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SOME REMARKS ON THE LONELY RUNNER
CONJECTURE

TERENCE TAO

ABSTRACT. The lonely runner conjecture of Wills and Cusick, in its
most popular formulation, asserts that if n runners with distinct con-
stant speeds run around a unit circle R/Z starting at a common time
and place, then each runner will at some time be separated by a distance

of at least %H from the others. In this paper we make some remarks

on this conjecture. Firstly, we can improve the trivial lower bound of

> slightly for large n, to 5~ + % for some absolute constant

¢ > 0; previous improvements were roughly of the form ﬁ + 5. Sec-

ondly, we show that to verify the conjecture, it suffices to do so under
2

the assumption that the speeds are integers of size n®™"). We also ob-

tain some results in the case when all the velocities are integ rs of size

O(n).

1. INTRODUCTION

The lonely runner conjecture of Wills [19] and Cusick [9] (as formulated
in [4]) asserts that if n > 2 is an integer and n runners run around the
unit circle R/Z with constant distinct speeds starting from a common time
and place, then each runner is “lonely” in the sense that there exists a
time in which the runner is separated by a distance at least % from the
others. The conjecture originated from questions in view obstruction [9]
and diophantine approximation [19], but also has connections to chromatic
numbers of distance graphs [20] and to flows in regular matroids [4]. The
conjecture is known for n < 7 (see [2] and the references therein), and under
various “lacunarity” hypotheses on the velocities (see [15], [17], [3], [11]).
We refer the reader to the recent paper [16] for further discussion of the
literature on this conjecture and additional references.

It is known (see e.g., [6, §4]) that one can assume without loss of generality
that the speeds of the runners are integers, which allows one to place the
time variable ¢ in the unit circle R/Z rather than on the real line; one can
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also normalise the speed of the “lonely” runner to be zero. This allows us to
reformulate the conjecture (after decrementing n by one to account for the
normalised speed of the lonely runner) as follows. Given an element ¢ of the
unit circle R/Z, let ||t||g/z denote the distance of (any representative of) ¢
to the nearest integer. Given an n-tuple of nonzero integers vy, ..., v,, let
6(v1,...,v,) denote the maximal value of min([[tvi |z, - - -, [[tvallr/z) as t
ranges in R/Z; note that this minimum is attained because R/Z is compact.
We then let §,, denote the infimal value of §(v1,...,v,) as (v1,. .., v,) ranges
over n-tuples of distinct nonzero integers; this quantity was termed the gap
of loneliness in [16]. The Dirichlet approximation theorem implies that

5(1,...,n) < n%rl, and hence
1
1.1 On < .
(1.1) "+l
See also [13] for further sets of n-tuples (v1,...,v,) that witness this bound.

The lonely runner conjecture is then equivalent to the assertion that this
bound is sharp:

Conjecture 1.1 (Lonely runner conjecture). For every n > 1, one has
6 = Lo

Because we have decremented n by one, Conjecture 1.1 is currently only
known for n <6 [2].

For any frequency v € Z and radius 6 > 0, we define the rank one Bohr
set

(1.2) B(v;d) = {t € R/Z: [[tv[[g/z < 0};

more generally, we define the higher rank Bohr sets B(v1,...,v,;01,...,0;)
for 61,...,0, > 0 and vq,...,v, € Z and some rank r > 1 by the formula
(1.3) B(vi,...,vp;01,...,6;) = B(v1;91) N -+~ N B(vy; 6y).

We can then interpret §,, in terms of Bohr sets in a number of equivalent
ways:

(i) Oy is the largest number for which one has the strict inclusion
n
| B(v::9) C R/Z
i=1

(or equivalently, min(|[tv1|lg/z; - -, [[tvnllr/z) > ¢ for some time ¢)
for every nonzero integers v1,...,v, and 0 < § < §,.

(ii) Taking contrapositives, ¢, is the least number for which one there
exists a covering of the form

n
(1.4) R/Z = ] B(vi; 6n)
i=1
of the unit circle by n rank one Bohr sets B(v;;0,), 1 =1,...,n, for

some nonzero integers vy, ..., Un.
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We have a simple and well known lower bound on d,, that gets within a
factor of two of the lonely runner conjecture:

Proposition 1.2. For every n > 1, one has 6, > %

Proof. If t is drawn uniformly at random from R/Z, then for any nonzero
integer v;, tv; is also distributed uniformly at random on R/Z. Letting m
denote the Lebesgue measure on R/Z, we thus have

(1.5) m(B(vi; 0,)) = 20,

for every ¢ = 1,...,n (noting from (1.1) that 6, < 1/2). Using the union
bound

(1.6) m (U B(vi;én)> <> m(B(vi; 6n))
=1 =1
and (1.4), we conclude that

1< zn:%n
i=1

and the claim follows. O

The union bound (1.6) is very crude, and one would naively expect to
be able to improve significantly upon Proposition 1.2 by using more so-
phisticated bounds, for instance by using some variant of the inclusion-
exclusion formula combined with bounds on the size of higher-rank Bohr

sets B(viy,..., Vi ;0n,...,0n). However, only slight improvements to this
bound are known. Chen [7] obtained the bound

1
(1.7) )

T -1+ 51y
and Chen and Cusick [8] obtained the improvement
1
2n -3
assuming that 2n — 3 was prime. In the recent paper [16], a bound of the

form

(1.8) 5

On =

1
>
"= 2n—2+0(1)

as well as the variant bound

1

1.9 (v, ...,vp) > ———————
( ) (17 an)—z(n_Z?ZQ%)
was obtained as n — 0o, without any primality restrictions. These improve-
ments relied primarily on estimates on rank two Bohr sets B(v;, vj; 0pn, 0p).

These bounds only improve on the bound in Proposition 1.2 by a mul-
tiplicative factor of 1 + O(1/n). The following example can help explain
why this factor is so close to 1. Let n be a large integer, and let pi,...,ps
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denote the primes between n/4 and n/2, thus by the prime number theo-
rem s = (1 4+ 0(1))@ as n — oo. For each i = 1,...,s, the rank one

Bohr set B(pj; dn) consists of p; intervals of the form [> — %, ot ‘;—?] for
a=0,...,p—1 (where we identify these intervals with subsets of R/Z in
the usual fashion). This makes this collection of Bohr sets behave like a
“sunflower” (in the sense of [12]) with a very small “kernel”. To see this, we

separate the a = 0 interval of B(p;;d,) from the others, writing

on On,
B(pi; 0n) = [_p-’p} U B'(pi; 6n)

where we think of the interval [—‘;—’;, ‘;—’;] as the “kernel” of B(p;,d,), and

where B'(p;, d,,) is the “petal” set

_dn On
Pi’ pi
maining portion B’(p;;d,,) of the rank one Bohr set has measure (1 — p%)?&n.

