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INTERNAL AND EXTERNAL DUALITY IN ABSTRACT
POLYTOPES

GABE CUNNINGHAM AND MARK MIXER

ABSTRACT. We define an abstract regular polytope to be internally self-
dual if its self-duality can be realized as one of its symmetries. This prop-
erty has many interesting implications on the structure of the polytope,
which we present here. Then, we construct many examples of internally
self-dual polytopes. In particular, we show that there are internally self-
dual regular polyhedra of each type {p,p} for p > 3 and that there are
both infinitely many internally self-dual and infinitely many externally
self-dual polyhedra of type {p,p} for p even. We also show that there
are internally self-dual polytopes in each rank, including a new family
of polytopes that we construct here.

1. INTRODUCTION

Whenever a polytope is invariant under a transformation such as duality,
we often describe this as an “external” symmetry of the polytope. In the
context of abstract regular polytopes, self-duality manifests as an automor-
phism of the symmetry group of the polytope. For example, the n-simplex
is self-dual, and this fact is reflected by an automorphism of its symmetry
group Sp+1. Since the symmetric group S,+1 has no nontrivial outer auto-
morphisms (unless n + 1 = 6), we see that in general the self-duality of the
simplex must somehow correspond to an ordinary rank-preserving symme-
try. What does this mean combinatorially? What other polytopes have this
property that self-duality yields an inner automorphism?

In this paper, we define a regular self-dual abstract polytope to be inter-
nally self-dual if the group automorphism induced by its self-duality is an
inner automorphism. Otherwise, a regular self-dual polytope is externally
self-dual. Our search for internally self-dual regular polytopes started with
the atlas of regular polytopes with up to 2000 flags [2]. Using a computer
algebra system, we found the following results on the number of regular
polytopes (up to isomorphism and duality).

The internally self-dual polyhedra we found include examples of type
{p,p} for 3 < p <12 and p = 15. In rank 4, the only two examples are the
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Rank Total Self-dual Internally self-dual Externally self-dual

3 3571 242 54 188
4 2016 156 2 154
) 258 15 1 14

TABLE 1. Data on dualities of small regular polytopes

simplex {3, 3,3} and a toroid of type {4,3,4}. In rank 5, the only example
is the simplex {3, 3, 3, 3}.

The data suggest that there are many internally self-dual polyhedra (al-
though many more externally self-dual). Indeed, we will show that there
are internally self-dual polyhedra of type {p,p} for each p > 3. The data in
ranks 4 and 5 seem less promising as far as the existence of internally self-
dual polytopes. We will show, however, that there are several families of
internally self-dual polytopes in every rank. Furthermore, due to the ubiqg-
uity of symmetric groups, it seems likely that in every rank, there are many
polytopes that are internally self-dual for the same reason as the simplex.

In addition to the existence results mentioned above, we explore the conse-
quences of a self-dual polytope being either externally or internally self-dual.

The paper is organized as follows. In Section 2 we briefly outline the
necessary definitions and background on abstract polytopes. Sections 3 and
4 contain the definition and some basic structural results about internally
self-dual polytopes. Section 5 includes existence results regarding both self-
dual regular polyhedra and self-dual polytopes of higher ranks. Finally, in
Section 6, we highlight a few open questions and variants of the problems
considered here.

2. BACKGROUND

Most of our background, along with many more details can be found in
[10]. An abstract n-polytope P is a ranked partially ordered set of faces
with four defining properties. First, each maximal totally ordered subset
of P contains n + 2 faces. These maximal totally ordered subsets of P are
called flags. Second, P has a unique least face F_1 of rank —1, and a unique
greatest face F), of rank n; here if an F' € P has rank(F) = 4, then F is called
an i-face. Faces of rank 0, 1, and n — 1 are called vertices, edges, and facets,
respectively. Third, if F < G with rank(F) = ¢ — 1 and rank(G) =i + 1,
then there are exactly two i-faces H with F' < H < G. Finally, P is strongly
connected, which is defined as follows. For any two faces F' and G of P with
F<G,wecal G/F:={H|He€P, F<H<G} asectionof P. If Pisa
partially ordered set satisfying the first two properties, then P is connected
if either n < 1, or n > 2 and for any two faces F' and G of P (other than
F_1 and F),) there is a sequence of faces F' = Hy, Hy,...,Hy_1,H, = G,
not containing F1 and F),, such that H; and H; 1 are comparable for
1 = 1,...,k. We say that P is strongly connected if each section of P
(including P itself) is connected. Due to the relationship between abstract
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polytopes and incidence geometries, if two faces F' and GG are comparable in
the partial order, then it is said that F'is incident on G.

Two flags of an n-polytope P are said to be adjacent if they differ by
exactly one face. If ® is a flag of P, the third defining property of an
abstract polytope tells us that for = 0,1,...,n— 1 there is exactly one flag
that differs from ® in its i-face. This flag is denoted ®* and is i-adjacent
to ®. We extend this notation recursively and let ®%1 % denote the flag
(®4-k-1)i  If w is a finite sequence (iy,...,4x), then ®* denotes P,
Note that ®¥ = & for each i, and ®¥ = ®J* if |i — j| > 1. An n-polytope
(n > 2) is called equivelar if for each i = 1,2,...,d — 1, there is an integer
p; so that every section G/F defined by an (i — 2)-face F' incident on an
(i + 1)-face G is the partial order induced by a p;-gon. In this case we say
that the polytope has (Schlifli) type {p1,p2,...,Pn—1}

The automorphism group of an n-polytope P (consisting of the order-
preserving bijections from P to itself) is denoted by I'(P). For any flag ®,
any finite sequence w, and any automorphism ¢, we have ®“¢ = (®p)*. An
n-polytope P is called regular if its automorphism group I'(P) has exactly
one orbit when acting on the flags of P, or equivalently, if for some base flag
and each ¢ = 0,1,...,n — 1 there exists a unique involutory automorphism
pi € T'(P) such that ®p; = ®°. For a regular n-polytope P, its group I'(P) is
generated by the involutions pg, ..., p,—1 described above. These generators
satisfy the relations

(1) (pipj)*7 =e (0<i,j<n-—1),
where p; = 1 for all 4, 2 < pj; = p;; if j =i —1, and
2) pij =2 for |i — j| > 2.

Any group (po, ..., pn—1) satisfying properties 1 and 2 is called a string
group generated by involutions. Moreover, I'(P) has the following intersec-
tion property:

(3) (lieDn{plie)=(p|icInJ) for I,J C{0,...,n—1}.

Any string group generated by involutions that has this intersection property
is called a string C-group. The group I'(P) of an abstract regular polytope
P is a string C-group. Conversely, it is known (see [10, Sec. 2E]) that an
abstract regular n-polytope can be constructed uniquely from any string
C-group. This correspondence between string C-groups and automorphism
groups of abstract regular polytopes allows us to talk simulatneously about
the combinatorics of the flags of abstract regular polytopes as well as the
structure of their groups.

Let I' = (po, ..., pn—1) be a string group generated by involutions acting
as a permutation group on a set {1, ..., k}. We can define the permutation
representation graph X as the r-edge-labeled multigraph with k& vertices,
and with a single i-edge {a, b} whenever ap; = b with a < b. Note that,
since each of the generators is an involution, the edges in our graph are not
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directed. When T is a string C-group that acts faithfully on {1,...,k}, the
multigraph X is called a CPR graph, as defined in [12].

If P and Q are regular polytopes, then we say that P covers Q if there
is a well-defined surjective homomorphism from I'(P) to I'(Q) that respects
the canonical generators. In other words, if T'(P) = (po,...,pn—1) and
['(Q) = (ph,---+p,_1), then P covers Q if there is a homomorphism that
sends each p; to p.

Suppose I' = (po,...,pn—1) is a string group generated by involutions,
and A is a string C-group such that I covers A. If the covering is one-to-one
on the subgroup (po,...,pn—2), then the quotient criterion says that T' is

itself a string C-group [10, Thm. 2E17].

