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MINIMAL GRAPHS FOR COMPLETELY INDEPENDENT
SPANNING TREES AND COMPLETELY INDEPENDENT
SPANNING TREES IN COMPLETE T-PARTITE GRAPH

XIA HONG, FENG GAO, AND ZENGBAO WU

ABSTRACT. Let T1,T5, ..., Tk be spanning trees of a graph G. For any
two vertices u, v of G, if the paths from u to v in these k trees are pair-
wise openly disjoint, then we say that Ti,7%,...,T; are completely
independent spanning trees. In this paper, we give the definition of
minimal graph for k completely independent spanning trees and we
characterized all minimal graphs for k completely independent span-
ning trees. Finally, we obtain the number of completely independent
spanning trees in complete ¢(¢ > 2)-partite graph Kn, ns,...,n;, Wwhich
is generalizes the known result.

1. INTRODUCTION

The graphs considered in this paper are finite, undirected, and simple
(no loops or multiple edges). The wverter set and the edge set of G are
denoted by V(G) and E(G), respectively. Denote e(G) = |E(G)|. For a
vertex v € V(G), the neighbor set Ng(v) is the set of vertices adjacent to
v, dg(v) = |Ng(v)| is the degree of v. For a subgraph H of G, Ny (v) is the
set of neighbors of v which are in H, and dy(v) = |[Ng(v)| is the degree of
v in H. The set of neighbors (resp. close neighbors) of an edge e in G is
denoted by N(e)(resp. Ne]). When no confusion occurs, we write N(v)
instead of Ng(v). §(G) =min{d(v) : v € V(G)} is the minimum degree
of G. For a subset U C V(G), the subgraph induced by U is denoted by
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G[U], which is the graph on U whose edges are precisely the edges of G
with both ends in U. Let Ky, n,,..n, be a complete ¢(t > 2)-partite graph
with |Vi| = n1, |[Va| = na,...,|Vi| = ny. Denote [n] ={1,2,...,n}.

A tree T of G is a spanning tree of G if V(T) = V(G). A leaf is a vertex
of degree 1. An internal vertex is a vertex of degree at least 2. Let x,y
be two vertices of G. An (x,y)-path is a path with the two ends z and y.
Two (z,y)-paths Pi, Py are openly disjoint if they have no common edge
and no common vertex except for the two ends  and y. Let 11,75, ..., T}
be spanning trees in a graph G. For any two vertices u, v of G, if the paths
from u to v in these k trees are pairwise openly disjoint, then we say that
Ty, Ty, ..., Ty are completely independent spanning trees (CISTs) in G. The
concept of CISTs was proposed by Hasunuma [5].

In [5], Hasunuma gave a characterization for CISTs and proved that the
underlying graph of a k-connected line digraph always contains k CISTs.
It is well known [12][16] that every 2k-edge-connected graph has k edge
disjoint spanning trees. Motivated by this, Hasunuma [6] conjectured that
every 2k-connected graph has k CISTs. However, Péterfalvi [15] disproved
the conjecture by constructing a k-connected graph, for each k > 2, which
does not have two CISTs. Recently, sufficient conditions have been deter-
mined in order to guarantee the existence of two CISTs. These conditions
are inspired by the sufficient conditions for Hamiltonicity: Fleischner’s
condition [1], Dirac’s condition [1], Ore’s condition [4] and Neighborhood
Union and Intersection Conditions [10]. Moreover, Dirac’s condition has
been generalized to k(> 2) CISTs [3][7][17] and has been independently
improved for two CISTs [7][17]. In [9], Hong proved that the k-th power
of a k-connected graph G on n vertices with n > 2k has k CISTs. Con-
structing CISTs has many applications on interconnection networks such as
fault-tolerant broadcasting and secure message distribution [2][14][11][8].

In this paper, we give the definition of minimal graph for k CISTs and
we characterized all minimal graphs for k CISTs. Finally, we obtain the
number of CISTSs in complete (¢t > 2)-partite graphs Ky, n,...n,, Which is
generalizes the known result [13].

2. PRELIMINARIES

Definition 2.1 ([5]). Let T1,Ts,..., T be spanning trees in a graph G.
For any two vertices u,v of G, if the paths from u to v in T1,Ts, ..., T}
are pairwise openly disjoint, then we say that Ty, Ts, ..., T, are completely
independent spanning trees(CISTs) in G.