Clearly, the interval [ | has measure 26, /p;, and so by (1.5) the re-

Now we claim that the “petal” sets B'(p;; ) for i = 1,...,r are disjoint,
for reasons relating to the spacing properties of the Farey sequence. Indeed,
suppose for contradiction that there was a point ¢t € R/Z that was in both
B'(pi; 6,) and B'(pj; 05) for some 1 <4 < j < n. Then we have

a
|-
bi

On
< —

R/Z  Pj

< ) t——
R/z  DPi by

on H b

for some 1 < a < p; and 1 <b < p;. In particular by the triangle inequality
we have

a b

pbi Pj

Sn  On
<4t

rR/Z Pi Pj

On the other hand, as p;, p; are distinct primes, and a, b are not divisible by

Di, pj respectively, the fraction I% - p% is not an integer, and hence

a b

bi Pj

1
> .
r/Z  PiPj

Comparing the two inequalities and multiplying by p;p;, we obtain

but this contradicts (1.1) and the hypothesis p;, p; < n/2.
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From this disjointness, we see that the union bound is obeyed with equal-
ity for the B’(p;, d,), and hence

In particular, we see that the union bound

m(UB(pi§ n) <Zm pza n
=1

is only off from the truth by a multiplicative factor of 1 4+ O(1/n), which is
consistent with the improvements to Proposition 1.2 in the known literature.

On the other hand, the above example only involves s rank one Bohr sets
rather than n rank one Bohr sets. As s is comparable to n/logn rather
than n, this suggests that perhaps some “logarithmic” improvement to the
known lower bounds on &, is still possible via some refinement of the union
bound. The first main result of this paper shows that this is (almost) indeed
the case:

Theorem 1.3. There exists an absolute constant ¢ > 0 such that

5> 1 . clogn
"= 2n  n2(loglogn)?
for all sufficiently large n.

It is likely that with a refinement of the arguments below, one could
eliminate at least one of the loglogn factors in the denominator; however
the example discussed above suggests to the author that significantly more
effort would be needed in order to improve the logn factor in the numerator
by these methods. The constant c is in principle computable explicitly, but
we have not attempted to arrange the arguments to optimise this constant.

We prove Theorem 1.3 in Section 3. In addition to the control on rank two
Bohr sets B(v;, vj; 0n,0p) that was exploited in previous literature, we also
now use estimates on the size of rank three Bohr sets B(v;, vj, vg; On, On, On).
The key point is that if the union bound (1.6) were to be close to sharp with
dp, very close to 1/2n, then one can use Holder’s inequality (or the Cauchy—
Schwarz inequality), together with lower bounds on the size of rank two
Bohr sets to show that many rank three Bohr sets must be extremely large.
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After using some Fourier analysis to compute the size of these rank three
Bohr sets, together with some elementary additive combinatorics involving
generalised arithmetic progressions, one eventually concludes that a large
fraction of the velocities v; must be! essentially contained (ignoring some
“small denominators”) in an arithmetic progression of length comparable to
n and symmetric around the origin. As the preceding example indicates,
this by itself is not inconsistent with the union bound being close to tight, if
the velocities v; behave like (rescaled versions of) prime numbers p;. But the
primes are a logarithmically sparse set, and standard sieve theory bounds
tell us that most numbers of size comparable to n will not only be compos-
ite, but in fact contain a medium-sized prime factor (e.g., a factor between
log!®n and n!/1). One can use these medium-sized prime factors to show
that many of the rank one Bohr sets will intersect other rank one Bohr sets
in various disjoint (and reasonably large) “major arcs”, which can then be
used to improve upon the union bound. See also (1.9) for some compara-
ble improvements on the union bound in the case when the velocities are
contained in a progression of length comparable to n.

Our second result is of a different nature, and is concerned with the de-
cidability of the lonely runner conjecture for bounded values of n. In its
current formulation, it is not obvious that one can decide Conjecture 1.1 in
finite time for any fixed n, since one potentially has to compute (v1, ..., vy)
for an infinite number of tuples (v1,...,v,). However, the following result?
shows that one only needs to verify the conjecture for a finite (albeit large)
number of tuples for each n:

Theorem 1.4. There exists an absolute (and explicitly® computable) con-
stant Cy > 0, such that the following assertions are logically equivalent for
every natural number ng > 1:

(i) One has 6, = %H for all n < ng (that is, Conjecture 1.1 holds for

n up to ng).
(ii) One has 6(vi,...,v,) > n%rl for all n < ng and every tuple (vy, ...,
vn) of nonzero distinct integers with |v;| < nfn® foralli=1,...,n.
Since §(v1, ..., vy,) is clearly computable for any fixed choice of vy, ..., v,
(note that the function min(|[tv1||g/z,- - -, [[tvallr/z) is piecewise linear), we
conclude

1This can be compared with the results in [10], [1], which study the opposite case where
the velocities are assumed to be random rather than highly structured, in which case the
gap 6(v1,...,v,) is in fact very close to 1/2.

2This result first appeared on the author’s blog at terrytao.wordpress.com/2015/05/
13.

3This theorem is trivially true if one allows the constant Co to be ineffective. Indeed,
one could set Cy to be arbitrary if the lonely runner conjecture was true up to ng, and to
be sufficiently large (depending on the first counterexample to this conjecture) otherwise.
We thank Kevin O’Bryant for this remark.
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Corollary 1.5. For any natural number ng > 1, the assertion that Con-
jecture 1.1 holds for n up to ngy is decidable (and the truth value may be

computed in time O(nOO(ng))).

Thus, for instance, one can decide in finite time whether Conjecture 1.1
holds for n = 7. Unfortunately, the bounds on vy, ..., v, given by the above
theorem are far too large to suggest a practical algorithm for doing so. On
the other hand, it is not clear that the previous work on the lonely runner
conjecture for small values of n could extend, even in principle, to all larger
values of n; for instance, the arguments in [2] that treated the n = 6 case
relied crucially on the fact that n 4+ 1 was prime.

We prove Theorem 1.4 in Section 4. Roughly speaking, the argument
proceeds as follows. The implication of (ii) from (i) is trivial; the main task
is to show that (ii) implies (i). That is, we have to use (ii) to obtain the
bound

1
1.10 o(vr,...,0pn) >
(1.10) (01, von) >
for every choice of nonzero distinct integers (vi,...,vy), and all n < ngy. Us-
ing standard additive combinatorics, one can place the velocities vy,..., v,

somewhat efficiently in a “sufficiently proper” generalised arithmetic pro-
gression P = P(wi,...,wy; N1,...,N,) of some rank r > 1. If this rank is
equal to one, then we can easily derive (1.10) from (ii) by a rescaling argu-
ment. If the rank exceeds one, then it is possible to map (via a Freiman
homomorphism, see e.g., [?]) the velocities vy, ..., v, to a transformed set of
nonzero velocities v, ..., v, for which there is at least one collision v; = v}
for some distinct 4,j. Assuming inductively that (1.10) has already been
established for smaller values of n, we can show that

(1.11) AR %

One then uses Fourier analysis to show (if P is sufficiently proper, and the
Freiman homomorphism is of sufficiently high quality) that d(vy,...,v,) is
close to (or larger than) §(vf,...,v}); because % is slightly larger than n%rl,
this will let us obtain (1.10) after selecting all the quantitative parameters
suitably.

