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NEW PARITY RESULTS OF SUMS OF PARTITIONS AND
SQUARES IN ARITHMETIC PROGRESSIONS

WEIDING HU, OLIVIA X. M. YAO, AND TAOYAN ZHAO

ABSTRACT. Recently, Ballantine and Merca proved that if (a,b) €
{(6,8), (8,12), (12,24), (15, 40), (16, 48), (20, 120), (21, 168)}, then

>  pn—k) =1 (mod 2) if and only if bn + 1 is a square. In
ak+1 square

this paper, we investigate septuple (a1, a2, as,as,as,as,a7) € N° x Q?

for which > plasain + asaf + a7 — k) = 1 (mod 2) if and
a1k+as square

only if asn+ 1 is a square. We prove some new parity results of sums of

partitions and squares in arithmetic progressions which are analogous

to the results due to Ballantine and Merca.

1. INTRODUCTION

A partition of a nonnegative integer n is a nonincreasing sequence of
positive integers that sum to n. Let p(n) denote the number of partitions of
n. As usual, set p(0) = 1. It is well known, by the work of Euler, that the
generating function for p(n) is given by

(1.1) Zp L

T (@D

where throughout this paper, we always employ the standard notation
o0

(a:¢)00 = [ J (1 = ag™).

n=0

The parity of p(n) has been investigated by a number of authors, including
Hirschhorn [5, 6], Kolberg [8], Newman [9], Nicolas, Ruzsa, and Sarkézy [10],
Ono [11, 12], Subbarao [15], and Radu [14]. In fact, the parity of p(n) seems
to be quite random, and it is widely believed that p(n) is even approximately
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half of the time. More precisely, Parkin and Shanks [13] conjectured that
< : 1
(1.2) oy #HE<nip(k)isodd} 1

n—+00 n 2°

Although there have been many works on the parity of p(n), we are very far
from proving this conjecture.

Questions regarding the parity of the partition function in arithmetic
progressions have been investigated for many years. In 1966, Subbarao
[15] conjectured that every arithmetic progression contains infinitely many
integers M for which p(M) is odd, as well as infinitely many integers N for
which p(N) is even. Moreover, he proved that for the progression 1 (mod 2)
the conjecture is true. In the even case, the conjecture was settled by Ono
[11]. Radu [14] completed the proof of the odd part of Subbarao’s conjecture.

Recently, Ballantine and Merca [2] considered the parity of sums of parti-
tion numbers for square values in given arithmetic progressions. Ballantine
and Merca’s work differs from the articles [11, 14, 15] in that they considered
the parity of single values of p(n) in an arithmetic progression. Ballantine
and Merca [2] proved that if (a,b) € {(6,8), (8,12), (12,24), (15,40),
(16,48), (20,120), (21, 168)}, then

Z p(n—k)=1 (mod 2)
ak+1 square

if and only if bn + 1 is a square.

Let N, Z, and QQ denote the set of nonnegative integers, the set of integers
and the set of rational numbers, respectively. In this paper, we investigate
the septuple (a1, as, a3, as,as, ag, a7) € N° x Q? for which

Z plasagn + agag + a7 — k) =1 (mod 2)
a1 k+aa square

if and only if asn + 1 is a square.
The main results of this paper can be stated as follows.

Theorem 1.1. Let n, « be nonnegative integers. Then

2% — 1
(1.3) Z D <22°‘+3n + 5~ k:) =1 (mod 2)
24k+9 is a square

if and only if 24n + 1 is a square.

Theorem 1.2. Let n be a nonnegative integer. Then

(1.4) > p(4n —k) =1 (mod 2)

120k+25 is a square
if and only if 24n + 1 is a square.

Theorem 1.3. Let n, o be nonnegative integers. Then

(1.5) > p <220‘+5n + 2(222)_1) — k> =1 (mod 2)

88k+121 is a square
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if and only if 24n + 1 is a square.

Theorem 1.4. Let n, a be nonnegative integers. Then

5 x 22a+2 —9
(1.6) > p <11 x 220ty 4 - k) =1 (mod 2)
88k+121 is a square
if and only if 24n + 1 is a square.
Theorem 1.5. Let n,«a be nonnegative integers. Then
o 1321
(1.7) > p(4x13% + — k) =1 (mod 2)

312k+169 is a square

if and only if 8n 4+ 1 is a square.

