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ALTERNATING SERIES OF APERY-TYPE
FOR THE RIEMANN ZETA FUNCTION

WENCHANG CHU

ABSTRACT. By making use of a transformation formula for the non-
terminating well-poised 5 Fy-series, we investigate a class of alternating
series of Apéry-type and establish several identities for the Riemann zeta
function, including three identities conjectured by Sun (2015).

1. INTRODUCTION AND MOTIVATION

The Riemann zeta function is defined by the series

1
((x) = Z e for R(z) > 1.
n=1
Euler discovered the well-known formula that this function at the even pos-
itive integers can be expressed in terms of :

27)%n
2 — _1 TL—I(
Glan) = (-1
where the even index Bernoulli numbers Bs, are defined by the generating
function:

an,

oo 2n
ycoty = Z(—l)"(éyi)' Bay,.
n=0

In his irrationality proof for {(2) and ((3), Apéry [3] (see also [19]) found
the following surprising infinite series identities:

= 3 B (-t
D=2y =52y

More formulae of Apéry-type involving central binomial coefficients can be
found in numerous articles, for example, [1,2,5,8,11,12,14,16,18,20,22], as
well as the monographs by Berndt [6, §9], Borwein and Borwein [7, §11] and
Comtet [15, p. 89].
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Define the generalized harmonic numbers of higher order by

n
1 :
Him = Z o with H, := HV.
k=1

The purpose of this paper is to investigate alternating series of Apéry-
type involving both harmonic numbers of higher order and central binomial
coefficients. According to Chu [10,11] and Chu-Zhang [13], numerous m-
related series identities (such as Riemann zeta series, Apéry-type series, and
Ramanujan-like series) can be derived by examining classical hypergeometric
functions. By employing a transformation formula for the nonterminating
well-poised 5 Fy-series appearing in [13, Theorem 10], we shall establish sev-
eral further infinite series identities. For instance, we find two Apéry-like
series for ((4) (see Examples 3.2 and 3.3)

4 o0
T B _110nH, — 3
(L) - LT e
n=1 n
2t S _Hoy, +4H,
(1.2) 5 = Z(_l)n W;
n=1 n

plus another series for (2(3) (see Example 3.11)

(13) 22(3) = 3 (- LI
n=1 n (n)

They are among the list of the conjectured series detected experimentally
by Sun [21].

2. HYPERGEOMETRIC SERIES TRANSFORMATION

Let N be the set of natural numbers. The shifted factorials are defined by
(x)o=1 and (2)p,=z(x+1)---(r+n—-1) for neN.

In their derivation of Ramanujan’s 7m-formulae, Chu and Zhang [13, The-
orem 10| proved the following transformation.
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Lemma 2.1. For the five complex parameters {a,b,c,d, e} subject to the
convergence condition (14 2a —b—c—d —e) > 0, the following transfor-
mation formula holds

= (0)k()r(d)r(e)x

kzo(a+2k)(1+a_b)k(1+a_c)k(1 —a—d)p(l+a—e)y

:i(_l)n(l—I—a—b—c)n(l—i-a—b—d)n(l—i—a—b—e)n

- (1+2a—b—c—d—e)2+2n
l+a—c—d)p(l1+a—c—e)p(l+a—d—e),
l+a-b),14+a—c)p(l+a—-d)n(l+a—e)y,
(1+2a—b—c—d+2n)(2+2a—b—c—d—e+2n)(a—e+n)
{ +(1+a—-b—c+n)(l+a—-b—d+n)(l+a—c—d+n) }

Letting e = a and then applying the summation theorem for the well-
poised 5 Fy-series due to Dougall (cf. Bailey [4, §4.4])

(O)k(c)r(d)r(e)k

kZ:()<G+2k)(1+a—b)k(1+a_0)k(1_a_d)k(1+a_e)k

Il +a-bI1+a—-c)T(1+a—-d)l'(14+a—b—c—d)
- T(alr(l+a—b—c)T(14+a—b—d)(14+a—c—d)

we can express the resulting equation, under the parameter replacements

o0

a—1-—az, b—1—bx, c—1—cx, d—1—dx
as the following theorem involving the variable z and four parameters {a, b,

c,d}.