Theorem 1.4 suggests that one possible route to solving Conjecture 1.1
is to first reduce to the case when v1,...,v, are contained in a fairly short
progression, and then treat that case by a separate argument. As a simple
example of such an argument, we prove the following elementary (but rather
weak) result in Section 5:

Proposition 1.6. Let n > 1, and let vy,...,v, be positive integers such
that v; < 1.2n for alli=1,...,n. Then §(v1,...,v,) > %H
There is of course a huge gap between 1.2n and nCO”Q, and so Theorem

1.4 and Proposition 1.6 fall well short of a full proof of the lonely runner
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conjecture. Nevertheless it seems of interest to increase the quantity 1.2n
appearing in Proposition 1.6. A natural target would be 2n, as one then has
multiple (presumed) extremisers 0(vy,...,v,) = %H even after accounting
for the freedom to permute the vy, ...,v,. Indeed, in addition to the stan-
dard extremiser (1,2,...,n), one now also has the dilate (2,4, ...,2n), and
also one has a number of additional examples coming from the construction
in [13], namely those tuples formed from (1,...,n) by replacing one element
r € {2,...,n — 1} with 2r, provided that r shares a common factor with
each integer b in the range n —r+1 < b < 2n — 2r + 1; for instance one can
take = 6,n = 7 and consider? the tuple (1,2,3,4,5,7,12).

In a similar spirit to Proposition 1.6, we have the following improvement
of Theorem 1.3 when the v; are constrained to be small:

Proposition 1.7. Let C > 0, and suppose that n is sufficiently large de-

pending on C. Let vy,...,v, be positive integers such that v; < Cn for all
i=1,...,n. Then one has §(v1,...,v,) > %, where ¢ > 0 depends only
on C.

We prove this proposition in Section 5, using some of the same argu-
ments used to prove Theorem 1.3. This bound may be compared with the
bound (1.9), which under the hypotheses of Proposition 1.6 can give a bound
slightly better than that in Theorem 1.3 if the v; contain some relatively
small integers.

2. NOTATION AND PRELIMINARIES

In this paper, n will be an asymptotic integer parameter going to infinity.
We use the notation X = O(Y), X <Y, or Y > X to denote an estimate
of the form |X| < CY where C is independent of n. In some cases, C
will be allowed to depend on other parameters, and we will denote this
by subscripts unless otherwise specified, for instance X <, Y means that
|X| < C,Y for some C, depending on r. We use X < Y to denote the
estimates X < Y <« X. Thus for instance from (1.1) and Proposition 1.2
we have

1
(2.1) On =< -
We also use X = o(Y) to denote the estimate |X| < ¢(n)Y where ¢(n)
is a quantity that goes to zero as n — oo, keeping all other parameters
independent of n fixed.

Given a finite set S, we use #S5 to denote its cardinality. Given a state-
ment E, we define the indicator 1g to be 1 if F is true and 0 if F is false.
If A is a set, we write 14 for the indicator function 14(z) == 1,c4.

AThis particular tuple was also discovered previously in an unpublished work of Peter
Flor. Thanks to Jorg Wills for this reference. See also [13] for some other variants of
this construction, for instance one can take the tuple (1,2,...,73) and replace the two
velocities 70, 72 by their doubles 140, 144 respectively and still obtain an extremiser.
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Given a function ¢: R — R which is in the Schwartz class (that is, smooth
and all derivatives rapidly decreasing), its Fourier transform ¢: R — R is
defined by the formula

60) = [ ols)e ds

as is well known, this is also in the Schwartz class, and we have the Fourier
inversion formula

o(s) = /RQZA)(t)e%its dt.

One can construct ¢ which are nonnegative and compactly supported, and
whose Fourier transform gZ; is strictly positive; indeed, starting from any
nonnegative compactly supported and even ¢, one can convolve ¢ with itself
to make QAS nonnegative, and then square the resulting convolution to make
qg strictly positive everywhere. Inverting the Fourier transform, one can also
find a Schwartz class ¢ that is strictly positive, and whose Fourier transform
is nonnegative and compactly supported; by rescaling, one can make this
compact support as small as desired (e.g., contained in [—1, 1]).

In addition to the Bohr sets B(vi,...,vr;01,...,0,) defined in (1.2),
we will also need the dual notion of a generalised arithmetic progression
P(wy,...,wy; Ny, ..., N;) of some rank r > 1, defined for generators wy, ...,
wy, € Z and dimensions Ni,..., N, > 0 (which may be real numbers instead
of integers) as

P(wy,...,wp; Nyy... ) Ny) ==
{nwi + -+ npwp :ny,...,np €ZyIn;| < N; Vi=1,...,n}.

Given such a generalised arithmetic progression P = P(wi,...,w,; N1,
.,N,) and a scaling factor ¢t > 0, we define the dilation® tP to be the
generalised arithmetic progression

tP = P(’LU]_’...,wr;tN]_a"’7tNr)’

in particular
2P == P(wy,...,wy;2Ny,...,2N,).

A generalised arithmetic progression P = P(wq, ..., wy; N1,...,N,) is said
to be t-proper if the sums nywy+- - - +n,w, for ny, ..., n, € Z and |n;| < tN;
for i = 1,...,n are all distinct. Thus for instance any rank one progression

P(w, N) will be t-proper for any ¢ > 0 if the generator w is nonzero. For
ranks greater than one, it is possible for generalised arithmetic progressions

5Strictly speaking, for this notation to be well-defined, one should
view P mnot just as an unstructured set of integers, but as a tuple
(r,(wi,...,w.),(N1,...,Ny), P(w1,...,wr; N1,...,N;)), because it is possible for a
single set of integers to arise from progressions of different ranks, generators, and
dimensions, and the dilations ¢tP may depend on this data. Similarly for the notion of
t-properness. However, we shall abuse notation and identify a generalised arithmetic
progression with the set of its elements.
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to fail to be t-proper even when the generators are nonzero; indeed, this is
inevitable for ¢t large enough. However, we do have the following inclusion:

Proposition 2.1 (Progressions lie in proper progressions). Let P = P(wy,
.oywp; N1,...,Ny) be a generalised arithmetic progression, and let t >
1. Then there exists a generalised t-proper arithmetic progression ) =
Q(wy,...,w,;Ni,...,N/,) with v’ <r such that P C Q and

‘s

r

#Q < (207 [[@Ni +1).
i=1
Proof. See [5, Theorem 2.1]. O
Given a generalised arithmetic progression P = P(vy,...,vy; N1, ..., N;),

define its multiplicity u(P) to be the number of tuples (ni,...,n,) € Z"
with |n;| < Nj for i« = 1,...,r such that njv; + ...nv, = 0. Thus u(P)
is a positive integer that equals 1 when P is 1-proper; conversely, for any
t > 0, P will be t-proper whenever p(2tP) = 1. We have the following basic
connection between the size of a Bohr set B(vi,...,v;01,...,0,) and the
multiplicity of its dual progression P(vy, ..., v,; %, e é):

Lemma 2.2 (Size of Bohr sets). For any Bohr set B(vy,...,v,;01,...,0;)
with d1,...,0, < 1/2, one has

m(B(vi,...,0;01,...,0p) =
exp(O(r))u Vi, evn, Up; 50 G jlzll -

Proof. Let Q denote the set of tuples (n1,...,n,) € Z" with |n;| < 1/6; for
j=1,...,r, such that

nivy + - +npv. =0,

then our task is to show that

r

m(B(vi,...,vp;01,...,0,) = exp(O(r))(#02) H O

Jj=1

We first prove the upper bound. As discussed previously, we can locate
a Schwartz class function ¢: R — R supported on [—1, 1] whose Fourier
transform ¢ is positive everywhere; we allow implied constants to depend
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on ¢. Then by the Poisson summation formula we have

r 1 r
m ﬂB(vj,éj) —/0 H Z 1[,5j,5j](tvj+mj) dt
j=1

7j=1 ijZ

exp(00) | s ¢(t;m) di

7=1 ijZ

1 T
= exp(O(r))/O H Z 5;6(3;m;)e 2mitvins

7j=1 ’anZ

= exp(O(T)) Z H 5j¢(5jnj)

