We obtain y € V(C)*.
By definition of V(C)~, there exists % € V(C') such that xa* € E(G,,) and
xx® € A(T). Since zy € E(Gy), it follows from (14) that xy € A(T). Second,
suppose that xy € A(T). Since x € V(C)~, there exists ¥ € V(C) such that
xx* € E(Gy) and zaz* € A(T). Tt follows that wz,x*w € A(T). Denote by
D the component of G, containing y. Since y € Y, we obtain y € V(D).
Similarly, there exists y~ € V(D) such that wy™,yw € A(T). We obtain
wz, xy,yw € A(T). Thus, T[{w,z,y}] is a 3-cycle, so xy € E(Gy,).

For assertion (M2), consider x € X. Denote by C the component of G,,
such that z € V(C'). We have x € V/(C)~. Therefore, there exists z* € V' (C')
satisfying zx* € E(G,) and zz* € A(T'). Since T[{w,z,z"}] is a 3-cycle and
zx® e A(T), we get wxr € A(T). Hence,

(15) wz € A(T) for every z € X.
Dually, we have
(16) yw € A(T) for every yeY.
Set
X+ = (X —>> Iw)(T—w) and Y~ = (Y —>> Iw)(T—w)*'
Now, consider z* € X*. There exists a sequence xg, ..., z, satisfying zg € X,
Tp =zt x1,..., 2y € Iy, and z;z41 € A(T) for i =0,...,n—1. We show

that wz; € A(T) by induction on ¢ =0,...,n. By (15), this is the case when
i = 0. Consider i € {0,...,n -1}, and suppose that wz; € A(T). Since
Tiv1 € Ipy xiwiv1 ¢ E(Gy). Thus T[{w,x;,z;+1}] is a linear order. Since
wxi, 2241 € A(T), we obtain w11 € A(T). It follows that

(17) wzx” e A(T)
for every x* € X*. Dually, we have
(18) y weA(T)

for every y~ € Y. It follows from (17) and (18) that X* nY~ = @. By
definition of X" and Y™, X* c I, and Y~ c I,. Set

Z=I~ (X*UuY").
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Let z € Z. Since z ¢ X, we have zz € A(T) for every x € X uX™. Therefore,

(19) zx e A(T)
for z€ Z and v € X u X™". Dually,
(20) yz € A(T)

for ze Z and y e YUY ™. It follows from (15), (16), (17), (18), (19), and (20)
that {w}uZ is a module of T'. Since H is prime, it follows from Theorem 12
that T is prime as well. Therefore, Z = &, so

XTuY =1,

To conclude, consider x € X, yeY, z* € X*, and y~ € Y. Since z* ¢ Y,
yz* e A(T). Dually, we have y~z € A(T'). It follows from (17) and (18) that
y w,wz* € A(T). Since z*,y~ € I, x7y~ ¢ E(G,). Thus, T[{w,z*,y"}] is
a linear order. Consequently, we have y~x* ¢ A(T).

Conversely, suppose that H—x admits a realization T}, such that assertions
(M1) and (M2) hold. As previously, set

X" =(X > Iy)(r-wy and Y™ = (Y = L) (1_y)+-
Let T be the tournament defined on V (H) by

T-w="T,,
(21) for every x e X U X, wx € A(T),
and

for every y e Y UY ™, yw € A(T).

We verify that T is a realization of H. Since T, realizes H — w, it suffices
to verify that for distinct u,v € V,,, uwv € E(Gy,) if and only if T[{u,v,w}] is
a 3-cycle. Hence, consider distinct v, w € V.

First, suppose that uv € F(Gy). Denote by C the component of Gy,
containing u and v. Since assertion (M1) holds, C is bipartite with bipar-
tition {X nV(C),Y nV(C)}. By exchanging u and v if necessary, we can
assume that w € X nV(C) and v € Y nV(C). It follows from (13) that
uv € A(Ty,). Furthermore, it follows from (21) that uv € A(T), wu € A(T),
and vw € A(T). Therefore, T[{u,v,w}] is a 3-cycle.