Given regular polytopes P and O, the mix of their automorphism groups,
denoted I'(P)oI'(Q), is the subgroup of the direct product I'(P) xT'(Q) that
is generated by the elements (p;, p;). This group is the minimal string group
generated by involutions that covers both I'(P) and I'(Q) (where again,
we only consider homomorphisms that respect the generators). Using the
procedure in [10, Sec. 2E|, we can build a poset from this, which we call the
mix of P and Q, denoted P ¢ Q. This definition naturally extends to any
family of polytopes (even an infinite family); see [11, Section 5] for more
details. It is also possible to mix an n-polytope P with an edge e. To do so,
we take T'(e) = (pg, - ., pn—1) With defining relations pg = € and p; = € for
1 <i<n-—1, and then use the same definition as before.

The comiz of T'(P) with I'(Q), denoted I'(P) OT'(Q), is the largest string
group generated by involutions that is covered by both I'(P) and T'(Q) [3].
A presentation for I'(P)OI'(Q) can be obtained from that of I'(P) by adding
all of the relations of I'(Q), rewriting the relations to use the generators of
I'(P) instead.

The dual of a poset P is the poset P* with the same underlying set as P,
but with the partial order reversed. Clearly, the dual of a polytope is itself
a polytope. If P* = P, then P is said to be self-dual. A duality d : P — P
is an order-reversing bijection. If w = (i1,...,4), we define w* to be the
sequence (n —i; —1,...,n — i, — 1). For any flag @, finite sequence w, and
duality d, we have ®“d = (®d)"*.

If P is a self-dual regular n-polytope, then there is a group automorphism
of I'(P) that sends each p; to pn—i—1. If ¢ € I'(P), then we will denote by
©* the image of ¢ under this automorphism. In particular, if ¢ = p;; -~ - s, ,
then we define ¢* to be pp—i; 1+ pp—i,—1. Thus, if ® is the base flag of P
and ®¢p = & then dp* = d“*,

3. INTERNAL SELF-DUALITY

3.1. Basic notions. As just noted, if P is a self-dual regular n-polytope,
then there is a group automorphism of I'(P) that sends each p; to pp—i—1.
When this automorphism is inner, there is a polytope symmetry o € I'(P)
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such that ap; = pp—i—1a for 0 < i < n — 1. We use this idea to motivate
the following definitions.

Definition 3.1. Suppose P is a regqular self-dual polytope. An automor-
phism o € T'(P) is a dualizing automorphism (or simply dualizing) if
ap; = pp—i—1a for 0 < i < n — 1 (equivalently, if ap = p*a for every
p € T'(P)). A regular self-dual polytope is internally self-dual if it has a
dualizing automorphism. Otherwise, it is externally self-dual.

Depending on the automorphism group of a polytope, we can sometimes
determine internal self-duality without knowing anything deep about the
polytope’s structure.

Proposition 3.2. Suppose P is a reqular self-dual polytope, and that T'(P)
is a symmetric group. Then P is internally self-dual unless I'(P) = S¢ and
P has type {6,6} or {4,4,4}.

Proof. For k # 6, the symmetric group Sy has no nontrivial outer automor-
phisms, and so a self-dual polytope with this automorphism group must be
internally self-dual. Up to isomorphism, there are 11 regular polytopes with
automorphism group Sg; eight of them are not self-dual, one of them (the 5-
simplex) is internally self-dual, and the remaining two (denoted {6,6}*720a
and {4, 4, 4}*720 in [8]) are externally self dual. O

It would perhaps be possible to find other abstract results of this type,
but they could never tell the whole story. After all, it is possible for the
automorphism that sends each p; to p,—;—1 to be inner, even if I'(P) has
nontrivial outer automorphisms. So let us shift our focus away from the
abstract groups.

What does it mean combinatorially to say that P is internally self-dual?
Let @ be the base flag of P, and let ¥ = ®a for some dualizing automorphism
a. Let ¢ € T'(P) and suppose that & = ®*. Then

Uy = dap
= dp*a
=V
= ()"
S
In other words, every automorphism acts on ¥ dually to how it acts on .

Definition 3.3. We say that flags ® and ¥ are dual (to each other) if
every automorphism acts dually on ® and V. That is, for every w such that
by = Y, it follows that Wy = U™,

Note that if P is regular and W is dual to ®, then in particular ¥p; =
\I,n—i—l‘
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Proposition 3.4. A reqular polytope P is internally self-dual if and only if
its base flag ® has a dual flag ¥.

Proof. The discussion preceding Definition 3.3 shows that if P is internally
self-dual, then ® has a dual flag. Conversely, suppose that ® has a dual
flag . Since P is regular, there is an automorphism o € I'(P) such that
U =>q. Thenfor 0 <i<n-—1,

Papiat = Vpa~!
—_ \Iln—’i—la—l
_ (\Ija—l)n—i—l
— @ﬂ—i—l.

So apia_l acts on ® the same way that p,_;_1 does, and since the auto-
morphism group acts regularly on the flags, it follows that ap;a™ = p,_;_1
for each 7. Thus « is a dualizing automorphism, and P is internally self-
dual. O

Proposition 3.4 provides an intuitive way to determine whether a regular
polytope is internally self-dual: try to find a flag that is dual to the base flag.
Let us consider some simple examples. Let P = {p}, the abstract p-gon,
with 3 < p < co. Fix a base flag ®. In order for ¥ to be dual to ®, we need
for Wpy = W', which in particular means that pg fixes the vertex of ¥. Now,
whenever p is even or infinite, the reflection pg does not fix any vertices, and
so P must be externally self dual (See Figure 1). When p is odd, then there
is a unique vertex v fixed by pg. Furthermore, there is an edge incident to
v that is fixed by p;. The flag ¥ consisting of this vertex and edge is dual
to @, and so in this case, P is internally self-dual. Indeed, when p is odd,
then the automorphism (pop1)®~1/2pq is dualizing. The following result is
then clear.

Proposition 3.5. The p-gon P = {p} is internally self-dual if and only if
p is odd.

Next consider P = {3,3}, the simplex. Since I'(P) = S4, which has
no nontrivial outer automorphisms, it follows that P is internally self-dual.
Nevertheless, let us see what the dual to the base flag looks like. Consider the
labeled simplex in Figure 2, with vertices {1,2,3,4}, edges {a,b,c,d, e, f},
and facets {L, F, R, D}. Let us pick the triple ® = (1, a, L) as the base flag.

To find the dual of the base flag of this simplex, consider the action of each
of the distinguished generators of the automorphism group on the vertices,
edges, and facets. We summarize the actions in Table 2.

Since p1 and py both fix the base vertex, we need for their duals, p; and
po, to fix the vertex of the dual flag. The only possibility is vertex 3. Next,
since pg and py fix the base edge, we need for their duals to fix the edge of
the dual flag. The only edges fixed by both py and ps are edges a and f,
and the only one of those incident on vertex 3 is f. Finally, since pg and p;
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FiGURE 1. Adjacent flags and dual flags in a pentagon and

a square

P1

Po
P1

(Dl

FIGURE 2. A simplex with labeled faces

Vertices

Edges

Facets

po | (1,2)(3)(4)

(a)(b, d)(c, e)(f)

(L)(F, R)(D)

p1| (1)(2,4)(3)

(a,¢)(b)(d; f)(e)

(L)(F, D)(R)

p2 | (1)(2)(3,4)

(a)(b,c)(d; e)(f)

(L, D)(F)(R)

TABLE 2. Symmetries of the labeled simplex
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F1cURE 3. A base and dual flag of a simplex

fix the base facet, we need for po and p; to fix the facet of the dual flag, and
so the only possibility is R. So the flag that is dual to (1,a, L) is (3, f, R)
(shown in Figure 3).

