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ON THE ORDER OF APPEARANCE OF PRODUCTS OF
FIBONACCI NUMBERS

NARISSARA KHAOCHIM AND PRAPANPONG PONGSRITAM

ABSTRACT. Let F), be the nth Fibonacci number. For each positive in-
teger m, the order of appearance of m, denoted by z(m), is the smallest
positive integer k such that m divides Fj. Recently, D. Marques has
obtained a formula for z(Fyn Frnt1), 2(FnFrni1Fnt2), and z(Fp Frni1 Fnio
F,+3). In this paper, we extend Marques’ result to the case z(Fy Fr41 - - -
Foyr), for 4 <k <6.

1. INTRODUCTION

Throughout this article, we write (a1,aq,...,ar) and [a1,aq,...,ax] for
the greatest common divisor and the least common multiple of a1, as, . .., ag,
respectively.

The Fibonacci sequence (F},),~; is defined by F} = F» = 1 and F,, =
F,_1+F,_o for n > 3. For each m € N, the order of appearance of m in the
Fibonacci sequence, denoted by z(m), is the smallest positive integer k such
that m divides F}. The divisibility property of Fibonacci numbers and the
behavior of the order of appearance have been a popular area of research,
see [1, 2, 5, 6, 8, 15, 18, 19, 24, 26, 27, 28, 29] and references therein for
additional details and history. Recently, D. Marques [10, 11, 12, 13, 14] has
obtained formulas for z(m) for various types of m. In particular, he [13]
obtains formulas for z(F, F11), 2(EnFny1Fny2), and z2(F,Fyy1 FrioFnts).
In this article, we extend his results to the case z(F,Fp4+1--- Fpig), for
4 < k < 6. Our method is simpler and gives a general idea on how to obtain
formulas for z(F,Fp4+1 - Fpig), for every k > 1.
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2. AUXILIARY RESULTS

In this section, we give some lemmas that will be used in the proof of the
main theorems. First we recall the following well-known results [4, 6, 8, 27]
which will be applied throughout this article:

(2.1) Forn >3, m>1, F, | F, if and only if n | m.

(2.2) For m,n > 1, (Fn, Fy) = Fimn)-

We will need to calculate 2-adic and 3-adic orders of Fibonacci numbers; the
next lemma will be useful.

Lemma 2.1 (Lengyel [9]). For each n > 1, let vy(n) be the p-adic order of
n. Then

0, ifn=1,2 (mod 3);
va(Fy) = ¢ 1, if n =3 (mod 6);
va(n)+2, ifn=0 (mod 6),

vs(Fpn) = vs(n), and if p is a prime, p # 2, and p # 5, then

v _ vp(n) + Up(Fz(p)), ifn=0 (mod z(p));
v(Fn) {0, ifn 20 (mod z(p)).

In particular,

~Jus(n)+1, ifn=0 (mod 4);
valFn) = {0, ifn#0 (mod 4).

We will also need to calculate the least common multiple of consecutive
integers such as [n,n + 1,n + 2,n 4+ 3,n + 4]. It is not difficult to compute
directly the formula for [n,n+1,...,n + k] in terms of n,n+1,...,n+ k
for 1 < k < 6. But it is more convenient to apply the result of Farhi and
Kane [3] on the recursive relation of the function g : N — N given by

nn+1)---(n+k)
[n,n+1,...,n+ k]

Lemma 2.2 (Farhi and Kane [3]). For each k € N U {0}, let gi be the
function defined by (2.3). Then go(n) = g1(n) = 1 for every n € N and g
satisfies the recursive relation

gk(n) = (k! (n + k)gk-1(n)) for all k,n € N.

(2.3) gr(n) =

Let a,b,c be positive integers. Recall the basic results in elementary
number theory that if (a,b) = 1, then (c,ab) = (c¢,a)(c,b), and (a,bc) =
(a,c). In addition, ((a,b),c) = (a,b,c), (a,b) = (b,a), (ca,cb) = ¢(a,b), and
if a =b (mod c¢), then (a,c) = (b,c¢). Combining these and Lemma 2.2, we
obtain the following result.
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Lemma 2.3. For each k,n € N, let Ly(n) = [n,n+1,...,n+k|. Then the
following statements hold.