Second, suppose that T[{u,v,w}] is a 3-cycle. By exchanging v and w if
necessary, we can assume that uv,vw,wu € A(T). It follows from (21) that
wv € A(Ty), ue XUuX* and v e YUY ™. Moreover, since assertion (M2)
holds and wv € A(Ty,), we obtain u € X and v e Y. It follows from (13) that
uwv € E(Gy). O

The next result is an easy consequence of Theorem 52.

Corollary 53. Let H be a noncritical, prime, and 3-uniform hypergraph.
Consider a vertex w of H such that H —w s prime. Suppose that H —w 1is
realizable, and consider a realization Ty, of H —w. If H 1is realizable, then
there exists a unique realization T of H such that T —w =T,.
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Proof. Consider a realization 1" of H such that T —w = Ty,. It follows from
the proof of Theorem 52 that T satisfies (15), (16), (17), and (18), that is,
wz,yw,wr*,y we A(T) for x e X, yeY, 2" e X* and y~ e Y. It follows
that T' is uniquely determined. O

A new proof of Theorem 23. Let T be a prime tournament. Consider a tour-
nament 7" such that C3(T") = C3(T). We prove by induction on v(T") that
T =T or T*. Since T is prime, we have v(T') = 3 or v(T) > 5. The result is
clear when v(T') = 3 because Cj is the only prime tournament defined on 3
vertices. Hence, suppose that v(7T") > 5.

First, suppose that T is critical. By Theorem 22, v(T') is odd, and T
is isomorphic to Ty(r), Uy(r), or Wy(r). For instance, suppose that T' =
Ton+1, where v(T) = 2n + 1. Hence, T" is also defined on {0,...,2n}, and
C3(T") = C3(Ton+1). Suppose that (2n)(2n-1) € A(T"). We have to show
that T' = Th,,+1 because (2n)(2n-1) € A(Top+1). Since C3(T") = C5(Tan+1),
we obtain

(22) (20 —1)(2n-1),(2n)(2i - 1), (2n - 1)(2i), (29)(2n) € A(T")
for i =0,...,n—1. Moreover, we obtain
(23) (2n-2)(2n-3) € A(T").

We have C5(T" - {2n—1,2n}) = C3(Tap+1 — {2n - 1,2n}) because C3(T") =
C3(Ton+1). Therefore C3(T" — {2n - 1,2n}) = C3(Tsy,-1). Furthermore, it
follows from (23) that (2n-2)(2n-3) € A(T'-{2n-1,2n})n A(T2,-1). By
induction hypothesis, we have T" - {2n —1,2n} = T, 1. It follows from (22)
that T = T5,+1. We proceed in a similar way when T = Uspy1 or Wop,1.
Second, suppose that T' is not critical. There exists a vertex w of T" such
that T'—w is prime. We have C3(T"-w) = C5(T-w) because C5(T") = C3(T).
By induction hypothesis, we have T'—w =T —w or (T —w)*. By exchanging
T" and (T")*, we can assume that 7’'—w = T'—w. It follows from Corollary 53
that 7" =T. O

We conclude by counting the number of realizations of a realizable and
3-uniform hypergraph. This counting is an immediate consequence of Propo-
sition 47. We need the following notation.

Notation 54. Let H be a 3-uniform hypergraph. Set

Dr(H)={X € D-9(H) :eg(X) = A} (see Definition 38)
and
Do(H)={X € Z592(H) :eg(X) = 0}.

Corollary 55. For a realizable and 3-uniform hypergraph, we have

%2 (H)| =217~ TT mHEX) .
XE@Q(H)
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APPENDICES
APPENDIX A. PROOF OF PROPOSITION 3

Given a hypergraph H, @, V(H), and {v} (for v € V(H)) are clearly
modules of H. Therefore, Proposition 3 is a direct consequence of the next
four lemmas.

Lemma 56. Let H be a hypergraph. For any M,N € .#(H), we have
MnNe#(H).

