Contributions to Discrete Mathematics
EEm

Volume 19, Number 3, Pages 163-177
ISSN 1715-0868

THE FRACTIONAL LOCAL METRIC DIMENSION OF
GRAPHS

IMRAN JAVAID*, HIRA BENISH, AND MUHAMMAD MURTAZA

ABSTRACT. The fractional versions of graph-theoretic invariants multi-
ply the range of applications in scheduling, assignment and operational
research problems. For this interesting aspect of fractional graph theory,
we introduce the fractional version of local metric dimension of graphs.
The local resolving neighborhood L(zy) of an edge zy of a graph G is
the set of those vertices in G which resolve the vertices z and y. A func-
tion f: V(G) — [0,1] is a local resolving function of G if f(L(zy)) > 1
for all edges zy in G. The minimum value of f(V(G)) among all local
resolving functions f of G is the fractional local metric dimension of G.
We study the properties and bounds of fractional local metric dimen-
sion of graphs and give some characterization results. We determine
the fractional local metric dimension of strong and Cartesian product of
graphs.

1. INTRODUCTION AND TERMINOLOGY

Resolving sets and the metric dimension of a graph were introduced by
Slater [18] and Harary and Melter [12] independently. Currie et al. [7] initi-
ated the concept of fractional metric dimension and defined it as the optimal
solution of the Linear Programming relaxation of the integer programming
problem of the metric dimension of graphs. The fractional metric dimension
problem was further studied by Arumugam and Mathew [1] in 2012. The
authors provided a sufficient condition for a connected graph G whose frac-
tional metric dimension is @ The fractional metric dimension of graphs
and graph products has also been studied in [1, 9, 10, 11, 14, 19].

Okamoto et al. [16] initiated the study of distinguishing adjacent vertices
in a graph G rather than all the vertices of G by distance. This motivated
the study of local resolving sets and local metric dimension in graphs. In
this paper, we introduce the fractional version of the local metric dimen-
sion of a graph. We study the local fractional metric dimension of some
graphs and establish some bounds on the fractional local metric dimension
of graphs. We also determine the fractional local metric dimension of strong
and Cartesian products of graphs.
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Let G = (V(G), E(Q)) be a finite, simple and connected graph. The edge
between two vertices u and v is denoted by wwv. If two vertices u and v are
joined by an edge then they are called adjacent vertices, denoted by u ~ v.
Ng(u) ={v € V(G) : vu € E(G)} and Nglu] = N(u) U {u} are called the
open neighborhoods and the closed neighborhoods of a vertex u, respectively.
For a subset U of V(G), Ng(U) = {v € V(G) : wv € E(G);u € U} is
the open neighborhood of U in G. The distance between any two vertices
u and v of G is the length of a shortest v — v path in G is denoted by
d(u,v). Two distinct vertices u,v are adjacent twins if N[u] = N[v] and
non-adjacent twins if N(u) = N(v). Adjacent twins are called true twins
and non-adjacent twins are called false twins. For two distinct vertices v and
vin G, R(u,v) = {x € V(G) : d(x,u) # d(z,v)}. A vertex set W C V(G)
is called a resolving set of G if W N R(u,v) # 0 for any two distinct vertices
u,v € V(G). The minimum cardinality of a resolving set of G is called the
metric dimension of G. The function f : V(G) — [0,1] is called a resolving
function of G if f(R(u,v)) > 1 for any two distinct vertices u and v in
G. The minimum value of f(V(G)) among all resolving functions f of G is
called the fractional metric dimension of G, denoted by dim;(G).

A vertex set W C V(G) is called a local resolving set of G if WNR(u,v) #
() for any two adjacent vertices u,v € V(G). The minimum cardinality of a
local resolving set is called the local metric dimension of G and it is denoted
by ldim(G). A local resolving set of order (dim(G) is called a local metric
basis of G. For uwv € E(G), we define the local resolving neighborhood as
L(uwv) = {z € V(G);d(u,z) # d(v,x)}. L(uww) = V(G), for all uv € E(G),
if and only if ldim(G) = 1. In [16], it was shown that ldim(G) = 1 if and
only if G is a bipartite graph. Hence, L(uv) = V(G) for all uv € E(G) if
and only if G is a bipartite graph. Now, we define the fractional local metric
dimension of a graph as follows;

Definition 1.1. A function f : V — [0,1] is a local resolving function LRF
of G if f(L(uv)) > 1 for all uv € E(G), where

fL(uw)) = Y f(a).
z€L(uv)
The weight of local resolving function f is defined as
1= > f).
veV(Q)
The minimum weight of a local resolving function of G is called the fractional

local metric dimension of G and is denoted by ldim¢(G).