Theorem 2.2. For the five complex parameters {a,b,c,d,xz} subject to the
condition that none of the linear combinations
{az + bz, az + cx, ax + dz, ax + bz + cx + dz}

is a megative integer (so that the series is well-defined), the following sum-
mation formula holds
I'(1+ ax + bx)I'(1 4+ ax + cx)I'(1 + ax + dz)['(1 + ax + bx + cx + dx)
I'(1+ ax)I'(1 + ax + bx + cx)I'(1 + ax + bx + dz)I'(1 + ax + cx + dx)
1y i( 1) bedz?
n=1 nd (27?)
{(n—i—ax—i—bx+cac)(n+ax+bx+dx)(n+am+ca;+dx)}

+n(2n 4 2azx + bx + cx + dx)(2n + ax + bx + cx + dx)
(n71+bx) (n71+cz) (nfler:v) (n71+ax+bz+cx) (n71+az+bx+dx) (n71+az+cw+dz)

n—1 n—1 n—1 n—1 n—1 n—1
(n—l—ax—l—bm) (n+am+cx) (n+ax+dz) (2n+am+§x+cz+dm)
n n n n

By comparing the coefficients of 23 across the last identity, we recover
immediately the following important identity.
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Example 2.3 (Hjortnaes (1954: see also [8,17,20])).

Throughout the paper, we shall utilize the modified harmonic numbers of
higher order, slightly different from the usual one, defined by
H, (n)= ; (%)m =n"H for m,néeN.

The reason to introduce the above notation H,,(n), instead of H{™, is not
only for brevity to reduce lengthy and ugly expressions containing
H, (n) = 0" (H{)™,

but also justified by another advantage that all the infinite series expressions
for Riemann zeta function in this paper have the form

= (1!

m) = ————xP for m >3,
= :
where P is a multivariate polynomial of {H, (n)}";_3 with each H (n) behav-
ing like a constant, as shown in Examples 3.5-3.7 for {(5) and Example 3.16
for ¢(7).

In order to derive further infinite series identities by extracting the coef-
ficients of higher powers of the variable x in Theorem 2.2, it is necessary to
record some basic facts about the Bell polynomials and generalized harmonic
numbers as well as power series expansions of the I'-function.

For the indeterminates y = {yx }ken, we define the Bell polynomials B,, (y)

(cf. Comtet [15, §3.3]) by the generating function

k

(2.1) %Bm@)xm — exp { kz -
There is the following explicit expression

m 0
(22) Bu) = Bnton ) = 3] i

where the multiple sum runs over (m), the set of m-partitions represented
by m-tuples of (¢1, s, ..., {y) € Nj* subject to the condition )" | klr = m.

Let [2™]f(x) stand for the coefficient of 2™ in a formal power series f(z).
By means of the generating function method, it is not hard to show that
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(cf. Chen—Chu [9]) there hold the relations:

@3 (") — Byo(u), uei=—(2) Hy(n);
(2.4) [2™] (n ;Aaz) o = B (v), Vg 1= (%)ka(n),
es) ("N = Baw). we= (3) )

expressed as

- 77 L Hm
(2.6) B (u) = nm Z H W,
Q(m) k=1
T
SRR 53 .
Q(m) k=1
" o {1 H ()}
(2.8) Bin(w) == 11 AT
Q(m) k=1

They will be employed to compute coefficients of ™ for m € N from the
right hand side of the equation displayed in Theorem 2.2. Instead, for the left
hand side of the same equation, we shall utilize the power series expansions
of the I'-function [10]

(2.9) Nl—=z)= exp{z%xk},

k>1
(2.10) INE ) :ﬁexp{z%xk};
E>1

where o, and 7, are defined respectively by

o1 =7 and oy, = ((m) for m>2;

m=7+2In2 and 7, =2"—-1)C(m) for m>2;
with v being the Euler-Mascheroni constant given by ~ = lim,,_, (Hn -
In n)

3. ALTERNATING SERIES OF APERY-TYPE

In this section, we shall establish several alternating series identities of
Apéry-type for the Riemann zeta function by extracting coefficients of 2™ for
m € N across the identity given in Theorem 2.2. Because the computations
are entirely routine, we highlight only the parameter settings in the example
headers, where for simplicity, we shall make use of the following three power
sums

pr=b+c+d, pr=b+E+d* and p3=0b+c+d&.
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3.1. Infinite Series for ((4) from [z?] in Theorem 2.2.
Example 3.1 (p; =0).

2t i(—l)”‘l 5H1(2n) + 12

2
15 n=1 n4(7’?)
Example 3.2 (a = —p1).
SR S
30 W)
n=1 n

Example 3.3 (a = —3p)).

4t & a1 Hi(2n) + 8Hi(n
775 Z(_D 1 1( 71)4(271) 1( )

n

n=1

The above two identities confirm the conjectured values detected experi-
mentally by Sun [21, Equations 3.13 and 3.14]. The next one follows from
the linear combination “2 x E(3.1) — 5 x E(3.3)”, where E(3.1) and E(3.3)
stand for the equations in Example 3.1 and Example 3.3, respectively.

