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ANCHORED HYPERSPACES AND MULTIGRAPHS

GERARDO REYNA, JESUS ROMERO-VALENCIA, AND IVAN ESPINOBARROS

ABSTRACT. Consider a multigraph X as a metric space and p € X. The
anchored hyperspace at p is the set

Cp(X)={AC X :pe A, Aconnected and compact}.

In this paper we prove that Cp,(X) is a polytope, considering the Haus-
dorff metric H. And reciprocally, if X is a locally connected and compact
metric space such that Cp(X) is a polytope, for each p € X, then X
must be a multigraph.

1. INTRODUCTION

We say that S is a face of a n-cell M =[0,1]" if S = S X Sy X -+ X Sp,
where either S; = [0,1], or S; = {0}, or S; = {1} and for at least one
i, S; # [0,1]. For example [0,1]% has eight faces: {0} x {0}, {1} x {1},
{0} x {1}, {1} x {0}, {0} x [0,1], [0,1] x {0}, [0,1] x {1}, {1} x [0,1]. In
general [0, 1]™ has 3" — 1 faces. A polytope is a metric space which can be
written as a finite union of finite-dimensional cells such that the intersection
of any two of them is either empty or a union of faces. A multigraph is a
polytope whose cells are 1-cells and 0-cells.

Remark 1.1. Is a well-known fact that the faces of a n-cell is itself a poly-
tope.

If X is a metric space and p € X, the anchored hyperspace Cp(X) is the
subspace 2% = {AC X :A+#0, A closed}, whose elements are all compact
and connected subsets of X containing p. We say that a metric space X is
Cpp if Cp(X) is a polytope for each p € X. Next, some results that will be
useful for our purposes (see [7]).

A family {A,}aeca of sets in a topological space X is called neighborhood
finite, (nbd-finite for short) if each point of X has a neighborhood V' such
that V N A, # 0 for at most finite indices «.

Let X be a topological space and {Ay}aca a covering of X such that
either:
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(1) The sets A, are all open.
(2) The sets A, are all closed and form a nbd-finite family.

For each ao € A let f, : Ay — Y be continuous and assume that fu|a,.n Ag =
f8lAan Ay for each a, B € A, then there exists a unique continuous map
f X — Y which is an extension of each f,.

Let {B,} be an open, or a closed nbd-finite covering of Y. Let f :
X — Y be continuous and assume that for each a@ € A, f‘f—l(Ba) is a
homeomorphism of f~!(B,) and B,. Then X is homeomorphic to Y.

The free union X +Y of disjoint topological spaces X, Y is the set X UY
with topology: U C X + Y is open if and only if U N X is open in X and
UNY isopenin Y. Since X NY = (), clearly B C X + Y is closed if and
only if BN X is closed in X and BNY is closed in Y.

Lemma 1.2 (Transgression Theorem). Let p: X — Y be an identification
map and h : X — Z continuous. Assume that hp~! is single-valued (that is,
h is constant on each fiber p~1(y)). Then hp~! :Y — Z is continuous, and
in addition, the diagram

X2y

h
hp~—t

VA

18 commutative.

Let X and Y be two disjoint spaces, A C X a closed subset, and f: A —
Y continuous. In X + Y, generate an equivalence relation R by a ~ f(a)
for each a € A. The quotient space (X +Y)/R is said to be “X attached to
Y” and is written X Uy Y'; f is called the attaching map.

We also need the following results (see [7])

Lemma 1.3. Let p : X +Y — X Uy Y be the projection map, and let
C C X +Y be such that C N X is closed in X. Then p(C) is closed in
X UrY if and only if (CNY)U f(CNA) is closed in Y.

Lemma 1.4. Let Q : X +Y — X Uy Y be the projection map. ThenY 1is
embedded as a closed set in X Uy Y and Q|y is an embedding.

2. POLYTOPES

In modern times, polytopes and their related concepts have important
applications in computer graphics, optimization and many other fields ([3],
[2], [10], [13]).

Proposition 2.1. Let Q : X +Y — X U; Y be the projection map, with X
compact and 'Y a Hausdorff space. If f embeds A in a closed set f(A) of Y,
then X is embedded as a closed subset of X UsY and Q|x is an embedding.