Li(n) =n(n+1),
n(n+1)(n+2)

Lz(n) = (2’n) ’
_n(n+1)(n+2)(n+3)
Ls(n) = 27 ’
La(m) = M0 Do+ 2)(n+3)(n +4)
2(4,n)(3,n(n + 1)) ;
Ly(n) = nn+1)(n+2)(n+3)(n+4)(n+5)
6(5,n)(4,n(n + 1)) )
Lo(n) = nn+1)(n+2)(n+3)(n+4)(n+5)(n+6)
6(n

12(3,n)(5,n(n + 1)) ( (n 2)< ’n(n2+1)>>‘

Proof. By the definition of the function gi(n), we obtain

n(n+1)~-(n+k).

nn+1,....,n+k|=
[ ] gk(n)

So we only need to find gx(n) for £ = 1,2,3,4,5,6. Since each case is
similar, we will only give the proof in the cases k = 5,6 assuming that cases
k=1,2,3,4 are already obtained.
Case 1: k = 5.
From the case k = 4, we have g4(n) = 2(4,n)(3,n(n + 1)) and we
obtain by Lemma 2.2 that

g5(n) = (5!, (n + 5)ga(n))
n)

= (51,2(n+5)(4,n)(3,n(n+1)))

=2(5-4-3,(n+5)4,n)(3,n(n+1)))
=2(5,n+5)4,(n+5)4,n))(3, (n+5)(3,n(n+1)))
=2(5,n)(4, (n +1)(4,1))(3,3(n +5),n(n + 1)(n +5))
=2(5,n)4,4(n+1),n(n+1))(3,n(n+1)(n+5))
=2(5,n)(4,n(n+1))3

=6(5,n)(4,n(n+1)).

Case 2: kK =6.



48 NARISSARA KHAOCHIM AND PRAPANPONG PONGSRIIAM

We have
g6(n) = (6!, (n+6)gs(n))
= (6!,6(n +6)(5,n)(4,n(n +1)))
= 6(8-5-3, (n+6)(5,n)(4,n(n + 1))
— 6(8, (1 + 6)(4, n(n + 1)))(5, (n + 6)(5,n)) (3,1 + 6)
= 6(8,(n+6)(4,n(n+1)))(5, (n+ 1)(5,1n))(3,n)
=6(8,(n+6)(4,n(n+1)))(5,5(n +1),n(n+1))(3,n)
—12 (4, (n +6) <2, ”("2“)» (5,n(n +1))(3,n)
_ 12 (4, (n+2) (2, ”(”2“)» (5,n(n + 1))(3,n).

This completes the proof. ([l

Next we calculate the least common multiple of consecutive Fibonacci
numbers.

Lemma 2.4. For each k,n € N, let LFy,(n) = [Fyn, Fuy1, ..., Fuik]. Then
the following statements hold.

(1) LFl(n) = FnFn+1.
(11) LFQ(TL) F, Fn+1Fn+2

FpFni1Fnioly
(ili) LF3(n) = %;2%

FnFni1FnioFni3Fnta an =1 (mod 3)'
== b)

. F 9
iv) LF, (n,4)
(iv) a(n) = {FnFn+1Fn?2§;n+3Fn+47 ifn=0,2 (mod 3).

FnFny1FnqoFny3Fnialngs ifn=1,2 (mod 4);

2F, ’
(V) LF5( ) { FnFn+1Fn+21('7ni>3Fn+4Fn+o
Fin,5)

, ifn=0,3 (mod 4).
FnFn+1Fn+2Fn+3Fn+4Fn+5Fn+6 ; — .
(vi) LFs(n) = { 2F(n(n+1).5 Fin.0) » =1 (mod 4);

F,F, F, F, F, F, F, .
n+14'n42'n43'n4+41'n4+54'n+6 an = 0 2 3 (mod 4)

)

6F(n(n+1),5)F(n,6)

Proof. By (2.2), it is easy to check that F,,, F), 11, F,, 42 are pairwise relatively
prime. So (i) and (ii) follow immediately. Since (iii), (iv), (v), and (vi) follow
from the same idea, we will only show the proof for (iii), (v), and (vi).

Recall that [a1,as,...,a;] = [[a1,a2,...,ax-1],ax] and [a,b] = ab/(a,b).
For convenience, we let P, = F,Fp, 41+ Fy1x. Then (iii) follows from (ii)
by
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[(Fos Frgts Frgo, Fnys] = [[F, Fuyt, Fuyal, Fas]

_ [Fn> Fn+1> Fn+2]Fn+3 _ FnFn+1Fn+2Fn+3
([FnaFn—i-laFn—l-Q]aFn—l—B) (FnFn+1Fn+27Fn+3)
(Fn, Fuy3) (Pt Frys) (Fage, Frys)

P P3

Fiontsy Flng)

Assuming (iv), we can obtain (v) in the following similar way. Since Fj,3,
Fo 14, Fo 45 are pairwise relatively prime, we see that

(P4, Frys) = (Fo, Fuys)(Fug1, Fois) (Fug2, Fogs)
= F(n,n+5) F(n+1,n+5)F(n+2,n+5)