The following result obtained by Hasunuma [5] plays a key role in our
proof.



MINIMAL GRAPHS FOR COMPLETELY INDEPENDENT SPANNING TREES AND
COMPLETELY INDEPENDENT SPANNING TREES IN COMPLETE T-PARTITE 25
GRAPH

Lemma 2.1 ([5]). Let k > 2 be an integer. T1,Ts, ..., T are CISTs in a
graph G if and only if they are edge disjoint spanning trees of G and for
any v € V(Q), there is at most one T; such that dr,(v) > 1.

Hasunuma [6] showed that whether there exist two CISTs in an arbitrary
graph G is NP-complete, and proved the following result.

Lemma 2.2 ([6]). There are two CISTs in any 4-connected mazimal plane
graph.

Kung-Jui Pai [13] showed that the following results.

Lemma 2.3 ([13]). There are |5| CISTs in complete graph K, for all
n > 4.

Lemma 2.4 ([13]). There are | 5] CISTs in complete bipartite graph K,
for all m >n > 4.

Lemma 2.5 ([13]). There are L%J CISTs in complete tripartite graph
Ky nomy for allng > ng > nq and ng +ny > 4.

In [1], Araki provided a new characterization of the existence of k CISTs.
Let (V1,Va,..., V%) be a partition of the vertex set V(G) and, for ¢ # j,
B(V;,V;,G) be a bipartite graph with the edge set {uwvjuv € E(G),u €
Vi and v € V;}. If the graph G is clear from the context, we may use
B(V1,V3) instead of B(Vy, Vs, G). A partition (Vi,Va,..., V) is called a
CIST-partition of G if it satisfies the following two conditions:

(1) for i € [k], the induced subgraph G[V;] is connected and
(2) for any i # j, the bipartite graph B(V;,V;) has no tree compo-
nents, that is, every connected component H of B(V;,V;) satisfies
[E(H)| = [V(H)].
The following result obtained by Araki [1] plays a key role in our proof.

Lemma 2.6 ([1]). A connected graph G has k CISTs if and only if there
is a CIST-partition (Vi,..., Vi) of V(G).

Now, based on the concept of CISTs, we give the definition of minimal
graphs for k CISTs.

Definition 2.2. Let G be a graph for which there exist k CISTs. Then
G is called a minimal graphs for k CISTs if there exists a set of k CISTs
Ty, Ty,...,T; in G such that E(G) = E(T1) UE(T2) U---U E(T}).

If £ = 1, then a minimal graph is a tree. So we consider a minimal graph
for k CISTs for k£ > 2. According to Definition 2.2, we obtain the following
two propositions.
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Proposition 2.1. Let G be a connected graph with n(n > 1) vertices.
We suppose that G has k edge disjoint spanning trees Ty,Ts, ..., T, and
E(G)=E(TY)UE(T2)U---UE(Ty). If it satisfies one of the following two
conditions, then G is a minimal graph for k CISTs.

(a) n = 2k and there exists only one spanning tree T;(1 < i < k) such
that dr,(z) = k for each vertex x € V(G).

(b) The subgraph induced by all internal vertex of T;(1 < i < k) is a
path P = x1x9 -+ 2, and dr,(x1) = dr,(z,) = k, dr,(x;) = k+1 for
1 # 1,1, where r is the number of all internal vertices of T;.

Proof. (a) Let Ty, Ty, ..., Ty be k edge disjoint spanning trees of G. Since
E(G)=ET)UE(T2)U---UE(Ty), we have e(G) = k(n — 1). If there
exists only one spanning tree 7; such that dr,(z) = k for any vertex z €
V(G), then ., dr,(x) <n—1—k=k—1. Because G has k — 1 edge
disjoint spanning trees except for T; and T;(j # i) is a spanning tree.
Thus, dr,(z) = 1(j # ). By Lemma 2.1, G has k CISTs. Hence, G is a
minimal graphs for k CISTs.

Figure 1 illustrates K is a minimal graphs for 3 CISTs if n = 6 and
there exists only one spanning tree T;(1 < ¢ < 3) such that dr,(z) = 3 for
each vertex z € V(G).