Proof. The map Q|x is obviously continuous and one-to-one. Now, let C' C
X be closed, then (CNY)U f(CNA) = f(CNA)is closed in f(A), as
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this set is closed in Y we have that (CNY)U f(C N A) is closed in Y. It
follows by Lemma 1.3 that Q(C) is closed in X Uy Y and therefore Q|x is
an embedding. O

Proposition 2.2. Let X =C1UCoU---UC, andY = D1UDsU---UD,
be disjoint spaces and f : X — 'Y a homeomorphism such that:
(1) For each i, the space C; is a finite-dimensional cell,
(2) for each pair i, j we have C; N Cj is empty or is a union of faces,
(8) for each i, we have that f(C;) = D;,
(4) suppose we have chosen for each cell C; a face FC; (and therefore
for each cell D; we have chosen a face FD; = f(FC;)).

If g is the restriction of f to F(C1)U---UF(Cy), then the space X Uy Y is
a finite union of cells where each two have empty intersection or is a finite
union of faces.

Proof. Let X =€ UCU...C,and Y =D, UD, U... D, be homeomorphic
copies of X and Y contained in X U;Y whose existence is ensured by Lemma
1.4 and Proposition 2.1, where Q(C;) = &;, Q(D;) = ©;, Q(FC;) = FE;,
and Q(D;) = F®;. Evidently for each pair i, j the set €; N¢&; is empty or is
union of faces and the same occurs with the sets ©;ND;. Now, if x € &ND;,
then there exists a € FC; such that « = [a] = [f(a)] and f(a) € Dj N FD;,
therefore [f(a)] = x € ©; N FD;, this shows that &;ND; C D; N FD;. On
the other hand, if x € ©; N FD;, then x € FD;. It follows that there is a
point a € FC; such that [a] = [f(a)] = = therefore z € F¢&;, which shows
that x € €; ND; and therefore €; ND; = D,; N FD;.

As well, we have D; N FD; C Dj N D; = Fy U Fy U ... F,;, where each
F; is a face by (2). On the other hand D; N FD; = D; N (D; N FD;) =
(DiND;)NFD; = (F1UF,U. .. Fp)NFD;, by Remark 1.1 this last expression
is a union of faces and therefore ®; N F®; is union of faces, that is, € ND;
is union of faces. Finally, since the projection map (@ is surjective, we have
QX+Y)=(X)uY)=XU9 = UtU- -, UD,UD,U---D,. O

The following properties concerning polytopes are useful in general.

Proposition 2.3.

(1) If the components of a space are polyhedra, then the components of
a union of its faces are polyhedra.

(2) If a subset of the cells forming a polytope are taken, then the com-
ponents of their union are polyhedra.

Proof. (1) Let Fy and Fy be two faces of cells C; and Cs in a same
component of X. If F; N F5 is nonempty, either F} and F5 is a
common face of C7 and Cy, or one is contained in other or F1 N F5 is
a union of (in a manner of speaking) “lower dimensional subfaces”.

(2) Each two such cells (with no empty intersection) intersects in the
whole space in a union of their faces, so they intersect in each com-
ponent of such a union.
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O

Remark 2.4. If two polytopes are joined by some of their faces then this
new space is a polytope.

FIGURE 1

Multigraphs have been an object of study for several years, and recently
there are many works on the subject (see, for example, [1], [5], [8]). Par-
ticularly, there are works in multigraphs viewed as metric spaces (see, [4],
14]).

In [6], R. Duda studied the characterization of the hyperspaces C(G)
when G is a connected multigraph. As previously mentioned, a multigraph
is a polytope whose cells are arcs or points, these arcs are called edges, also a
closed curve J is called an edge provided this closed curve contains a unique
ramification point, these edges are called loops. We identify the end points of
an edge with 07 and 1 respectively, if this edge is a loop we assume 07y = 1
(that is to say, in a loop end points coincide) is the unique ramification point
in J. Given any multigraph G, a subgraph of G is a subspace formed for some
edges and this subspace is itself a multigraph. A simple vertex is considered
to be a subgraph of G. A tree is a subgraph not containing simple closed
curves, an internal tree is a tree not containing terminal points of G, and
therefore its terminal points are ramification points in G. Let AI(G) denote
the set of all internal trees of G. We establish that E(G), V(G), O(G), R(G),
and T'(G), denote the sets of edges, vertices, ordinary points, ramification
points, and terminal points, respectively. Given an internal tree T' of G, we
regard those edges J such that J NT # () and J is not subset of 7. Let
us divide these edges in two types: Ji,...,J, and Lq,..., Ly, , where each
edge J; has just one extreme (say 0y ) in 7" and it is not a loop. The edges
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L; are those whose two extreme points are in 7', including the loops whose
ramification point is in 7. We define