Proof. Consider M,N e .#(H). To show that M n N € .#(H), consider
e € E(H) such that en(MnN) # @ and ex(MnN) # @. Since ex(MnN) # &,
assume for instance that ex M # &. Since M is a module of H and enM + &,
there exists m € M such that en M = {m}. Since en(M nN) # &, we obtain

en(MnN)={m}.
Let ne M nN. Since M is a module of H, (e~ {m})u{n} e E(H). O

Lemma 57. Let H be a hypergraph. For any M,N € .#(H), if Mn N # &,
then MUN e .#(H).

Proof. Consider M, N € . (H) such that M nN # @. To show that M UN €
M (H), consider e € E(H) such that en(MUN)+@ and ex (M UN) # @.
Since en(M UN) # @, assume for instance that en M # @. Clearly ex M + &
because e\ (M U N) # @. Since M is a module of H, there exists m € M
such that en M = {m}, and

(24) (ex{m})u{n} e E(H) for every ne M.
Consider n€e M n N. By (24), (e~x{m})u{n}e E(H). Set
f=(ex{m})u{n}.

Clearly n € f n N. Furthermore, consider p € e x (M u N). Since m € M,

we have p # m, and hence p e f N\ N. Since N is a module of H, we obtain
fnN={n} and

(25) (f~{n})u{n'} e E(H) for every n' € N.

Since (f N {n})u{n'} = (e~ {m})u{n'} for every n’ € N, it follows from
(25) that

(26) (ex{m})u{n'} e E(H) for every n' € N.
Therefore, it follows from (24) and (26) that
(ex{m})u{n} e E(H) for every ne M UN.
Moreover, since f N N = {n}, we have
enN=({m}u(ex{m}))nN
=({mpu(f~{n}))n N
={m}nN,
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and hence en N ¢ {m}. Since en M = {m}, we obtain en (M U N) = {m}.
Consequently, M u N is a module of H. O

Lemma 58. Let H be a hypergraph. For any M,N € .#(H), if M~ N # &,
then NN M e .#(H).

Proof. Consider M, N € .# (H) such that M \ N # @. To show that N\ M €
M (H), consider e € E(H) such that en (N~ M)+ @ and ex (N\ M) # @.
We distinguish the following two cases.

(1) Suppose that e~ N # @. Since N is a module of H and en N # @,
there exists n € N such that en N = {n}, and (ex{n})u{n'} ¢ E(H)
for every n’ € N. Since en N = {n} and en (N ~ M) # @&, we obtain
en (N~ M) ={n}. Therefore,

en(N~M)={n}
(27) and
(ex{n})u{n'} e E(H) for every n' e N\ M.

(2) Suppose that e ¢ N. Since ex (N\M) # @, we have en(MnN) # @.
Thus en M + @, and e~ M # @ because en (N ~ M) + @. Since M
is a module of H, there exists m € M such that en M = {m}, and

(28) (ex{m})u{m'} e E(H) for every m' € M.
Since en (M NnN) # @, m e MnN. Consider p e M \ N and
geen (N~ M). Set
f=(ex{m})u{p}.
By (28), f e E(H). Clearly, pe f~ N and g€ fn N. Since N is a
module of H, we have fn N = {q}, and

(29) (f~{q})u{r} e E(H) for every r e N\ M.
Since f N N = {q}, we obtain e = mgq, and hence
(30) en(N~M)={q}.

Since e = mgq, we get f = pg. Moreover, for each r € N \ M, set

gr=(f~{ap)u{r}.
Since f = pq, we have g, = pr. By (29), g, € E(H). Clearly, p € g,nM
and r € g.\M. Since M is a module of H, we obtain (g,~{p})u{m} €
E(H). Since g, = pr, we have
(gr ~App) v {m} =mr = (e~ {q}) v {r}

because e = mq. Thus, for each r ¢ N\ M, (e~ {q})u{r} e E(H).
It follows from (30) that

en(N M) = {q)

(31) and
for each re NN M, (ex{q})u{r} e E(H).
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Consequently, it follows from (27) and (31) that, in both cases, there exists
n € N~ M such that en (NN M) = {n}, and (e~ {n})u{n'} € E(H) for
each n’ €e NN~ M. Thus N \ M is a module of H. O

Lemma 59. Let H be a hypergraph. For any M,N € .#(H), if M~ N # &,
N~M=+@, and MnN =@, then (M~N)U(NNM)e.#(H).

