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ON THE ILLUMINATION OF A CLASS OF CONVEX
BODIES

SENLIN WU AND YING ZHOU

ABSTRACT. We study Boltyanski’s illumination problem (or Hadwiger’s
covering problem) for the class of convex bodies in R™ consisting of
convex hulls of a pair of compact convex sets contained in two parallel
hyperplanes of R™. This special case of the problem is completely solved
when n = 3.

1. INTRODUCTION

We denote by K™ the family of nonempty compact convex subsets of R”,
and by K, (m < n) the set of compact convex subsets of R” whose affine
dimension is m. Each member of K is called a convezx body, i.e., a convex
body in R" is a compact convex set having interior points.

For each K € K", we denote by int K, relint K, bd K, and relbd K the
interior, relative interior, boundary, and relative boundary of K, respectively.
A unit vector in R"” is called a direction. Suppose that K € K", x € relbd K,
and u is a direction. If there exists a positive number A such that x + \u €
relint K, then we say that x is illuminated by u. Let A be a subset of relbd K
and D be a set of directions. If each point in A is illuminated by a direction
in D, then we say that A is illuminated by D. When relbd K # (), the
illumination number c¢(K) of K is defined by

¢(K) =min{card D : D is a set of directions illuminating relbd K},

where card D is the cardinality of D. It is not difficult to see that ¢(K) is
affinely invariant. Concerning the least upper bound of ¢(K) for all K € K7,
there is a long-standing conjecture (see the monographs [11], [12], and [4],
and the surveys [9], [14], [3], [5] for the history, known results, and relevant
references of this conjecture):
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Conjecture 1.1 (Boltyanski’s illumination conjecture). For each K € K},
we have

co(K) < 2%
equality holds if and only if K € K is a parallelotope.

Since, when K € K7, ¢(K) equals the least number of translates of int K
needed to cover K, Conjecture 1.1 is also called Hadwiger’s covering con-
jecture. A “dual” version of Conjecture 1.1 is called Bezdek’s separation
conjecture, cf. [4, p. 24].

Conjecture 1.2 (Bezdek’s separation conjecture). Let K € KI' (n > 3) and
p be an arbitrary interior point of K. Then there exists a collection H of 2"
hyperplanes such that each exposed face of K and p can be strictly separated
by at least one hyperplane in H. Furthermore, 2™ hyperplanes are necessary
only if K 1is the convex hull of n line segments having linearly independent
directions which intersect at the common relative interior point p.

See, e.g., [2], [6], [8], and [7] for progress toward the solution of Conjecture
1.2.

Conjecture 1.1 is completely solved only when n = 2. More precisely, it is
known that ¢(K) = 4 when K € K3 is a parallelogram and ¢(K) = 3 holds
for the rest. Even when n = 3, Conjecture 1.1 is widely open. Thus it is
natural to consider how to make efficient use of the knowledge of ¢(K) when
K € K™ ! to solve Conjecture 1.1 in R™. It is more natural to study the
value of ¢(K') when K is constructed from lower dimensional convex bodies.
For example, it is shown in [10] that

k
c(My &My - & My) < [ (M),
=1

where M;, i = 1,...,k, are compact convex sets and My @ My @ --- ® M
is their direct sum. Moreover, when M, My € K2, the set of all possible
values of ¢(M; & Ms) is {7,8,9,12,16}, cf. [1]. Also, solving Conjecture
1.1 for centrally symmetric convex bodies in R™*! (the case when n = 2 is
solved by Lassak in [13]) would lead to the solution of Conjecture 1.1 for all
convex bodies in R™ if the answer to the following problem (possibly due to
P. Soltan) is positive:

Problem 1.3. Suppose that T = —B € K]} and
K = conv ((T x {1}) U (B x {0})).
Is it true that ¢(K) = ¢(T) + ¢(B) = 2¢(T") ¢
In this paper we estimate the illumination number for the class A of
convex bodies in K constructed from lower dimensional convex bodies,
where each member of A is the convex hull of two compact convex sets
contained in two parallel hyperplanes of R™. In Section 2 we introduce

several fundamental and useful lemmas. The illumination numbers of convex
bodies in A will be studied in Section 3.
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2. SEVERAL LEMMAS
For each positive integer m, we put
m)={keZ": 1<k<m}.

Let a and b be two distinct points in R™. We denote by [a,b] the segment
connecting a and b, and by (a, b) the line passing through a and b. Suppose
that K € K and [a,b] C K. If there exists a pair of parallel supporting
hyperplanes Hy and Hs of K such that a € Hy and b € Hs, then we say that
[a,b] is an affine diameter of K. In this situation, each segment contained
in K and parallel to (a,b) is not longer than [a,b]. See the excellent survey
[15] for more information about affine diameters of convex bodies.