D(1,T)=TU U Ji) U
7j=1
and we say that this is the canonical representation of D(1,T). Given an

internal tree T' C G, let MM(T") be the family of all connected compact subsets
of G of the form

n

()i (ag, b)) = T U (| [0, e]) U (

=1 J

Tt

[OLj7a]] [ij 13])
1

where ¢; € J; and a;,b; € Lj, [0j,, ¢;] is the subarc of J; joining 0, with ¢;,
[0z, a;] is the subarc of J; joining 0z, with a; and [bj,17,] is the subarc of
L; joining b; with 1p,;.

We have the following lemma (for more details and proofs see [6]).

Lemma 2.5. Let G be a connected multigraph, then

(i) For each internal tree T C G, the family M(T') is a (n + 2m)-cell.
(ii) The hyperspace of connected compact subsets of G is

UEm vl J e

TeAI(G IeE(G)
It is a well-known fact that C'(Sl) =~ C([0,1]) = [0,1])? (see [6]) and
therefore C(I) 2 [0, 1]? for each edge I € FE(G).

The following lemma is proved in [6].

Lemma 2.6. Let G be a connected multigraph, then.

(i) Two sets of the form M(T) intersect at some of their faces.
(i) Two sets of the form C(I) (where I € E(Q)) intersect at some of
their faces.
(iii) A set of the form OM(T) and one of the form C(I) intersect at some
of their faces.

Since the set AI(G) and the set E(G) are finite, using the previous lemma,
the following theorem follows.

Theorem 2.7 ([6]). A connected compact metric space G is a multigraph,
if and only if C(G) is a polytope.

3. MULTIGRAPHS AND THEIR ANCHORED HYPERSPACES

Notice that if G is a multigraph and C' the component of G containing
p, then Cp(G) = C,(C). Therefore throughout this work we will assume all
our multigraphs are connected. If GG is a multigraph and p € G, there are
three possibilities (see Figure 2).

(1) The point p is in a loop L of G and p # 0p,
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(2) there exists a terminal edge J which is not a loop such that p € J

and p # 0,
(3) if neither p is in a loop nor in a terminal edge, then there exists an

internal tree T" such that p € D(1,T).

FIGURE 2

In the first case, let £1 be one of the two arcs in L connecting 0y, with p and
let L9 be the other one. Define I'ty = {T' € AI(G) : 0, € T'}. For T € I'y,
if D(1,T) = T U (U, Ji) U (UjL, Lj) is the canonical representation of
D(1,T) we will always assume, without loss of generality, that L = Lq. Let
EmIl?(T ) be the family of all those connected compact subsets of the form:

n

(TU L£1) U ([p,ar] U [br, 12]) U ({104, ) U (
i=1 Jj=2

s

[OLj7a‘j] U [ij 1Lj])7

where a1, by € Lo, ¢; € J;, aj, bj S Lj.
Lemma 3.1 ([12]). Let f : X — Y be a continuous map into a compact
connected metric space Y, then f: C(X) — C(Y) defined by
f(A) = f(A) for each A € C(X),

1S continuous.
Proposition 3.2. For each T € T'y, the family DJT})(T) is homeomorphic to
the (TL + 2m)'ce”7 m(T) =TU (U?:l[ojw CZ]) U (U?:l[OLjv aj] U [bj7 1]']) in
Lemma 2.5 (i).
Proof. Indeed, let G, = G/L1 be the space obtained from G by identifying
L1 to 0r. Then G, is homeomorphic to G as shown below: Let @ : G —
G, be the projection map and f : G — G defined as follows:

x xeG—L,

f('r) = OL HAIS ‘Cl’
g(z) =z € Ly,

where g : Lo — L is a continuous map such that g(p) = 0, = ¢(0r) and
restricted to Lo — {p,01} is one-to-one; hence f is continuous. Now, f is
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constant in each Q~!([z]) and conversely @ is constant in each f~!(x), it
follows from Lemma 1.2 that fo @' and Qo f~! are continuous and being
mutual inverses, it follows that G and Gz, are homeomorphic.