(2.4) = Fin5) Fni1,0) Fnt2,3)
Case 1: n =1 (mod 3).
Then
[Fna Fn-‘,—l; Fn+27 Fn+37 Fn+47 Fn+5] = [[Fn7 Fn+17 Fn+27 Fn+37 Fn+4]7 Fn—i—S]
- [FnFn+1Fn+2Fn+3Fn+4 F :|
- F sy 'm+5
(n,4)

FnFn+1Fn+2Fn+3Fn+4Fn+5

FnFny1FnyoFny3Fnta
F(nu4) < F(n,4) ’ Fn+5

FnFn+1Fn+2Fn+3Fn+4Fn+5
(FnFn+1Fn+2Fn+3Fn+47 F(n,4)Fn+5)
Ps
(Pa, FnayFoys)
Since (Finay, Fnts) = Finaynts) = Finanes) = Finant) = 1 and
n =1 (mod 3), we obtain by (2.4) that
(2.5) (P, Einay Frnts) = 2(Pay Fi4)) Fin5) Flng1,4)-

It is easy to check that if n = 1,2 (mod 4), then the right hand side of
(2.5) is equal to 2F(, 5), and if n = 0,3 (mod 4), then it is equal to 6F, 5).
Case 2: n=0,2 (mod 3).

Similar to Case 1, we have

Ps
(P47 2F(n,4)Fn+5) .
It is easy to check using (2.2) that 2 = Fj is relatively prime to F, 4) and

Foy5, and that (Fi, 4), Fats) = F(n4)nt5 = 1. This and (2.4) implies
that

[Frw Fn—i—h F’I’L-‘r27 Fn—i—?n Fn+47 Fn+5] ==

(Pay 2F () Frys) = 2( Py, Fina)) Fins) Fng1,4)
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which is the same as (2.5). So if n = 1,2 (mod 4), then it is equal to
2F(n 5, and if n = 0,3 (mod 4), then it is equal to 6F(, 5). This proves
(v).
Next we give a proof of (vi).
Case 1: n=1,2 (mod 4).
Similar to the proof of (v), we have

P
(P5,2F (5 Fnt6)

[Fn) Fn+1a Fn+2a Fn+3a Fn+4, Fn+5, Fn+6] —

It is easy to see that F(n,5) is relatively prime to 2. This implies that
(F(n75)7 2Fy16) = (F(n,5)7 Foie) = Fins)n+6) = 1. So

(P5,2F (5 Fnt6) = (Ps, Finys)) (Psy 2F46)
= (FnFuts, Fins)) (P5, 2Fn6)-

We see that if 5 | n, then (F,Fyi5,F,5) = 5, and if 5 { n, then
(FnFn+5,F(n,5)) = 1. This implies that (FnFn+5,F(n75)) = F(n’5). Thus
the above equation becomes

(2.6) (Ps5, 2F (5,5 Fnt6) = Fin,5)(P5, 2Fnt6)-

Consider (2, Fn+6) = (Fg, Fn+6) = F(S,n+6) = F(3’n).
Subcase 1.1: 31 n.
Then (2, F46) = 1, and F, ¢ is relatively prime to F,15, Fji4,
and Fj,43. So (2.6) becomes

(P, 2F(n 5)Fnv6) = 2F (4, 5)(Ps; Fruto)

2F(n5)
= 2F (. 5)(FnFni1Fnto, Foye)
2F(n,5) (Fna Fn+6)(Fn+1a Fn+6)(Fn+27 Fn+6)
= 2F(n,5) Fln6) Flnt1,5)F (n2.0)

(2.7) 2

!

(n(n+1),5) F(n,6)F (n12,4)-

Subcase 1.2: 3 | n.
Then 2 and F,4¢ are relatively prime to Fj, 14 and F,45. In addi-
tion, (FnFn+1Fn+2,Fn+3) = (Fn,Fn+3) = F(n,3) =2. So

FnFn+1Fn+2 Fn+3 -1
2 ) '
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Therefore

(P57 2Fn+6) - (FnFn+1Fn+2Fn+37 2Fn+6)
—4 (FnFn+1Fn+2Fn+3 Fn+6>

4 T2
— 4 FnFn+1Fn+2 Fn+3 Fn+6
2 2 72
— 4 FnFnJranJrZ Fn+6 Fn+3 Fn+6
B 2 T2 2 7 2

= (FnFn+1Fn+27 Fn+6)(Fn+3a Fn-i—ﬁ)

= (an Fn+6)(Fn+la Fn+6)(Fn+2a Fn+6)(Fn+3a Fn+6)

= Flo6) Fnt1,5) F (2,0 F(n+3,3) = 2F(0,6) F (nt-1,5) F (n+2,4)
Thus (2.6) becomes