(M1, ) EQ =1

< exp(O(r)#) [ 5,
j=1

IN

as required. For the lower bound, we swap the roles of ¢ and (;AS:

r 1.r
m (ﬂ B(Uj,éj)) = / H z 1[—6j,5j](tvj + mj) dt
j=1 °

j=1m;€eZ
1T 4 '
> exp(00) [ T3 o)
0 Jj=1m;€Z J
1T A .
:eXp(O(r))/ H Z 8;b(8;m;)eitvims gy
0 Jj=1n;c€Z
= exp(O(r)) Z H 5j§5(5jnj)
(N1, ) EZT N 01+ 410 =0 =1
> exp(0(r) (#2) [ ] 6.
j=1

Combining the above lemma with the crude lower bound

1 1
TS T ey o Z
a <P (Ul’ T 5r>) !

we obtain (cf. [?, Lemma 4.20])

Corollary 2.3 (Crude lower bound on Bohr set size). For any Bohr set
B(vi,...,vp;01,...,0,), one has
m(B(or, . 001, 8) > exp(O(r)) [[ 6
j=1
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For further discussion of generalised arithmetic progressions and Bohr
sets, see [?].

3. PROOF OF FIRST THEOREM

We now prove Theorem 1.3. Suppose the claim failed, then there exist
arbitrarily large n for which one has

5n§1+0<10gn >,

2n n?(loglogn)?
thus (by the existing bounds on d,,) one has
1 A
1 oA
(3:-1) o 2n + n?
for some A with
logn
2 A=o| ——— .
2 *(wtogor)

Using one of the existing bounds (1.7), (1.8) we also see that
(3.3) A>1

for n large enough.
Henceforth we assume that n is sufficiently large and that (3.2), (3.3)
holds. In particular
_ 1+4o0(1)
- 2n
If we let F': R/Z — R denote the multiplicity function

F(t) = 1p(u,s,)()
i=1

(3.4) On

then from (1.4) we have
(3.5) F(t)>1

for all t € R/Z.
On the other hand, from (1.5) we have the first moment

2A
(3.6) / F(t) dt = 206, = 1+ 22
R/Z n
and hence F' — 1 has a small integral:
2A
(3.7) / (F(t) — 1) dt = 22
R/Z n

Now we lower bound the second moment.

Lemma 3.1. We have
(3.8) / F(t)> dt >1+c—o(1)
R/Z

for some absolute constant ¢ > 0.



LONELY RUNNER CONJECTURE 13

Proof. The left-hand side can be expanded as

Z Zm(B(’Uz, Uy 57“ 611))7

i=1 j=1

where m denotes the Lebesgue measure. By (1.1), the contribution of the
diagonal case i = j is 2nd, = 1 + o(1), thanks to (3.4). Thus, to complete
the proof of (3.8), it will suffice to establish the lower bound

1
(3.9) m(B(vi, vj;0p, 0n)) > o
for all 1 <4,j7 < n. But this follows from Corollary 2.3 and (3.4). O

Remark. Using [16, Proposition 2], one can in fact take ¢ = 1/2, basically
because [16, Corollary 9] allows one to take the implied constant in (3.9) to
be 2. However, the exact value of ¢ will not be important for our argument,
so long as it is positive.

From (3.8) and (3.6) we conclude in particular that
/ (F() =12 dt= [ F@)2di—1—o(1)>c—o(1)
R/Z R/Z
so for n large enough we have

1< F(t)? dt <</ (F(t) — 1) dt.
R/Z R/Z

From (3.5), (3.7), Holder’s inequality (or Cauchy-Schwarz), and (3.8), we
thus have the third moment bound

/ Pl dt > / (F(t) - 1)3 dt
R/Z R/Z

_ (yatr -1y dt)’
T Jryz(F() — 1) dt

2
_ _1)2
24 </}R/Z(F(t) D dt)
2
n 2
> A (/R/Z Fe) dt)

>0 F(t)? dt.
A Jryz

Expanding out the second and third moments of F', we conclude that

n
Z m(B(vi7Uj7vk;6n76na5n)) > Z Z m(B(/UZaU]75n)5n))

1<i,j,k<n 1<i,j<n
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and hence by the pigeonhole principle, there exist 1 < 4,5 < n (not neces-
sarily distinct) such that

Z m(B(’Ui,’Uj,’Uk;(Sn,(;n,(;n)) > %m(B(’U“’U],(Sn,(Sn))
1<k<n

Henceforth ¢, j are fixed. Clearly, the majority of the contribution to the
sum on the left-hand side will come from those k for which

1
(3.10) m(B(vs, vj, V; O, On, Op)) > Zm(B(vi,vj; OnsOn))-

On the other hand, we have the trivial upper bound
m(B(Ui7 Vj, Uk; 5n7 5na 5”)) < ’I?’L(B(’UZ', Vy3 5%) 5n))

(note this already recovers the bound (3.3), which is of comparable strength
to the existing bounds (1.7), (1.8)). Subdividing into O(log(l + A)) =
O(loglogn) dyadic regions and using the pigeonhole principle, we thus con-
clude the existence of some

(3.11) 1< A< A

such that

(3.12) Z m(B(vi, v, Vg; O, On,y 0p))
lgkgn:ﬁgm(B(v“vj,vk,én,Jn,6 )< AL

n
———————m(B(vi,v;0n, 0p))-
>>Aloglognm( (vi, v )

In particular, we see that the estimate

1
m<B(Ui7 vjv Uk ; 6717 5717 571)) = le(B<vZ7 U]a 6717 671))

holds for > Alfgﬁgn values of k =1,...,n.
Henceforth A; is fixed. Applying Lemma 2.2 and (3.4), we conclude that

the estimate

1 1 1 n 1 1
. iy Ugs Y e s e s o = — P iy Vjs = s o
(3.13) ,u(P <v Vj, Vg 5.5, 5n>> A1M< <v oF 5 5n>)

holds for > Alfgﬂ’;gn valuesof kK =1,...,n.

Informally, the estimate (3.13) is asserting that many velocities of the vy
are somehow arithmetically related to the fixed velocities v;, v;. We make
this precise as follows.

Proposition 3.2. Let k =1,...,n obey (3.13). Then there exists a positive
integer

(3.14) ar = O(Ay)
such that we have a linear relation between v;,v;, vy of the form

(3.15) apvr = N k; + N U5
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with |n; k|, [nj k] < %. In particular, from (3.14), (3.2), (3.11) we have

(3.16) ar, = o(logn).

Proof. It will be convenient to write the fraction v;/v; in lowest terms as
V; hz

3.17 — = —

(3.17) ok

for some coprime nonzero integers h;, hj. Set H := max(|h;|, |h;|) to be the
height of this fraction.

The equation n;v; + njv; = 0 is only solvable in integers when (n;,n;) is
an integer multiple of (hj, —h;), which is a vector of magnitude ~ H. From
(3.4) and the definition of multiplicity, we conclude that

1 1
7 <P (Ui’vj;é’(S)) = 1+%.