The strong product of two graphs G and H, denoted by G H, is a graph
with the vertex set V(GR H) = {(u,v) : u € V(G) and v € V(H)} and two
vertices (u1,v1) and (ug,v2) in GX H are adjacent if and only if

e ujug € E(G) and v; = vy or
e u; =ug and vivy € E(H) or
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e ujuz € E(G) and vivy € E(H).

For a vertex u € V(G), the set of vertices {(u,v) : v € V(H)} is called
an H-layer and is denoted by H“. Similarly, for a vertex v € V(H), the
set of vertices {(u,v) : u € V(G)} is called a G—layer and is denoted by
G". Let dexp((u1,v1), (u2,v2)) denote the distance between (ui,v;) and
(ug,v2). For (u1,v1)(uz,v2) € E(GX H), the local resolving neighborhood
of edge (u1,v1)(ug,v2) is denoted by Lo ((u1,v1)(ug,v2)) and Lg(ujug)
denotes the local resolving neighborhood of wjuy € E(G). The following
result gives the relationship between the distance of vertices in G X H and
the distance of vertices in graphs G or H.

Remark: [13] Let G and H be two connected graphs. Then

demm ((u1,v1), (u2,v2)) = maz{dg(u1,us), dg(v1, v2)}.

This paper is organized as follows: in Section 2, we characterize the graphs
G with the fractional local metric dimension w and give bounds on the
fractional local metric dimension of graphs. We study the fractional local
metric dimension of some families of graphs and also discuss the difference
between the fractional metric dimension and the fractional local metric di-
mension of some families of graphs. In Section 3, we study the fractional
local metric dimension of strong and Cartesian products of graphs. We
establish bounds on the fractional local metric dimension of these graph

products.

2. CHARACTERIZATION RESULTS AND BOUNDS ON ldimf(G)

In a connected graph G, since every resolving function is also a local
resolving function, it follows that

ldim¢(G) < dimf(G)

Since, the characteristic function of a minimal local resolving set is an LRF
of G, it follows that

1 <ldimy(G) < ldim(G) < n — 1.

Thus, if a graph G has Idim(G) = 1, then Ildimy(G) = 1. We have the
following result:

Observation 2.1. Let G be a graph of order n > 2, Since ldim¢(G) =1 if
and only if L(uv) = V(G) for all wv € E(Q), it follows that ldims(G) = 1
if and only if G is bipartite.

Although there is a striking difference between the fractional metric di-
mension and the fractional local metric dimension of graphs, the same results
hold for the local metric dimension of a graph when the graph has true twin
vertices. Let G be a graph and wv € E(G), then d(u,z) = d(v,z) for all
x € V(G)—{u,v} if and only if v and v are true twins. We have the following
result about the local resolving neighborhood of true twin vertices:
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Observation 2.2. If u and v are two adjacent vertices of a graph G, then
L(uv) = {u,v} if and only if u and v are true twins.

Given a graph H and a family of graphs 7 = {l,},cv (), indexed by
V(H), their generalized lexicographic product, denoted by HI[Z], is defined
as the graph with the vertex set

V(H[Z]) ={(v,w) :v e V(H) and w € V(1,)},
and the edge set
E(H[Z]) = {(v1,w1)(v2,w2) : vive € E(H),or v; = v and wywy € E(I,,)}.

Theorem 2.3. Let G be a connected graph of order n > 2. Then the
following statements are equivalent.
(i) ldims(G) = 5.
(ii) Each vertez in G has a true twin.
(iii) There exist a graph H and a family of graphs T = {1y },cv (#), where
I, is a non-trivial complete graph, such that G is isomorphic to H|[Z].