Lemma 2.1. Let K € K] and [a,b] be an affine diameter of K. If u € R"
is a direction illuminating a, then u does not illuminate b.

Proof. Suppose the contrary that u also illuminates b. Then there exists a
positive number A such that

a+ M, b+ Au € int K.

It follows that there exists a segment contained in K parallel to (a,b) that
is strictly longer than [a, b], a contradiction to the fact that [a, b] is an affine
diameter of K. O

Lemma 2.2. Suppose that K € K", ¢ € relint K, and 0 < A1 < Ay < 1.
Then

(1 — )\1)0 + MK C (1 — )\2)C+ Mo K.

Proof. Let z be an arbitrary point in (1 — A;)c+ A1 K. There exists a point
x € K such that z = (1 — A\1)c+ A\jz. We have

z—(1=X)ec=z—(1=MX)c+ (A2 — A1)c
=Mz + ()\2 — )\1)0

A1 Ay — A1
= X| — M K
2<)\2.7}+ )\2 C>E o8,

from which it follows that z € (1 — A2)c + A2 K. O

Lemma 2.3. Suppose that K € K", p € relint K, C' is a nonempty compact
subset of relbd K, and D = {u; : i € [m]} is a set of directions illuminating
C. Then there exist two numbers X\ > 0 and v € (0,1) such that, for each
point x € C, there exists i € [m] satisfying

x + Au; € y(relint K) + (1 — v)p.
Proof. For each pair of k,j € Z", and each i € [m], put
1

1 1
Cijk = {:UGC: T+ —u; € <1—k>K—|—kpCrelintK}.
J
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It suffices to show that there exists jo € ZT satisfying
¢c U Gz
i€[m]

Otherwise, for each j € Z™, there exists a point

1€[m)|
By choosing a subsequence if necessary, we may assume that {z; }j cz+ Ccon-
verges to a point xg € C. Then there exist an ig € [m] and a number A > 0
such that
xo + Au;, € relint K.

Hence, there exists a positive number ¢ such that (cf. Theorem 2.23 on p. 85
in [16] for the last equality)

1 1
B(zo + Augy, 6) Naff K C relint K = U <<1k)K+kp>,
keZ+

where B(zo + Auj,,0) is the closed ball centered at xo + Au;, having radius
9. Then there exists a number 7 € (0, 1) such that

B(zo + Augy,0) Naff K C (1 —n)K + np.

Let jo be an integer in Z* such that

Al
|z, — ol < 6 and that jo > max{ }

i
Then
1 1 1
Tjo + —Uiy = | 1 — — |xjo + — (x5, + Auy
Jo J0 0 < >\]O> Jo >\70 ( Jo O)
1 1
l1-— |K+—(B Ay, 0 ft K
€< /\j()) Jr)\jo( (E0+ Ay, 0) (108 K)
CO—1>K+1«L-W+ )
U e T
n n
=(1-— K+ —
< )\70> No©
1 1
Jo J0
where the last step follows from Lemma 2.2, a contradiction to (2.1). O

Corollary 2.4. Let K € K} and m = ¢(K). Then there ezist a set D =
{u; : i € [m]} of m directions in R"™ and a number X > 0 such that, for each
point x € bd K, there exists i € [m] satisfying  + Au; € int K.

We will use several fundamental results related to relative interior of con-
vex sets. First we have:
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Lemma 2.5 (cf. Theorem 2.34 on p. 92 in [16]). If T': R™ — R™ is an
affine transformation and K € K™, then

(2.2) relint (T'(K')) = T'(relint K).
From Lemma 2.5 it follows that
(2.3) relint (K + ) =relint K + z, VK € K", z € R"™.
By Theorem 2.63 in [16, p. 109], we have
relbd (K + z) =relbd K + z, VK € K", x € R".
Finally, the following lemma will also be used in the next section.

Lemma 2.6 (cf. Theorem 2.29 on p. 89 in [16]). If K1,..., K., are convex

sets in R™ and py, ..., um are in R, then
m m
relint (Z ,uiKZ) = Z w; relint K.
i=1 i=1

3. ILLUMINATIONS NUMBERS OF CONVEX BODIES IN A

Throughout this section n is an integer not less than 3, T' and B are two
sets in ! such that

(3.1) K = conv((T x {1}) U (B x {0})) € K},.
For each n € [0,1], put H,, = R""! x {n} and K, = K N H,. It is clear that

e H; and Hj are the two supporting hyperplanes of K parallel to
R"! x {0},

o T'x {1}, Bx {0} CbdK,

e for each € (0,1), H,, intersects int K.