FIGURE 1. Minimal graph for 3 CISTs in K¢ (red line: edge
of Ty, blue line: edge of T, green line: edge of T3).
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(b) Let Th,T5,...,T; be k edge disjoint spanning trees of G. Since
E(G) = E(Th) UE(T2) U --- U E(Ty), we have e(G) = k(n —1). It is
sufficient to prove that k CISTs. A

Suppose that U; = {uf,u),...,u};} are internal vertices of T and

de(uj) € {k,k+1} for v} € U;,1 < i <r;,1 <j <k Assume that

7

T; has a [; leaves for 1 <1 < k, then

(1) ri=n—1.

According to the assumptions of the proposition, it follows that
(2) 2e(T;) =2k + (r; — 2)(E+ 1) + 1, 1<i<k.

Summing over ¢ in (2), we get

k k
(3) 2k + (k+1)(O i — 2k) + Y 1 = 2k(n —1).

i=1
Substituting (1) into (3), we obtain

k k

(4) 2k + (k+ 1)) _ri — 2k) + (nk — > ;) = 2k(n —1).

i=1 =1

Simplifying (4), and implies that

So, UinU; = D for 1 < i # j < kand UUUU- - -UU, = V(G). It follows
that if dr,(u) € {k,k 4+ 1} for any vertex u € U;, then dr,(u) = 1(j # 1).
By Lemma 2.1, G has k CISTs. Hence, G is a minimal graphs for k CISTs.

Figure 2 and Figure 3 illustrates the graphs is a minimal graphs for k
CISTs if the subgraph induced by all internal vertex of T;(1 < i < k) is a
path P = zyzy- -z, and dr, (z1) = dp(xy) =k, dr,(x;) = k+1fori # 1,7,
where r =3 (or r =4) and k =2 (or k = 3).

O
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FIGURE 2. Minimal graph for 2 CISTs (red line: edge of
Ty, blue line: edge of T).

FIGURE 3. Minimal graph for 3 CISTs (red line: edge of
Ty, blue line: edge of Ty, green line: edge of T3).

Proposition 2.2. Let G be a connected graph with n(n > 1) vertices and
G has k edge disjoint spanning trees. Suppose that V(G) can be partitioned
into A and B, where A = {u|d(u) = 2k},B = {u|d(u) = 2k — 1}. Then G
is minimal graph for k CISTs if and only if |A| = n — 2k, |B| = 2k.
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Proof. Let G be a minimal graph for k CISTs, then e(G) = k(n —1). We
suppose that |A| = s,|B| = t, then

2k-s+ (2k—1) -t =2k(n — 1),
s+t=mn.
Consequently,
s =n— 2k, t = 2k.

Suppose that |A| = n — 2k, |B| = 2k, then we have

2k(n — 2k) + (2k — 1)2k = 2¢(Q).
It follows that
(5) e(G) =k(n—1).

We only need to show that G has k CISTs. o A
For 1 < j < k, we suppose that U; = {u},u),...,us;} are internal
vertices of Tj and A; = U; N A, Bj = U; N B, |Aj| = s4,|B;j| =t;, then

s +1t; =1y

and

k

k
(6) Y sj<n—2k, Y t; <2k
j=1

=1

As dg;(u) > 1(1 # j) for u € U; and there are k — 1 edge disjoint spanning
trees except for 1. So, we have

(7) NwnlJo| >k-1.
1#]

Therefore,

dTY(u)<k+1, ’LLEAj,
de (u) <k, u € Bj.
Claim. dr, (uz) =k+1 for uf € Aj, de(ug) =k for u{ € Bj. Suppose, to

the contrary, that there exists a vertex u € B; such that dr,(u) < k or there
exists a vertex u € A; such that dr;(u) < k+1. Without loss of generality,
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we may assume there exists a vertex u} € By such that dr, (u}) < k, then
e(Ty) < (k-1 + 1 —Dk+si(k+1)+n—m
=tk+s1tk+n—t —1,
e(Ty) < tok + sa(k+ 1) +n —ro,

(8) e(Tk) Stkk+sk(k+1)+n—rk.
Summing over £ in (8) and by (6), we obtain
k
> e(Ty) < 2k(n—1) - 1.
j=1

This is a contradiction to (5). The claim is proved.
By Claim, the equation in (7) is true and we have

(9) dn(w) =104)), uel;.
Thus, U; NU; =Pforl1 <i#j3<k UUUU---UUg = V(G) and
dr;(u) € {k,k + 1} for any vertex u € U;. By Lemma 2.1, G has k CISTs.