Proof. (i) = (ii) Suppose (i) holds. If there exists a vertex u in G such that
u does not have a true twin, then the function f: V(G) — [0, 1],

0, if z=u,
f(a:)—{ %, if © # u,
is a local resolving function of G by Lemma 2.2, which implies that
n—1
2 b

ldimf(G) <

a contradiction.

(ii) = (iii) Suppose (ii) holds. For z,y € V(G), define x = y if and
only if z = y or z,y are true twins. It is clear that = is an equivalence
relation. Let O1,05...,O,, be the equivalence classes. Then the induced
subgraph G[O;], is either a null graph or a complete graph. Let H be the
graph with the vertex set {Oy,...,Op,}, where two distinct vertices O; and
O; are adjacent if there exist x € O; and y € O; such that x and y are
adjacent in G. It is routine to verify that G is isomorphic to H[Z], where
IT={lp,:i=1,...,m}.

(iii) = (i) Suppose (iii) holds. For v € V(H), let

V(I,) = {w),... ,ws(“)}.

v

where |I,| = s(v). Then s(v) > 2, and (v,w!) and (v,w?) are true twins in
H[Z], where 1 < i < j < s(v). Let h be a local resolving function of H[Z]
with |h| = ldim¢(H[Z]). By Observation 2.2, we get

h((v,w!)) + h((v,w?)) >1 forl<i<j<s(v),
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which implies that ZS(U h(v, wk) > 50) " and so
ldim¢(G) = ldim¢(H[I])

0

Let G = G + G2 which is the graph obtained from G and G2 by joining
every vertex of G1 with every vertex of Go. If each vertex in G; has a true
twin for 4 = 1,2 then each vertex in G1 + G2 has a true twin. Hence, we
have the following result.

Corollary 2.4. Let © denotes the collection of all connected graphs G with
1dim;(G) = Y 17 Gy, Gy € ©, then G + G € ©.

The next result is a generalization of Theorem 2.3. The clique of a graph
G is a complete subgraph in G.

Theorem 2.5. Let G be a connected graph of order n and Wi, Wa, ..., Wy
be independent cliques in G with |W;| > 3 for all i, (1 <i <k). Then

k
ldimy(G) = > ’V(Zm‘
=1

if and only if for alluv € E(G)\E(W;), L(zy) C L(uv) for some zy € E(W;)
for some i, (1 <i<k).

Proof. Let G be a graph with

Ead

ldim¢(G) =

then there is a local resolving function f such that f(L(uv)) > 1 for all
wv € E(G)\ E(W;), for all 1 < i < k. This is possible only when L(zy) C
L(uv) for some zy € E(W;), for some i and f assigns 0 to the vertices of
V(G)\ V(W;) for all i.
Conversely, suppose that for all uv € E(G) \ E(W;), L(xy) C L(uv) for
some xy € E(W;), for some ¢, (1 < i < k). Let f: V(G) — [0,1] be the
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function defined as:

C[1/2 ifveV(W),1<i<k,
flv) = { 0 otherwise.

It is clear that f(L(uv)) > 1 for all uv € E(QG), since L(xy) C L(uv). Hence
f is a local resolving function of G and

k .
ldimg(G) <> ’V(2W)|
i=1

To show that

k
> ‘V(;m‘ < Idim(QG),
=1

suppose that f is local resolving function of W; and not a local resolving
function of G. Then there exist uv € E(G) such that f(L(uv)) < 1. This
leads to a contradiction to our supposition that L(zy) C L(uv). Hence,

k .
Idimg(G) =) ’V(;W.
i=1

O

A lollipop graph L,,, is a graph obtained by joining a complete graph
K,, to a pendent vertex of P, with an edge.

Corollary 2.6. Let L, be a lollipop graph with m > 3 and n > 2. Then
Idimy(Lin) = 5.

Proof. Since for all wv € E(FP,), L(zy) C L(uv) for some xy € E(K,,), by
Theorem 2.5 and Theorem 2.3, ldim (L, ) = 5. O

Observation 2.7. Let I[(G) = min{|L(w)| : ww € E(G)}. Then f :
V(G) — [0,1] defined by f(v) = ﬁ for all v € V(G) is trivially a local
resolving function of G. Hence ldim¢(G) < HI/((GG))l. Since {u,v} C L(u,v)
for all wv € E(G), it follows that I(G) > 2. Hence ldimy(G) < § for all
graphs G of order n.