Proof. Consider M,N e .#(H) such that M \ N # g, N\ M # @, and

MnN +@. We show that (M~ N)u(N~M) e #(H). Hence consider e €

E(H) such that en((MN\N)U(N~M)) #@and ex (M NN)u(N\M)) # @.

Since en((M~N)u(N~M)) # @, assume for instance that en(M\N) # @.

Clearly ex(M\N) # @& because ex ((M\N)U(N\M)) + @. Since N\M + @,

it follows from Lemma 58 that M \ N is a module of H. Thus, there exists

m e M\ N such that en (M ~ N) = {m}. We distinguish the following two
cases.

(1) Suppose that e € M. Since ex ((MNN)U(N\M)) + @, en(MnN) #

@. Therefore en N # @. Furthermore, since en (M \ N) # &, we

have e \ N # @&. Since N is a module of H, there exists n € N such

that en N = {n}. Since en (M nN) + @, we get en (M nN) = {n}.

Since e € M and en (M ~ N) = {m}, we obtain e = mn. It follows

that
(32) en((M~N)u(N~NDM))={m}.
Let pe (M N N)u (N ~ M). We have to show that
(33) (ex{m})u{p} =npe E(H).

Recall that M \ N is a module of H. Consequently (33) holds when-
ever p € M ~ N. Suppose that pe N\ M. Since N is a module of H
and mn € E(H), we get mp € E(H). Now, since M is a module of
H and mp € E(H), we obtain np € E(H). It follows that (33) holds
for each p e (M ~ N)u (N ~ M). Lastly, it follows from (32) that
there exists m € M \ N such that

en((M~N)u(N~M))={m}

(34) and

for each pe (M N N)U(N~M), (ex{m})u{p} e E(H).

(2) Suppose that ex M # @. Since en (M N N) ={m}, meen M. Since
M is a module of H, there exists m’ € M such that en M = {m'}.
Since en (M ~ N) = {m}, we have m =m’, and hence

en(M~N)=enM={m}.

It follows that en (M nN) =@. Since eN (M NN)u(N\M)) # &,
we obtain

ex(MuN) #@.

Since M n N # @, it follows from Lemma 57 that M u N is a module
of H. Therefore, there exists p € M uN such that en(MUN) = {p},
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and for every e MUN, (e~ {p})u{q} € E(H). Since en M = {m},
we get p=m. Thus, en (M uN) ={m}, and hence

(35) en((M~N)u(N~DM))={m}.

Since p = m, we have (e~ {m})u{q} € E(H) for every e MUN. It
follows that

(36) (ex{m})u{q} e E(H) for every ge (M ~N)u (N~ M).

Combining (35) and (36), we obtain that there exists m € M ~ N
such that

en((M~N)u(N~M))={m}
(37) and
for every ge (M NN)u (N~ M), (ex{m})u{q} e E(H).

Consequently, it follows from (34) and (37) that, in both cases, there exists
m € M N~ N such that en (M ~ N)u (N~ M)) = {m}, and for every
re(M~N)u(N~NM), we have (e~ {m})u{r} e E(H). O

APPENDIX B. PROOF OF PROPOSITION 5
Proposition 5 follows from Proposition 3, and from the next four lemmas.

Lemma 60. Given a hypergraph H, consider subsets W and W' of V(H). If
W W', then {M'nW :M"e.#(HW'])} c.#(H[W]) (see Definition 4,
assertion (A2)).

Proof. Let M' be a module of H[W']. To show that M'nW is a module of
H[W], consider e € E(H[W]) such that en(M'nW) # @ and ex (M'nW) #
@. We obtain e € E(H[W']) and en M’ # @. Since e~ (M'nW) # @ and
ec W, we get ex M' + @. Since M’ is a module of H[W'], there exists
m’ € M’ such that en M’ = {m/}, and (e~ {m'}) u{n'} ¢ E(H[W']) for
each n’ € M'. Let n' e M'nW. Since e ¢ W, (e~ {m'})u{n'} c W.
Hence (e~ {m'})u{n'} e E(H[W]) because (e~ {m'})u{n’} e E(H[W']).
Moreover, since en(M'nW) # @ and enM' = {m'}, we obtain en(M'nW) =
{m'}. O

Lemma 61. Given a hypergraph H, consider subsets W and W' of V(H)
such that W e W'. If W e .#(H[W']), then {M' e #/(HW']): M'c W} =
A (H[WY]) (see Definition 4, assertion (A3)).