The process just described is a good illustration of the general process
of finding a dual flag. Let us now describe that process. Suppose P is a
regular, self-dual polytope, with base flag ® and T'(P) = (po, ..., pn-1)- A
flag ¥ will be dual to @ if and only if, for 0 < i < n — 1, the i-face of ¥ is
fixed by (p; | j #n —i—1). So to find ¥, we start by looking for a vertex
Fy that is fixed by (po, ..., pn—2). If no such vertex exists, then ® does not
have a dual flag. Otherwise, once we have found Fy, we now need an edge
F that is incident to Fj and fixed by (po, ..., pn—3, pn—1). Since p,_1 does
not fix Fy, the only way that it will fix F is if it interchanges the endpoints.
Thus, F1 must be incident on the vertices Fy and Fypp,—1. Similar reasoning
then shows that Fy must be incident on all of the edges in Fi{pn—2, pn—1)-
Continuing in this way, we arrive at the following algorithm:

Algorithm 3.6. Suppose P is a regular n-polytope with base flag ® and
L(P) = {(po,...,pn-1). We pick a flag ¥ = (Fy, F,...,Fn_1) as follows.
1. Find all vertices of P that are fixed by {(po,...,pn—2). Call this set
Ap.
2. For each i in the range 0 < i <n — 2:

a. If A; is empty, then stop and output the empty set.

b. Otherwise, for each chain (Fy,...,F;) in A;, find all (i + 1)-
faces F;1q that are incident to every i-face in the orbit
Filpn—i-1,---,pn-1). For each such (i + 1)-face, add the chain
(F(), e 7Fi; Fi-‘,—l) to Ai-{—l-
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3. Output the (possibly empty) set A,_1, which consists of flags of P.

For simplicity, let us assume for now that P is vertezx-describable, meaning
that each face of P is uniquely determined by its vertex-set.

Proposition 3.7. Suppose P is a reqular, self-dual, vertex-describable poly-
tope with base flag ®. Then the output A,_1 of Algorithm 3.6 is the set of
flags that is dual to ®. In particular, P is internally self-dual if and only if
Algorithm 3.6 outputs a non-empty set of flags.

Proof. First, suppose that the flag W is dual to the base flag ®. Let ¥ =
(Fo, ..., Fn—1). Then for each 4, the face F; is fixed by (p; | j #n—i—1). In
particular, since F; < Fj;1, it follows that for each ¢ € (pp—i—1,...,pn-1),
we have Fyo < Fip10 = Fiq1.

Thus, once we have built the chain (Fp,...,F;), we can extend it to a
chain (Fy, ..., Fiy1) with the desired properties. It follows that each set A;
is nonempty, and that ¥ is in A,,_1.

Conversely, suppose that the algorithm produced a nonempty set of flags,
and consider one such flag ¥ = (Fp,...,F,—1). To show that this flag is
dual to @, it suffices to show that p; fixes every face except for F,_;_;.
By construction, the vertex-set of each face F; is Fo(pp—i,...,pn—-1). For
Jj < n—1i—1, the automorphism p; commutes with (pp—;,...,pn—1) and
fixes Fjy, and so

Folpn—is - pn-1)pj = Fopj(pn—iy- -+ pn-1) = Folpn—i, -, pn—1)-

For j > n —i—1, we have

Folpn—iy- - Pn=1)pj = Folpn—is-- -, Pn—1)-

So for j # n — i — 1, the automorphism p; fixes the vertex set of F;. Since
P is vertex-describable, it follows that p; fixes F; itself. Thus p; fixes every
face except (possibly) for F,_;_;. But it is clear that p; cannot also fix
F,_j_1, because the only automorphism that fixes any flag is the identity.
This shows that ¥ is dual to ®. (]

Corollary 3.8. Let P be a self-dual reqular polytope with automorphism
group T'(P) = (po, ..., pn-1). If no vertices are fized by the facet subgroup
(p0, .-, Pn—2), then P is externally self-dual.

3.2. Properties of dualizing automorphisms. Now let us return to the
algebraic point of view to determine some properties of dualizing automor-
phisms.

Proposition 3.9. If a € I'(P) is dualizing, then o = a*.

Proof. If « is dualizing, then for all ¢ € T'(P), we have that ap = p*a.
Taking ¢ = « yields the desired result. U

Proposition 3.10. If a € T'(P) is dualizing, then « is not in (po, ..., pn—2)
orin (p1,...,Pn—1)-
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Proof. Since « is dualizing, p,_1 = o 'pga. If a € {pg,...,pn_2), then
this gives us that p,_1 is in (pg, ..., pn—2), which violates the intersection
condition (Equation 3). Similarly, if a € (p1,...,pn—1), then the equation
po = a 'p,_1a shows that pg is in (p1,...,pn_1), which again violates the
intersection condition. O

The following properties are straightforward to verify.

Proposition 3.11. Let P be a self-dual regular polytope.

(1) If « and B are dualizing automorphisms, then af is central, and
af = Ba.

(2) If p is central and a is dualizing, then g is dualizing.

(3) If « is dualizing, then any even power of « is central, and any odd
power of « is dualizing. In particular, a has even order.

(4) If a is dualizing, then a1 is dualizing.

Proposition 3.12. Let P be an internally self-dual regular polytope such
that T'(P) has a finite center. Then the number of dualizing automorphisms
of I'(P) is equal to the order of the center of I'(P).

Proof. Proposition 3.11 implies that the central and dualizing automor-
phisms of I'(P) together form a group in which the center of I'(P) has
index 2. The result follows immediately. ([l

3.3. Internal self-duality of nonregular polytopes. Generalizing in-
ternal self-duality to nonregular polytopes is not entirely straightforward.
When P is a self-dual regular polytope, then I'(P) always has an automor-
phism (inner or outer) that reflects this self-duality. This is not the case for
general polytopes.

One promising way to generalize internal self-duality is using the notion
of dual flags. Indeed, Definition 3.3 does not require the polytope to be
regular, and makes sense even for nonregular polytopes. Let us determine
some of the simple consequences of this definition.

Proposition 3.13. Suppose that V is dual to ®. Then "1 is dual to
o,

Proof. Let ¢ € T'(P). We need to show that ¢ acts dually on ®¢ and ¥"~1,
Suppose that ®p = &Y, from which it follows that ¥¢ = U*". Then:
(@) = (2p)' = " = (@)™
whereas
(\I/n_i_lgo) _ (\I/go)n_i_l _ \I/w*(n—i—l) _ (\Ijn—i—l)(n—i—l)w*(n—i—l)
and the claim follows. O

Since polytopes are flag-connected, the following is an immediate conse-
quence.
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Corollary 3.14. If P has one flag that has a dual, then every flag has a
dual.

Thus we see that the existence of dual flags is in fact a global property,
not a local one. Here are some further consequences of the definition of dual
flags.

Proposition 3.15. Let P be a polytope, and let ® and ¥ be flags of P. If
D and V are dual, then P is self-dual, and there is a duality d : P — P that
takes ® to W.

Proof. We attempt to define the duality d by ®d = ¥ and then extend it by
dvd = U*". To check that this is well-defined, suppose that ®¥ = ®; we
then need to show that %" = W. Indeed, if ®¥ = ®, then taking ¢ to be
the identity we have that ®¢p = &, whence ¥ = Wy = U¥* with the last
equality following since ® and ¥ are dual. O

We see that dual flags have several nice properties, even in the nonregular
case. We could define a polytope to be internally self-dual if every flag has
a dual (equivalently, if any single flag has a dual). It is not entirely clear if
this is the “right” definition. In any case, we do not pursue the nonregular
case any further here.

4. PROPERTIES OF INTERNALLY SELF-DUAL POLYTOPES

4.1. Basic structural results. Internally self-dual polytopes have a num-
ber of structural restrictions. Many of them are consequences of the follow-
ing simple property.

Proposition 4.1. If P is an internally self-dual regular polytope, then any
reqular polytope covered by P is also internally self-dual.

Proof. Since P is internally self-dual, there is an automorphism a € I'(P)
such that ap; = pn—i—1a for 0 < i < n —1. If P covers Q, then the image
of a in I'(Q) has the same property, and so Q is internally self-dual. O

Proposition 4.1 makes it difficult to construct internally self-dual poly-
topes with mixing, since the mix of any two polytopes must cover them
both. The next proposition characterizes which pairs of polytopes can be
mixed to create an internally self-dual polytope.

Proposition 4.2. Let P and Q be regular n-polytopes such that P o Q is
polytopal. Then P o Q is internally self-dual if and only if
(1) P and Q are internally self-dual, and
(2) There are dualizing automorphisms o € I'(P) and § € I'(Q) such
that the images of a and B in T'(P) O T(Q) coincide.