(Ps; 2F(n 5)Fnt6) = 2F (5 5) Fin,6) Fng1,5) Fint2,4)
= 2F(n(n+1),5) F(n+2.9 Fin6)
which is the same as (2.7).
We conclude that Subcases 1.1 and 1.2 lead to the same formula for
[Fy, Fos1, Frvo, Fots, Fota, Fots, Frye). Observe that if n =1 (mod 4),
then Fip, 404y = 1, and if n = 2 (mod 4), then F{;, 94y = 3. This leads
to the desired formula in (vi).
Case 2: n=0,3 (mod 4).
Similar to the proof of (v), we have
P
P5,6F 5 Fnic)’

[Frw Fn+17 Fn+27 Fn+37 Fn+47 Fn+57 Fn-{—ﬁ] = (

It is easy to see that F(n,5) is relatively prime to 2 and 3. So (F(n’5),
6Fn16) = (F(n,5)7 Foy6) = F((n,g,),n%) = 1. Thus

(2.8) (P, 6F( 5 Fnv6) = (Ps, Fn5)) (P5,6Fngs) = Fn 5) (D5, 6F ).

Subcase 2.1: 31 n.
Then (6,Fn+6) =1 and (Fn+3Fn+4Fn+57Fn+6) =1. So

(P5,6F,46) = 6(Ps, Frte) = 6(FnFnt1Fnye, Fote)
= 6(Fn, Frte) (Fnt1, Frte) (Frt2, Fote)
= 6F(n6)F(n+1,5)-

So we obtain by (2.8) that

(2.9) (Ps, 6F(, 5)Fnt6) = 6F(n 5 Fn,6) Fnt1,5) = 68 (n.6) Fln(n+1),5)-

Subcase 2.2: 3 | n.
Then (Fi15,6Fn16) = (Fats,6) = (Fi, Fogs)(F3, Foys) = Flany)-
We obtain similarly that (Fj14,6F,16) = Fla,n) and (Fyi3,6F,46)
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= (Fn+37 3)(Fn+37 2Fn+6) = (Fn+37 2Fn+6) = (Fn+37 4)7 where the
last equality is obtained from the fact that (F,y3, Fl,+6) = 2. So

(210) (Fn+3Fn+4Fn+57 6Fn+6) = F(4,n+1)F(4,n) (Fn+37 4)
From this we obtain by Lemma 2.1 that

6, ifn=0 (mod 12);

Fn Fn Fn ;6Fn =
(EntsFutaFrrs, 6Fnro) {12, if n=3 (mod 12).

Subsubcase 2.2.1: n =0 (mod 12).
Then (fassfissliss o) —1. 8o

FoisF,14F,
(P57 6Fn+6) =6 (FnFn—i-an-i-QWv Fn+6)

= 6(FnFni1Fn+2, Foye)
= G(Frw Fn+6)(Fn+17 Fn+6)(Fn+27 Fn+6)
= 6F(n,6)F(nt1,5)-

Thus we obtain by (2.8) that
(2.11)  (P5,6F (5 Fnte) = 6F(n.6)Fnt1,5F(n,5) = 6F(n,6) F(n(n+1),5)>

which is the same as (2.9).
Subsubcase 2.2.2: n =3 (mod 12).

Then (F”+3F7112+4F”+5, F"2+6) =1. So

F,i3F, 4 F, F,
(P5,6F,16) = 12 (FnFn+1Fn+2 ot ;;4 o n2+6>

2

F, F,
=12 <Fn7 n;G) (Fn+17n2+6> <Fn+27 Fn2+6> .

Consider (Fn+27Fn+6) = F(n+2,4) =1, (Fn+17F7L+6) = F(n+1,5)a
(Fn,Fn+6) = F(n,ﬁ) = F(?),G) = 2, and UQ(Fn) = UZ(Fn+6) = 1.
Therefore (Ps,6F,1+6) = 12F(n+175), and thus (P5,6F(n75)Fn+6) =
12F(n75)F(n+175) = 6F(n,6)F(n(n+1),5)v which is the same as (2.11)
and (2.9).

So Subcases 2.1 and 2.2 lead to the same formula for

F,
=12 (FnFn+1Fn+2, "*6>

[F’m Fn+17 Fn+27 Fn+3Fn+4a Fn+5Fn+6]-

This completes the proof of (vi).
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3. MAIN RESULTS

As mentioned in the introduction, our method of proof gives a gen-
eral idea on how to obtain z(F,Fp41--- F,4x) for every £ > 1. In fact,
the next theorem describes a general strategy for obtaining a formula for
Z(FnFnJrl T Fn+k)

Theorem 3.1. Letn >3, k>1,a=[nn+1,...,n+ k|, b=F,Fy41---
Eoik and

FoFoi1Fovo - Fork
(Fry Foits Frvzs o Frg]

fr(n) =

Then the following holds.
() b fu(n)Fa; for every j > 1.
(ii) 2(b) = aj where j is the smallest positive integer such that b | Fg;.
In fact, j is the smallest positive integer such that v,(b) < vy(Fuj)
for every prime p dividing fr(n).