Lemma 3.1. For each n € (0,1), we have

(1) Ky = (0T) x{n} + (1 —n)B) x {0},
(2) relint K, = int K N H,,.

Proof. (1). First suppose that € K N H,. Then there exist two posi-
tive integers m; and mg, two sets of positive numbers {e; : i € [m1]} and
{Bj : j € [ma]}, and two sets of points

{pi: iem]} CTand {g;: j€[me]} CB

such that
Z a; + Z ﬁjzlandx: Z (67} pu Z /8] qj7
i€[mi] j€[ma2] i€[mi] j€[ma]

It follows that

Z a; =1 and Z Bj =

i€[ma] J€[ma2]
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Therefore,

T =n Z %(pial)‘i‘(l—??) Z 16_jn(qj'a0)

i€[ma] JjE€[ma]
€n(T x{1}) + (1 —n)(B x {0})
= (T) x {n} + ((1 —n)B) x {0}.
Conversely, suppose that
z € (nT) x {n} + ((L —n)B) x {0}.
Then there exist two points p € T and q € B such that
z = (np,n) + (1 =n)g,0) =n(p,1) + (1 = n)(q,0) € KN H,y,.

(2). Since € (0,1), int KN H, # 0. For each point « € int K N H,), there
exists a number § > 0 such that B(z,0) C K. It follows that

B(z,8) Naff K, C B(z,6) N H, C KN H, =K,.

Thus z € relint K.
Fix a point zp € int K N K;. Then xy € relint K,,. For each point
y € relint K, there exists a number v > 0 such that

z=y+7(y — o) € K.
It follows that

1 n ¥
=—12
L RUDVE L R

This completes the proof. U

To € intKﬂHn.

Lemma 3.2. The boundary bd K of K can be illuminated by a set D of
directions if and only if D illuminates both T x {1} and B x {0}.

Proof. Clearly, if D illuminates bd K then D has to illuminate both 7" x {1}
and B x {0}. Conversely, suppose that D illuminates 7" x {1} as well as
B x {0}. Denote by Dr and Dp the subsets of D that can illuminate
T x {1} and B x {0}, respectively. Let (z,77) be an arbitrary point in
bd K\ (T x {1} U B x {0}). Then n € (0,1) and, by Lemma 2.6,

(z,m) € Ky \ (nrelint T x {1} 4 (1 — n) relint B x {0}).
We distinguish two cases.
Case 1: There exist « € relbd T and y € B such that z = nx + (1 — n)y.

There exist a direction (u,y) € Dy and A > 0 such that (z,1) +
Au,7) € int K. Thus

(z,m) +nA(u,y) = (nx + (1 = n)y,n) + 0\ (u,7)
=n((z,1) + AMw, 7)) + (1 = n)(y,0) € int K.

Case 2: There exist x € T and y € relbd B such that z = nx + (1 — n)y.
As in Case 1, there exists a direction in Dp illuminating (z,7).
Thus bd K is illuminated by D. O
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Lemma 3.3. Suppose that T is not a singleton. Letm = c¢(T), {v; : i € [m]}
C R ! be a set of directions illuminating T, p be a point in relint T, and q
be a point in relint B. Then there exist a positive number A and a number
v € (0,1) such that T x {1} can be illuminated by

_ [ Qw0 tu
D= { [t g i€}
where ug = (1 —v)(—p+ ¢, —1).

Proof. By Lemma 2.3, there exist a positive number A\ and a number v €
(0,1) such that for each x € relbd T', there exists i € [m] satisfying

x + Av; € y(relint T') + (1 — v)p.

We claim that A and « have the desired property. Let (x,1) be an arbitrary
point in T x {1}. We distinguish two cases.
Case 1: © € relbdT.
Without loss of generality we may assume that
x + Avy € y(relint T') + (1 — v)p.
Then
()\’Ul, 0) + ug
z,1) + ||(Av1,0) +ug|| 7i———
( ) ||( 1 ) OH H(/\’Ulyo)"i_UOH
= (2,1) + (Av1,0) +uo
= (z+ 0, 1)+ (1 =) (-p+q-1)
=@+ A1+ (1 =7)(-p+9),7)
€ (y(relint T') 4+ (1 — v)(relint B)) x {7}
C int K.
Case 2: x € relint T
There exist two points y,z € relbdT and a number n € (0,1) such
that = ny 4+ (1 — n)z. Without loss of generality we may assume that
y+ Avy € y(relint T') 4+ (1 — 7)p.