If T € I't, then Q(T) is an internal tree containing [0z]. Since G is
connected and compact, G, is also connected and compact. It follows from
Lemma 3.1 that Q : C(G) — C(Gy,) defined by Q(A) = Q(A) is continuous.
For each T' € T'; the map Q is one-to-one on the set im[l)(T ), which shows
that Qr = Q’zm;(T) is a homemorphism between 90 (T) and 9(Q(T')). Since
M(Q(T)) is homeomorphic to M(T") the proposition follows. O

Similarly for each T' € T'y, we can define Qﬁg(T) as the family of all
connected compact subsets of the form:

n m

(T'U L) U ([p,a] U [br, 1)U [0, &) U (| 015, a5] U b, 1)),
i=1 Jj=2

where a1,b1 € L1, and therefore the next lemma follows.

Lemma 3.3. For each T € T'1 the family 9)?12)(T) is a finite-dimensional
cell.

If p is a point satisfying Theorem 2.7, (2), let 0y and 1; be the endpoints
of the edge J = J1, where 1 is the terminal vertex of G and let I's be the set
of all internal trees T of GG such that 0y € T. In this case, for each T' € I,
let ‘ﬁg(T) be the family of all connected compact subsets of G of the form

n

Ty (U[OJi’Ci]) U (

i=1 j=1

s

[OLjvaj] U [ij 1Lj]))7

where ¢; € J;, fori =2,...n,a5,b; € Lyforj=1,...,mand¢; € [p,1;]. As
in the above case, a similar analysis shows that ‘T(g (T') is a finite-dimensional
cell, and therefore we have the following lemma:

Lemma 3.4. IfT € I'y, then ‘ﬁg(T) is a finite-dimensional cell.

If p is a point satisfying Theorem 2.7, (3) consider the set I's, whose
members are all the internal trees of G which p € T. For each T' € I's,
consider the cell MM(T") (Lemma 2.5 (i)). Evidently, each of these cells is
contained in Cy(G), whereby the following lemma is trivially true.

Lemma 3.5. If G is a multigraph and T € T3, then the cell M(T) is a
subspace of Cp(G).

Let J be the edge containing p, and v and v the endpoints of J. Denote
L1 the subarc of J containing v and p as endpoints and denote Lo the
subarc of J containing p and v as endpoints. Let G/L; and G/Ly be the
quotient spaces obtained from G identifying the arcs £ and L5 at one point,
respectively.
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Proposition 3.6. The hyperspaces C(G), C(G/L1) and C(G/L2) are home-
omorphic.

Proof. As in Proposition 3.2 if Q : G — G/L; is the projection map and
f: Ly — J is a homeomorphism such that f(p) = v and f(v) = v, then
define hg : G — G by

U T € Ly,
ho(z) =1 f(x) z € Ly,
T reG—J.

We have by Lemma 1.2 that maps hgo Q! and Q o hy 1 are continuous,
and being mutual inverses, we have that G and G/L; are homeomorphic

graphs. By Lemma 3.1 we have that 1); = hgo Q! is a homeomorphism
between C(G/L;) and C(G).

Now, consider the space G/L9 obtained from G identifying Lo at one
point. Let R : G — G/L2 be the projection map, and g : £ — J a
homeomorphism such that g(p) = v and g(u) = u, then, for the map h; :
G — G defined by:

v T € Lo,
hi(z) =14 g(x) =z € Ly,
T reG—J,

again, by Lemma 1.2, the maps h; o R~ and R o hl_l are continuous, and
being mutual inverses, we have that G and G/Ly are homeomorphic. By
Lemma 3.1, p2 = hyo R~! is a homeomorphism between C(G/L3) and
C(@). O

Now, let I'y be the set of all those internal trees T" for which p € D(1,7T) —
(T Ui, Ji), where T'U (Ui, Ji) U (UL, Lj) is the canonical representa-
tion of D(1,T) and, without loss of generality, we will always assume that
p € L.

If H € I'y, denote &)(H) the subspace of C,(G) whose members are all
connected compact subsets of G of the form:

(HUL1) U ([p,ar] U b1, 11, ]) U (|J[0g: i) U ([0, a5] U [bs, 12,])),

i=1 j=2
where, a1,b1 € Lo, for j =2,...,m we have a;,b; € L; and, fori =1,...n
we have ¢; € J;; Figure 3 shows a typical element of ﬁzl,(H ). Similarly, given
H € Ty, let 82(H) denote the subspace of Cp(G) whose members are all
those connected compact subsets in the form:

(H U 'CQ) U ([OLl’al] U [blap]) U (U[OJi7 CZ]) U (U [OLj’aj] U [bj’ ]‘Lj]))‘

i=1 j=2
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bo

LQ L1

Ly p* Jo
FIGURE 3

Proposition 3.7. For each internal tree H € T'y, the spaces ﬁ},(H) and
R2(H) of Cp(G) are finite-dimensional cells.