Proof. Since n+1i | a for all 0 <1 < k, we obtain by (2.1) that F,y; | F, for
all 0 < ¢ < k. So [F,, Foi1,-..,Fnyk] | Fu. By the definition of fi(n), we
see that b | fz(n)F,. Since F, | F,;,

b| fx(n)Fy; for every j > 1.

This proves (i). Next let z(b) = ¢. Then b | F;. Therefore F,; | Fy for all
0 <i < k. Since n > 3, we obtain by (2.1) that n+ ¢ | £ for all 0 < i < k,
which implies that a | £. Thus ¢ = aj for some j € N. By the definition of
z(b), we see that j is the smallest positive integer such that

(3.1) b| Fy.

Note that (3.1) is equivalent to v,(b) < v,(Fy;) for every prime p. But by
(i), if p is a prime and p{ fx(n), then

vp(b) < vp(fi(n)Faz) = vp(Fay)-
Therefore (3.1) is equivalent to
(3.2) vp(b) < wp(Fyj) for every prime p dividing f(n).
Hence z(b) = ¢ = aj and j is the smallest positive integer satisfying (3.2).
This proves (ii). O

Theorem 3.2. Letn > 1, a = [n,n+ 1,n+2,n+3,n+4], and b =
FoFniiFopoFni3Fnyy. Then

a, ifn=1,2,3,4,56,7,10 (mod 12), or n = 8,60 (mod 72);
2a, ifn=9,11 (mod 12), or n = 24,44 (mod 72);

3a, ifn=12,32,36,56 (mod 72);

6a, ifn =0,20,48,68 (mod 72).

z(b) =
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Proof. 1t is easy to check that the result holds for n = 1,2. So assume that

n > 3.

Case 1: n =1 (mod 3).

Then by Lemma 2.4 and Theorem 3.1, we have b | Fy, 4)F,; for every

j > 1 and we would like to find the smallest j such that b | F,;. If
n=1,2,3 (mod 4), then F,4) = 1, so we can choose j = 1 and obtain
z(b) = a. So assume that n = 0 (mod 4). Then F,, = 3 and by
Theorem 3.1 we only need to consider v3(b) and v3(Fg;). Since n =
1 (mod 3) and n = 0 (mod 4), we obtain by Lemma 2.1 that v3(b) =
v3(Fy) + v3(Frga) = v3(n) + vs(n +4) +2 = 2. Since 4 | n and n | aj,
4| aj. So we obtain by Lemmas 2.1 and 2.3 that for every j > 1,

Ug(Faj) = Ug(a) + ’Ug(j) + 1
- <n(n+1)(n+2)(n+3 )(n+4) ) + vs(j

8
=v3(n+2)+v3(j)+1>2+wv3(j) >2

Thus we can choose j = 1 and obtain z(b) = a. This shows z(b) = a
whenever n =1 (mod 3). We remark that the idea that will be used in
the following case is still the same as that in the previous case. So our
argument will be shorter.

Case 2: n =2 (mod 3).

Then by Lemma 2.4 and Theorem 3.1, we have b divides 2F{;, 4) Fy; for
every j > 1 and our problem is reduced to finding the smallest positive
integer j such that v,(b) < vy(Fy;) for every prime p dividing 2F(,, 4.
Let j > 1. Since 3 | n+ 1 and n+ 1 | a, we see that 3 | aj. Similarly
2 | aj. Therefore 6 | aj. By Lemma 2.1, va(Fp;) = v2(aj) + 2. In
addition, va(b) = vo(Fp11) + va(Fpta).

Subcase 2.1: n =1 (mod 4).
Then by Lemmas 2.1 and 2.3, we obtain

UQ(Faj) 2 CL)-I-UQ(')—I-Z

(
2(n +1) +v2(n + 3) — v2(2) +v2(j) + 2
o(n+3)+v2(j)+2>4=wv2(n+1)+3
(

v
=0
=0
va(Fpnt1) + v2(Frt4) = vo(b).

So in this case, we can choose j = 1 and obtain z(b) = a.
Subcase 2.2: n =2 (mod 4).
Similar to Subcase 2.1, we see that

v2(Faj) = v2(n) + v2(n +2) + va(n + 4) — v2(4) + v2(j) + 2
=ve(n+2)+v2(j) +2>4=wy(b), and z(b) = a.

