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ON CHARACTERIZATION AND RECOGNITION OF
PROPER TAGGED PROBE INTERVAL GRAPHS

SANCHITA PAUL, SHAMIK GHOSH, SOURAV CHAKRABORTY,
AND MALAY SEN

ABSTRACT. Interval graphs were used in the study of the human genome
project by the molecular biologist Benzer. Later on probe interval
graphs were introduced by Zhang as a generalization of interval graphs
for the study of cosmid contig mapping of DNA. Further research in this
area required more useful and cost-effective tools. The concept of tagged
probe interval graphs is motivated from this point of view. In this paper,
we consider a natural subclass of it, namely, the class of proper tagged
probe interval graphs. In this paper, we present a characterization the-
orem and a linear time recognition algorithm for proper tagged probe
interval graphs. Also, we discuss the interrelations between the classes
of proper tagged probe interval graphs and tagged probe interval graphs
with probe interval graphs and probe proper interval graphs.

1. INTRODUCTION

One of the most intriguing problems in molecular biology, especially in the
human genome project, is the physical mapping of DNA that aims to recon-
struct the relative position of DNA fragments along the genome. In 1959,
Benzer [2] applied interval graphs to obtain such a physical map from in-
formation on pairwise overlaps of the fragments. A graph G = (V, E) is
an interval graph if one can map each vertex into an interval on the real
line so that any two vertices are adjacent if and only if their corresponding
intervals intersect. A natural and well-studied subclass of interval graphs is
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the class of proper interval graphs. A proper interval graph G is an interval
graph with an interval representation of G such that no interval contains an-
other properly. There are several characterizations of proper interval graphs
[5, 6, 8, 11].

In 1994, Zhang introduced the concept of probe interval graphs which
worked successfully as a model for a new concept known as cosmid contig
mapping [10, 17]. This generates overlapped information by hybridization.
A set of clones is placed on a filter for colony hybridization, and the filter is
probed with labeled clones. Thus the set of vertices (clones) is partitioned
into probes and nonprobes, and the adjacency requires the overlap informa-
tion between a pair of clones only when one of them is a probe. A graph
G = (V, E) is a probe interval graph (PIG) if the vertex set V' is partitioned
into two disjoint sets, probe vertices P and nonprobe vertices N and one
can map each vertex x € V into an interval I, on the real line such that
there is an edge between two vertices x and y if and only if at least one of
them is in P and I, NI, # (. In 2010, Ghosh, Podder, and Sen [7] obtained
a characterization of probe interval graphs in terms of the adjacency ma-
trix. When the interval representation of PIG is proper (i.e., no interval is
properly contained in another interval), the graph is called a probe proper
interval graph (PPIG). In 2014, Nussbaum [11] gave a linear time algorithm
for probe proper interval graphs.

Shortly after the introduction of probe interval graphs, the development
of research in molecular biology requires further refinements. In the new
model, a set of clones (probes) are radioactively labeled at their ends, and
one can easily detect the overlapping of a pair of clones when one is labeled
and the other contains at least one end of the labeled one. To capture this
model, the concept of tagged probe interval graphs is defined in [14, 15, 16].
A graph G = (V, E) is a tagged probe interval graph (TPIG) if the vertex
set V' can be partitioned into two disjoint sets P (called “probe vertices”)
and N (called “nonprobe vertices”) and one can map each vertex into an
interval on the real line (vertex z € V mapped to I, = [l;,7]) such that N
is an independent set in G, there is an edge between x,y € P if and only
if I, N I, # 0 and there is an edge between z € P and y € N if and only
if either [, € I, or r, € I,. We call the collection {I, |z € V} a TPIG
representation of G. If the partition of the vertex set V into probe and
nonprobe vertices is given, then we denote the graph as G = (P, N, E).