Proof. Let T'(P) = {(po, ..., pn—1) and I'(Q) = (p, - .., pl,_1), and let I'(P) o
I'(Q) = (oo,...,0n-1), where 0; = (p;, p). Let ¢ = (o, ) € T(P) o T'(Q).
Then ¢ is dualizing if and only if o and 8 are both dualizing, since po; =
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on—i—1¢ if and only if (ap;i, Bp}) = (pn—i—1c,p),_;_183). Therefore, P o Q
is internally self-dual if and only if there are dualizing automorphisms « €
I'(P) and 8 € I'(Q) such that (o, 3) € I'(P) o I'(Q). By [3, Prop. 3.7], this
occurs if and only if the images of « and 8 in T'(P) O T'(Q) coincide. O

As a corollary of Proposition 4.2, if P and Q are internally self-dual
regular n-polytopes with the “same” dualizing element, then their mix is
internally self-dual. More formally:

Corollary 4.3. Suppose that P and Q are internally self-dual regular n-
polytopes, and let w be a word in the free group on pg,...,pn—1. If the
images of w in T'(P) and in T'(Q) are both dualizing, then PoQ is internally
self-dual.

If we have a presentation for I'(P), it is often simple to show that P is not
internally self-dual. Indeed, because of Proposition 4.1, all we need to do
is find some non-self-dual quotient of I'(P). For example, if P is internally
self-dual, then adding a relation that forces pg = € must also force p,_1 = €.
Here are some similar results that are easily applied.

Proposition 4.4. If P is an internally self-dual reqular n-polytope, then
in the abelianization of I'(P), the image of each p; is equal to the image of

Pn—i—1-

Proof. By the argument given in Proposition 4.1, the abelianization of I'(P)
must have a dualizing automorphism. Since such an automorphism also
must commute with the image of every p;, it follows that the images of p;
and p,—;—1 must coincide. O

Suppose P is a regular n-polytope, with m-faces isomorphic to . We
say that P has the Flat Amalgamation Property (FAP) with respect to its
m-faces if adding the relations p; = € to I'(P) for i > m yields a presentation
for T'(K) (rather than a proper quotient).

Proposition 4.5. If P has the FAP with respect to its m-faces for some m
with 1 <m < n —1, then P is not internally self-dual.

Proof. If P is internally self-dual, then adding the relation p,—1 = € to T'(P)
must force pg = €, and this precludes P from having the FAP with respect
to its m-faces for any m > 1. O

Recall that if P is an n-polytope, and e is the unique 1-polytope, then we
define P ¢ e to be the polytope whose group is

T(P)o (o, pn1|ps=cpi=cfor 1 <i<n—1).

(The fact that the mix is a polytope and not just a poset is proved by [10,
Thm. 7TAT7].)

Corollary 4.6. If P is internally self-dual and e is the unique 1-polytope,
then T(Poe) 2T(P) x Cs.
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Proof. The group I'(P ¢ e) is isomorphic to either I'(P) or I'(P) x Co, by
[10, Thm. 7A8]. From Proposition 4.5 and [10, Thm. 7A11] we know that
L(Poe) Z2T(P). O

Proposition 4.7. If P is self-dual, then (P oe)* ¢ e is self-dual.

Proof. First, note that the automorphism group of (P ¢ e)* is naturally
isomorphic to

T(P*) o (00s -+ pn1 | P21 =€ pi=cfor 0<i<n—2).

Therefore, the automorphism group of (P ¢ e)* ¢ e is naturally isomorphic
to the mix of I'(P*) with

(P0s-- s pn1 | P2y =€ pi=cfor0<i<n—2)

and
(Pos--spn1 | pp=€pi=cforl1 <i<n-—1).

Taking the dual of this mix amounts to taking the dual in each component
separately, which fixes the first factor while interchanging the other two
factors. (]

Corollary 4.8. If P is internally self-dual and e is the unique 1-polytope,
then (Poe)*oe is externally self-dual, with automorphism group T'(P) x Co
or T(P) x C3.

Proof. By Proposition 4.7, the polytope (Poe)*oe is self-dual. Furthermore,
if you mix (Poe)*oe with an edge again, then the automorphism group does
not change. Thus, by Corollary 4.6, (P oe)* e must be externally self-dual.
Finally, the automorphism group of (P ¢ e)* is abstractly isomorphic to the
automorphism group of P ¢ e, which Proposition 4.6 says is I'(P) x C2. The
result then follows. O

Corollary 4.9. If P is an internally self-dual polyhedron of type {p,p},
then (P o e)* o e is an externally self-dual polyhedron of type {q,q}, where

q = lem(p, 2).

Proof. Let T'(P) = (po, p1,p2) and let T'(e) = (A\g). For 0 < i < 2, let
o; = (pi, Ni) € T(P) x T'(e), where we take A\; = Ay = e. Then (0go1)P =
((pop1)?, A5) = (e, AB). If p is even, then this gives us (e, €), and so ogoy
has order p. Otherwise opo; has order 2p. So P ¢ e is of type {¢,p}, and
by taking the dual and mixing with e again, we get a polyhedron of type

{a, 4} 0

In some sense, Corollary 4.8 says that externally self-dual polytopes are
at least as common as internally self-dual polytopes.
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4.2. Internal self-duality of universal polytopes. A natural place to
start looking for internally self-dual polytopes is the universal polytopes
{p1,...,Pn—1} whose automorphism groups are string Coxeter groups. Let
us start with those polytopes with a 2 in their Schlafli symbol. Recall that
a polytope is flat if every vertex is incident on every facet.

Proposition 4.10. There are no flat, reqular, internally self-dual polytopes.

Proof. Suppose P is a flat regular polytope, with I'(P) = (po, ..., pn—1). The
stabilizer of the base facet is I';,—1 = {po, . - ., pn—2), which acts transitively
on the vertices of the base facet. Since P is flat, it follows that I',,_1 acts
transitively on all the vertices of P. In particular, I',,_; does not fix any
vertices, and thus Corollary 3.8 implies that P is not internally self-dual. [

Corollary 4.11. If P is a reqular internally self-dual polytope of type
{p1,...,pn—1}, then each p; is at least 3.

Proof. Proposition 2B16 in [10] proves that if some p; is 2, then P is flat. O
Next, we can rule out infinite polytopes.

Proposition 4.12. If P is a self-dual regular polytope such that T'(P) is an
infinite string Coxeter group, then P is externally self-dual.

Proof. Lemma 2.14 in [6] proves that an infinite Coxeter group with no
finite irreducible components has no nontrivial inner automorphisms that
realize any graph automorphisms of the Coxeter diagram. Since self-duality
is induced by a graph automorphism, it follows that P cannot be internally
self-dual. O

We can now easily cover the remaining self dual string Coxeter groups.

Theorem 4.13. The only internally self-dual reqular polytopes such that
['(P) is a string Cozeter group are simplices and p-gons with p odd.

Proof. In light of Corollary 4.11 and Proposition 4.12, the only possibilities
left to consider are simplices, polygons, and the 24-cell {3, 4,3}. Propositions
3.2 and 3.5 establish the claim for simplices and p-gons. Using a computer
algebra system, we can verify that {3,4,3} is not internally self-dual. O

4.3. Restrictions on the automorphism group. Based on the data in
Table 1 and the restrictions from the previous section, it seems that regular
internally self-dual polytopes could be relatively rare, especially in ranks
other than three. Before exploring some existence results about internally
self-dual polytopes, let us discuss a few natural questions that arise while
looking for examples. First, one might want to know if the existence of
internally or externally self-dual polytopes with a certain group I' as an au-
tomorphism group might depend on the abstract class of I'. In a simple way,
the answer to this question is yes, in that if I' has no outer automorphisms,
then there can be no external dualities of the polytope (as seen in Proposi-
tion 3.2). Otherwise, it seems that the abstract structure of the group does
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not provide insight into whether self-dual regular polytopes will be either
externally or internally self-dual. In particular, there are both internally
and externally self-dual regular polytopes with simple groups as their au-
tomorphism groups; examples of which can be easily found by considering
alternating groups.