Theorem 1.6. Let n,a be nonnegative integers and let p > 3 be a prime.
Then

(1.8) 3 » <4p2an 42

312k+169 is a square

2a_1

— k) =1 (mod 2)
if and only if 8n + 1 is a square.

2. PROOF OF THEOREM 1.1
It is well-known that
0 2 ( 2. .2\2
22 (%5 0%)5
(2.1) d g = e
= (45 @)oo
Combining (1.1) and (2.1) yields

[e.9] [e.9]

22 S Y e =Y e Y
t=0

n=0 + 38(52+1) =n, (t,5)EN2 s=0

(%%
(05 0)o0 (435 ¢3) o
It follows from (2.6) in [16] that
(€ D)oo (6 ) = (4% 4*)oo(d% ¢°)* ("% 4"%)5
’ ’ (g% 4%)2(4% ¢%) oo (¢4 ¢?4)2,
(g% q")3 (% ¢%) e (@®; *M%
(425 4%) oo (4% ¢%)2(¢'2; ¢'12)2,

(2.3)

By the binomial theorem,

(2.4) (4:9)% = (¢*:¢%)oe (mod 2).
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Thanks to (2.2)—(2.4),
(2.5)
(6% 0" (@ @)o(d®d*)o(d® a5
(4 @)oo (4% ¢%) oo (4 9)%(6% ¢*)%

(43 9)00 (4% 4) 00 (4% ¢%) o
(4% ¢%)

(6% ¢®)%(¢"%; )2, _q(q4;q4)§o(q6;qﬁ)go(qm;q%)go
(g% a2 (@M% 7 (%5 62)% (6% ¢®)% (4% ¢'2)2,
(4 *hH%

0% qY) oo (1% 1) o

= (0% ¢%)oo + a7 (mod 2).

Substituting (2.5) into (2.2) and extracting the terms involving ¢®*, then
replacing ¢® by ¢, we deduce that

o0

(2.6) > > p(t)q" = (¢;¢)oo (mod 2).

— 3(s2
n=0 4y 8249) g (s t)EN

One of the most famous identities in the theory of partitions is Euler’s
pentagonal number theorem

o

(27) S )T = ()
Combining (2.6) and (2.7) yields
(2.8) > p(t) =1 (mod 2)

2
t+ w =8n, (s,t)EN?

if and only if n = m(3m — 1)/2 for some integer m. It is easy to see that
24k + 9 is a square if and only if k = 3(s® + s)/2 for some nonnegative
integer s. Thus,

> pt)=>p <8n - 35(5;1))

2
£+ 371 g (5,4)eN? selN

= Z p(8n — k).

24k+9 is a square

Moreover, 24n + 1 is a square if and only if n = m(3m — 1)/2. Therefore,
we can rewrite (2.8) as

(2.9) > p(8n—k)=1 (mod 2)

24k+9 is a square
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if and only if 24n+1 is a square. Substituting (2.5) into (2.2) and extracting
those terms in which the power of ¢ is congruent to 1 modulo 4, then dividing
by ¢ and replacing ¢* by ¢, we have

> ( 6. 6)2
2100 Y 3 pOd" = ¢ 50 )0 (1od 2).

. 3. .3
— 4 @)oo (4% 4°) o
n=0y 86249 gy (s t)EN?

It follows from (2.2) and (2.10) that for n € N,
(2.11) > p(t) = > p(t) (mod 2).

2 2
43075 —gn 1, (s,)EN2 307 (5,)EN2

By (2.11) and mathematical induction, for n,a € N,
3 p(t) = S pt) (mod2).
143559 g 491 (5 ppen 0+ 2D (5,1)eN?

Furthermore, the above identity can be rewritten as
(2.12)

> p<4an+4a3_1—k:>: S pn—k) (mod 2).