Example 3.4 (a = —%).
5H1 (2n) — 40H1(n) + 24

nt(3))

n:l

3.2. Infinite series for ((5) from [2°] in Theorem 2.2. Koecher [17]
(see also [2,5,8,19]) found the following infinite series identity

n+1 nn 1

_22 2n T3 Z 2n Zk2

which can be restated equlvalently in the example below.

Example 3.5 (a = p; =0).

oo 1) —
20() = 31 G
n=1 n

Example 3.6 (a = —p; and py = p?).
- 6H1(n) — 10H?(n) — 5
4((5) _ Z(_l)n 1( ) 1( ) )

n=1 TL5 (277:)

Example 3.7 (p1 = p2 =0).

06c(5) = 3 (- 1yt 21 2n) + SHICn) + SH(2n) + 61

= ()
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_M).

Example 3.8 (p; = —%a and pg = — =5

0 — (—=1)" [ 320H2(n) + 5H2(2n) + 5H.(2n) — 1664
- Z { +1120H%(n) + 80H] (n)H{ (2n) }

As done for Example 3.4, the next two “redundant series” can also be
derived by combining the two equations displayed in Examples 3.5 and 3.6.

Example 3.9 (a = —p; and py = —3p?).

- Hi(n) — 10H2(n) — 10H} 1
n=1 n (n)
Example 3.10 (a = —p; and po = —%).
> . 54H1(n) — 90H?(n) — 25H)(n)
260(5) = (-1 R -
n=1 n

3.3. Infinite series for ((6) from [2°] in Theorem 2.2. Firstly, we
confirm the following identity conjectured experimentally by Sun [21, Equa-

tion 4.5].

Example 3.11 (a = p; =0).

2¢%(3) = 2—:1(_1)71_1%'

Example 3.12 (p; = —a, p2 = a® and p3 = —a?).

Ll i(_l)n_l?)OH}(n) — 18H?(n) 4 20H3(n) + 10H}(n) — 9
63 N n=1 n6 (2:1) '

Example 3.13 (p; = —a, p2 = a® and p3 = —3a?).

™ ac() = 3 (-ayer V() — 18H() & 20H () — 11

~ 2
63 4@ nd (>

n=1

Example 3.14 (p; = 0 and then [a]).

4t i(_l)n_l 40 + 9H1 (2n) — 12H3(n) — 5HL(n)Hi(2n)
18975 () '

n

Example 3.15 (p; = 0 and then [a%]).

6475 i (=)™ 1 [ 480 4 192H1(2n) + 36H3 (2n) + 36H(2n)
63 nb (2" +5H3(2n) + 15H1 (2n)H(2n) + 10H1(2n)
n

n=1
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3.4. Infinite series for ((7) from [z7] in Theorem 2.2.

Koecher [17] (cf. [8, Equation 9-3]) discovered also the following interest-
ing series for (7).

Example 3.16 (a = p; = 0).

N3

Example 3.17 (p; = p2 = 0 and then [a]).

{18H2( ) — 5H2(n) + 5H}(n) — 26}.

71.4 X 1\n
%g(?,) - Zl 727 (‘21) {132 300H,(n) — {1+ 5H,(n)} {12 + 5H1(2n)}}.

3.5. Infinite series for ((8) from [2®] in Theorem 2.2.

Example 3.18 (a = p; =0).

o {2 H(n) + 9B} (n) + 5HL(n) — SH(m)HL(n) }.

G

Example 3.19 (p = p2 = 0 and then [a]).

At (=)t
67 = 24

) { 5HZ(n)H1(2n) — 18HL(n)H1(2n) — 5HL(n)H1(2n) }
+168 — 80H (n) + 12H3(n) — 12H}(n) + 26H1(2n)

9

]

3.6. Infinite series for ((9) from [z’] in Theorem 2.2.

Example 3.20 (a = p; = p2 =0).

3 © . \n
4C3(9)+%3<3): fbg(lzl){mé( n) — 5H3(n) — 2Hj(n) - 10}.

Example 3.21 (a =c=

0
— (—1)" [ 27HL(n) 4+ 10H}(n) — 15H(n)Hl(n)
12009) =3 575 { 1024 TSHL(n) — 27H2(n) + 5H (n) }

n=1

By carrying out the same procedure, it is possible to derive alternating
series expressions for ((m) with m > 9. However, we shall not produce them
further because the resulting series are too complicated.
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