Interestingly, when the subgraph of a TPIG induced by its probe ver-
tices is proper, then each pair of distinct intervals corresponding to probe
vertices contain one endpoint of the other, and so it helps the overlap de-
tection process. Also, in some biological frameworks, the set of clones is
virtually inclusion-free, especially when all clones have similar lengths as in
the case of cosmid clones. In this case, the physical mapping problem can
be modeled using proper interval structures [9]. Thus it becomes interest-
ing to consider the subclass of the class of tagged probe interval graphs,
namely, proper tagged probe interval graphs. A tagged probe interval graph
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G = (P,N, E) is a proper tagged probe interval graph (PTPIG) if G has a
TPIG representation {I, | x € PUN} such that {I, | p € P} is a proper
interval representation of Gp where Gp is the subgraph induced by the ver-
tex set P. We call such an interval representation a PTPIG representation
of G.

Since the inception of tagged probe interval graphs, there is still no char-
acterization theorem or recognition algorithm for this class of graphs or
any natural subclass of it, except probe proper interval graphs. However,
it is proved that, like probe interval graphs, tagged probe interval graphs
are also weakly chordal and hence perfect [14]. In this paper, we obtain a
characterization theorem and a linear time recognition algorithm for proper
tagged probe interval graphs. We hope these results will benefit molecular
biologists involved in the human genome project. For more detailed infor-
mation on applications of interval graphs, probe interval graphs, and tagged
probe interval graphs in molecular biology and other areas, one may consult
[4, 8, 14, 17].

2. PRELIMINARIES

Let G = (V, E) be a graph and v € V. Then the closed neighborhood of v
in G is the set N[v] = {u € V' | u is adjacent to v} U{v}. A graph is called
reduced if no two vertices have the same closed neighborhood. If the graph is
not reduced then we define an equivalence relation on the vertex set V' such
that v; and v; are equivalent if and only if v; and v; have the same (closed)
neighbors in V. Each equivalence class under this relation is called a block
of G. For any vertex v € V' we denote the equivalence class containing v
by B(v). The reduced graph of G (denoted by G = (V, E)) is the graph
obtained by merging all the vertices that are in the same equivalence class.
A straight enumeration of G is a linear ordering of blocks in G, such that
for every block, the block and its neighbouring blocks are consecutive in the
ordering.

If M is a (0, 1)-matrix, then we say M satisfies the consecutive 1’s property
if in each row and column, 1’s appear consecutively. We will denote by A(G)
the augmented adjacency matriz of the graph G, in which all the diagonal
entries are 1, and nondiagonal elements are the same as the adjacency matrix
of G.

The class of proper interval graphs is an extremely rich class of graphs
with several other characterizations of it. Among them, we repeatedly use
the following equivalent conditions in the rest of the paper:

Theorem 2.1 ([5, 6, 8, 11]). Let G = (V, E) be an interval graph. then the
following are equivalent:
(1) G is a proper interval graph.
(2) There is an ordering of V' such that for all v € V, elements of N [v]
are consecutive (the closed neighborhood condition).
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U1 V2 U3 V4 Vs V6 (Vlrd OF} V1 V2 U3 V4 Vs Ve K0krd Vs
vw|1 1,0 0 O O O O v | 1 2|1
va | 1 1 1 1 1]10 0 O V2 3 4 5|2
vy | 0 1 1 1 1 110 O V3 6 | 3
ve | 0 1 1 1 1 110 O Vg 4
vs | 0 1 1 1 1 1 11]0 Vs 715
ve | 0O 0 1 1 1 1 11]0 Ve 6
vv|[ O O O O 1 1 1 1 v7 8 |7
vw| O O O O O O 1 1 Vg 8

TABLE 1. The matrix A(G) with its stair partition and the
canonical sequence (1213452634756878) of A(G)
of the graph G in Example 3.2.

(3) There is an ordering of V' such that the augmented adjacency matriz
A(G) of G satisfies the consecutive 1’s property.