Lemma 2.8. Let G be a graph and U be a subset of V(G) with cardinality
[V(G)| = ldim(G) + 1, there exists an edge xy € E(G) such that L(xy) C U.

Proof. Suppose there exists a subset U with cardinality |V (G)|—Ildim(G)+1
such that L(zy) € U, for all zy € E(G). Then L(zy) N{V(G)\U} # 0. So
V(G)\U is a local resolving set of G. Therefore, dim(G) —1 = |V(G)\U| <
ldim(G), a contradiction. O

Theorem 2.9. Let G be a graph. Then [(G) = |[V(G)| — 1 if and only if G

is isomorphic to an odd cycle.
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Proof. Tt is easy to verify that I(G) = |V(G)| — 1 when G is an odd cycle.
Conversely, let G be a graph of order n > 4 and I(G) = |[V(G)| — 1. We
further suppose that G is not a bipartite graph, since [(G)) = n for a bipartite
graph of order n. Thus G contains an odd cycle. Let C), : x1, 22, ...,z be
an induced odd cycle, where p < n is odd. Let A(G) be the maximum
degree of G. We claim that A(G) = 2. Suppose to the contrary that A > 3,
then odd cycle C, must be a proper subgraph of G. Since G is connected,
therefore there exists a vertex y € V(G) \ V(C,) such that y is adjacent to
any vertex, say x, of C). Since C) is an odd cycle, therefore d(z,, x =) ) =
d(xp,x%). Thus z),y ¢ L(azp%l:cp%l) Hence ’L(ﬂjpT—lx%” < n — 2 which

is a contradiction. Hence A(G) = 2 and G is isomorphic to an odd cycle. O
Using Lemma 2.8, we have the following result:
Theorem 2.10. Let G be a graph of order n. Then

n
, S .
Idim;(G) = n —ldim(G) + 1

Proof. Write s = n — ldim(G) + 1. Suppose f is a local resolving function
of G with |f| = ldim¢(GQ). Let 7 ={T:T C V(G),|T| =n — ldim(G) + 1}
and |7| = ('V(S,G)'). For each U € 7, f(U) > 1 by Lemma 2.8. Hence,

Yo fU) > (Z)

Uer
Since
n—1
S s = (22 )i
Uer
so we accomplish our result. O

Let G be the complete k-partite graph Kg, q,.....q,, for k> 2, of order

k
n = E Qa;.
i=1

Let V(G) be partitioned into k-partite sets Vi, Va, ..., Vi, where |V;| = a; for
1 <i < k. Okamoto et al. proved that ldim(K,, qs,.. a,) =k — 1 [16].

Lemma 2.11. Let G be the complete k-partite graph Kq, qs.....a;, for k> 2,

k
of order n =3 a;. Then ldim¢(Ka, as,....a,) = k — 1.
i=1

Proof. Firstly, we show that Idims(G) < k — 1. It is clear that all zy €
E(Ka,a0,..,0,) if and only if z € V; and y € V}, i # j and i,j € {1,2,...,k}.
Note that for all zy € F(Kq, as,..,0;), L(xy) = Vi UVj. One of the possible
choices of local resolving function f of G is that f is defined as: f assigns 1
to only one vertex of V;UV; and 0 to all other vertices of V;UV;. This implies
f(L(zy)) > 1 for all zy € E(G) and |f| =k — 1. Thus Idims(G) < k — 1.
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To prove k — 1 < ldim¢(G), we suppose to the contrary that k — 1 >
ldming(G). Suppose that f is a local resolving function which obtains a
minimum weight over all the local resolving functions of G, and this weight
is not k — 1. This is only possible when f assigns 0 to all vertices of V, U Vg,
for some r, s € {1,2, ..., k}. This implies f(L(zy)) < 1 for zy € E(G) where
x €V, and y € V;, which is a contradiction. Hence ldim¢(G) =k —1. 0O

In the following result, we give the fractional local metric dimension of a
vertex-transitive graph G in terms of the parameter I(G).