Proof. By Lemma 60, {M' ¢ #(H[W']): M' c W} ¢ .#(H[W]). Con-
versely, consider a module M of H[W]. To prove that M is a module of
H[W'], consider e € E(H[W']) such that en M # @ and e~ M # g. We
distinguish the following two cases.

(1) Suppose that e € W. We obtain e € E(H[W]). Since M is a module
of H[W], there exists m € M such that en M = {m}, and for each
n e M, we have (ex{m})u{n} e E(H[W]). Hence (ex{m})u{n} €
E(H[W']).
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(2) Suppose that ex W # @. Clearly, enW # @& because en M # @. Since
W is a module of H[W'], there exists w € W such that enW = {w}.

Furthermore,

(38) for each w' e W, (e ~x {w}) u{w'} e E(H[W']).
Since en M # @&, we get en M = {w}. Clearly, it follows from (38)
that (e~ {w}) u{w'} e E(H[W']) for each w’ € M. O

Lemma 62. Given a hypergraph H, consider subsets W and W' of V(H)
such that W ¢ W'. For any M e .#(H[W]) and M' ¢ ./ (H[W']), if
MoM =@ and M'nW + @, then M € .#4(H[W uM']) (see Definition 4,
assertion (A4)).

Proof. Consider a module M of H[W] and a module M’ of H[W'] such
that M n M' = @ and M'nW # @. We have to show that M is a module
of H{W u M']. Hence consider e € E(H[W u M']) such that en M # @ and
e~ M # @. We distinguish the following two cases.

(1) Suppose that e € W. We obtain e € E(H[W]). Since M is a module
of H[W], there exists m € M such that en M = {m}, and for each
n e M, we have (ex{m})u{n} e E(H[W]). Hence (ex{m})u{n} €
E(H[W uM']).

(2) Suppose that exW + @. We obtain en(M'~W) # @. Since enM + @,
we have e x M’ # @. Since M’ is a module of H[W'], there exists
m’ € M" such that en M’ = {m'}, and

(39) for each n" € M, (e~ {m'})u{n'} e E(H[W']).

Since en(M'~\W) # g and enM' = {m'}, we get en(M'~W) = {m'}.
Let w' e Wn M'. Set

f=(ex{m})ufuw'.
By (39), f € E(H[W']). Furthermore, since e n (M’ ~ W) = {m'},
we obtain f ¢ W, and hence f € E(H[W]). Since en M # &, we
have f n M # @. Moreover, w’' € f ~ M because w' ¢ W n M’ and
MnM'=g@. Since M is a module of H[W], there exists m € M such
that fn M ={m}. Since f = (e~ {m'})u{w'}, with m’,w’ ¢ M, we
getenM =fnM, so

(40) enM ={m}.

Lastly, consider n € M. We have to verify that (e x {m})u{n} €
E(H[W']). Set

gn = (fx{m})u{n}.
Since M is a module of H[W] such that fnM ={m} and w’ € f\x M,
gn € E(H[W]). Hence g, € E(H[W']). Since n € g, n M and
MnM =@, neg,~M. Clearly, w' € M" because w’ € W n M.