Second, while looking for internally self-dual polytopes of higher rank, a
natural question is whether they are built from only internally self-dual poly-
topes of lower rank. For example, must the medial sections of an internally
self-dual polytope be internally self-dual themselves? (The medial section of
a polytope is a section F/v where F' is a facet and v is a vertex.) Consider
the unique self-dual regular polytope of rank four with an alternating group
acting on nine points as its automorphism group (see Figure 4 of [4]). This
is easily seen to be internally self-dual, as the duality is realized as an even
permutation on the nine points. However, this polytope is of type {5,6,5},
and so its medial sections, being hexagons, are not internally self-dual; see
Proposition 3.5.

Finally, Proposition 4.1 says that if a regular polytope is internally self-
dual, then the regular polytopes that it covers are also internally self-dual.
This is a stringent requirement, so one might hope that the converse would
be true. However, there are externally self-dual polytopes that only cover
internally-self dual polytopes. For example, the unique polyhedron P of
type {5,5} with 320 flags is externally self-dual, and it double-covers the
unique polyhedron Q of type {5,5} with 160 flags, which is internally self-
dual. Furthermore, every quotient of the former (polyhedral or not) filters
through the latter, since the kernel of the covering from P to Q was the
unique minimal normal subgroup of I'(P). So P only covers internally self-
dual polyhedra, despite being externally self-dual itself.

5. EXAMPLES OF INTERNALLY SELF-DUAL POLYTOPES

In this section we will prove the existence of internally and externally
self-dual polytopes with various characteristics. We mainly focus on rank 3,
but higher rank polytopes are also constructed.

5.1. Rank three. First we construct a few families of internally self-dual
regular polyhedra. Our main result is the following.

Theorem 5.1. For each p > 3 (including p = o), there is an internally
self-dual regular polyhedron of type {p,p}, and for each p > 4 (including
p = 00), there is an externally self-dual regular polyhedron of type {p,p}.
Furthermore, if p is even, then there are infinitely many internally and ex-
ternally self-dual regular polyhedra of type {p,p}.

We will focus on constructing internally self-dual regular polyhedra; then
Theorem 4.13 and Corollary 4.9 will take care of the rest. First we will show
that there is an internally self-dual polyhedron of type {p, p} for each p > 3.
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The data from [2] provides examples for 3 < p < 12. We will construct a
family that covers p > 7. We start with a simple lemma.

Lemma 5.2. Suppose w1 and wo are distinct permutations that act cyclically
on n points and that 7T(1i1 = 7r‘212 for some dy and ds. Suppose that for some
positive integer k, there is a unique point i such that iﬂ{ = iwg for all j with
1<j<k. Thendy =dy =0 (modn).

Proof. Since nf' = 792 it follows that mp and 7{' commute. Then, for
l<j<k,
- d j \,d
(imy ")y = (img)my!
= (i)'
= (i),

That is, 7r{ and 7['“; act the same way on (iwfl) for 1 < j < k. By assumption,
i was the only point such that 7] and 73 act the same way on that point for

1 < j < k. It follows that Wfl (which is equal to WgQ) fixes ¢, which implies
that di = da = 0 (mod n). O

Theorem 5.3. For each p > 7, there is an internally self-dual polyhedron
of type {p,p} such that (pop2p1)® is dualizing.

Proof. We will construct a permutation representation graph, and then show
that it is a CPR graph. If p is odd, then consider the following permutation
representation graph:

G D@

—®

In both cases, it is easy to see that the group is a string group generated
by involutions. To verify this, we only need to notice that the subgraph
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induced by edges of labels 0 and 2, consists of connected components that
are either isolated vertices, double edges, or squares with alternating labels.
If p is odd, then

pop2p1 = (17 7, 6)(27 4,5, 3)(87 9)(107 11) T (p - 1,p),
and if p is even, then
PoP2P1 = (17 77 6)(2747 9, 3)(87 9)(107 11) U (p —2,p— 1)
In both cases, it follows that (pop2p1)® = (2,5)(3,4). It is simple to show
that this is in fact a dualizing automorphism. In other words, (pop2p1)®ps
acts the same on every vertex as ps_;(pop2p1)°.

It remains to show that (po, p1,p2) is a string C-group. Following [10,
Prop. 2E16], it suffices to show that (pg, p1) N (p1, p2) = (p1)-

Let ¢ be in the intersection, ¢ ¢ (p1). Without loss of generality, we
may assume that ¢ = (pop1)? for some d; (since if ¢ is an odd product
of factors p;, then pp; is also in the intersection and can be written like
that). Now,  is also in (p1, p2). If o = p1(p2p1)® for some da, then p? = e,
and thus (pop1)?® = e. If p is odd, then this only happens if ¢ is itself the
identity, contrary to our assumption. So in that case we may assume that
= (pgpl)d2 for some ds. If p is even, then in principle, it is possible that
© = (pop1)P/?, and so it could happen that ¢ = p1(p2p1)®.

Suppose p is odd, p > 9. Then

POPl:(1737577797-'-710»]3_17]9_37-“767472)

and
pap1 = (1,4,2,7,9,...,p,p—1,p—3,...,6,3,5).
We note that these cycles act the same way on 3, on 4, and on 7 through p.
Indeed, 7 is the start of a unique longest sequence of points on which pgp1
and papy act, and so we can apply Lemma 5.2 with ¢ =7 and k =p — 6. It
follows that there is no nontrivial equation of the form (pop1)® = (p2p1)%.
Now, suppose p is even, p > 10. Then

pop1 = (1,3,5,7,9,...,p—1,p,p—2,p—4,...,6,4,2)
and

pap1 = (1,4,2,7,9,....p—1,p,p—2,p—4,...,6,3,5).
As in the odd case, (pop1)® cannot equal (p2p1)%2, by Lemma 5.2 with i = 7
and k = p — 6. We still need to rule out the case (pop1)P? = p1(p2p1)®.
Note that (pop1)?/? always sends 1 to p. In order for pi(pap1)® to do the
same thing, we would need dy = p/2 as well. But then (pop;)?/? sends 3
to p — 2, whereas p; (pgpl)p/Q sends 3 to p — 4. So that rules out this case,
proving that the intersection condition holds.

The remaining cases where p = 7,8 can be verified using a computer
algebra system. O

Using the polyhedra built in Theorem 5.3 as a base, we can construct an
infinite polyhedron that is internally self-dual.
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Theorem 5.4. Consider a family of internally self-dual regular polyhedra
{Pi}2,, with infinitely many distinct polytopes. Let I'(P;) = (péz), pgl), pé”).

Suppose that there is a finite sequence ji,...,Jm Ssuch that pg-? . pgi)l is

dualizing in each T'(P;). Then P = P o Pa o --- is an infinite internally
self-dual regular polyhedron.

Proof. 1t is clear that P is infinite. Let

o= (o8 0 Do = (0 0P, e = (0, D).

To show that P is a polyhedron, we need to show that (pg, p1, p2) satisfies
the intersection condition. In particular, by Proposition 2E16 of [10], the
only intersection that is nontrivial to check is (po, p1) N (p1, p2). Suppose
© € (po,p1) N {p1,p2). For each i, let p; be the natural projection of ¢ in

I'(P;), where we send each p; to pg-z). Since P; is a polyhedron, each ;
is either € or pgi). Now, since (pg, p1) is dihedral, the automorphism ¢ is
either even or odd. Furthermore, its projection ¢; into the dihedral group

<p((]i), pgi)) must have the same parity as ¢ itself. Therefore, every ; must

have the same parity, and so either ¢; = € for every i, or ; = pgl) for every
1. In the first case, ¢ = €, and in the second, ¢ = p;. This proves the
intersection condition.

Finally, it is clear that pj, - - - pj,, is dualizing in I'(P), and so P is inter-
nally self-dual. O

Corollary 5.5. There is an infinite internally self-dual regular polyhedron
of type {00, 00}, with dualizing automorphism (pop2p1)®.

Proof. Apply the construction of Theorem 5.4 to the polyhedra in Theo-
rem 5.3. [l

The infinite polyhedron of Corollary 5.5 is a little difficult to work with;
we have neither a permutation representation nor a presentation for the
automorphism group. With this example, however, we can now build a
simpler example.