For similar reasons, we see that every integer has at most O(1 + ) repre-
sentations of the form n;v; + njv; with |n;|, |nj| < 1/6,, and hence

1 1 1 n
M(P <Ui7vj7vk75n75n75n>> < <1+ﬁ)#(PijPk)

where P;; is the rank two generalised arithmetic progression

1 1
Pl] =P (Ui,’Uj; 57(;)
n n

and Py is the rank one progression
1
b, =P ;— -
k (Uka 5n>

(3.18) #(Py (N P) > o
1

From (3.13), we thus have

for > ﬁ valuesof kK =1,...,n.

Let K =1,...,n obey (3.18). Every element of P;; N P}, clearly lies in P,
and is thus of the form njvy for some ny = O(A). On the other hand, from
(3.18) there are > n/A; such elements ngvi. By the pigeonhole principle
(or Dirichlet box principle), there must therefore exist distinct elements
ngvg, nyv, of the set Py N P, with nj, — ny = O(A;). Subtracting, we
conclude that that there exists a positive integer ay of size O(A;) such that
arvy € 2P;;, and the claim follows. ]

As in the proof of the above lemma, we write v;/v; in lowest terms using
(3.17), thus we may write v; = h;jvg and v; = hjvy for some nonzero integer
vg. We have already seen that vy, is arithmetically related to v; and v;. We
now show that vy is also arithmetically related to vg:
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Proposition 3.3. After removing at most n3/4*1°) exceptional choices of
k, for all remaining k obeying (3.13), there exists a positive integer
(3.19) 1<a, < Ay

and an integer ny . coprime to aj with

(320) |n{),k‘ < AlTL
such that
(3.21) Uk = Mg 00

Proof. We first dispose of a degenerate case in which n; 3, n; ; are both small,
say [ng k|, |[njk < n'/3. The number of triples (ay, ik, Njk) of this form does
not exceed

0 (A1 x nt/3 x n1/3> = O(n?/3+o())y,

Sinced the vy, are all distinct, we conclude from (3.15) that there are at most
O(nz/ 3“(1)) k which are of these form. Discarding these k as exceptional,
we may assume that

(3.22) max(|n; i, [ k]) > nt/3.

In particular, if we let my, be the largest natural number such that my|n; k|,
mi|nj k| < 2/6,, then we have

(3.23) 1< my, < n?3

Next, we recall the progressions P;j, P, from the proof of Lemma 3.2.
Since v; = hjvg and v; = hjvg with H := max(|h4|, |h;|), we see that

(3.24) P;; C P(vp;10Hn)
and similarly
(3.25) 2P;; C P(vo;20Hn).
Since ayvy, lies in 2P;;, we conclude that

aRVE = Ng kYo

for some integer ng  with |ng ;| < 20Hn. Reducing to lowest terms, we thus
have (3.21) for some positive integer aj obeying (3.19) and some integer
ngx coprime to aj with |ng .| < 20Hn. If [ng,| < n3/% then the number
of possible pairs (aj, ng’ i) is at most O(n?/*+°(M) 50 we may again discard
these k as exceptional. Thus we may assume that

(3.26) Ing | > n/4

We now divide into three cases depending on the size of the height H.
Let us first suppose that we are in the highly incommensurable case when
H > nlog!'®n; this informally corresponds to the case where P;; behaves
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“two-dimensionally”. Then we have mayvi, € 2P;; whenever my; < m <

log'%n
10

my, (say). This implies that for any integer v, the set
1o 10
10

n

{mEZ:0§m< mk:v—i—makvkeﬂj}
can have cardinality at most mj (indeed this set must have diameter at
most my). As a consequence, the set Pj; N Py, appearing in (3.18) intersects

each arithmetic progression of the form {(mgo + mag)vg :m € Z :0<m <

log!% n
10

relative density O(log™!°n) in the arithmetic progression). Covering P}, by

1
0
ol —»
log'®n
10 mp

such progressions (noting from (3.23), (3.16), (3.4) that ay logll(;)”mk is sig-
nificantly smaller than 1/4,), we conclude that

my} in a set of cardinality at most my (so in particular in a set of

PiNnpP < nlog=%n.

But this, using (3.2), contradicts (3.18) if n is large enough. Thus the highly
incommensurable case does not occur.

Now we consider the commensurable case when H < 10n; this informally
corresponds to the case where P;; behaves “one-dimensionally”. Using (3.24)
and (3.21), we obtain the inclusion

10H
PN P, C P(vy; 10Hn) NP, C P (a;vk; WT) )
0,k

In particular we have
10Hn
ng sl
Comparing this with (3.18) and using H < 10n (and (3.11), (3.2)), we obtain
(3.20) as desired.
Finally, we consider the moderately incommensurable case 10n < B <

nlog'®n. We treat this case by a combination of the two preceding argu-
ments. As in the commensurable case, we have the inclusion

10H
P,NnpP,CP a;cvk;,in .
|n0’k|

#(PjNPp) <1+

On the other hand, by repeating the highly incommensurable arguments, we
see that the set P;; N Py intersects each arithmetic progression of the form

H
(3.27) {(mo—l—mak)vk mecZ:0<m< lomk}
n



18 TERENCE TAO

in a set of relative density O(n/H) in those progressions. Recall that ay is
a multiple of aj, and by (3.26), (3.23), and (3.16) we have

B < , 10Hn
Qp——MmM ap—"F-.
100 TR g

. 10Hn> b

Thus we may cover P(ajvg; W

10Hn
g 4]

@)

H
Ton Mk

progressions of the form (3.27) and conclude that

n Hn n?
#(Py N Py) € 77— < 7
” H gl ]
Comparing this with (3.18) we again conclude (3.20) as desired. O

From the above proposition (and (3.2), (3.11)), we see that all k£ in a
subset K C {1,...,n} of cardinality

Aln
K> 17
#E > Aloglogn’
one can write
vo
(3.28) v = n67k—,
ay
for some positive integer
(3.29) aj, = o(logn)

and some integer
(3.30) ngr = O(An).

We partition K into K7 U Ko, where K; is the set of those k € K for
which ny . = n{,, for some [ € K\{k}, and K> is the remaining set of k € K.
By the pigeonhole principle we have
Aln

3.31 K ot
( ) #ia > Aloglogn

for some a = 1, 2, which we now fix.
Now we are ready to improve the union bound. From (3.5) we have the
pointwise inequality

1
F(t)—12> §F(75)1F(t)22,
so upon integrating and using (3.7) we have
2A 1
R

(3.32) e Q/R/Z F(t)1p@4)>2 dt.
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We can expand

/R/ZF(t p>o dt = Zm (vr; 0n) N {F > 2})

(3.33) =Y m|Bgo)n ) Blu;dn)
k=1

1<i<n:l#k

>Zm (Vk; 0p) N U B(v; 6p)

keK, leKq:l#k

and thus

(3.34) A>n Z m | B(vg;6n) N U B(vy; 6n
keK, leKq:l#k
We now divide into two cases, depending on the value of a. First suppose

that @ = 1. Then for every k € K,, there is | € K, distinct from k such
that ng , = ng,;. From (3.28) we then have the inclusion

!/
Ny 0 571
B(vk,v;0n,0n) D B =

where b is the least common multiple of @) and aj, so in particular (by
Corollary 2.3 or (1.5) and (3.4), (3.29))

1
m | B(vg;dn) N U B(v;;dp) | > oaZ
l€K 41k nlog n

Inserting this into (3.34) and using (3.31) we conclude that
Aln

A> ,
Alog? nloglogn

which contradicts (3.2), (3.11) (with substantial room to spare).