Hence, G is a minimal graphs for k CISTs.
O

Based on propositions 2.1 and 2.2, we characterized all minimal graphs
for k CISTs.

Theorem 2.3. Let G be a connected graph with n vertices. Then G is a
minimal graph for k(k > 2) CISTs if and only if G is complete graph with
2k wvertices or a graph G with k-part vertex set (Vi,Va,..., Vi) and |V;| > 2
such that satisfies the following conditions:
(1) for i € [k|, the induced subgraph G[V;] is a path;
(2) for any i # j, every connected component H of B(V;,V;) is uni-
cyclic graph.

Remark: The Proposition 2.1 is a special case of Theorem 2.3.

Finally, we obtain the number of CISTs in complete ¢(t > 2)-partite
graphs Ky, n, ,...n,- In fact, we prove the Theorem 2.4 by a different
method with Kung-Jui Pai’s [13] and the Theorem 2.5 generalizes the main
results of Kung-Jui Pai’s [13].

Theorem 2.4. Let G be complete bipartite graph Ky, n, for all ng > nq >
4. Then G has || CISTs.

Theorem 2.5. Let G be complete t(t > 3)-partite graph Ky, n, ... n, with
ng >mng_1 > -+ >ny1. Then G has L%J CISTs.
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3. PROOF OF THEOREM 2.3

Proof. If G is a complete graph Koy and let G has k-partite vertex set
(Vi,Va,..., Vi) and |Vi| = 2(i € [k]), then G[Vi] = P5 and B(V;,V;) = Cy.
Thus, the vertex set (Vi, Va,..., V) of G is a CIST-partition. By Lemma
2.6, GG has k CISTs and we have

E(k+1)

e(G) =k + 4=k +2k(k—1) = k(n—1).

So, G is a mmzmal gmphs for k CISTs.

If G = G and G has k- partite vertex set (Vi,Va,..., V%) such that
G[Vi](i € [k]) is a path and every connected component of B(V;, V;)(j # 1)
is unicyclic graph, then

e(GIVi]) = [Vi| = 1,
e(B(Vi, Vj)) = [Vil + [Vl

We first compute e(G), then

= e(GVI]) + > _e(B(Vi, V)
1 ji
= [Vi| = 1+ Vi + |[Va| + [Va| = 1 + [Va| + [V3] + [VA| + |V3] + [ V5]
— 1+ V3| + |Vl + - + [Vi| = 1+ |Vi| + V4]
=n—k+ V1| + V2
+ [Vi| + V3] + [Va| + | V3]
+ Vil + [Va] + [Va| + [Va| + V3| + V4]

k
1=

+ Vil + Vil + [Va| + [Vi| + V3| + [V + - - - + [Vi—1] + [Vi]
=n—k+[Vi[(k—1)+[Va|(k — 1) + -+ [Vi|(k — 1)
=n—k+n(k—-1)
=k(n—1).

Thus, G is a minimal graphs for k CISTs.

On the other hand, let G be minimal graphs for k CISTs. By the def-
inition of minimal graphs for k CISTs, G has k CISTs. By Lemma 2.6,
G has k-partite vertex set (Vi,Va,..., Vi) such that every induced sub-
graph G[V;](i € [k]) is a connected and every connected component H of
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B(V;, V;j)(j # i) has no tree component. Therefore,

k
e(G) = e(GVi]) + ) _e(B(Vi, 1))
=1 Ve
k
> Vil =)+ > (il + ;)
i=1 ji
=k(n—1).

Since e(G) = k(n — 1), then this equation is true only if e(G[V;]) = |V;| — 1
and e(B(Vi, V;) = Vil + |V
Hence, in this case, we have G[V;] is a path and B[V;, V}] is an unicyclic
graph. If [V;| = 2, then G = Ky, and G[V}] is a path P and B(V;,V}) is
a cycle Cy. If |V;| > 3, then G = G such that G[Vj] is a path Pp,(m > 3)
and B[V;,V;] is a unicyclic graph.
g

4. PROOF OF THEOREM 2.4

Proof. Let G be a complete bipartite graph Ky, ,, with |V;| = n;,i € [2].
Let

Vi = {U,’Z S [nl]}, Vo = {”UZ‘Z € [ng]}
where ny > n; > 4. We divide the V(G) into Wy, Wa, ..., WL%J as follows.
If ny =0 (mod 2), then let