24k+9 is a square 24k+9 is a square
Replacing n by 8n in (2.12) and using (2.9), we arrive at (1.3). This com-
pletes the proof of Theorem 1.1.
3. PROOF OF THEOREM 1.2
It follows from (1.1) and (2.7) that

(3.1)
s n e i e 5s(3s—1)
> > p(t)g" = pt)g" > ¢ 2
n=044 5562 _py | (s,t)€ZXN t=0 §=—00
e ‘ s o Bs(Bs—1)
= pt)g" Y (-1)°¢ 7 (mod 2)
t=0 §=—00
_ (%)=
(4 0)oo

Xia and Yao [17] proved that

(3.2) @iCoe _ (@50)o0(0®5 0N | (045056754 ) oo (4700

q ;
(@) (0%¢*)% (7% ¢ (@2:4®)3.,(6% 0%) 0 (6% ¢*°) o
see also [7]. By (2.4) and (3.2),

(4% ¢*0)2,
(0% %)

(@°0°)

(3.3) (¢ @)oo

(¢*¢"o0 + (mod 2).
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Substituting (3.3) into (3.1) and extracting the terms involving ¢*", then
replacing ¢* by ¢, we arrive at

(3.4) > p)g" = (g9)e (mod 2).
n=0, 5s=1) _y,
In view of (2.7) and (3.4),
=\ 5s(3s—1)\ , > iy mBm=1)
(3.5) Z Z D <4n— 2) q Z (—)™q 2 (mod 2).

n=0s=—o0

Therefore,

o0

(3.6) Z D (4n - 58(382_1)) =1 (mod 2)

S§=—00

if and only if n = m(3m — 1)/2. It is easy to see that k = 5s(3s — 1)/2 for
some integer s if and only if 120k + 25 is a square. Thus, we can rewrite
(3.6) as

(3.7) > p(dn—k) =1 (mod 2)

120k+25 is a square

if and only if n = m(3m — 1)/2 for some integer m. Theorem 1.2 follows
from (3.7) and the fact that n = m(3m — 1)/2 for some integer m if and
only if 24n + 1 is a square. This completes the proof.

4. PROOFS OF THEOREMS 1.3 AND 1.4
In order to prove Theorems 1.3 and 1.4, we first prove the following lemma.

Lemma 4.1. We have

(4.1) 1 _ (¢'%¢'%)3, +q(q6;q6)§o
(@ Doc(@ 0 oo (€440 (™56 (6% 422,
66. ,66\3 132. ,132\3
+ q6 (q yq )oo 15 (q yq )oo (mod 2)

+4q
(4221 ¢%?) o0 (g™ ¢*) oo (4% q*)oo (@™ ¢*) oo
Proof. From (36.8) in Berndt’s book [3, p. 69], we deduce that if u is even,
then
(4.2)

DY) = (" ()

n/2-1

+ Z q,qu—l/mf(q(,u—l—2m)(,u2—V2),q(p,—2m)(p,2—1/2))f(q2ym q2p,—2l/m)

)

m=1

gt (PR (g ),
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where
610 = G e
F(a,b) = (—a: ab)o (—b: ab)oo (ab: ab)w.
Setting p = 6 and v = 5 in (4.2), we get
(4.3) P(@)v(a'h) =p(¢®)v(g?) + af (@, 4" (@', %)
+q" f( @ ) (@07 + ¢ (@, a7,

It is easy to verify that

F(d®, ¢

(4% 4%
(¢:9)0

Y(q) =

_ fss 50
faafo6a’

_ fif6fou
fafafi2’

- s fs i 30 —18 o1 i
f q207 q #) = 8 ) s =q .
( ) fafoa ) f8 15
Substituting the above identities into (4.3), we have

£(d", ¢

24. q24)go(q132; q132>go

2) oo (% 4P % 72

(4.4) (@% )3 (6% 6*)5 _ (4
(D)o@ 56 M) (¢'%5¢"