Proof. For each H € I'y, if @ and R are the induced maps of QA and R in
the proof of Proposition 3.6, then the maps og : R},(H) — M(Q(H)) and

pr « R2(H) — M(R(H)) given by op(A) = Q(A) and pg(A) = R(A) are
homeomorphisms. O

In order to continue building the cells that will endow a polytope structure
to Cp(G), suppose that p lies in a nonterminal edge J of G with endpoints,
say v and v. Now, let I'5 be the set of all internal trees M of G for which, if
MU (UL Ji) U (UL, Ly) is the canonical representation of D(1, M), then
for some index i (which we always assume without loss of generality that
i = 1) we have J; = J and if 0}, is the only point of M N Jy, then 0, = u.

Given M € I's, let M, (M) be the family of all connected compact subsets
of C,(G) whose members have the form:

n m
(MU LU p,a]) U (0, el v (J(0r;, a1 U b, 11,)),
i=2 j=1
where ¢; € Lo, for i € {2,...,n} ¢; € J; and for j € {1,...,m} a;,b; € L;.
Figure 4 shows a typical element of 9t,(M ), where M = {u}.

We now define I'g as the set of all those internal trees N C G such that, if
NU (Ui, Ji) U (UjL; Lj) is the canonical representation of D(1, N), then,
for some index ¢ (which we always assume without loss of generality that
i =1) we have J = J; and if 04, is the only point in N N Jy, then 0, = v.

Given N € I'g, let 91,(N) be the subspace of C,(G) whose members are
those connected compact subsets in the form:

n m
(MU LU [p,ea]) U ((J10s,e]) U (| ([0, 051 U b, 11,]),
i=2 j=1
where ¢; € Ly, for i € {2,...,n} ¢; € J;, and for j € {1,...,m} a;,b; € L;.

Lemma 3.8. For each M € I's the space M,(M) is a finite-dimensional
cell. Also, if N € I's, then, the space M,(N) is a finite-dimensional cell.
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by
ai co  Jo

Ly v

Ly p“
FIGURE 4

~

Proof. For each M € T's, the map Sy : MM, (M) — M(Q(M)) defined by
B (A) = Q(A), where Q is the induced map of Proposition 3.6 is a home-
omorphism. Since M(Q(M)) is a finite-dimensional cell, M, (M) is also a
finite-dimensional cell.

Similarly, the map Ay : 91,(N) — M(R(N)) defined by Ay (A) = R(A),
where R is as in Proposition 3.6 is a homeomorphism. ([

4. MULTIGRAPHS ARE CPP CONNECTED COMPACT SPACES

Recall that a space is Cpp if all its anchored hyperspaces are polytopes. In
this section, we prove that multigraphs, are Cpp connected compact spaces.
In the next theorem we assume G is not an arc or a closed simple curve.

Theorem 4.1. Multigraphs are Cpp connected compact spaces.

Proof. We have three cases from Section 3, in each case, I'1,I'9,I'3, 'y, 's,
and I'g will be the sets of internal trees of G as they were previously defined
in Section 3.
Case 1: The point p lies in a loop L of G and p # 0f,.
For each T € Ty, let Q7 be the homeomorphism between i)ﬁll,(T ) and
M(Q(T)) described in the proof of Proposition 3.2. If S,T" € I';, then

N

Qr = Qg for all points in SUIIIJ(T) N Em}?(S). Recall that there exists

a unique continuous map Qo which is an extension of every QT, since
each one of these is a homeomorphism it follows that Qo is a homeomor-
phism between Jpcr, mT;(T) and Jpep, M(Q(T)). Similarly we have
that Jyep, M2(T) is homeomorphic to e, M(Q(T)).

Now, for all T' € 'y, consider Cr = {A € M(Q(T)) : Q(L) C A}. That
is, Cr is the face of M(Q(T')) obtained making b1 = p. Let Upcp, X7
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and Jpep, Yr be disjoint topological copies of Jpep, M(Q(T)) and

fx: U Xr—= U @), fH: M) | v

Telr Tel Telr Tel

be homeomorphisms such that, for all T € T'y, CXp = f il(CT) and
CYr = fy(Cr) are the faces of the cells X7 and Y7 homeomorphic to the
face Cr of M(Q(T)).