As in Case 1, we have

()\711,0)"1‘“0 .
) o 0 AULP) U LK
(5, 1) + 10w, 0) +woll =52 o €10
Thus
()\Ul,())‘i‘u(]
» 1)+ 0 [[(Avi, 0) + uol| ==t
(#,1) + 1| (Av1, 0) + uol| [(Av1,0) + |
()\U1,0)+u0

=n(<y, D)+ 001,0) + ol ¢

(mlo)mo\) + (1 =n)(z1)

cint K.
It follows that 7' x {1} can be illuminated by D. O
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In a similar way we can prove the following lemma.

Lemma 3.4. Suppose that B is not a singleton. Let m = ¢(B), {v; : i€ [m]}
C R ! be a set of directions illuminating B, p be a point in relint B, and
q be a point in relint T'. Then there exist a positive number X and a number
v € (0,1) such that B x {0} can be illuminated by

_ ()\Ui,O) + uo . m
D= ftrem g <)

where ug = (1 —v)(—p+ ¢, 1).

Theorem 3.5. ¢(K) < ¢(T) + ¢(B).

Proof. Suppose that one of T and B, say T, is a singleton. Then K is a
convex cone having B as base. By Theorem 4 in [17] or by Theorem 3.11
below, we have
¢(K) <14 ¢(B)=cT)+c(B).
If neither T nor B is a singleton, then the desired inequality follows from
Lemma 3.2, Lemma 3.3, and Lemma 3.4. ([

In general, the estimation given in Theorem 3.5 is best possible. See the
following examples.

Example 3.6. Let
T =1[(-1,0),(1,0)] ¢ R* and B = [(0,—-1),(0,1)] c R?.
Then K € K3 is a tetrahedron and c(K) = ¢(T) + ¢(B).

Example 3.7. Let T = B = [0,1] x [0,1] C R%. Then K € K3 is a cube
and ¢(K) = ¢(T) + ¢(B).

Lemma 3.8. If B is contained in a translate of T', then the minimal cardi-
nality m of a set of directions in R™ that can illuminate relbd T x {1} equals
o(T).

Proof. By Lemma 3.3, we only need to prove that m > ¢(7).

Let ¢t € R™! be a point such that B C T + ¢, p be an arbitrary point in
int K, and D = {(u;,7vi) : ¢ € [m]} be a set of directions in R" illuminating
relbd 7' x {1}. Then it is clear that each direction in D illuminates at least
one point in relbdT' x {1}. It is not difficult to see that v; < 0, Vi € [m].
By Lemma 2.3, there exist two positive numbers A and v € (0, 1) such that,
for each point (z,1) € relbd T x {1}, there exists ¢ € [m] satisfying

(@,1) + AMui, %) € yint K + (1 = 7)p.
Let
n =max {(ylen) : y € vK + (1 —~)p},

where (yle,) is the inner product of y and the nth member of the standard
basis of R"”. Then n € (0,1) and 1+ A\y; < n holds for each ¢ € [m].
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For each point z € relbd T', there exists ¢ € [m] such that
(,1) + AMui, ) € yint K + (1 —)p.
Let A; be the number such that 1 4+ \;A\y; = 7. Clearly, A; € (0, 1].

(2, 1) + XA (ug, 7)) = (T + Nidug, T+ Xidy)
= (x + NiAu;, n)
& [(2. 1), (. 1) + Mus 3] \ {(z, 1)} N H,
Cint K N H,
= (nrelint T + (1 — n) relint B) x {n}
C (nrelint T+ (1 —n)B) x {n}
C (nrelint T + (1 —n)(T' +1t)) x {n}
C (relint T+ (1 — n)t) x {n}.

It follows that

T+ A (uZ — )\:)\77 t> € relint T
Since = € relbd T',
I—n
7 o— Uy — t
v ) # 0

Hence

{ Yiie [m]}
Jlvll -
is a set of directions in R*~! illuminating relbd 7. Therefore ¢(T) < m. O

In a similar way, we can prove the following lemma.

Lemma 3.9. If T is contained in a translation of B, then the minimal
cardinality m of a set of directions in R™ illuminating relbd B x {0} equals
c(B).

Corollary 3.10. If T is a translate of B, then ¢(K) = ¢(T)+¢(B) = 2¢(T).

