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THE 2-TUPLE DOMINATING INDEPENDENT NUMBER
OF A RANDOM GRAPH

BIN WANG AND TAO ZHANG

ABSTRACT. In this note, we show that 2-tuple dominating independent
number of the Erdés—Rényi graph G (n,p) a.a.s. has a two-point con-
centration when p is a constant.

1. INTRODUCTION AND MAIN RESULT

In a simple graph G = (V, E), a vertex is said to dominate itself and its
neighbors. The k-tuple domination set of GG is a subset D of V such that
any vertex in V' \ D is dominated by at least k vertices in D. Furthermore,
if D is also an independent set (i.e. it does not induce any edge), then D
is called a k-tuple dominating independent set. The k-tuple dominating
independent number of G, ix(G), is the smallest integer ¢ such that there
exists a k-tuple dominating independent set of cardinality ¢, see [5] and [6]
for more information about (k-tuple) independent domination in graphs.

The Erd6és—Rényi random graph G(n,p) is the set of graphs on n ver-
tices and every two vertices are connected by an edge independently with
probability p. Wieland and Godbole [8] proved the domination number of
G(n, p) asymptotically almost surely! (a.a.s.) is concentrated at two points
for the constant p and for p tends to 0 with suitable rate. Later, Wang and
Xiang [7] considered the k-tuple domination number of G(n,p) and got the
two-point concentration when p is a constant. Clark and Johnson [3] showed
the independent domination (i.e. 1-tuple dominating independent) number
of G(n,p) for p*Inn < 641n ((Inn)/p) a.a.s. also has the same property. Re-
cently, Wiloch [9] introduced 2-tuple dominating independent sets (called the
2-domination kernels in [9]), and characterized some classes of graphs having
a 2-dominating kernel. In general, computing the independent domination
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Here for a given graph property A, we say A occurs asymptotically almost surely if
the probability that G, has property A tends to 1 as n — co.
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number is NP-complete (see [4]), so is the k-tuple dominating independent
number. Hence, it is interesting to decide ix(G) for a given graph G. In this
note, we show that the 2-tuple dominating independent number of G (n, p)
a.a.s. also has a two-point concentration when p is constant. Our main
results can be stated as follows.

Theorem 1.1. Let p € (0,1) is a constant which is independent of n and
b=1/(1 —p). Then in G (n,p) a.a.s.

[logy n — log, Inn + logy, 2p] + 2 < i2(G(n, p))
< |logy n — logy Inn + log, 2p| + 3.
Here |x] is the largest integer which is no more that x for any x € R.

The following notation will be used. Write P(-), E(-), and Var(-) for
the probability, expected value, and variance of a random variable or event,
respectively. For any two positive functions f(n) and g(n) of a natural-
valued parameter n, denote f(n) = O(g(n)) if there is a positive constant C
such that f(n) < Cg(n) when n is large enough; f(n) = ©(g(n)) if f(n) =
O(g(n)) and g(n) = O(f(n)); and f(n) = o(g(n)) if limy e £(n)/g(n) = 0.

2. PROOF OF THEOREM 1.1

In this section, we appeal to the probabilistic method (see [1]) to prove
Theorem 1.1. The lower bound is proved in Section 2.1 by Markov’s inequal-
ity, and the upper bound is shown in Section 2.2 by Chebyshev’s inequality.
All the inequalities hold under the condition that n is sufficiently large.

2.1. The lower bound. Let X be a nonnegative integer valued random
variable and suppose we want to show P(X(n) > k) — 0 when n — oc.
By Markov’s inequality, i.e. P(X(n) > k) < E(X(n))/k, we only need to
show E(X(n)) — 0. For our case, let X denote the number of 2-tuple
dominating sets of size r, where r = |log, n — log, Inn + logy, 2p| + 1. It is
easy to see that

P (i2(G(n,p)) <r) < P (X,@ > 1) .

So by Markov’s inequality, we only need to show that E(XP)) — 0.
To simplify notation, let ¢ = 1—p. Let Sq, 5o, ... ,S(n) be all the subsets of

vertices with size r. Define Ay, to be the event that S, is a 2-tuple dominating
independent set, and I to be the corresponding indicator random variable.
Clearly,

Then it is easy to see that

E(x?) = @q(;) (1 — o)™
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Where(l —q" - qur—l)n—?“ is the probability that every vertex outside of S;

is connected to at least two vertices of 5; and q(g) is the probability that S;
is an independent set. By the inequality 1 —z < e™* for any real number z,
we have

T

< (%?)Tq@)eXp{—(n-—rﬂqr+qu“4)}

-1
= exp {rlnn—i—r—rlnr—l— 7“(7“2)111(1_ (n—7r)q" — (n—T)quT_l}-

Rewrite r = log, n — logy Inn + log, 2p + 1 — €, where

(2.1) e := log, n — logy Inn + log, 2p — |log, n — log, Inn + log, 2p| ,

which is in [0,1). Then

r_ q—e Inn
=g,
1
nrpq" ! = 6 (logyn —logyInn +logy 2p + 1 —€) Inn;
72 (logyn)Inn  (logylnn)Inlnn
g me=-—"—" - 2

+1Inn-logyInn — (logy2p+ 1 — €+ o(1)) Inn.