If f is the restriction of fy o fx to |JCXr, by Proposition 2.2, it follows
that Uper, X1 Uy Uper, Yr is a finite union of cells, where each two are
either disjoint or intersects in a union of their faces.

Now, the map,

R: (| Jom (1) v (Jmp(1) = (Jxr) vy (o),
defined by,

M@:{&%mw>xeumwﬂ,
Q@) x e JMYT),

is a homeomorphism. By Proposition 2.2 the space,

(Jom ) v (Jm3(1),

is a finite union of cells where each two are either disjoint or intersect in
a finite union of their faces.

Finally, note that for each internal tree T € T'; different from {0},
we have Cp(L) NML(T) = 0 and C,(L) NM2(T) = . If

D = Cp(L) — (M ({0L}) UME({0L})),

then once again the space,

(b u (o) us,

is a finite union of cells, where each two are either disjoint or intersect
in some union of their faces, since this union is the set Cp(G), we have
Cy(G) that is a polytope.

Case 2: The point p is in a terminal edge J of G and p # 0.

In this case, Cp(G) = (UTGFQ‘JI;;(T)) U Cp(J) and we have two sub-
cases. The first one is attained when p is the terminal point of J, and
the second is attained when p is a point in the interior of J.

In the first subcase, the intersection of any two cells of the form ‘)Tf;(T)
is empty or a union of their faces. This is because UTGFQ‘T@(T ) is home-
omorphic to [JM(T), where T runs over the internal trees of G — p
containing 0;. On the other hand, ‘ﬁg(T) NCp(J) = {J} is a face of
both cells. The other subcase is treated similarly.

Case 3: If neither p is in a loop, nor a terminal edge, then there is an
internal tree 7" such that p € D(1,T).
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In this case we have that the space Cp(G) coincides with:

c(Hu |Jmmu | syH)
Tels Hel'y

u lJ smEu ([ moanu [ ).

Hely MeTs Nelg

It remains to be seen that the intersection of any two cells in the above
union is a union of their faces. This involves many cases to consider. We
will analyze a few of them, the others can be treated in a similar way.

Step 1. For T, S € TI's it follows immediately from Lemma 2.6 (i) that if
the cells MM(T) and 9M(S) have nonempty intersection, then the
intersection is a union of their faces.

Step 2. Now, choose H, K € I'y and check that the intersection, ﬁ})(H )n
ﬁg(K ), is not empty, then it is a union of their faces.

Recall that the faces of a cell [0, 1] are those subsets obtained by
restricting some of its coordinates, so that they can only take the
values 0 or 1, and the remaining coordinates are free to take any
value between 0 and 1.

What we show is that & (H) N &5(K) is a union of such faces,
both, cell R}(H) and cell &5(K). We will prove this fact for &)(H);
the proof for ﬁ%(K ) is practically the same.

Let D(1,H) = HU (U2, Ji) U (Uj=; L) be the canonical repre-
sentation of D(1, H). (Recall we are supposing that L; = J). Then,
the members of ﬁ}?(H ) are connected compact subsets of the form,

n

(H U L1) U ([p,a1] U b, o) U ([0, )

i=1

U (

s

[OLj7a’j] U [ij 1LjD)'

=2

According this, the faces of &](H) are given when we fix ¢; = 0y,
or ¢; = 1y, for some index ¢ € {1,...,n} and when we fix a1 = p,
b1 = v, or ay = by, or we fix a; =0r,, bj =1y, or a; = b; for some
index j € {2,...,m}.

Since R}(H) N R2(K) is not empty, we can fix a point z in the
intersection. Since z € &2(K), we have that Lo C z. Thus,  when
viewed as an element of R}(H), lies on the faces of &,(H) when
a1 = b1. On the other hand, K C z C H U (UL, Ji) U (UL, Ly).
In this way, the internal tree K is formed by some edges in H, some
edges J;, and some edges L;, where j # 1. In order to see what
values are fixed, we will investigate each one of the edges J; and Lj;.

Given an edge J; we have some cases to analyze:
Case 1: J; C K.



162 GERARDO REYNA, JESUS ROMERO-VALENCIA, AND IVAN ESPINOBARROS

Step 3.

In this case, any member y € &)(H) N ﬁ%(K) satisfies J; C

K C y. Thus, y as an element of ﬁé(H), we must fix ¢; = 1y,.
Case 2: J; is not a subset of K and 0y, 11,; € K.