(4) There is an ordering {v1,va,...,vn} of V such that G has a proper
interval representation
{Iy, = [a;,b;) | i=1,2,...,n} where a; # bj, 1,5 € {1,2,...,n} and
ag < ag < --<ay, and by < by < --- < by,.

(5) G has a straight enumeration which is unique up to reversal, if G is
connected.

Remark 2.2: We note that in a proper interval graph G = (V, E'), the order-
ing of V' that satisfies any one of the conditions (2), (3) and (4) in the above
theorem also satisfies the other conditions among them. Henceforth we call
such an ordering, a natural or canonical ordering of V. But this canonical
ordering is not unique. Interestingly, it follows from Corollary 2.5 of [6] (also
see [11]) that the canonical ordering is unique up to reversal for a connected
reduced proper interval graph.

3. CANONICAL SEQUENCE OF PROPER INTERVAL GRAPHS

Definition 3.1. Let G = (V,E) be a proper interval graph with V =
{v; | 1=1,2,...,n} and A(G) be the augmented adjacency matriz of G with
consecutive 1’s property. We partition positions of A(G) into two sets (L,U)
by drawing a polygonal path from the upper left corner to the lower right cor-
ner such that the set L [resp. U] is closed under leftward or downward [re-
spectively, rightward or upward] movement (called a stair partition [1]) and
U contains precisely all the zeros right to the principal diagonal of A(G)
(see Table 1(left)). We obtain a sequence of positive integers belonging to
{1,2,...,n}, each occurs exactly twice, by writing the row or column num-
bers as they appear along the stair. We call this sequence, the canonical

sequence of A(G) (see Table 1(right)).

There is an alternative way to get this sequence from the interval repre-
sentation of G. Let {vy,va,...,v,} be a canonical ordering of the set V' with
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the interval representation be {I,, = [a;,b;] | i =1,2,...,n} where a; # b;
for all i,7 € {1,2,...,n}, a1 < az < -+ < ap and by < by < --- < b,. We
combine all a; and b; (i = 1,2,...,n) in a single increasing sequence (say Zg,
the interval canonical sequence) and replace a; or b; by i for alli = 1,2,...,n,
then we obtain a sequence of integers belonging to {1,2,...,n} each occur-
ring twice. We denote this sequence by Sg. Moreover if we replace ¢ by
v; for all ¢ = 1,2,...,n in Sg we get a sequence of vertices (say, Vg, the
verter canonical sequence) of G. A similar concept described in a different
language is found in [13].

Example 3.2. Consider the proper interval graph Gp = (P, E) where P =
{pili =1,2,...,8} in Example 4.3. Let |a;,b;] be the interval corresponding
to the vertex p; for i = 1,2,...,8 in a proper interval representation of
G p,where

ayp a2 | ag | a4 | a5 | ag | a7 | Ay b1 bQ b3 b4 b5 b6 b7 bg
1124|568 |11(14|3|7]9|10]12|13|15]|16

Then the sequence combining a; and b; is given by
IGP - (ah a, b17 as, a4, as, b27 ag, b37 b47 av, b5a bﬁ) as, b77 bg)

Therefore S¢ =(1213452634756878) and
VG - (Ulv v2, V1, V3, V4, Vs, U2, Vg, U3, V4, V7, U5, Vg, U, UT, '1)8) with Tespect to the
given canonical vertex ordering.

Lemma 3.3. Let G = (V, E) be a proper interval graph and {vy,ve, ..., v}
be a canonical ordering of vertices of G. Then the sequence Sg is indepen-
dent of proper interval representations that satisfy the given canonical or-
dering. Moreover, Sg is unique up to reversal for connected reduced proper
interval graphs.