264. 264)
) 00

(@1 q
0o (q13%5¢13?) oo

15 (@"%")3. (%% 2,
(4% 45)%(¢%%; ¢**) 2 (4732 ¢1%?) o

Lemma 4.1 follows from (2.4) and (4.4). This completes the proof. O

We are now in a position to prove Theorems 1.3 and 1.4.
Based on (1.1) and (2.1),

o0

(4.5) > > pt)g" = p)d' Y g
t=0 s=0

n=0 sl - (5,1)eN2

(@*;¢*)%, (g™ ¢")
— = mod 2).
(6 Doo(@™5¢ )0 (3 0)00 (@' ) oo ( )
Thanks to (4.1) and (4.5),
ifi 3 ()" = (¢'%¢")3, +q(qﬁ;qﬁ)io(q“;q“)oo
(¢ ¢%)o (g% 4%)2,

n=0 t+7115(28+1) =n, (s,t)EN2
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(q66; q66)§o 15 <q132; q132)2o
+ bt L 5 L 70 (104 2),
(4% ¢*%) 0 (7% ") oo ( )
which yields
(4.6)
- n (@595 | 53(d%56%)%
p(t)q" = +q mod 2).
S Y o= D GO

n=0 t+7115(23+1):2n, (s,t)ENZ
In view of (2.4), (2.5), and (4.6),
(4.7)
0 6. .,6\3 66. 66)2
Z Z p(t)an(Q7Q)oo+q3 (C] 5 4 )oo

2.2 11. 411 33. /33
e TR (4% ¢%) oo (@' 4")oo (4% 4%) oo

(q6;q6)§o 3, 88. 88 14 (q132;q132)go
= = 4+4¢°00°%¢°)0o + ¢ ———+— (mod 2).
(4% %) ( ) (*; ¢*) o ( )
It follows from (4.7) that
00 3. 313 66. 6613
n_ 459 ) 9379 )
(4.8) Z Z p(t)g" = ((qq)) +q quz.qzzi (mod 2)
n=0 254»7115(28+1)=4n7 (s,t)ENZ e ' >
and
49 > > p(t)q" = (¢:¢)oo (mod 2).

n=0y4 Us4D) 17646, (s,t)N2

Based on (2.4), (2.5), and (4.8),

(4.10) i Z ()" = (4% ¢%)% o (qGGf 66)3_

. 3. 3
=04 Ls(st) gy, (5 1)eN? (4 oo (4”: ¢%) o

12. .12\3 66. 663
_ /8.8 (@55 0%)% 7(q 10°°)3
= (@50 +a (@ L (D) (mod 2),
which implies
(4.11) > > P()q" = (¢; @)oo (mod 2)
n=0 4 HeCt) 39 (s,t)eN?
and
(4.12)
00 (q6; q6)3 3 (q33; q33)3
t n — o) + oo mod 2).
Z Z p(t)q (5 oo q (@5 ¢ oo ( )

n=0 t+11‘9(2$1):8n+4 (S,t)€N2
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By (2.7), (4.9), and (4.11),

(4.13)
Z p(t) = Z p(t) =1 (mod 2)
t4 226FD) 176046, (s,t)EN? t4 H2F) _39n, (5,)EN?
if and only if n = m(3m —1)/2 for some integer m. Note that n =

m(3m — 1)/2 for some integer m if and only if 24n + 1 is a square. Hence,
we can rewrite (4.13) as

(4.14) > p(176n 46 — k) = > p(32n — k)
88k+121 is a square 88k-+121 is a square
=1 (mod 2)
if and only if 24n + 1 is a square. Based on (4.6) and (4.12),
(4.15) Z p(t) = Z p(t) (mod 2).
1ot g g (5,0)EN? 4 12FD 9 (s,6)eN2

By (4.15) and mathematical induction, we see that for n, a € N,

(4.16)
3 plt) = 3 p(t) (mod 2).

4 1ot g2y g 220724 (g e t1FD o (s,t)EN?

Since k = 11s(s + 1)/2 for some nonnegative integer s if and only if 88k+121
is a square, then we can rewrite (4.16) as

2042
(4.17) > p <22°‘+1n L k)

- 3
88k+121 is a square
= Z p(2n — k) (mod 2).
88k+121 is a square
Replacing n by 88n+3 and 16n in (4.17) and using (4.14), we arrive at (1.5)
and (1.6). The proofs of Theorems 1.3 and 1.4 are complete.