Hence,

ECW%

T

-1
< exp {rlnn—l—r—rlnr— r(r2)lnq— (n—7r)q" — (n—r)rpqr_l}

< exp{(logyn —logyInn + logy2p+1 —€)Inn

(logyn)Inn  (log,Inn)lnlnn
2 2
+1Inn-logyInn — ¢ ¢ (log, n — log, Inn)Inn/2
— (logp2p+1—€e+o(l))Inn}

= exp {— (21(16 - ;) Inn-logyn — (1 — ¢ "¢ +o0(1)) Inn - Inlog, n}

— 0.

—(1 —o(1))logyn - Inlogy n —

By Markov’s inequality,
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Therefore,
P{i2 (G (n,p)) < |logyn — logy Inn + log, 2p| + 1}
P (X@ > 1) <E (X,@) -0,

IN

which implies that a.a.s.,
i2 (G (n,p)) = |log, n — log, Inn + log, 2p| + 2.

O
So far, we have obtained the lower bound. In the next subsection we will
prove that a.a.s. its upper bound is |log, n — logy Inn + log, 2p| + 3 .

2.2. The upper bound. Let X (n) be a nonnegative integer valued random
variable and suppose we want to deduce that X(n) > 0 asymptotically
almost surely. By Chebyshev’s inequality,

Var(X (n
P(X(n) = 0) < P [|X(n) ~ E(X(n))| > E(X(n)] < E(<X(§Z)>)>

we only need to prove that E (X (n)) — co and Var (X (n)) = o (E*(X(n))).

In our case, recall that X,@ denotes the number of 2-tuple dominating sets
of size r, where

r = |log, n — logy, Inn + log, 2p| + 3
and note that
P {i2 (G (n,p)) > |logyn — logy Inn + log, 2p| + 3} <P (X,(,Q) = 0) :
To show
P {is (G (n,p)) > [logyn —log, Inn + logy, 2p| + 3} — 0

as n — 00, it suffices to prove P(XﬁQ) = 0) — 0. By Chebyshev’s inequality,
that is to check

E (XT(Q)) — 00 and Var (X@) =0 (E2 (X@)) .

Rewrite r = log, n — log, Inn + logy, 2p + 3 — €, where € is defined in (2.1).
Then

- 1I177’LQ3_6‘
n 2p’
q276
nrpg" ! = (1+0(1)) Inn - log, n;
2
1 1
%lnq = —L()lnn -logy n;

rlnn = (14 o0(1))Inn - log,n.
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Note 1 —z > e 7= for z € (0,1), and r! = (1+ o(1))v27r (£)". So we
obtain

B(x?) = @q(;) (g )"

n m"pq’”*1 T
> - |
_’<T>6Xp{ ?l—rp¢‘1+(2> nq}

r r—1
> (1+o0(1)) % exp {_m‘pq + (;) lnq}

1—rpgr—1
r—1
en\r _1 nrpq r
> il 7
> (14 0(1)) ( . ) (2mr) 2 exp{ T—— + <2> lnq}
lg(2
> (14 o0(1))exp {rlnn+r+7’lnr— lg(2mr)
r(r—1) nrpq" !
Ing —
T R rpg"—1
1 1
> (14 o(1))exp {(1 +o(1))Inn - logyn — +o(l) Inn -logyn
2—e¢
— Inn - log, n}
1 q2—e
> (14 o0(1))exp 373 +o(1) ) Inn - logyn p — oc.

For the variance of X7§2), we have

() ()
Var (X,@) = Var ZIj ZVar(Ij) + Z Cov (1;, 1)
j=1 =1

j=

i#j
() ()
= E(I]) (1 _E(IJ)) ‘1‘222[]3 (IZIJ) E(Il)E(IJ)]
j=1 i=1 j<i
e () () (T e e (x0) e (x80),

Here s = |S; N S;| and
E (I;1;) = P {S; and S; are the 2-tuple dominating independent sets}
<P {Each v € 5; U S; has at least two neighbors both in S; and Sj;

S; and S; are independent sets of size r} .