Corollary 5.6. Let " be the quotient of [0o, 0] by the three relations

(pop201)Cpi = pa—i(pop2p1)®, where 0 < i < 2.

Then T’ is the automorphism group of an infinite internally self-dual regular
polyhedron of type {oo, 00}.

Proof. First, note that I' covers the automorphism group of any polyhedron
with dualizing automorphism (pop2p1)®. Therefore, I covers the automor-
phism group of the polyhedron in Corollary 5.5. Then the quotient crite-
rion (see [10, Thm. 2E17]) shows that this is a polyhedron, since it covers
the polyhedron in Corollary 5.5 without any collapse of the facet subgroup

<p07pl>' O
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FiGURE 4. Base and dual flags in the regular polyhedron
14,4} (5.0

Now let us prove that there are infinitely many internally self-dual poly-
hedra of type {p,p} when p > 4 and p is even. We first cover the case
p=4.

Proposition 5.7. The polyhedron {474}(3,0) 1s internally self-dual if and
only if s is odd.

Proof. Let P = {4,4}; ), and let us identify the vertices of P with (Z/sZ)?.
Let us choose the base flag to consist of the origin, the edge from the origin
to (1,0), and the square [0,1] x [0,1]. Then pg sends each vertex (z,y) to
(1 —=x,y), p1 sends (z,y) to (y,x), and pg sends (z,y) to (x,—y). If sis
even, then pg does not fix any vertex, and so by Corollary 3.8, P is externally
self-dual. If s is odd, say s = 2k — 1, then the unique vertex fixed by (po, p1)
is (k,k). Continuing with Algorithm 3.6, we want an edge that contains
(k,k) and (k,k)p2 = (k,—k) = (k,k — 1). Finally, we want a square that
contains that edge and its images under (p1, p2), which consists of the 4
edges bounding the square with corners (k, k) and (k — 1,k — 1). Thus, the
flag that is dual to the base flag consists of the vertex (k, k), the edge to
(k,k — 1), and the square that also includes (k — 1,k —1). See Figure 4 for
the case k = 3. (]

We now construct a family of examples to cover the remaining cases.

Theorem 5.8. For each even p > 6, there are infinitely many internally
self-dual polyhedra of type {p,p}.

Proof. For each even p > 6, we will construct a family of permutation rep-
resentation graphs, and show that each one is the CPR graph of a distinct
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internally self-dual polyhedron of type {p,p}. First, consider the following
permutation representation graph G.

OROSOR0

Let po, p1, p2 be the permutations induced by edges of the appropriate label.
We have

po=(2,3)(4,5)---(p—6,p=5)(p—4,p—2)(p—3,p—1),
p1=(1,2)3,4)---(p=5p—4)(p—1Lp)p+1,p+2)---(2p—7,2p—6),
p2=p—4p-3)p-2,p-)Er+1)pP+2,p+3)---(2p—-8,2p 7).

It is again clear that (pg, p1, p2) is a string group generated by involutions.
Next, note that pgpap1 interchanges p — 2 with p — 3, while cyclically per-
muting the remaining 2p — 8 points. Now consider o = (pgpap1)P~*. This
interchanges 1 with 2p — 6 and thus 1(pgp2p1)’ with (2p — 6)(pop2p1)’, for
each j. Since the action of (ppp2p1) on vertices on the left is the mirror of
the action on the right, it follows that o interchanges ¢ with 2p — 5 — ¢ for
1 <i<p—4, while fixing p — 2 and p — 3.

We will now build a larger graph X using the one above as a building
block. Let k be an odd positive integer, and take N := k(p — 4) copies of
the above graph, labeled G1,Go, ..., Gy, and arrange them cyclically. Let
us use (i,7) to mean vertex i in G (and where j is considered modulo N
if necessary). We connect the graphs G; by adding edges labeled 1 from
(p—2,7) to (p—3,7+1). By Theorem 4.5 in [12], this is the CPR graph of a
polyhedron. Furthermore, if we erase the edges labeled 2, then the connected
components either have 2 vertices or p vertices. The latter consists of the
first p — 4 vertices, then the bottom of a diamond, then the top of the
next diamond, the right of that diamond, and one more vertex. The same
happens if we erase the edges labeled 0, and so we get a polyhedron of type
{p,p}.

Let us now redefine pg, p1, and p2 as the permutations induced by edges
of X, and let ¢ = (pop2p1)P~* as before. The new ¢ acts in exactly the same
way on every vertex in every copy of the original CPR graph except for the
top and bottom of the diamonds. Indeed, o takes (p—3,7j) to (p—3,j—p+4)
and it takes (p — 2,7) to (p — 2,7 +p — 4). Then the order of o is 2k, since
o to any odd power interchanges every (1,5) with (2p — 6,7), and o is the
smallest power of o that fixes every (p — 3,7) and (p — 2, 7).

We claim that o” is dualizing. To prove that, we need to show that
piak = akpg,i for ¢ = 0,1,2. That is clearly true for all vertices other
than the tops and bottoms of diamonds, because o* acts as a reflection
through the middle of the diagram, and this reflection also dualizes every
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label. Checking that p;or and akpg,i act the same on the top and bottom
of every diamond is then easy.

Finally, we claim that the constructed polyhedra are distinct for each k.
For this, it suffices to show that in each polyhedron, k is the smallest positive
integer such that o* is dualizing. (In principle, if o* is dualizing, it might
also be true that ¢™ is dualizing for some m dividing k.) In order for a power
of o to act like a dualizing automorphism on most vertices, it must be odd,
since o2 fixes every vertex other than the tops and bottoms of diamonds. So
consider ¢ for some odd m < k. The permutation ¢™p; sends (p—3,1) to
(p—2,m(p—4)), whereas pjo™ sends (p —3,1) to (p —2,N —m(p—4)) =
(p—2,(k—m)(p—4)). In order for these two points to be the same, we
need k —m = m, so that k = 2m. But k is odd, so this is impossible. So we
get infinitely many internally self-dual polyhedra of type {p, p}. O

We can now prove our main result.

Proof of Theorem 5.1. The data from [2], combined with Theorem 5.3 and
Corollary 5.5, show that there are internally self-dual polyhedra of type
{p,p} for all 3 < p < co. Theorem 4.13 then shows that there are externally
self-dual polyhedra of type {p,p} for 4 < p < co. Proposition 5.7 and The-
orem 5.8 show that there are infinitely many internally self-dual polyhedra
of type {p, p} for p even, and combining with Corollary 4.9, we get infinitely
many externally self-dual polyhedra of type {p, p} for p even as well. O

5.2. Higher ranks. Now that the rank three case is well established, let
us consider internally self-dual regular polytopes of higher ranks. We will
start by showing that there are infinitely many internally self-dual polytopes
in every rank. By Theorem 4.13, we already know that the n-simplex is
internally self-dual. It is instructive to actually show this constructively,
using Algorithm 3.6.

Consider the representation of the regular n-simplex P as the convex hull

of the points eg, ea,...,e,41 in R Each i-face of P is the convex hull
of i + 1 of the vertices, and each flag of P can be associated to an ordering
of the vertices (e;,, €4y, .-, €;,,,), where the i-face of the flag is the convex

hull of the first ¢ + 1 vertices.

Let us set the base flag ® to be the flag corresponding to the ordering
(e1,€2,...,€ent1). Then each automorphism p; acts by switching coordinates
141 and i 4 2, corresponding to a reflection in the hyperplane z; 11 = z; 2.
In order to find a flag dual to ®, we need to first find a vertex that is fixed
by (po,.-.,pn—2). The only such vertex is e,4+1. Next, we need an edge
that is incident to e,41 and fixed by (pg,...,pn-3) X (pn—1). Since p,_1
interchanges e, and e,+1 and it must fix the edge, it follows that the edge
must be incident on e,. Continuing in this manner, it is easy to see that
the dual flag must be (ep+1,€n,...,€1).