Furthermore, w’ € f because f = (e ~ {m'}) u{w'}. Since g, =
(f~x{m})u{n}, me M, and M n M = @, we have w’ € g,. It
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follows that w’ € g, " M’. Since M’ is a module of H[W']), we have
gn N M ={w'} and (g, N {w'})u{m’} e E(H[W']). We have
(gn N {w' D u{m’} = (((f ~{m}) v {n}) ~ {w'}) u {m’}
= (f N {mﬂwl}) U {mlvn}
=(((ex{m'P) u{w' )~ {m,w'}) u{m’ n}
=(ex{m,m W'} u{m nw'}
= (ex{m})u{n}.
Therefore, (e ~ {m}) u {n} ¢ E(H[W']), and hence (e \ {m})u
{n} e E(H[W uM']). Tt follows from (40) that there exists m € M

satisfying e n M = {m}, and for every n € M, (e~ {m})u{n} €
E(H[W uM']). O

Lemma 63. Given a hypergraph H, consider subsets W and W' of V(H)
such that W c W'. For any M € #(H[W]) and M' e 4 (H[W']), if M n
M'+ @, then MuM' e .#(H[W uM']) (see Definition 4, assertion (A5)).

Proof. Consider a module M of H[W] and a module M’ of H[W'] such that
MnM' + @. We have to prove that MUM' is a module of H[WuUM']. Hence
consider e € E(H[WuM']) such that en(MuM') + @ and ex (MUuM') + @.
Let m € M n M’'. We distinguish the following two cases.

(1) Suppose that en M’ + @. Clearly e € E(H[W']). Moreover, ex M’ #

(41)

@ because e\ (M uM') + @. Since M’ is a module of H[W'], there
exists m' € M’ such that en M’ = {m'}, and (e ~ {m'})u {n'} €
E(H[W']) for every n’ € M'. Hence, for every n’ € M', we have

(ex{m'})u{n'} e E(CH[WuM')).
In particular, (e x {m'})u{m} e E(H[W u M']). Set

f=(ex{m}uim}.

Since en M" = {m'}, we obtain fn M’ ={m}. Hence m e fn M.
It follows that f € E(H[W]) because e € E(H[W u M']). Clearly
eN M # @ because ex (M UM') + @. Since M is a module of H[W],
there exists n € M such that fn M = {n}, and (f ~ {n}) u{p} €
E(H[W]) for every p € M. Since m € fnM, we get m = n. Therefore,
faM=fnM ={m}. It follows that fn (M uM")={m}, so

en(MuM')={m'}.

By (41), it remains to show that (e~ {m'})u{n} e E(H[W u M'])
for each n € M. Let n € M. Recall that fn (M uM') = {m} and
en(MuM'")y={m'}. Thusex (MuM')=f~(MuM"). Hence
IN(MuM') # @ because ex (MUM') + @. Tt follows that f\M # @.
Recall that f € E(H[W]). Since M is a module of H[W ], we obtain
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(45)
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(f~{m})u{n} e E(H[W]). We have
(f~{mp)u{n}=((ex{m'}) u{m}) ~ {m})u{n}
=(ex{m'})u{n}.
};’erefore (ex{m'})u{n} e E(H[W]),so (ex{m'})u{n} e E(H[WuU
Sugf));)se that en M' = @. We get e € E(H[W]). Clearly e\ M # &
because e\ (M uM') # @. Furthermore, since en (M uM') + @ and

enM' =@, we obtain en (M ~ M') # @. Since M is a module of
H[W], there exists ¢ € M such that

enM ={q}
and
for every re M, (e~ {q}) u{r} e E(H[W]).
Since en M’ = @, it follows from (42) that ¢ € M ~ M’ and
en(MuM')={q}.
By (43), (e~ {q})u{m} e E(H[W]). Set
e’ = (ex{q})u{m}.
Clearly, m € e’ n M'. Moreover, since en (M uM') = {q}, we obtain
en(MuM')={m}
and
ex(MuM")=e'~(MuM").
Therefore ' n(MuM’) + @, and e’ ~ (M uM') # @ because e~ (MU
M'") # @. Tt follows from the first case above applied with e’ that
for every se MuM', (e~ {m})u{s} e E(H[WuM']).

Recall that e n (M u M) = {q} by (44). Consequently, we have to
show that (ex{q})u{s} e E(H[WuM']) for every s e MuM’. Let
se M uM'. We have

('~ {m}p)u{s}=((ex{a})u{m})~{m})u{s}
= (ex{q}) u{s}.
It follows from (45) that (e~ {q})u{s} e E(H[W uM']). O
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