Wi = {ugi—1, v2i—1, U2, v2; }, 1<i< 5 1,
W% = {Uny—1,Unys Uny—1,Vngys -y Ung -
If ny =1 (mod 2), then let
. ni
Wi = {ugi—1,v2i—1, u2i, v2i }, 1<i< L;J -1,
VI/Z' = {u2’i—la V2i—1, U24, V24, Uny, Unyy - - - 7/1)77,2}7 1= L?J

If 1 < i < [%] — 1, then every vertex wug;—1,u2; in W; is adjacent to

v2;—1,v2; in Wi Thus, GIW] is a cycle. If i = |5 ], then every vertex
Ugi—1,u2; (Or ugi—1,u2;, Uy, ) in W; is adjacent to each vertex
{UQi—17 V24, Ung+1s - - - ﬂ}ng} (Or {UZ’i—la V2i Unyy Ung+1s- -+ Unz}) in Wi7 respec-
tively. So, G[Wj] is connected graph.

For 1 <i# j < |%] —1, since every vertex ug;_1,uz; in W; is adjacent
to each vertex vgj_1,v2; in W; and therefore dB(WZ‘,Wj)(AT) > 2 for any

vertex x € Wi, For 1 <i < [%] —1,j = |%], every vertex ug;—1,u; in
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Wi is adjacent to each vertex in Vo N W; and every vertex vg;_1,v9; in W;
is adjacent to each vertex in V4 N W;. Hence, dpwy, w,)(z) > 2 for any
vertex € W;. So, B(W;, W;) has no tree component. By Lemma 2.6, G
has | %] CISTs. O

5. PROOF OF THEOREM 2.5

Proof. Let G be a complete t(t > 3)-partite graph Ky, n, ,..n, With |[V;| =
n;, i € [t], where ny > ny_1 > --- > ny. Let

We divide the V(G) into Wy, W, ..., V[/Lnt,ﬁnt,2J as follows.
2
If ng_1 +mni—2 =0 (mod 2), let

Wy={ul]1<j<t}, 1<i<m.
W, ={ul]2<j<t}, nm+1<i<ny.
W; = {ul|3 < j <t} ng +1 <i < ns.

Wh,_, ={ul, [t—2<j<t}.

nt—2
_ t—1 t—1 t t
Wnt—2+l - {unt,2+(2l71)’ unt72+2l’ unt_2+(2l71)7 unt,2+2l}’
1 —Mg—2

1§l§nt_
2

_ t—1 t—1 t
Wnt*2+l - {unt,2+(2l—1)’ unt,2+2l’ unt,2+(2l71)7

uﬁzt—2+217 uflt_ngQlJrl? R u;t}? [ = f
Ifng_1+mni—9=1 (mod 2), let

Wy={ull1<j<t}, 1<i<m.
W, ={ul]2<j<t}, ni+1<i<ny
W; = {ul|3 < j <t} ng +1 <i<ns.
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Wiy = {ud, It —2<j <t}

_ t—1 t—1 t t
Wnt*2+l - {unt_2+(2l—1)’ unt_2+21’ unt72+(2l—1)7 unt_2+2l}7

Ng—1 — -2

1<i<| [
2
_oat—1 t—1 t—1 .t
Wnt—2+l - {unt_2+(2l—1)’ unt_2+217 unt—l ) unt_2+(2l—1)’
t t t M1 — N2
unt72+gl,unt71,...,um},l = L72 |.

For 1 < i < n;_9, every vertex uf in W; is adjacent to ul € W;(l # j).
Thus, G[W;] is a complete graph. For ng_o+1 <i < [™M=130=2| 1 every

t—1 . - . t
ot (20—1)7 Uny_ppoy 11 W; is adjacent to each vertex Up, oy (21-1))

ul, o in Wi So, G[W] is a cycle. For i = | =12 | every vertex in
W; N Vi_1 is adjacent to each vertex of W; N V;. So, G[W;] is connected
graph.

If1 <i#j<m_o, then [W;| > 3 and dpuy, w; (z) > 2 for z € W,.
Thus, B(W;, W;) has no tree component. If n;_o+1 < i # j < |2=100=2 |
then dppy, w;(z) > 2 for x € W;. In addition, we get dppw, w, () > 2 for
1<i<mpoandng o+1<j< L%J So, B(W;, Wj) has no tree
component. By Lemma 2.6, G has | ™=23"=2 | CISTs. O

vertex u!
n
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