Theorem 2.12. Let G be a vertex-transitive graph. Then ldimy(G) =
V(&)
1G) -

Proof. Let [(G) = p, then there exists an edge uv € E(G) such that
|L(uv)| = p. This implies that ldim¢(G) > @. By Observation 2.7,
we have the required result.

O

Observation 2.13. Let G be a graph and v € V(G) be the cut-vertez of G,
then ldim¢(G) — 1 < ldim¢(G — v).

The fan graph Fi, of order n + 1 is defined as the join graph K; + P,.
Let V(K1) ={u} and V(P,) = {u1, u2, ..., un }.

Lemma 2.14. Let Fy, be a fan graph with n > 3, then

. _[2 ifn=3
Idimy(F1 ;) = { n if n>4.

Proof. Since I(F13) = 2, therefore ldim¢(F 3) < 2 by Proposition 2.7. Now,
we show that 2 < Idims(F13). Since [(Fi3) = 2 and |L(zy)| # 4 for any
zy € E(F13). Thus a function f : V(F13) — [0,1] is a local resolving
function for Fy 3 if it assign 1/2 to each vertex of Fj3. Otherwise there
exists an edge xy € E(F}3) such that L(zy) < 1. Hence ldim(Fi3) = 2.

Let Fy,, be a fan graph with n > 4. Note that {u} = V(K;) does not
locally resolve any zy € E(F} ;) for x,y # u. Let f: V(F1,) — [0,1] be a
local resolving function defined as:

1/3, if v #u,
f(v)—{ 0, if v=nu.
f(L(zy)) > 1 for all zy € E(F1,,). Thus |f| = 5. Hence ldimy(F1,) < 5.
Now we show that § < Idimy(F1,,). Note that I[(F1,) =3 forn > 4. f
is a local resolving function as defined above. If f assigns 0 to any vertex
from V(P,), then there exists an edge zy € E(F ) such that f(L(zy)) < 1.
Hence Idim(F1,,) = § for n > 4. O
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3. THE FRACTIONAL LOCAL METRIC DIMENSION OF STRONG AND
CARTESIAN PrRODUCT OF GRAPHS

In this section, we study the fractional local metric dimension of strong
and Cartesian product of graphs.

Lemma 3.1. Let G and H be two graphs of order n1 > 2 and nay > 2,
respectively. Then

Lewn ((ui, vj)(ug, vr))
V(G) x Lg(vjv), i=k,
€ § La(wiug) x V(H), ji=1,
{V(G) x Ly (vjv)} U{Lg(ujug) x V(H)} otherwise.

Proof. Let (u;,v;)(ug,v;) € E(GX H). If i =k, then vjuy € E(H). Let
(ui,b) S LGxH((ui,vj)(ui,vl)), then
damp ((ui; b), (uiy v5)) # down (i, ), (ui; v1))-

By Remark 1.2, we have dg(b,v;) # du(b,v;), therefore b € Ly (vjv).
Thus (u;,b) € {V(G) x Ly(vjv)}. Analogously, if j = [, then wuy, €
E(G). Let (a,v;) € Larn((ui,vj)(ug,v5)), then dern((a,vy), (ui,v;)) #
dewu((a,v)), (ug,v;)). By Remark 1.2, we have dg(a, u;) # da(a, ui), there-
fore a € Lg(uiug). Thus (a,v;) € {Lg(uug) x V(H)}. Finally, if wuy €
E(G) and vju; € E(H), then two vertices (u;,v;) and (ug,v;) are locally re-
solved by either (a,v;) or (u;, b) or both. Let (a,v;) € Laxm ((ui, vj)(ug, vr)),
we have

dewn ((wi, v5), (a,v5)) = da(ui, a)
# da(ug, a)
= max{dg(ug,a),1}
= dewn ((a,v;), (ug, vr)).