Subcase 2.3: n =3 (mod 4).
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Then v2(b) = va(n + 1) + 3, and va(Fyj) = va(n + 1) + va(j) + 2.
So va(Fyj) > ve(b) if and only if va(j) > 1 So we choose j = 2 and
obtain z(b) = 2a.
Subcase 2.4: n =0 (mod 4).
Then 2F|,, 4y = 6 and we need to consider 2-adic and 3-adic orders
of b and F,;. By Lemmas 2.1 and 2.3, we obtain similarly to the
other cases that

va(b) = v2(n+4)+3
v2(Foj) = va(n) + v2(n + 4) + v2(J),
v3(b) = v3(Fn) + v3(Fnt4)
=uwv3(n)+vs(n+4)+2=v3(n+4)+2, and
v3(Foj) = v3(aj) + 1 =wv3(n+ 1) +v3(n +4) + v3(j).
So we need to find the smallest j > 1 such that
va(n) + va2(j7) > 3 and v3(n + 1) + v3(j) > 2.

Note that n = 0,4 (mod 8) and n+1=0,3,6 (mod 9).
(i) Ifn =0 (mod 8) and n+1 =0 (mod 9), then va(j) = v3(j) =
0,s0j =1 and
T2a
8,n)(9,n+1)
(ii) If n =0 (mod 8) and n+ 1 = 3,6 (mod 9), then vy(j) =0
and v3(j) =1, so j = 3 and
72a
EmOnT1)
(iii) If n =4 (mod 8) and n+1 =0 (mod 9), then v2(j) =1 and
v3(j) =0, so j =2 and

z(b) =a=

z(b) = 3a =

72a
(8,n)(9,n+1)

(iv) If n =4 (mod 8) and n+ 1 = 3,6 (mod 9), then va(j) =
v3(j) =1, s0 j =6 and

2(b) = 2a =

72a

X0 =60 = D)

Case 3: n =0 (mod 3).

Similar to Case 2, b | 2F(;, 4)Fu; for every j > 1 and we need to find the
smallest j such that v, (b) < v,(Fy;) for every prime p dividing 2F(;, 4).
Subcase 3.1: n =1 (mod 4).

Then 2F(n,4) =2, ’Ug(b) = UQ(’/Z—I—3) + 3, and UQ(Faj) = U2(7’L—|—3) +
v2(j) + 2. So we need j = 2 and therefore z(b) = 2a.
Subcase 3.2: n =2 (mod 4).
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Then 2F(,, 4y = 2, v2(b) = 4, and v2(Fy;) = va(n +2) +v2(j) +2 >
4 =wvy(b). Soj =1 and 2(b) = a.
Subcase 3.3: n =3 (mod 4).
Then 2F(,, 4y = 2, v2(b) = 4, and v2(Fy;) = va(n+1) +v2(j) +2 >
4 =1wv(b). So j =1 and 2(b) = a.
Subcase 3.4: n =0 (mod 4).
Then 2F(, 4y = 6. So we need to consider 2-adic and 3-adic orders
of b and F,;. By Lemmas 2.1 and 2.3, we obtain that

v2(b) = v2(n) +
v2(Fo )—Uz(n)+vz(n+4)+02()
v3(b) = v3(Fy) + v3(Fta)

=wv3(n) +v3(n+4)+2=wv3(n)+2, and
v3(Faj) = vs3(aj) + 1 = v3(n) 4+ vs(n + 3) + v3(4).

So we need to find the smallest j > 1 such that
va(n+4) +v2(j) > 3 and v3(n + 3) + v3(j) > 2.

Note that n +4 =0,4 (mod 8) and n+3=0,3,6 (mod 9).
(i) fn+4=0 (mod8) and n+3 =0 (mod9), then v3(j) =
v3(j) =0, s0 j =1 and
T2a
b)=a= .
2(b) 8,1 +4)(9,n+3)
(ii) If n+4 =0 (mod 8) and n+3 = 3,6 (mod 9), then va(j) =0
and v3(j) =1, s0 j = 3 and
2a
(8;n+4)(9,n+3)
(ii) fn+4=4 (mod 8) and n +3 =0 (mod 9), then va(j) =1
and v3(j) =0, so j =2 and
72a
(8,n+4)(9,n+3)

(iv) If n+4=4 (mod 8) and n+3 = 3,6 (mod 9), then vo(j) =
v3(j) =1, s0 j = 6 and

2(b) = 3a =

z(b) = 2a =

T2a

20 =6 = e o3

This completes the proof.

We can state Theorem 3.2 in another form as follows.
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Corollary 3.3. Letn > 1, a = n,n+ 1,n+2,n+3,n+4|, and b =
FolFoiFopoFn3Fyq. Then

a, ifn=1 (mod 3) orn=2,3,5,6 (mod 12);
2a, ifn=9,11 (mod 12);
=1 e, in=8 (mod 12)
(8,n)(9,n+1)’ an - (mO ),
(87%47)2%’ ifn=0 (mod 12).