For some special cases, the estimation of ¢(K) can be improved. In the
proof of the next theorem, we shall use the following result (see (6) of The-
orem 2.15 in [16, p. 79]): if A and B are subsets of R" such that a translate
of B lies in aff A, then relint A + B C relint (A + B).

Theorem 3.11. Suppose that T + ¢ C relint B holds for some point ¢ €
R Then ¢(K) =1+ ¢(B).

Proof. By Lemma 3.9, the minimal cardinality m of a set of directions in R"
illuminating relbd B x {0} equals ¢(B). By Lemma 2.1, ¢(K) > ¢(B) + 1.



ON THE ILLUMINATION OF A CLASS OF CONVEX BODIES 199

Put u = (¢, —1)/2. Next we show that each point in K; =T x {1} can
be illuminated by u/ ||ul|:

K1+u:T><{1}+%(C,—1)
= GT) x {1} + <;T> x {0} + %(C,O) + %(07—1)
1(T x {1}) + (;(T+c)> x {0}

2

%(T x {1}) + %(relintB x {0})
_ (;T+;relint3> x {;}

(relint (;T + ;B>> X {;}

C relint K1 C int K.
2

Hence each point in K; can be illuminated by w/||u|. By Lemma 3.2,
c¢(K) <1+ ¢(B). Therefore ¢(K) = ¢(B) + 1. O

Remark. Both Example 3.7 and Corollary 3.10 show that the condition
T + x Crelint B in Theorem 3.11 cannot be replaced by T'+ = C B.

It is easy to verify the following:

Lemma 3.12. A set D of directions in R"™ illuminates T x {1} (resp. B x
{0} ) if and only if D illuminates the set of extreme points of T x {1} (resp. of

B x {0}).

Theorem 3.13. If n = 3 then ¢(K) < 8; equality holds if and only if K is
a parallelepiped.

Proof. Sincen = 3, T and B are in K2. Thus ¢(K) < ¢(T)+c(B) < 4+4 = 8.

Suppose that ¢(K) = 8 holds. It follows that ¢(T") = ¢(B) = 4. Therefore,
T and B are two parallelograms, and each one of them has 4 extreme points.
By a suitable translation if necessary, we may assume that B is centered at
the origin o of R*~!. Let ¢ be the center of T. It is clear that (t/2,1/2) €
int K. To show that K is a parallelepiped it sufficies to show that T'—t = B.

Otherwise T —t € B or B & T —t. We may assume, without loss of
generality, that one vertex v of T' — t is exterior to B. We distinguish two
cases.
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Case 1: The segment [0, v] contains a vertex w of B.
There exists a number A € (0,1) such that w = Av. In this case we

have
1
(w7 0) + 7(t7 1) = )‘(Uv 0) + §(t7 1)
2\ 1 -1
=Nl 5((u%(n + (v +1t,1)) + SR Q(tal)
€int K

In a similar way, we can show that (—w,0) + (¢/2,1/2) € int K. By
Lemma 3.2 and Lemma 3.12, bd K can be illuminated by at most 7
directions, a contradiction.
Case 2: The segment [o0,v] contains a point p which is a relative interior
point of an edge [w,w'] of B.
There exist two numbers A\, € (0,1) such that p = nv = Aw + (1 —
Aw'. By interchanging w and w’ if necessary, we may assume that
A <1— ). In this case we have

%(t, 1)+ (p,0) = 1(,57 1) +n(v,0)

2
1-n 1 2n 1

=— - —(t,1 — - —=((1 0 t,1
1-n 1 2n 1

=— - —(t,1 _— = 0 0 t,1
1-n 1 2n 1

=——(t,1 —_— = 0 t, 1
1-— 2

S 77th—i—iﬁK
1+n 1+

Cint K

In a similar way we can show that

1
i(t’ 1) — (p,0) € int K.

Put
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and
AHl(t )+ (p—-—w 0)}|
_ / 2\ 9
(w',0) + T u
= @0+ (R 1) + (1 A — w,0)
DR TN A o
=—( ’0)+L-1(t 1)+ AMw' —w,0)
R TN v
A1
__(p70)+1_)\'§(t71)
c€int K;

ie., (w,0) and —(w’,0) can be illuminated by the direction u. Thus K
can be illuminated by at most 7 directions, again a contradiction.

O

emark. Let AT C K" be the family of convex bodies having a summand
A. Then, by Theorem 34.8 on p. 266 in [11], for each K’ € AT, we have

c(K') <max{c(K): K€ A}.

Thus our main results also yield good estimations of ¢(K) for A*.

10.

11.

12.

13.
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