Since K is formed by edges, since K is a subgraph of GG, the
intersection K N J; is precisely the vertices 0, and 1, in this
case ¢; can take all values from 0, to 1;,.

Case 3: J; is not a subset of K and 05, € K, 1, ¢ K.

The growth of the members of &} (H) is the same as the mem-
bers of ﬁ}%(K ) through the edge J;. Thus, in this case ¢; takes
all values in the edge J;.

Case 4: J; is not a subset of K and 15, € K, 0, ¢ K.

In this case, ¢; cannot be an element of J; —{0,, 1, } because
corresponding element cannot belong to ﬁ;(K ). Therefore in
this case, ¢; =0y, or ¢; = 1y,.

Case 5: J; is not a subset of K and 0;,,1;, ¢ K.

No point in J; —{0,, 1, } belongs to D(1, K') and therefore it
does not belong to any element of £2(K). Thus, ¢; = 0y,.

We have concluded the possible cases for J;. Now let us see what
happens with L;, where j € {2,...,m}.
Case 6: Lj C K.

Any element y € R}(H) N &(K) satisfies Lj € K C y. So,

when viewed as elements of R}(H) we have a; = b;.
Case 7: Lj is not a subset of K and Or;, 11, € K.

Both the members of R}(H) and members of £2(K) can grow

from the ends of L;, so aj and b; can take all values in L;.
Case 8: Lj is not a subset of K and 0, € K, 1y, ¢ K.

No element of 82(K) can grow from the end 1z, therefore we
must have b; =1 Lj-

Case 9: L; is not a subset of K, Oz, ¢ K and 1z, € K.

No member of ﬁ%(K ) can grow from the vertex 0, therefore
we must have a; = U

Case 10: Lj is not a subset of K, 0p,;,1z, ¢ K.

No element of L; — {0z,,11;} belongs to D(1, K), therefore
no element belongs to ﬁf,(K ), therefore we must have a; = 0,
and bj =1 Lj-

Now, let us see that for H, K € I'y, if the cells ﬁ},(H), ﬁ},(K) have
a nonempty intersection, then the intersection is a union of faces.
Indeed, the homeomorphisms o : ﬁ},(H) — M(Q(H)) and o :
RU(K) — M(Q(K)) in the proof of Proposition 3.7 can be used to
construct a unique continuous map o : £,(H)UR,(K) — M(Q(H))U

M(Q(K)) which extends o and og.
Furthermore, o is a homeomorphism. Since M(Q(H)) and
M(K(H)) are a pair of the cells that endow a polytope structure
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on(A) = Q(A)

wloO'H(A) :HUf(El)U(

Step 5.
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to C(Q(G)), it follows that these cells intersect in a union of their
faces. Therefore the cells &) (H) and R}(K) intersect in a union of
their faces.

Now we see that 7' € I's, H € Ty, and the cells M(T), and K}(H)
either intersect in a union of their faces or do not intersect.

Let Id : M(T) — M(T) be the identity map and op : K (H) —
M(Q(H)) the map in Proposition 3.7. Consider A € M(T) NRL(H).
Recall that I's is the set of internal trees of G containing p. Accord-
ing this, we have that A contains the edge J (recall that J is the
edge containing p in its interior), because of this, if A is represented
as an element of 8}(H ), we must set a; = b;. Thereby,

n

QUH U L1U[p,a1] U br, o)) U (| J [0, i)
=1

U (U0, a5] U [bj,11,])))

Tt

||
N

J

= Q(H) UQ(L2) U Q| JI0s, e U (

=1 j

C s

[0z, a;] U [bj, 11,1)))-

<
||
N

So that

[OJi’ ci]) U ( [OLj> aj] U [bj> 1Lj])

-
Tt

s
Il
N

B
||
N

= HU f(L2) U (| J00s,,e)) U (|0, a;] U [b;,1,])

-
Tt

s
Il
—_

<
||
N

n

=HUJU(|J[0s,c]) U(
=1

[OL]’7 aj] U [ij 1Lj]) = A,

Tt

<
Il
V)

where 17 is the same as in proof of Proposition 3.6. Thus, maps Id
and 11 o oy provide a unique continuous map a : M(T) U R, (H) —
M (T)UM(H) which extends Id and ¢100p. Since « is a homeomor-
phism, because 9(T) UM (H) is a union of finite-dimensional cells
whose intersections are either disjoint or are a union of faces (Lemma
2.6 (i), then so is 9(T) U R, (H) a union of finite-dimensional cells
whose intersections are either disjoint or are a union of faces.