Proof. This can be obtained from the proof of Theorem 3.2, or by comparing
the result with Theorem 3.2. ([l
Corollary 3.4. Letn>1 and b= F,, F 1 FnioFni3Fh+4. Then
n(n+1)(n+2 (n+3)(n+4)’ ifn=1,7 (Inod 12);

(n+3)(nt4d) iy = 9,11 (mod 12);
”(”+1)("+22(”+3)(”+4), if n =10 (mod 12)
orn = 0,20,48,68 (mod 72);
D)8 ndd) - e =35 (mod 12);
n("+1)(n+2§(n+3)(n+4), ifn=4 (mod 12)
orn =12,32,36,56 (mod 72);
n(n+1)(n+21)2(n+3)(n+4)’ ifn=26 (mod 12)
orn = 24,44 (mod 72);
| Mot Dt 8)ntd) ey = 8,60 (mod 72).
Proof. This follows from Theorem 3.2 and Lemma 2.3. U
Theorem 3.5. Letn > 1, a=[nn+1,...,n+5], b = F,Fhqi1--- Fois,
and ¢ = (5,n). Then
(ac, ifn=1,2,3,4,5,6 (mod 12), or
n=71728,59,60 (mod 72);
z(b) = ¢ 2ac, ifn=9,10 (mod 12), or n = 23,24,43,44 (mod 72);
3ac, ifn=11,12,31,32,35,36,55,56 (mod 72);
6ac, ifn=0,19,20,47,48,67,68,71 (mod 72).

—

V]

n(n+1)(n+2

W=

Proof. The proof of this theorem is similar to that of Theorem 3.2. So we
will be brief here. It is easy to check that the result holds for n = 1,2.
So assume that n > 3. By Lemma 2.4 and Theorem 3.1, we obtain that
b | £Fy, 5)Fa; for every j > 1 where £ = 2,6. So we need to consider only
vg, v3, and vs of b and F,;. It is easy to check using Lemmas 2.1 and 2.3
that when 5 | n, vs(b) < vs(F,;) if and only if vs(j) > 1, and when 5 ¢ n,
v5(b) < ws(Fy;) for every j > 1.
In addition, vo and v3 of b and F,; are

va(b) = 4, ifn=1,2,3,4,5,6 (mod 12);
2 von+12—7)+3, ifn=r (mod 12) and 7 <r <12,
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va(n+4 —71) 4+ v2(j) + 2, if n=r (mod 4)
and 1 <r <2

F,.) =
v2(Fog) van+4—7r)+va(n+8—r)+wva(j), ifn=r (mod4)
and 3 <r <4,
1, ifn=1,2,56 (mod 12);
2, if n=3,4 (mod 12);
v (b) = ( )

vs(n+12—7r)+1, ifn=r (mod 12) and r € {9,10};
vs(n+12—7r)+2, ifn=r (mod 12) and r € {7,8,11,12},

v3(Foj) = v3(n+3—7)+vs(n+6—r)+vs3(j),if n =7 (mod 3) and 1 <r < 3.
Case 1: n=1 (mod 4).
Then b | 2F;, 5)Fu; for every j > 1 and we only need to consider v,(b)
and vp(Fy;) for p=2,5. If n =1 (mod 3), then vo(Fyj) > va(b). So if
5 { n, we can choose j = 1 and obtain z(b) = a, and if 5 | n, we can choose
j =5 and obtain z(b) = 5a. Therefore z(b) = (5,n)a. If n =2 (mod 3),
then vp(Fy,;) > v2(b) and we similarly obtain that z(b) = (5,n)a. If
n =0 (mod 3), then vy(Fy;) > v2(b) if and only if va(j) > 1. Thus if
5 { n, we can choose j = 2 and obtain z(b) = 2a, and if 5 | n, we can
choose j = 10 and obtain z(b) = 10a. Therefore z(b) = 2(5,n)a.
Case 2: n =2 (mod 4).
This case is similar to Case 1 and we obtain

(b) = (5,n)a, ifn=0,2 (mod 3);
~12(5,n)a, ifn=1 (mod 3).
Case 3: n =3 (mod 4).
Then b | 6F(;, 5)Fu; for every j > 1, and we need to consider v,(b) and
vp(F,;) for p=2,3,5.
Subcase 3.1: n =1 (mod 3).
Then
v2(b) < va(Fyj) & va(n+1) + va(j
v3(b) < v3(Fyj) © va(n+2) +v3(j) > 2
Note that n+1=0,4 (mod 8) and n+2=0,3,6 (mod 9).
(i) fn+1=0 (mod 8) and n+2 =0 (mod 9), then va(j) =
v3(j) =0, and so
72(5,n)a
(8,n+1)(9,n+2)