Thus, (a,v;) € {Lg(usuy) x V(H)}. Similar arguments hold for (u;,b) €
Lewp ((ui, vs)(uk, vr)). Hence,

(a,vj), (ui, 0) € {V(G) x Ly (vju)} U{La(uuy) x V(H)}
and we have the desired result. O

Now, we discuss some results involving the diameter or the radius of
G. For any two vertices z and y in a connected graph G, the collection
of all vertices which lie on an z — y path of the shortest length is known
as the interval I[x,y| between z and y. Given a non-negative integer k,
we say that G is adjacency k—resolved if for every two adjacent vertices
z,y € V(Q), there exists w € V(G) such that dg(y, w) > k and x € I[y, w],
or dg(xz,w) > k and y € I[z,w]. For example, path graphs and cyclic graphs
of order n > 2 are adjacency [%]—resolved.
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Lemma 3.2. Let G be a non-trivial graph of diameter diam(G) < k and
let H be an adjacency k—resolved graph of order ny and let (u;,vj)(uy,v;) €
E(GX H). Then

Lewn ((ui vj) (ur, v1)) € {La(uiuy) X V(H)}.
Proof. Let Lawpg ((ui, v;)(ur,v7)) be the local resolving neighborhood of
(ui,vj)(ur,vy) € E(GXH).
We differentiate the following two cases.

Case 1: If j =1, then uu, € E(G). Let (u,vj) € Larnm((ui, vj)(ur,v;j))
then doxn((ui,v5), (u,v5)) # dezu((ur,vj), (u,v;)). By Remark 1.2, we
have dg(u;, u) # da(ur, w), thus u € Lg(uuy).

Case 2: If vju; € E(H). Since H is adjacency k—resolved, there exists
v € V(H) such that (dg(v,v;) > k and v; € I[v,v]) or (du(v,v;) > k
and v; € I[v,vj]). Say du(v,v;) > k and v; € I[v,y]. In such a case, as
diam(G) < k, for every u € Lg(usu,) we have

dam ((ui; v5), (u,v)) = max{da(ui, u), dp (v, v)}
< dH(U, Ul)
= maxdg(u, u,), di (v, vy)
- dGlZH((u’N vl)a (’U, U))
Hence, Losm ((wi, vj)(ur, v1)) € {La(uiug) x V(H)}. O
Theorem 3.3. Let G be a non-trivial graph of diameter diam(G) < k and
let H be an adjacency k—resolved graph of order no. Then

ldimy(GX H) < ngy - ldim¢(Q)

Proof. Let (z,y) € E(GXR H). Let g : V(G) — [0,1] be a local resolving

function of G' with |g| = ldim;(G). We define a function h : V(GX H) —

[0,1],

g(x), if (z,y) € G¥,
(,y) = { 0, otherwise.

Note that h is a local resolving function of GIX H. Since G has ns copies in

G'X H, therefore |h| < no.ldim¢(G). Hence, ldim(GRH) < ny - ldim¢(G).
([

Theorem 3.4. Let G and H be two graphs of order n1 > 2 and no > 2,
respectively. Then

2 <Idimp(GRH) < ny-ldimg(H) +ng - ldimg(G) — 2ldim¢(G).ldim ¢ (H).

Proof. Since Py X Py = Ky and ldim (P> X Py) = 2. So, the lower bound
follows. Let (u,v) € V(GX H). Let g1 : V(G) — [0,1] be a local resolving
function of G with |g1| = Idims(G) and go : V(H) — [0,1] be a local
resolving function of H with |ga2| = Idimy(H). We define a function h :
V(GX H) — [0,1], with h(u,v) = g1(u) + g2(v). Note that h is a local
resolving function of GX H. Since G has ng and H has n; copies in GX H,
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therefore |h| = ny - Idimg(H) + ng - ldim¢(G). Hence, Idim(G X H) <
ni- ldimf(H) +no - ldimf(G) — 2ldimf(G) : ldimf(H). ]

For the sharpness of upper bound in Theorem 3.4, let G = K,, and H =
K,,. Since K, X K,,, & K,,,,, therefore

ldim (K, ® K,,)
_nm

2
=n - ldims(Kp) +m - ldimg(Ky,) — 2ldims(K,) - ldim(Kpy,).

Now, we discuss general bounds for the fractional local metric dimension
of Cartesian product of graphs. The Cartesian product of two graphs G and
H, denoted by GOH, is a graph with the vertex set V(GOH) = {(u,v) :
u € V(G) and v € V(H)} and two vertices (u1,v1) and (ug,v2) in GOH are
adjacent if and only if

e ujus € E(G) and v; = vy in H or
e u; =ug in G and vive € E(H).