Now, let us see that any two cells of type 9,(M) either intersect in
a union of their faces or have empty intersection. If My, My € I's,
the maps By, and By, in the proof of the Lemma 3.8 agree in the
intersection of their domains, therefore there exists a unique contin-
uous map 3 : M, (M) UM, (My) — IM(Q(M;)) UM(Q(Ms)) which
is an extension of By, and Sy,. The map S is a homeomorphism.
It follows that cells 9t,(M;) and 9, (M2) intersect one another like
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the cells M(Q(M7)) and M(Q(M;)) do. Since these intersect in a
union of their faces, the cells M,(M;) and 9, (Ms) intersect in a
union of their faces in the same manner.

The remaining cases are treated in a similar way. This concludes the proof
of Theorem 4.1. O

The converse of Theorem 4.1, is also true in the class of all locally con-
nected, connected and compact spaces and its proof is much simpler.

Lemma 4.2 ([11]). Let X be a connected, locally connected, compact metric
space. Then X is not a multigraph if and only if C(X) contains a Hilbert
cube.

Since it is desirable for us that the Hilbert cube in the Lemma above be
contained in a hyperspace C,(X), we need more results. Lemmas 4.3 and
4.4 can be found in [12].

Lemma 4.3. Let A and A' € 2% be such that Ay # A1. Then, the following
two statements are equivalent:

(1) There exists an order arc in 2% from Ag to Ay;
(2) Ag C A1 and each component of Ay intersects Ag.

Lemma 4.4. If o is an order arc in 2% beginning with Ag € C(X), then
aCC(X).

Recall that, an co-odd is a connected and compact space B, containing
a compact connected subspace A, such that B — A contains infinitely many
components.

Lemma 4.5 ([9]). Let X be any connected compact metric space. Then
C(X) contains Hilbert cubes if and only if X contains co-odds.

The converse of Lemma 4.5 is important to us, since from it, it will be
clear that C,(X) contains a Hilbert cube for some p. We include here the
proof for completeness.

Proof. Let B be an co-odd of X and A C B a connected compact subspace
such that B — A contains infinitely components. Choose a numerable col-
lection K1, Ko, ... of such components. Each A U K,, is a compact and
connected subspace of X containing A. According to Lemmas 4.3 and 4.4,
there exists an order arc ay, : [0,1] = C(X) from A to AU K.

Since each «,, is a continuous map, there exist r, € (0,1] such that
H(ap(ry), A) < 1/n (where H is the Hausdorff metric on C(X)). Hence
an(rn) € N(1/n,A) = {x € X : there exists a € A such that d(z,a) < 1/n}.
Define ¢ : [0,1]N — C(X) by,

go(tl,tg, .. ) = al(rltl) U O[Q(TQtQ) U---

Since each ay, (rpty) is a connected compact subspace containing A, we have
that ¢(t1,t9,...) is a connected subset of X.
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Furthermore, it can be proven that ¢(t1,ts,...) is closed (hence compact),
continuous and injective. Since Dom ¢ is compact and Im ¢ is contained
in a Hausdorff space, we have that the map ¢ : [0,1]N — ¢([0,1]Y) is a
homeomorphism. So, ¢ ([0, 1]%) is a subspace homeomorphic to [0, 1] which
is contained in C'(X). This concludes the proof. O

Notice that, in the proof of the above Lemma, since A C ¢(z) for all
z € [0,1]N,if p € A, then ¢([0,1]) is a Hilbert cube contained in Cp(X).
Therefore next corollary follows.

Corollary 4.6. Let X be any connected, compact, metric space. If X con-
tains an co-odd, then there exists p € X, such that Cp(X) contains a Hilbert
cube.

Theorem 4.7. If X is locally connected, connected, compact, and Cpp, then
X is a multigraph.

Proof. If X is not a multigraph, it follows by Lemma 4.2, that C(X) contains
a Hilbert cube. By Lemma 4.5, X contains an oc-odd and by Corollary 4.6,
Cp(X) contains a Hilbert cube for some p € X, this is a contradiction since
X is Cpp. This concludes the proof. O

Corollary 4.8. A connected, locally connected, compact metric space X is
a multigraph if and only if X is Cpp.

Question. Does there exists any nonlocally connected (and therefore not a
multigraph), connected and compact metric space X, which is Cpp?

Question. Can the phrase locally connected in Theorem 4.7 be replaced by
arc-connected ?
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