Now let us find the dualizing automorphism of I'(P). We can identify
I'(P) with the symmetric group on n+1 points, where p; is the transposition
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(i+1,i+2). We noted above that the dual of the base flag simply reversed
the order of the vertices. So the dualizing automorphism of I'(P) can be
written as

(pop1 -+ pn—1)(pop1--- pn—2) - (pop1)(po)
as this “bubble sorts” the list (1,2,...,n + 1) into its reverse.
Here is another example of high-rank internally self-dual polytopes. That
they are internally self-dual follows from Proposition 3.2.

Proposition 5.9. For each n > 5 the regular n-polytope with group Spts
described in [5, Prop. 4.10], is internally self dual.

1 0 1 2 3 4 n—4n—3n—2n—1n—2
oO—O0—C0O—0O—C0C—-0

The CPR graph of these polytopes is shown above. Each of these poly-
topes is obtained from a rank (n + 2) simplex, by first taking the Petrie
contraction and then dualizing and taking another Petrie contraction. (The
Petrie contraction of a string group generated by involutions (po, ..., pn—1)
is the group generated by (p1, pop2, P35 -« -+ Pn—1)-)

The cubic toroids (described in [10, Section 6D]) provide an infinite family
of internally self-dual polytopes with automorphism groups other than the
symmetric group.

Theorem 5.10. The regular (n+1)-polytope {4,372, 4} (s,0n-1y 18 internally
self-dual if and only if s is odd.

Proof. Let us take the vertex set of P to be (Z/sZ)". For 0 < i < n, let
G; be the i-face of P containing vertices 0,e1,e1 +€3,...,e1 +ea+ -+ e,
where {e;}7 ; is the standard basis. Let ® = (Gy,...,G,) be our base flag.
Then the generators of I'(P) can be described geometrically as follows (taken
from [10, Eq. 6D2]): pg sends (z1,...,2,) to (1 — z1,29,...,2y), pn sends
(x1,...,@y) to (T1,...,Tp—1,—Tp), and for 1 < i < n —1, p; interchanges
x; and ;1.

We now try to build a flag that is dual to ®, using Algorithm 3.6. First, we
need to find a vertex that is fixed by (po, ..., pn—1). In order for (x1,...,2,)
to be fixed by pg, we need x1 = 1—x1 (mod s); in other words, 2z = 1 (mod
s). That has a solution if and only if s is odd, so that already establishes
that when s is even, the polytope P is not internally self-dual. On the other
hand, if s is odd, then we can take ;1 = (s 4+ 1)/2 as a solution. Now, in
order for p1,...,pnp—1 to also fix this vertex, we need all of the coordinates
to be the same. So we pick Fp = ((s+1)/2,...,(s+1)/2).

Next we need an edge incident on Fy and Fpp,. The latter is simply
((s+1)/2,...,(s+1)/2,(s—1)/2), which is indeed adjacent to Fp, and that
gives us our edge F;. To pick Fy, we look at the orbit G1{pn—1, pp); this gives
us the square whose 4 vertices are ((s+1)/2,...,(s+1)/2,+(s+1)/2,+(s+
1)/2). In general, we take F; to be the i-face such that its vertices are ob-
tained from Fy by any combination of sign changes in the last ¢ coordinates.
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Then it is clear that F; is fixed by (po, ..., Prn—i—1, Pn—i+1,-- - Pn), and thus
we have a dual flag to . O

In the remaining part of this section we will show that there are examples
of internally self-dual polytopes other than the toroids and simplices (and
self-dual petrie contracted relatives) in each rank n > 5; we give a family of
examples in Theorem 5.17 that are string C-groups I" which are internally
self-dual. (There are other examples in rank 4 as well, such as the polytope
of type {5,6,5} that was mentioned at the end of Section 4.3.)

We will take advantage of the fact that I' will self-dual by design, so
the structure of each of its parabolic subgroups is the same as the “dual”
subgroup. For any subset S of {0,1,...,n — 1}, we define I's = (p; | i € 5).
The structure of I'g is determined by the structure of the given permutation
representation graph after we delete all edges with labels in S.

To simplify the proof of the the theorem, we first provide some lemmas
about other string C-groups.

Lemma 5.11. Let I' = (po, ..., pn—1) be a string group generated by involu-
tions. If To := (p1, ..., pn—1) and Tp_1 := {po, ..., pn—2) are string C-groups,
prn—-1 € Tn_1, and Top—1 := (p1,..., pn—2) is mazimal in T'g or T'p_y, then T
is itself a string C-group.

Proof. This is a restatement of [4, Lemma 2.2]. O

Lemma 5.12. For each n > 4, the following permutation representation
graph is the CPR graph of a regular n-polytope with automorphism group
I' isomorphic to the symmetric group on n + 3 points. Furthermore, I'g is
isomorphic to the direct product of a group of order two and a symmetric
group on n + 1 points.

2 1.2 _3_4 n—1
Oo—0
o |0
2

Proof. For n > 6 the first part of this claim is shown in [5, Prop. 4.8]. The
remaining cases for the first part of the claim can either be checked by hand
or using a computer algebra system.

Consider the permutation representation graph for I'y below.

It is easy to show that I'g must either be isomorphic to 5,41 or Cy X Spq1.
To determine which of the two structures is correct, we need to understand if
the transposition represented by the isolated edge labeled 2 is in the group.
The element (pap1p2p3p2)® is equal to that transposition, and thus I'g =
02 X Sn+1.

O
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Lemma 5.13. For each n > 4, the following permutation representation
graph is the CPR graph of a reqular n-polytope with automorphism group I’
isomorphic to the direct product of the symmetric group on n+ 2 points with
two groups of order 2.

0 0 1 2 n—2n—1n—2
o—0O O—C0O—0O$O—10OCO0—0O0—~0CO——=0
n—2
0

Proof. Let A = (po,...,pn) be the automorphism group of the dual of an
(n+ 1)-polytope obtained from Lemma 5.12, and let I" be a group obtained
from the permutation representation above. Then, I' is a string C-group as it
is isomorphic to A,0e. The action of I on the larger orbit can easily be shown
to be the symmetric group S,12. Furthermore, (pn_2pn_1Pn—2Pn—3Pn—2)°
yields the transposition represented by the isolated edge labeled n — 2, and
(pop1)? yields the involution represented by the pair of isolated edges labeled
0. Thus the group I is isomorphic to Sy, 1o x Cy x Ch. O

Lemma 5.14. For each n > 6, the following permutation representation
graph is the CPR graph of a regular n-polytope with automorphism group
I' isomorphic to the symmetric group on n + 4 points. Furthermore, the
element (pn—2pPn—1Pn—20Pn—3Pn—2) 1S a five cycle with the last five points in
1ts support.

2 1 .2 3 _4 n—3n—2n—1n—2
o—0——~0C—0C—0

Proof. For n > 7 the fact that this is a CPR graph is shown in [5, Prop. 4.14].
The remaining case can either be checked by hand or using a computer

algebra system. The structure of (pn—2pn—1Pn—20n—3pn—2) can easily be
checked by hand. O

Lemma 5.15. For each n > 3, the following permutation representation
graph is the CPR graph of a reqular n-polytope with automorphism group I’
isomorphic to the direct product of the symmetric group on n+1 points with
two groups of order 2.
0 0 0 1 n—1 n—1 n—1
o—0O O0—0O O0—0O0—0V0-0—0O O0——0

Proof. This is the group obtained from an n-simplex by mixing with an edge,
dualizing, and mixing with another edge and it is thus a string C-group. To
show that the group is isomorphic to S, 41 x Co x Cy we notice that (pop1)?
and (p,_1pn_2)? yield the involutions represented by the isolated edges of
the graph of labels 0 and n — 1. Thus both involutions are in the group,
along with the full symmetric action on the larger orbit. ([

Lemma 5.16. For each n > 4, the following permutation representation
graph is the CPR graph of a reqular n-polytope with automorphism group I’
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isomorphic to the direct product of the symmetric group on n+ 3 points with
a group of order 2.

2 1 2 3 4 n—1 n—1
o—0O O0—-0O
0 0 n—1

Proof. This group is the mix of a group from Lemma 5.12 with an edge, and
is thus a string C-group. It can be shown to be isomorphic to S,4+3 x Co
since (p,_2pn_1)? is the involution represented by the isolated edges labeled
n — 1. [l

Theorem 5.17. For each n > 5, the following permutation representation
graph is the CPR graph of an internally self-dual regular n-polytope. Fur-
thermore, when n > 6 the polytope has automorphism group I' isomorphic
to the symmetric group acting on n + 5 points.