(ii) fn+1=0 (mod 8) and n+2 = 3,6 (mod 9), then va(j) =0
and v3(j) = 1, and so

z(b) = (5,n)a =

72(5,n)a

20) =36m)a = g o T
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(iii) f n+1=4 (mod 8) and n+2 =0 (mod 9), then va(j) =1
and v3(j) = 0, and so

72(5,n)a

20 =26:m)a = g o )

(iv) If n+1=4 (mod 8) and n+2 = 3,6 (mod 9), then vy(j) =
v3(j) =1, and so
72(5,n)a

(8:n+1)(9,n+2)

z(b) =6(5,n)a =

Subcase 3.2: n =2 (mod 3).
This case is similar to Subcase 3.1 and we obtain
v2(b) < v2(Fuj) & v2(n +5) + v2(j) > 3,
v3(b) < v3(Fuj) < v3(n+4) +v3(j) = 2, and

B 72(5,n)a
O =G sty

IA

Subcase 3.3: n =0 (mod 3).
This case leads to z(b) = (5,n)a.
Case 4: n =0 (mod 4).
Similar to Case 3, we obtain

(5,n)a, ifn=1 (mod 3);

72(5,n)a . _ .

Z(b) = W, 1fn:2 (mOd 3),

7(877251‘;’%3’)34_3), if n =0 (mod 3).

This completes the proof.

We can obtain the following result from the proof of Theorem 3.5.

Corollary 3.6. Letn>1,a=[n,n+1,....,n+5],b=F,Fyy1-- Fois,
and ¢ = (5,n). Then

ac, ifn=1,2,3,4,5,6 (mod 12)
2ac, if n=9,10 (mod 12);
) = L ifn= d 12) and r € {7,8,12};
Enrrshengr—oy: Y n=r (mod 12) and r € {7,8,12};
2(5,n)a . _
et ifn=11 (mod 12).

Next we give the formula of z(F, Fy41--- Fh16). It is shorter to state it
in the form similar to Corollary 3.6 than Theorem 3.5.
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Theorem 3.7. Letn>1,a=[nn+1,...,n+6|, b = F,Fq1--- Fyis,
and ¢ = (5,n(n+1)). Then z(b) =

ac, ifn=1,2,3,4,5 (mod 12);
(64,n—(&—6;))((2277,)na(2+3))7 if n =6 (mod 24);

%’ if n =18 (mod 24);
Wﬁ;”—ﬂ’ if n=r (mod 12) and r € {7,8};
4ac, ifn=9 (mod 12);

mﬁ% ifn=10 (mod 12);
(8n+§§§9€n+4) ifn =11 (mod 12);
(647n+4)(z§)7(,?’rz)~f§)(n+6))7 ifn=0 (mod 12).

Proof. The proof of this theorem follows the same ideas used previously. So
we will only give the evaluation of vy, v3, and v5 of b and F,;. Similar to
the proof of Theorem 3.5, we have when 5 | n(n + 1), vs(b) < vs(Fy;) if and
only if vs(j) > 1, when 5t n(n + 1), v5(b) < vs(Fy;) for every j > 1,

(U2(7”L—|—3)+02(j)—|—2 ifn=1 (mod 4);
va(n +6) + va(j) + 3, if n =2 (mod 8);
v2(Faj) = Q va(n +2) +va(j) + 2 if n =6 (mod 8);
va(n+ 1) +ve(n+5) +v2(j), if n=3 (mod 4);
va(n) +va(n +4) + va(j), if n=0 (mod 4),
v3(n +2) +v3(n+5) +v3(j), ifn=1 (mod 3);
v3(Foj) = S vs(n+ 1) +v3(n +4) + v3(j), if n =2 (mod 3);

v3(n) +v3(n+3) +v3(n+6) +v3(j) —1, ifn=0 (mod 3),

4, ifn=1,2,4,5 (mod 12);
5, if n =3 (mod 12);
v2(b) = Cwa(n+12—7r)+3, ifn=r (mod 12) and r € {7,8,10,11};
va(n+3) +4, if n=9 (mod 12);
vo(n+12—7)+6, ifn=r (mod 12) and r € {6,12},
(1, if n=1,5 (mod 12);
2, if n=2,3,4 (mod 12);

v3(b) = ws(n+12—7r)+2, ifn=r (mod 12) and
r€{6,7,8,10,11,12};
vz(n+3) +1, ifn=9 (mod 12).
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4. CONCLUSION

In this article, we give a systematic method in calculating the order of

appearance of products of consecutive Fibonacci numbers. We also obtain
the corresponding results for the Lucas numbers in [7]. The converse of
the results in [18] is given in [16] and the order of appearance of factorials

is

obtained in [23]. For other closedly related results, see for example in

[17, 21, 22, 20].
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