Proof. Let {I,, = [a;,bi] | i=1,2,...,n}and {Jy, = [¢;,di] | i=1,2,...,n}
be two proper interval representations of G that satisfy the given canonical
ordering. We have for any ¢ < j, a; < b; if and only if v; is adjacent to v; if
and only if ¢; < d;. Thus the sequence Sg is independent of proper interval
graph representations. Since the canonical ordering is unique up to reversal
for a connected reduced proper interval graph, the sequence Sg is unique
up to reversal for connected reduced proper interval graphs. ([l

In the following, we will show that the canonical sequence of A(G) is the
same as Sg with respect to the given canonical ordering of vertices of G.
Moreover, S¢ and its corresponding Vg and Zg can be obtained uniquely
from each other. Hence abuse of notations, we will use the term canonical
sequence to mean any of these throughout the paper.

Theorem 3.4. Let G = (V, E) be a proper interval graph with a canonical
ordering V- = {vi,va,...,v,} of vertices of G. Let A(G) be the augmented



PROPER TAGGED PROBE INTERVAL GRAPHS 107

adjacency matriz of G arranging vertices in the same order as in the canon-
ical ordering. Then the sequence Sg of G is the same as the canonical
sequence of A(QG).

Proof. We show that the canonical sequence of A(G) is an S(G) sequence for
some proper interval representation. So the proof follows by the uniqueness
mentioned in Lemma 3.3. Given the matrix A(G), a proper interval repre-
sentation of G is obtained as follows. Let a; =i and b; = U (i) +1— % where
U(i) =max{j | j > iand v;u; =1in A(G)} for each i = 1,2,...,n. Then
{I,, = [a;,b;] | i =1,2,...,n} is a proper interval representation of G [6]. If
U(1) > 1, to make all the endpoints distinct, we slightly increase the value
of by (which is the only integer-valued right endpoint and is equal to a(1))
so that it is still less than its nearest endpoint which is greater than it. Thus
we get a proper interval representation of G that satisfies the condition 4 of
Theorem 2.1. Then the sequence Sg merges with the canonical sequence of
A(G) for this proper interval representation of G as for i < j, a; = j < b; if
and only if v;v; = 1 if and only if the column number j appears before the
row number ¢ in the canonical sequence of A(G). O

Remark 3.5: We note that it follows from the above theorem and Lemma 1
of [13] or Corollary 2.5 of [6] that for any connected proper interval graph
G, S¢ is unique up to reversal.

4. STRUCTURE OF PTPIG

Let us consider a graph G = (V, E), in general, with an independent set
N and P = V'\ N such that the subgraph Gp of G induced by P is a proper
interval graph. Let us order the vertices of P in a canonical ordering. The
adjacency matrix of G looks like the following:

P N
P A(P) A(P, N)
N AP, N)T 0

Note that the (augmented) adjacency matrix A(P) of Gp satisfies the
consecutive 1’s property, and the P x N submatrix A(P,N) of the adja-
cency matrix of GG represents edges between probe vertices and nonprobe
vertices. For convenience, henceforth, a continuous stretch (a subsequence
of consecutive entries) in a canonical sequence will be called a substring.

Theorem 4.1. Let G = (V, E) be a graph with an independent set N and
P =V \ N such that Gp, the subgraph induced by P is a proper interval
graph. Then G is a proper tagged probe interval graph with probes P and
nonprobes N if and only if there is a canonical ordering of vertices belonging
to P such that the following condition holds:

(A) For every nonprobe vertex w € N, there is a substring in the canon-
ical sequence with respect to the canonical ordering such that all the
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vertices in the substring are neighbors of w and all the neighbors of
w are present at least once in the substring.

Proof. Necessary condition: Let G = (V, E) be a PTPIG with probes P
and nonprobes N such that V.= P U N. Let {I, = [ly,7s] | x €V} be
a PTPIG representation of G such that {I, | u € P} be a proper interval
representation of Gp. Then a probe vertex u € P is adjacent to w € N if
and only if ¢, € I, or r, € I,. Let uy,ua,...,u, be a canonical ordering
of vertices in P that satisfies the conditions of Theorem 2.1. Consider the
corresponding canonical sequence Sg,, which is obtained from the combined
increasing sequence of ¢,, and r,, for i = 1,2,...,p. Since both sequences
4y, and r, are increasing and I,, is an interval, all the ¢,,’s and r,,’s which
are belonging to I, occur consecutively in the canonical sequence. Thus for
any w € N there exists a substring of Sg,, such that all the vertices in the
substring are neighbors of w and all the neighbors of w are present at least
once in the substring.