For each v € S;USj, denote by B;j(v) the event that v has exactly one
neighbor both in S; \ Sj and in S; \ Sj; by Cjj(v) the event that = has at
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most one neighbor in S; U S;; and by D;j(v) the event that v has at most
one neighbor in S; but at least two neighbors in S; \ S;. Then

P (By(v) = (r— I~ (r — )™ *4" = (— 52,
P (Cij(v)) = ¢** + (2r — s)pg® >~ = (1 +p(2r —s — 1)) ",
P (Dij(v)) = {qr + qur_l} . {1 —q = (r— s)pqr_s_l}
=14 (r— 1)p]qr_1 — I+ -Dp]l+(r—s— 1)19](]2’”_5_27
which means
E (Iifj)
< ¢2()-6) [ 1-P(B;(®)-P(Ci) = P(Di(v)) - P (Dji(v))]
veS;US;
= 2D~ x {1-20+ (- D)
+ 102(7“2 — 2=+ s+ 1) +p2r—s—2)+ 1] q2r—5_2}n72r+3

= m(s).

—

In order to get Var(Xr(z)) = O(E2(X1E2))), define

we= (S ) (0 ae= () E) (o

Then
Var (X@) <A+ A+ E (X7§2)> _ g2 (XP)) .

Notice that
f(s) == () (" - ) )G x {120+ (= Dp)g !
+ [p*(r* —s* = 2r+s+1)+p2r —s—2) +1] q2r—s—2}”’2”s
) 206
<o) 0
x exp {ng*" *7? [p2(7‘ —s*—2r+s+1)+p2r—s—2)+1]
—2n(1+ (r —p)g"'}.

2

Define
oMM 2(0)-0)
g(s): 2(5) (T—S)!q 2)= (2
x exp {ng* *7? [pQ(r2 —s*—2r+s+1)+p2r—s—2)+1]
—2n(1+ (r—1p)g" '} .
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In the following, we shall prove
r—1

S #(s) < rg(1).

s=1
The above inequality holds naturally if we can show that

(i) s € [1,logyn — (1 4+ n(n))logylnn,] g(s) is first decreasing and then
increasing, where 7(n) is a positive function on n which satisfies that
n(n) — 0 and n(s)log,Inn — co as n — oo;

(ii) g(1) > g(s) when s =logyn — (1 + n(n)) log, Inn;

(iii) g(1) > g(s) when s = log,n — log, Inn + c3, where c3 is a constant
and c3 < logy 2p+ 3 —e.

Proof of (i). In fact,

(
_ (=9 b exp {np’¢” 5P [p(r? —s* —2r+s+1) +2r —3s—2|}
n(s+1)

1

v

if and only if
slnb + np?¢?> 73 [p (7‘2 — s -2 +s+ 1) +2r —3s — 2]

n(s+1)
(2.3) > In < = s)2> .
Write In (n(s +1)/(r — 5)?) := (1+6(s))Inn, where 6(s) = © (Inr/Inn)
which tends to 0 as n — oo. In the following, we will show the monotonicity
of g(s) through checking inequality (2.3).
Case 1: s < cylogyn, where 0 < ¢; < 1.
Define

h(s)=p(r?—s*—2r+s+1) +2r —3s — 2.
It is easy to see that h/(s) = —2ps — (3 — p) < 0, which means h(s) is a
deceasing function on s. Therefore, when n is large enough,
slnb + np?g? =573 [p (r2 —s?—2r4s+ 1) +2r —3s— 2]
< slnb+np?g® 3. (pr2 +2-2p)r+p— 5)

—€

12
nno 4 5 (pr*+(2-2p)r+p-5)

3
n2—cl—0(1) 4p

- | 3—e€ 1112 n
<cilnn+ QY E———)
=cilnn+o(lnn) < (1+40(s)) Inn.

< cllnn+np2~

. 2pc% logg n
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Case 2: s = logyn — calogyInn + o(log, Inn), where ¢y is a constant and
co > 1.

slnb+ np?q? =573 p (7"2 — s —2r 4 s+ 1) +2r — 3s — 2]
=Inn—(c2+o0(1))Inlnn
q3—2e(1n n)cz—2+o(1)

+ 1 -[2p(c2 — 1) + o(1)] logy Inn - logy n

=Inn—cylnlnn+o(Inlnn)
p(ca — )32+ 0(1)
21n? b

>Inn+2Inlnn>Inn+ (1+o0(1))In(Inn) = ln(

- (Inn)2~ oW nlnn

n(s+1)
(r—s)2 )’
Case 3: s = logy n—log, Inn—n(n) log, Inn, where 7(n) is a positive function
on n which satisfies that n(n) — 0 and 7(s)log, Inn — oo as n — oo.

2@ p(rP —s* —2r +s+1) +2r — 35 — 2]
=Inn—Inlnn+c3lnbd
q3726 (h’l n) 1-n(n)

+ 1 -(2p+0(1))n(n)logy Inn - logy n

=Inn—Inlnn+c3lnb

3—2¢
pq + 0(1) 2—n(n)
+ ~ombr n(n)logyInn - (Inn)

> (Inn)21M > <1 +0e (E;)) Inn = In <7(17§3_+5)12)> .