Remark: [13] Let G and H be two connected graphs. Then
deom (w1, v1), (u, v2)) = dg(u1, u2) + dm (vi, v2).

Lemma 3.6. Let G and H be two graphs, then

U U {uw}, ifi=k,
vELy (’Uj’Ul) ueV(G)

Leon ((wi, vj) (ug, v)) = U U {uv}, if j=1.

u€Lqg(usug) veV (H)

Proof. For (u;,v;)(ug,v;) € E(GOH) if i = k, then vjuy € E(H). Let
(us;v) € Laon((ui, v5)(us, vr)), then

deom ((ui, v), (ui, v))) # deom ((ui, v), (us, ).
By Remark 3.5, we have dg (v, v;) # dp (v, v;), therefore v € Ly (vjv;). Thus

(us,v) € U U {uv}.

’UELH(’Ujvl) ueV(G)

(UZ‘,’U) S U U {'LL'U},
)

’UELH(’U]'Ul) ’LLEV(G

Now let

then dg (v, vj) # du(v,v;). By Remark 3.5, we have dgop ((ui, v), (ui, vj)) #
daon ((ui,v), (ui,vp)). Thus (us,v) € Leom((ui,vj)(ui,vy)). Similar argu-
ments hold for j = [. Hence, we have the desired result. O

Theorem 3.7. Let G and H be two graphs. Then
ldimy(GOH) > ldims(G).
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Proof. Let f be a local resolving function of GOH with |f| = Idim¢(GOH).
We define a function fg : V(G) — [0, 1] such that

fa(u) = min Z f(u,v)
veV(H
For uwjus € E(G), we show that fG(LG(UlUQ)) > 1. 1If there exists an
x € Lg(uyuz) with fg(z) = 1, then fo(Lg(uiuz)) > 1. Now, let for any
ueV(Q), fa(u)= > f(u,v). Then

veV (H)

fo(La(umu)) = ) Z f(u,v)

u€Lg(uiuz) veV(H

By Lemma 3.6, the above is equal

F(L((u1,v0)(uz,v0)) > 1.
Thus fg is a local resolving function of G. Since

o< % fww) =Ifl,

ueV(G)veV(H)
hence ldim¢(GOH) > ldims(G). O

Since grid graph P,[1P; is a bipartite graph and by Observation 2.1, we
deduce Idim(P,0P;) = 1.

Lemma 3.8. Let G be a graph of order n, then ldim(K>0G) < ldims(G).

Proof. Let V(K3) = {z,y}, V(G) = {u1,us,...,u,} and H = KoOG. Then
V(H)={(z,w;),(y,u;) : 1 =1,2,...,n}. Let f be a local resolving function
of G with |f| = Idim¢(G). Now we define g : V(H) — [0, 1] by

9((z,ui)) = g((y,u)) = f(;i)

We claim that g is a local resolving function for H. Let wv € E(H), if
u = (z,u;) and v = (x,u;), then {{z} x Lg(uu;)} € Ly(uv) and hence
9(Lg(uv)) > f(La(uiuy)) > 1. If u = (x,u;) and v = (y,u;), then Ly (uv) =
V(H) and hence g(Lg(uv)) > 1. Thus, g is a local resolving function of H
with |g| = |f|. Hence, Idims(H) < |f| = ldim¢(G). O

Remark: When G is a bipartite graph and an odd cyclic graph, the bound
given in Lemma 3.8 is sharp. If G is bipartite graph, then ldim ¢(K>0G) =
1 = ldimy(G). If n is an odd integer with n > 3, then ldim;(K>20C),) = 5.

Let G and H be graphs with V(H) = n, Arumugam et al. proved that the
fractional metric dimension of GOH > 4 if dimy(H) = 5 [2]. Similar result
holds for the fractional local metric dimension with an alternative proof as
follows:

,i=1,2,...,n

Theorem 3.10. Let G and H be two connected graphs with order m, n
respectively and ldimy(H) = 5. Then ldim(GOH) > 3.