Now suppose that a = 2, then the né’k are all distinct as k varies in K.

Define a medium-sized prime to be a prime p in the range log'®n < p <
n1/19. Suppose that p is a medium-sized prime that divides both ”{),k and
”6,1 for some distinct k,I € K,. Then the frequencies v, = n{)’kvo /a} and
v = ny lvo/a; are both integer multiples of pvo/bk,l, where by = o(log2 n)
is the greatest common divisor of vy and aja; (note from (3.29) that the
medium-sized prime p will not divide aj, or a;). From (3.30), (3.4), (3.29),
and (3.2) we then have the inclusion

B(vk,vl;én,é ) OB (pv() p)
bkl n210g n



20 TERENCE TAO

(say). In particular we have

B(’Uk, (N (5n, 5n) D Bp7

b1

is the “major arc” set

where By, |
p—1
tvg ¢ 1
Bpp,, = teR/Z:||— — - < —— 5.
P,Ok,1 C:LJI { ka P R/Z n2 10g5 n }

Observe that each set By, , has measure

2(p — 1 log® n
gp 5)>> g2 :
n*log®n n

m(Bnbk,z) =

Also, we claim that if p, p’ are two distinct medium-sized primes, and b, b’ =
o(log?n) are positive integers dividing vg, then the sets By and By are
disjoint. This will be a variant of the arguments in the introduction. Suppose
for contradiction that there was t € R/Z that was in both By} and By y,
then we have

forsome 1 <c<p-—1and1<¢ <p' — 1. Eliminating ¢t using the triangle
inequality, we conclude that

/

1
Rz N log® n

tvo c

b p

tvg ¢

bl p/

)
R/Z

be b

p 7

b+ b

3.35 by
(3:35) ‘ Rz N log®n

As p,p’ are medium-sized primes, they do not divide b, = o(log2 n), and

. VSV . .
so the fraction % — I’T? is noninteger. In particular

which contradicts (3.35) since b, b’ = o(log? n).
In view of the above facts, we see that if a medium-sized prime p divides
ng . for r values of k € K,, and r > 2, then this prime contributes >

be b

1
, > >
p b

1
gz PP nl/%

rlog® n/n? to the sum in (3.34); furthermore, the contributions of different
medium-sized primes are disjoint. We conclude that

1 5
A 03 B Gk € K cplos) — 1)

n2
p

where in the remainder of the argument, p is understood to range over
medium-sized primes. The contribution of the —1 term can be crudely
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bounded by O(3_, @) = o(1), hence

1 5
A3 Bl e K plno} — o1)
p

n
LS Y 1o
= —o(l).
n
keK p:plno,k

Standard sieve bounds (see e.g. [14, Corollary 6.2]) show that the number
of integers in the set {n’ € Z : n’ = O(A1n)} which are not divisible by any
medium-sized prime p is at most

log(logt? log 1
o(losllog"n) , N\ _ o (loglogn \ N
log(n!/10) logn

Since the n( , for k € K, are distinct, this implies that the number of k € K,
with ng ;. not divisible by any medium-sized prime is also O(lolgol%flln).
Ain

Comparing this with (3.31) and (3.2), we see that there are > Aloglogn

elements k of K, that are divisible by at least one medium-sized prime p.
We conclude that

log® A
A>>0gn 1n

o(1)

which contradicts (3.2), (3.11) for n large enough (with some room to spare).
The claim follows.

n Aloglogn B

4. PROOF OF SECOND THEOREM

We now prove Theorem 1.4. Let Cy be a large constant to be chosen
later, and set Cy := C?. We prove the theorem by induction on ng. The
claim is trivial for ng = 1, so suppose that ng > 1 and that the claim has
already been proven for smaller values of ng. The implication of (ii) from
(i) is trivial, so it remains to assume (ii) and establish (i). By the induction
hypothesis, we already have

1
4.1 On =
(41) " n+1
for all n < ng, and (in view of (1.1)) our task is then to show that
1
4.2 o(v, ... >
( ) (Ulv 71)710) = o+ 1
for any nonzero distinct integers vy, ..., v,,. From (4.1), we see that
1
4.3 S(vh, ..., v ) > —
( ) (Ul Ung) - no
whenever vy, ..., v, are nonzero integers with at least one collision v; = vj

for 1 <1 < j < ng, since one can remove all duplicate velocities and apply
(4.1) with the surviving n velocities for some n < ng. As mentioned in the

introduction, the strategy is to compare 0(vy, ..., vn,) to some 6(vy,. .., v;,)



22 TERENCE TAO

involving a collision if the vy, ..., vy, are not already efficiently contained in
a (rank one) arithmetic progression.

We turn to the details. For brevity we now abbreviate ny as n henceforth.
Let vq,...,v, be nonzero distinct integers. Applying Proposition 2.1 with

P =P(vi,...,vp;1,...,1) and t = n“1™, we can find a n®"-proper gener-
alised arithmetic progression @ = Q(w1,...,w,; N1,...,N,) of rank r < n
that contains all of the vy,...,v,, with

#Q < nO(CNlQ)'
Let ¢: R” — R denote the linear map
qb(nl, cey n,,) =njwy + -+ npws,

then by the construction of () we have

(4.4) V; = qb(al)
fori=1,...,n and some a; € Z" that lie in the box
{(n1,...,ny) €R" :|ny| < Ny,...,|n,| < N, }.

We now need an elementary lemma that allows us to create a “collision”
between two of the aq,...,a, via a linear projection, without making any
of the a; collide with the origin:

Lemma 4.1. Letayq,...,a, € R" be nonzero vectors that are not all collinear
with the origin. Then, after replacing one or more of the a; with their
negatives —a; if necessary, there exists a pair a;,a; such that a; —a; # 0,
and such that none of the a1,...,ay s a scalar multiple of a; — a;.

Proof. We may assume that r > 2, since the r < 1 case is vacuous. Applying
a generic linear projection to R? (which does not affect collinearity, or the
property that a given ay, is a scalar multiple of a; — a;), we may then reduce
to the case r = 2.

By a rotation and relabeling, we may assume that a; lies on the negative
zr-axis; by flipping signs as necessary, we may then assume that all of the
as, . ..,ay lie in the closed right half-plane. As the a; are not all collinear
with the origin, one of the a; lies off of the z-axis, by relabeling, we may
assume that ao lies off of the z-axis and makes a minimal angle with the
zr-axis. Then the angle of as — a; with the z-axis is nonzero but smaller
than any nonzero angle that any of the a; make with this axis, and so none
of the a; are a scalar multiple of as — a1, and the claim follows. O

We now return to the proof of the proposition. If the ai,...,a, are
all collinear with the origin, then ¢(aq),...,®(a,) lie in a one-dimensional
arithmetic progression P(v;#Q); by rescaling we may then take vq,...,v,
to be integers of magnitude at most #Q < nO©1n*) "and the claim (4.2)
then follows from the hypothesis (ii) if C; is large enough, since Cy = C%.
Thus, we may assume that the aq, ..., a, are not all collinear with the origin,
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and so by the above lemma and relabeling we may assume that a,, — aq is
nonzero, and that none of the a; are scalar multiples of a,, — a1.