By the discussions above, when n is large enough, g(s) is first decreasing
and then increasing for s € [1,log,n — (1 + n(n)) log, Inn|.

slnb+ np-q

Proof of (ii). When s =logyn — (14 n(n))log, Inn,

o) iy
9(s) (D) 2?6

exp {ng* 3 [p*(r* — 2r + 1) + p(2r — 3) + 1]}
exp{ng® =52 [p?(r2 —s2 —2r+s+1) +p2r—s—2)+1]}

plgs e {n R 21+ o(1)) log} n )

> .
it exp { - (2p + o(1)) n(n) logy Inn - log, n}
s(1+n(n))
L (e o()ni ) | .
o 2/ 2mr (i) 7S n%n(n) logy Inn
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Here, the last inequality holds as, noting s = (1 + o(1))logyn, r = (1 +
o(1))log, n and n(n) — 0,

s(14n(n))
2

(1+o(1))nz"" (Inn) 1

T s T A2 4o
2 27TT( ) r n  2p2Inb n(n)log, Inn

> (1+ 0(1))1°g2b” Jdnn 4 (14 0(1))1°ib” Inlnn

o3

—3((1+o0(1)))logyn - Inlogyn — logyInn - Inn
> 0.

Proof of (iii). When s = log, n — log, Inn + c3, where c3 is a constant and
c3 < log,2p + 3 — €, noting that 7! = (1 + o(1))v27r (£)" and € € [0,1), it
is easy to check that

4p?n n
and
PAr? —s® = 2r+5+1) +p(2r — s —2) + 1 = clogyn,
where

¢:=p*(2log,2p +5 —2c3 — 2¢) + p+o0(1) > —p*> +p+o(1) > 0.

So far we have

g(1)
9(s)
r—1 T
ey
r—s 2Ty (2
(D) o=ne ()6
exp {ng* 3 [p*(r* — 2r + 1) + p(2r — 3) + 1]}
exp{ng? 52 p?(r2 —s>—2r+s+1)+p2r—s—2)+ 1]}
92
- ns—lq‘ﬁ
- rlrs
exp {n . ‘13_;# -p?(1+40o(1)) loggn}
X —
expqmn - ‘14;;3”2 . [p2 (2 log,, %p +3 —2c3 — 26) +p+ 0(1)} log;, n}
S-1 Cc3 S
> (1+o(1))nz"" (¢ Inn)” 1 o1

r =~ 4—cg—2¢
2v2mr (L) s i
e n 4p“Inbd
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Here, we also get that the last inequality holds as, noting s = (1+o0(1)) log, n
and r = (1 + o(1)) log, n,

(A o(ni T g n)®
2\/% (g)’!‘ .S 5q4763726

n 4p2 Inb
(1+ 0(1)) log,n

>
- 4

Inn+ (1+o0(1))logyn-Inlnn

éq470372€

— 2(1 + 0(1)) logbn . lnlogbn — W thL

> 0.

By (i)—(iii) we can conclude that

Now we can make estimates for A; and As.

A _ (7) Yt f(s) < (Mrg(1)
E? (X£2)> E2 (Xﬁ2)> = 220 (1= g — g )

(n) r 27’nT*1q2 (5)
r

(r—1)!
- (7)2(12(5) (1—q" —rp)gr=1)>"~%

X exp {nq2r73 [pz(r2 —2r+1)+p2r—3)+ ] —2n(1+ (r—1)p)q"™ 1}
2(1+ 0(1))r2n”_1r! exp{ 2n(l+ (r—1)p)g"~ 1}
(r— 1)l {1—uwwr—m>7*%%2r
_ 3o
Ay (; )( ) G)
E2 <X7§2)> ( ) 2(%) (1- rpg- 1)2n72r
X{l—%1+@—immT1 [P = 2r +1) +p(2r = 2) + 1] g2}

= ( )(1_(2+0(1))(1+(T—1) ) )n 2r
(1= (A + (= Dp)g— 1}

=1+o0(1).

Therefore,

Var (X@) < Ay + Ay — E2 (X@) +E (X@) =0 (E2 (X,@))) .



94

BIN WANG AND TAO ZHANG

By Chebyshev’s inequality,

P{is (G (n,p)) > |log, n — logy, Inn + log, 2p| + 3}
<P (X@ - 0) <P (‘XP) - EX,,("’)‘ > EXT(Q))
Var XT(Q)
_ Var (x)

- (X,@)) — 0.

Thus a.a.s.,

i2 (G (n,p)) < |logyn — log, Inn + log, 2p| + 3.

3. CONCLUSIONS

In this paper, by Markov’s inequality and Chebyshev’s inequality we

showed that 2-tuple dominating independent number of the Erddés—Rényi
graph G (n,p) a.a.s. has a two-point concentration when p is a constant.
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