THE FRACTIONAL LOCAL METRIC DIMENSION OF GRAPHS 175

Proof. Since ldimy(H) = %, by Theorem 2.3, every vertex of H has a true
twin. Let v has a true twin w in H then Ly (vw) = {v,w}. By Lemma 3.6, it
follows that Laog ((u, v)(u,w)) = {(z,v) : x € V(G)}U{(z,w) : z € V(G)}.
Now, let f be a local resolving function of GLIH. Then
f(Laom((u, v)(u, w))) = 1
for all (u,v)(u,w) € E(GOH). Hence
Yo @)+ Y fl@w)>1
zeV(G) zeV(G)
for all vw € E(H). Adding these n inequalities, we get
Yoo fl@wen+ Y f@w) = n
z€V(H) zeV(Q) zeV(G)

This implies 2| f| > n. Hence Idimy(GOH) > 3. O
Corollary 3.11. Let G and H be two connected graphs with order m, n

respectively and ldimy(G) = 5 and ldimy(H) = 5. Then ldimy(GOH) >
max{ldim(G),ldims(H)}.

The bound given in Theorem 3.10 is sharp for H = K, as follows:

Theorem 3.12. Let G be any graph with |V(G)| < n, for alln > 3. Then
ldimp(GOK,) = 5.

Proof. Let |[V(G)| = m with m < n. Let V(G) = {ui,ug,...,un} and
V(Ky) = {v1,v2,...,v}. Since by Theorem 2.3, Idim(K,) = 5, then by
Theorem 3.10, ldim(GOK,) > 5. We claim that

| Lok, ((ui, vr)(ug, vs))| > 2m

for all (uj,vr)(uj,vs) € E(GOK,,). For (u;,v,)(uj,vs) € E(GOK,,), we have
two cases. If ¢ = j, then r # s and by Lemma 3.6, we have

Leok, ((wi, vp)(ui, v5)) = {(u,vp) 1 1 <t <m}U{(ug,vs) : 1 <t <m}.

So | Leok,, ((wi, vp)(ui, vs))| = 2m. If r = s, then ¢ # j and by Lemma 3.6, we
have {(u;,ve) : 1 <t <n}U{(uj,v): 1 <t <n} C Lenk,, ((wi, vr)(uj,vr)).
So |Leok,, ((wi, vr)(uj, vr))| > 2n > 2m.

Now the function f : V(GOK,) — [0,1] defined by f((u,v)) = 5 for
all (u,v) € V(GOK,) is a local resolving function of GUK,, with |f| =
MOORDL — 2 and idim(GOK,) < 2. Hence, ldim(GOK,) = 2.

]

From Corollary 3.11, we have the following result.
Theorem 3.13. For 2 <k <n, n >3, ldim;(K;0K,) = 5.

Proof. The result follows from Theorem 3.12, when k£ < n. Consider the
case when k = n. Since by Theorem 2.3, Idimf(K,) = 5, then by Theorem
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3.10, ldimy(KyOKy,) > 5. Let V(Ky) = {u1,u2,...,u} and V(K,) =

{v1,v2,...,vp}. We claim that |Lk, ok, ((ui, vr)(uj,vs))| > 2n for all
(ui, vr)(uj,vs) € E(KOK,).

For (u;,v,)(uj,vs) € E(GOK,), we have similar cases as in the proof of
Theorem 3.12 and we have |L, oK, ((ui, vr)(uj, vs))| > 2n.

Now the function f : V(K;OK,) — [0,1] defined by f((u,v)) = % for
all (u,v) € V(K,OK,) is a local resolving function of kxOK,, with |f| = 2
and ldlmf(KkDKn) < % Hence, ldlmf(KkDKn) = % O

4. SUMMARY AND CONCLUSION

In this paper, the concept of fractional local metric dimension of graphs

has been introduced. Graphs with ldims(G) = @ have been character-

ized. The fractional local metric dimension of some families of graphs have
been studied. Differences between the fractional metric dimension and the
fractional local metric dimension of graphs have also been investigated. The
fractional local metric dimension of strong and Cartesian product of graphs
have been studied and established some bounds on their fractional local met-
ric dimension. However, it remains to determine the fractional local metric
dimension of several other graph products.
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