We will replace the velocities v; = ¢(a;) by a variant v, = ¢'(a;), where
¢': R" — R is a modification of ¢: R” — R designed to create a collision.
To construct ¢’, we write

(4.5) ap —ay; = q¢

where ¢ is a positive integer and ¢ = (c1,...,¢,) € Z" is a vector whose
coefficients ¢; have no common factor and obey the bound |¢;| < 2N; for
j=1,...,r; by relabeling we may assume without loss of generality that c,
is nonzero, and furthermore that

eil _ ler]
4.6 <
(4.6) NS

forj=1,...,r.
We now define a variant ¢': R” — R of ¢: R” — R by the formula

,
&' (n1y ... ,ny) = Zw;(njcr — nycj),
7j=1

where the w),...,w!. are an “extremely lacunary” sequence of integers; the
precise form of w;- is not important for our argument, but for sake of con-
creteness we set

w} = pdCin'.
We then set v],...,v], to be the integers
(4.7) vl = ¢/ (a;).

By contruction, the map ¢’: R” — R is linear and annihilates a, — a1, hence
we have a collision

vy =),
We also have the nonvanishing of the v}:

Lemma 4.2. One has v} # 0 for everyi=1,...,n.

Proof. 1f we write a; = (n14,...,nr;), then by construction a; is not parallel
to an — a1, and is thus not a multiple of ¢. In particular, at least one of the
coefficients n;;c, — n,;c; of the quantity

.
vj = (a;) =Y wh(njic, — nyicy)
j=1

is nonvanishing. On the other hand, these coefficients are integers of size

O(N;N,) = O((#Q)*) = ™).
Given the highly lacunary nature of the wé,

of v} as claimed. O

we conclude the nonvanishing
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Applying (4.3), we conclude that

(v, ,n) >

S|

We now use Fourier-analytic techniques to “transfer” this bound to obtain
(4.2). By definition, there exists tg € R/Z such that

min [tov]le/z >

1<i<n
On the other hand, from Corollary 2.3, the set of ¢ € R/Z for which
/ < 1
1?%)2 HtviHR/Z = Ton2
has measure > n~ 9™ By the triangle inequality, and shifting the above

set by tg, we conclude that

1 1
. i ! > - _
(4 8) 122171 Htvz”R/Z = n 10m.2
On).

for all ¢ in a subset of R/Z of measure > n~
We now need a certain smooth approximant to the indicator function

Loz <=Ly -

Lemma 4.3. There ezists a trigonometric polynomial n: R/Z — R of the

form

(4.9) n@) = Y bpe™™

m:|m|§ncln/10

for some complex coefficients by,, which takes values in [0,1] and is such
that

(4.10) n(z) > 1
when ||z|r/z > 1 101712 and
(4.11) n(x) « n~ 100

1

when ||z|r/z = 737

5n2

2mimax
1 11 = g ame
lzllr/z=5 52 m

meZ

Proof. The function 1” T | has a Fourier expansion
—_n

for some square-summable coefficients a,, (where the series convergence is
in the L? sense). Let ¢: R — R be a Schwartz class nonnegative function
supported on [—1,1] with positive Fourier transform ¢; we may normalise
#(0) = 1, so that [, $(s) ds = 1. We define 5 to be the trigonometric

polynomial
m :
n(x) = E ) (ch/m) A €2

m:|m|<nC1n/10



LONELY RUNNER CONJECTURE 25

From the Fourier inversion formula, we can also write 1 as a convolution:

<Z5 ~1_ 1 ds.
Cln/IO”R/Z n 5n2

Since ¢3 is nonnegative and has total mass 1, we now see that n takes values
in [0, 1] as claimed. If ||z z > n+1, then the constraint ||z — —= -5 (lr/z =

% — 5% can only be satisfied if s is larger than n¢1m/20 (say), so the claim
(4.11) follows from the rapid decrease of ¢. Finally, if |2|lg/z > 1_ 101#,
then the constraint ||z — —%75|lr/z = 1_ W is obeyed for all s E [—1,1],
giving (4.10). O
Let 1 be as in the above lemma. From (4.8), we have
n(tvi) > 1

for all i = 1,...,n and all ¢ in a subset of R/Z of measure > n~9(™,
Multiplying and integrating, we conclude that

(4.12) / Hn (tv]) dt > n=Om.

R/Z ;-

Now we come to the key Fourier-analytic comparison identity.

Lemma 4.4 (Comparison identity). Let D: R/Z — C denote the Dirichlet
series

(4.13) D(z) = > emimae,
m:|m|§n01”/2‘f—£'l

Then

(4.14) /R WL H n(to)) dt = | Dto(@) [[n(tvs) dt.

R/Z i=1

Proof. Using (4.9), (4.7), and the linearity of ¢/, the left-hand side of (4.14)
may be expanded as
> b, - - - b,

mi,...,mp€Z:¢' (Mmiar1+-+mpan)=0

where we adopt the convention that by, vanishes when m > n©1"/10  Simi-
larly, by (4.9), (4.4), (4.13), the right-hand side may be expanded as

> > by - - by, -

|m|<nC1n/2 I%Z\ mi,...,mp€Z:p(miai+-+mpan+mc)=0

Thus, to prove (4.14), it suffices to show that for any integers mi,...,m,
with |m;| < n€1"/19, one has

(4.15) ¢ (miay + -+ +mpap) =0
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if and only if
(4.16) d(mia; + -+ + mpa, +me) =0

for an integer m with |m| < n©™2N,/|c,|, and furthermore this choice of
m is unique.

For my,...,m, in the range |m;| < n , we can repeat the proof of
Lemma 4.2 to conclude that (4.15) holds if and only if mia; + - - - +mya, is
a multiple of a, — a1, or equivalently (by (4.5) and the fact that the ¢; have
no common factor) an integer multiple of ¢. Thus we have

Cin/10

miay + - +mpa, +mec=0

(and hence (4.16)) for some integer m. Since the m; have magnitude at most
n11/10 each a; has the rth coefficient of magnitude at most N, we see (for
Cy large enough) that m has magnitude at most n“1"/2N,./|c.|. Applying
¢, we see that (4.15) implies (4.16).

Conversely, suppose that mq,...,m, are integers in the range |m;| <
n"/10 such that (4.16) holds for some integer m with |m| < n"/2N,./|c,|.
For j =1,...,r, the jth coefficient of m;a; for i = 1,...,n has magnitude
at most nc1m/ 10Nj, while from (4.6), the corresponding coefficient of mc’
has magnitude at most n¢1"/ 2Nj. Summing, we see that the jth coefficient
of miay + -+ + mpa, + mc has magnitude at most nCmNj if Cy is large
enough. As Q is n“"-proper, we conclude from (4.16) that

(4.17) miay + - - -+ mpa, + mé=0.

Thus myia; + - -+ + myay, is a multiple of a, — a1, and on applying ¢’ we
conclude (4.15). Note that the identity (4.17) also shows that the choice of
m is unique. [l

Applying the above lemma to (4.12), we conclude that

n

D(t6(@) [ [ n(tvs) dt > n=0.

R/z i=1

By Lemma 4.3 (and crudely bounding D by O(n“1")), the contribution to
this integral of those ¢ for which

1
el <
min ftvillg/z < =

is O(n=99¢1m) . For C} large enough, this implies that we must have

. 1
min ftvillg/z > =

for at least one value of ¢, and (4.2) follows.
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5. VELOCITIES IN A SHORT PROGRESSION

We now prove Propositions 1.6, 1.7.
The key lemma in proving Proposition 1.6 is the following.