Proof. First we notice that these graphs have slightly different structure
depending on whether n is odd or even; the two smallest cases of ranks
5 and 6 are seen below. Using a computer algebra system, these groups
can be verified to be string C-groups. The n = 5 case yields a group of
order 28800, and the n = 6 case yields the symmetric group on 11 points.
In the first case, we can verify that conjugating p2p1 0201030201 03020102 by
P40203P20001P0P2P302p04 vields a dualizing automorphism of I'. In the second
case, the permutation m; = pypsp2p3pap3p2p3ps swaps nodes 5 and 7 while
fixing everything else. Conjugating m; by p1p4 yields a permutation 7o that
swaps 4 and 8 while fixing everything else. By further conjugating ma, we
can find permutations that swap 3 with 9, 2 with 10, and 1 with 11, and
then the product of these five permutations is a dualizing automorphism.

In the rest of the proof, we will assume that n > 7. By design, I' is
self-dual, since interchanging every edge label ¢ with n — 1 — i is a symmetry
of the graph, corresponding to a reflection through a line that goes through
the middle edge (if n is odd) or through the middle node (if n is even). Let
us show that I' is internally self-dual.

First, when n is odd and n = 2k + 1, the permutation m = pj inter-
changes the two nodes that are incident on the middle edge, while fixing
everything else. Then, setting mo = (pr—1pk+1)71(Pr+1pk—1), We get that
w9 interchanges the next two nodes from the center, while fixing everything
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else. Continuing this way, we can find permutations 7y, ..., 7;+3 that each
interchange a node with its dual while fixing everything else. The product
of all of these will be a dualizing automorphism in I'.

When n is even and n = 2k, the middle node is incident to edges labeled
k—1 and k. The permutation m = pr_1prpr—1 is easily seen to interchange
the two nodes that are incident on the middle node, while fixing everything
else. Then, setting m = (pr—20k+1)T1(Prr1PKk—2), We get that mo inter-
changes the two nodes at a distance of 2 from the middle node, while fixing
everything else. As in the odd case, we can continue to define permutations
T, ..., Tk+2 that each interchange a node with its dual, and the product of
all of these will be a dualizing automorphism in I'.

Now we need to show that each I' is a string C-group. It is clear that it
is a string group generated by involutions, so we only need to show that it
satisfies the intersection condition. We will do this by utilizing Lemma 5.11
and [10, Prop. 2E16] by showing that its facet group and vertex figure group
are string C-groups, and that their intersection is what is needed.

First, let us show that I'g1,—1 N Topn—2n-1 = T'o1,n—2n—1. Following
Lemma 5.15, I'g 1 n—2n—1 = Sp—3 x Cy x Ca. Consider the action of ¢ €
F0717n_1 N FO,n—Q,n—l- Since ¢ € FO,l,n—l; we know that {1, 2}(p = {1, 2} and
{3,4}p = {3,4}. Also, since ¢ € I'g 1,51, either ¢ fixes all of {1,2,3,4} or
it sends 1 to 2 and sends 3 to 4. Thus when restricted to the set {1,2,3,4},
Io1n—1 NTon-—2n-1 acts like a group of order two. Dually the same thing
can be said about how I'g 1 ,—1 N 2,1 acts on the set {n —3,n—2,n—
1,n}. We conclude that I'o 1 -1 NTon—2n-1 < Sp—z x Ca x C2. On the
other hand, S, _3 x Cy x Cy = F071,n_1’n_2 < FO,I,n—l N FO,n—Q,n—l- Thus,
F071’n_1 N F07n_27n_1 = FO,Ln—Q,n—l- Since, by Lemma 5.13, both FO,l,n—l
and I'g ,—2 ,—1 are string C-groups isomorphic to S;,,_1 x Ca x Cy, it follows
from [10, Prop. 2E16], that I'g ,—; is also a string C-group.

We can now show that I’y (and thus I';,_1) is a string C-group. The group
Ig,1 is a string C-group isomorphic to S, 1 X C5 as seen in Lemma 5.16, and
the group I'g,,—1 was just shown to be a string C-group. Furthermore, since
I'o,1,n—1 is isomorphic to S,—1 x Cz x Co, it follows from the O’Nan-Scott
Theorem that I'g 1 ,—1 is maximal in I'g;. Then by Lemma 5.11, it follows
that I'g is a string C-group. By the self-duality of the construction, we see
that I'y,_1 is also a string C-group.

To finally show that I' itself is a string C-group we need to understand the
structure of I'g, I',—1, and I'g ,—1. We can show that I'g ,_1 = S,, 11 xCax Co,
by proving that the transpositions (1,2) and (n + 5,n + 4) are both in the
group; the symmetric action on the remaining (n + 1) points follows from
Proposition 5.9. The elements (pap1p2p3p2)® and (pn—3pn—20n—3n—apn—3)°
give these two transpositions and thus I'g ,—1 = Sp41 x C2 x Cs.

Following Lemma 5.14, 'y is a symmetric group extended by a single
transposition. Furthermore, since the element (p2p1p2psp2)® fixes all the
nodes of the large connected component of the graph of I'y, and interchanges
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the nodes of the isolated edge labeled 2, it follows that this single transpo-
sition is in the group I'g. Thus I'g = S, 13 x Ch.

Lemma 5.11 then shows that I' is a string C-group, since I'g and I';,_1 are
string C-groups, and I'g ,—; is maximal in I'g. Finally, note that I'g < T' <
Sn+5, and that Iy is a maximal subgroup of S, 15 (again by the O’Nan—Scott
Theorem), and thus I' & S, 5.

O

6. RELATED PROBLEMS AND OPEN QUESTIONS

Some problems on the existence of internally self-dual polytopes remain
open. Here are perhaps the most fundamental.

Problem 1. For each odd p > 5, describe an infinite family of internally
self-dual regular polyhedra of type {p,p}, or prove that there are only finitely
many internally self-dual reqular polyhedra of that type.

Problem 2. Determine the values of p and q such that there is a finite
internally self-dual regular 4-polytope of type {p,q,p}.

Problem 3. Determine whether each self-dual (n — 2)-polytope occurs as
the medial section of an internally self-dual regular n-polytope.

To our knowledge, these problems are open even if we consider all self-dual
regular polytopes, rather than just the internally self-dual ones. Problem 3,
for general self-dual polytopes, was posed as a positive conjecture by Schulte
in Section 9 of [13].

To what extent does the theory we have developed apply to transforma-
tions other than duality? For example, the Petrie dual of a polyhedron P,
denoted P7, is obtained from P by interchanging the roles of its facets and
its Petrie polygons (see [10, Sec. 7B]). If P™ = P, then we say that P is
self-Petrie. If P is regular, with I'(P) = (po, p1, p2), then P is self-Petrie if
and only if there is a group automorphism of I'(P) that sends py to pope,
while fixing p; and ps. We can then say that P is internally self-Petrie if
this automorphism is inner.

Working with internally self-Petrie polyhedra is not substantially different
from working with internally self-dual polyhedra, due to the following result.

Proposition 6.1. A regular polyhedron P is internally self-Petrie if and
only if (P*)™ is internally self-dual.

Proof. Suppose that P is (internally or externally) self-Petrie, and let the

group I'(P) = (po, p1,p2). Then there is some © € Aut(I'(P)) such that
poT = pop2, P17 = p1, and pem = pa. Now, I'(P*) = (p2, p1, po), and then

L((P*)™) = (pop2, p1;po) =: (Ao, A1, A2).

Then it is easy to show that \;j7m = Ag—; for i = 0, 1,2. It follows that (P*)™
is self-dual. Furthermore, since I'(P) = I'((P*)™) as abstract groups and m
induces the self-Petriality of the former and the self-duality of the latter, it
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follows that m is either inner for both groups or outer for both. The result
then follows. O

Perhaps it would be possible to discuss internal versus external invariance

under other polytope transformations, such as those studied in [9].
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