5. PROOFS OF THEOREMS 1.5 AND 1.6
By (1.1) and (2.7),

o0

CONEDY > PO =3 " > a
t=0

n=0 + 135(32571):% (s,t)€ZXN §=—00

o0

=300 Y (-1 7 (mod 2)
t=0

S=—00

_ (q13; (]13)Oo
(¢:9)
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Calkin et al. [4] proved that

(¢";9")oo _ (A 4\3 2. 2\5 ¢, 26. 26
(5.2) : =00 )5% +2(a7507) (074 )
(4 9)oo
+ 5 (52 (q ,q ) d 2
0°(47% "% +Q7(q oy (mod 2).
In view of (5.1) and (5.2),
> > pt)q" = (¢ 4M3 + a(@® ¢*) 3 (7% )
n= Ot—l—wfn, (s,t)€EZXN
26T
+ b 52; 5220_1_ 707 4°°) 5 mod 2),
(4547 )5 +q E P ( )
which yields
(5.3)
> > p(t)q" = (%0°)% + ¢*(¢°% ¢*°)%, (mod 2).
n=0y4 185G 1) _9p | (s,t)€ZxN
By (2.4) and (5.3),
> n 3 (q2;q2)go
(5.4) Z Z p(1)qd" = (:9)5% = T (mod 2).

n=04 135G 1) gy (s,t)€ZXN
By (2.1) and (5.4), we see that
(5.5) Z p(t) =1 (mod 2)
423262 g (5,6)€ZxN
if and only if n = m(m + 1)/2 for some nonnegative integer m. Moreover,

since n = m(m + 1)/2 for some nonnegative integer m if and only if 8n + 1
is a square, then we can rewrite (5.5) as

(5.6) > p(dn —k) =1 (mod 2)
312k+169 is a square

if and only if 8n+ 1 is a square. Ahmed and Baruah [1] proved that if p > 3
is a prime, then

- o0
G7) (o Z 17 S (<1 (2pn + 2k +1)g" T
j=0 n=0

¢p

p=1  p?-1, o2 2
+ (=12 pg s (¢ 547)5,
Setting p = 13 in (5.7) and replacing ¢ by ¢ in (5.7), then substituting the
result identity into (5.3), extracting the terms in which the power of ¢ is
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congruent to 3 modulo 13, dividing by ¢, and replacing ¢'® by ¢, we deduce
that

(5.8)

o0
Z Z p(t)q" = (% 33, + (¢%%¢*°)3, (mod 2).
n=04 1 185Gl _96n 46, (5,6)€ZxN

Combining (5.3) and (5.8) yields

(5.9)
> p(t) = > p(t) (mod 2).
4185651 261,46, (s,t)€ZxN 1826l o (s,t)€ZxN
Applying (5.7) and picking out the terms in which the power of ¢ is congruent
to (p? — 1)/4 modulo p? from (5.3), then dividing by q(pz_l)/4 and replacing
qp2 by ¢, we have

o0

(5.10) > > p(t)q"

n=0 t+7135(2571>:2p2n+p27_1, (s,t)€ZxN
= (0% 6%)% + (%% ¢%)2, (mod 2).
In view of (5.3) and (5.10),

(5.11)
> plt) = > p(t) (mod 2).

t+w:2p2n+p2;l, (s,)EZXN 41828l —op  (s,t)€ZxN

Since k = 13s(3s — 1)/2 for some integer s if and only if 312k + 169, then
we can rewrite (5.9) and (5.11) as

(5.12)
> p(26n +6 — k) = > p(2n — k) (mod 2)
312k+169 is a square 312k+169 is a square
and
(5.13)

> p (2p2n + 7322_1 - k> - 3 p(2n — k).

312k+169 is a square 312k+169 is a square
By (5.12), (5.13) and mathematical induction, we see that for n, o € N,

132 —1
14 2 x 13® -
(5.14) > p< X 1370 + = k:)

312k+169 is a square

= Z p(2n — k) (mod 2)

312k+169 is a square




128

WEIDING HU, OLIVIA X. M. YAO, AND TAOYAN ZHAO

and
(5.15)

312k+169 is a square

> P <2p2“n + 1’2(12_1 - k) - 3 p(2n — k).

312k+169 is a square

Replacing n by 2n in (5.14) and (5.15), then utilizing (5.6), we get (1.7) and
(1.8). This completes the proofs of Theorems 1.5 and 1.6.
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