Lemma 5.1. Let n, k > 1 be natural numbers, and let vy, ...,v, be positive

integers with v; < kn for alli =1,...,n, and such that 6(vi,...,v,) < n%rl

(i) If 1 < j < n+1, then at least one of the vy,...,v, is a multiple of
]

(ii) If 1 < j < n and a is coprime to j, then there exists vi,i =1,...,n
such that either v; = c¢j for some ¢ = 1,...,k — 1, or else v; = a
mod j and v; > k(n+1— j).

Proof. By hypothesis, for every ¢t € R/Z there exists 1 < i < n such that
[tvillr/z < n%rl Applying this claim with ¢ := 1/j for some 1 < j <n+1,
we obtain (i).

Now we prove (ii). Since a is coprime to j, we can find an integer d

coprime to j such that ad = —1 mod j. We apply the hypothesis with
t:= ? + m, and conclude that there exists v;,7 = 1,...,n, such that
’Ul'd (Y 1
—_— < .
J kitn+1) gz n+1

We divide into cases depending on the residue class of v;d modulo j. If v;d =

0 mod j, then since W is positive and bounded above by 7163‘(];11) <

1-— %—i—l’ we have
Vg 1
- <
kjln+1) n+1
and hence v; < kj. On the other hand, as d is coprime to j and v;d = 0
mod j, v; must be a multiple of j. Thus v; = ¢j for some c=1,...,k — 1.
This already covers the j = 1 case, so we now may assume j > 1.
Now suppose that v;d = —1 mod j. Then we must have
v; 1 1
kjiln+1) " j n+1
and hence
v; > k(n+1-—7);
also, since ad = —1 mod j, we must also have v; = a mod j.
Finally, suppose v;d mod j is not equal to 0 or —1. Then we must have
v; 2 1
kjiln+1) " 5 n+1
and hence

v; > k(2n+2 — j) > nk,
contradicting the hypothesis. O
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Now we can prove Proposition 1.6. Suppose for contradiction that we can
find n > 1 and positive integers v1,...,v, < 1.2n such that §(vy,...,v,) <
%—i—l' From Lemma 5.1(i) we see that for any 0.6n < j < n+1, some multiple
of j must lie in {vy,...,vy,}; since 25 > 1.2n, we conclude that

jE {Ul,...,vn}
whenever 0.6n < j <n+ 1.
Next, suppose that 1 < j < 0.4n+ 1. Applying Lemma 5.1(ii) with & = 2
and a = 1, we see that there exists v;,7 = 1,...,n which is either equal to
j, oris at least 2(n+ 1 —j) > 1.2n. The latter is impossible, hence we have

J € {Ul,...,’l)n}
whenever 1 < 5 < 0.4n + 1.

Now suppose that ”TH < j <0.6n. We apply Lemma 5.1(ii) with £ = 3
and a = 1 to conclude that there exists v;,7 = 1,...,n which is either equal
to j or 27, or is at least 3(n + 1 — j) > 1.2n. The latter case cannot occur,
and hence

jor2j€{vy,...,un}

whenever ”T‘H < 7 <0.6n.
Finally, suppose that 0.4n +1 < j < ”7“ We apply Lemma 5.1(ii) with
k=2 and a = j — 1 to conclude that there exists v;,i = 1,...,n which

is either equal to j, or is at least 2(n + 1 — j) > n+ 1 and is equal to —1
mod j. Since 3j — 1 > 1.2n and j — 1,25 — 1 < n + 1, we thus have

je{vy,...,un}
for 0.4n+1 < j < 24t

Observe that each of the above conditions places exactly one element
(either j or 2j) in {v1,...,v,} for j =1,...,n+ 1, and these elements are
all distinct (if j lies in the range ”T‘H < 7 < 0.6n, then 2§ > n + 1 and
so this element does not collide with any of the others). We conclude that
{v1,...,v,} has cardinality at least n + 1, which is absurd. This completes
the proof of Proposition 1.6.

Now we prove Proposition 1.7. We allow implied constants to depend
on C, thus v; = O(n) for all i = 1,...,n. We will adapt the arguments
following Proposition 3.3, except that we will use “small primes” rather
than “medium primes”.

We will need a small quantity 0 < € < 1, depending only on C, to be
chosen later. Define a small prime to be a prime p between exp(1/e) and
exp(1/€2). The number of positive integers between 1 and Cn that are not
divisible by any small prime is

(1+o(m)Cn]J(1- !

-)
p
where p ranges over small primes (and the o(1) notation is with respect
to the limit n — oo, holding C' and ¢ fixed); by Mertens’ theorem, this
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expression is O(¢Cn). Thus, if € is small enough, we see that < n of the v;
will have at least one small prime factor.

Call an integer bad if it is divisible by the square of a small prime, or by
two small primes p,p’ with p < p’ < (1 + 2)p, and good otherwise. The
number of bad integers between 1 and C'n can be bounded by

1
<<an Z p—p/

P p<p'<(1+€2)p

One can crudely bound the inner sum by O(e?/p), and then by another
application of Mertens’ theorem, the total number of bad integers is O(eCn).
Thus, again if ¢ is small enough, we see that =< n of the v; will be good and
have at least one small prime factor. Removing the integers of size en, we
may thus locate a subset K of {1,...,n} of cardinality #K =< n, such that
for each k € K, vy is a good integer between en and Cn with at least one
small prime factor.
For each k € K, we may factor

/
Uk = PkYy

where py is the minimal small prime dividing vy, thus all the small primes
dividing v}, are larger than (1+¢£2)py. For each vy, we associate the set S(vy)
of integers of the form p)v},, where p), is a small prime between (1+¢2)1py
and (1+¢&?)py. Clearly p) will be the minimal small prime dividing pv}; in
particular, vj can be determined from any element of S(vy). Thus, if S(vy)
and S(vy) intersect, then we have v, = vj,.

From the prime number theorem, we see that each set S(vy) has cardi-
nality > &?py/logpr > 1/e. On the other hand, as each vy is of size at
most Cn, each element of S(vx) is of size O(Cn). We conclude that the
number of k for which S(vy) does not intersect any other S(vy/) cannot ex-
ceed O(¢Cn). For e small enough, we thus can find a subset K’ of K of
cardinality #K’ =< n, such that for each k € K’, there is another ¥’ € K’
such that S(vy) intersects S(vx/). By the preceding discussion, this implies
that v, = v},.

As in Section 3, we define the quantity A by requiring

1 A

6(”17---77)71):%""?

and introduce the multiplicity function

n

F= 1p,s,) ().

i=1
By repeating the proof of (3.32), we have
24 1

. ——
(5.1) Al F(t)1p@>o dt
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and by repeating the proof of (3.33) we have

/ Ft)lpmsze dt> Y m | Bl o) | Blwidn)
R/Z keK' IeK 14k

For each k € K’, we see from previous discussion that there is an [ € K’
distinct from k& such that vj, = v}, hence v, = pyv}, and v; = pvj,. Hence

B(Uk}avl;énaéﬂ) D B </U;m 5”)
PkP1

and thus (by Corollary 2.3 or (1.5))

1) 1
m | B(vg; ) N U B(v;6n) | > —— >, —.
leK"1#k PP "

Since # K’ =< n, we conclude that
/ F(t)lp(ysa dt > 1
R/Z
and hence by (5.1) we have A >_ n, and the claim follows.
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