Sufficiency condition: Let G = (V, E) be a graph with an independent set
N and P = V \ N such that Gp, the subgraph induced by P is a proper
interval graph, P = {uj,us,...,up} and N = {w;,ws,...,ws}. Suppose
there is a canonical ordering u1,us, ..., u, of vertices belonging to P such
that for any nonprobe vertex w € N, there is a substring in the canonical
sequence S = Sg,, with respect to this canonical ordering such that all the
vertices in the substring are neighbors of w and all the neighbors of w are
present at least once in the substring. Let us count the positions of each
element in S from 1 to 2p. For each probe vertex u;, we assign the closed in-
terval [y, ry,] such that ¢,, and r,, are position numbers of first and second
occurrences of ¢ in .S respectively. By definition of a canonical sequence, we
have £y, < ly, <+ <Aly, and 1y, < 7Ty, < -+ < 7Ty,. Also since all position
numbers are distinct, £,, # ry; for all 4,5 € {1,2,...,p}. Thus this interval
representation obeys the given canonical ordering of vertices belonging to P
and by construction, the canonical sequence with respect to it is same as S.

We show that this interval representation is indeed an interval represen-
tation of G'p which is proper. Let i < j, i,j € {1,2,...,p}. Then £y, < {y,
and 7y, < 1y;. Thus none of [£y,,7,,] and [¢y,,r,,] contains other properly.
We have u; is adjacent to u; in Gp if and only if w;u; = 1 in A(P) when
vertices of A(P) are arranged as in the given canonical ordering. Again
u;uj = 1 with ¢ < j if and only if j is lying between two occurrences of i
in the canonical sequence of A(P) and hence in S by Theorem 3.4. Also
since i < j, the second occurrence of j is always after the second occur-
rence of i in S. Thus wu; = 1 with ¢ < j if and only if 4,; € [Cuss s sy )-
This completes the verification that {[¢y,,7.,]|7=1,2,...,p} is a proper
interval representation of Gp and that corresponds to S.

Next, for each j = 1,2,...,q, consider the substring in the canonical
sequence S such that all the vertices in the substring are neighbors of w;
and all the neighbors of w; are present at least once in the substring. Let
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the substring start at Kw]. and end at ry; in S. Then we assign the interval
[lw; > Tw;] to the vertex w;. If w; is an isolated vertex, then we assign a closed
interval whose endpoints are greater than ¢, and r,, foralli =1,2,...,p. It
suffices to show that {[€y,, 7] | i =1,2,...,p}U{[lw;,7w,] | 1 =1,2,...,q}
is a PTPIG representation of G, i.e., if u; is a probe vertex and w; is a
nonprobe vertex then there is an edge between them if and only if either
lu; € [lw;,Tw;] OF Ty, € [ly;,Tw,]. Note that since N is an independent set
by definition, there are no edges between nonprobe vertices.

First let us assume that there is an edge between u; and w;. Therefore
the vertex u; must be present in the substring of S that contains all the
neighbors of w; and contains only the neighbors of w;. Since £,,; and r,, are
the beginning and ending positions of the substring respectively, either ¢,,
or 7, must be in the interval [(,,,7;]. Conversely, let either £y, € [(y,, Tw,]
or 7y; € [lw;,Tw;]. Then we have either £,, or 7,, must be present in the
substring. Since the substring contains vertices that are neighbors of w;, we
have u; must be a neighbor of w;. O

Remark 4.2: If G is a PTPIG such that Gp is connected and reduced, then
there is a unique (up to reversal) canonical ordering of vertices belonging
to P, as we mentioned in Remark 2.2. Thus the corresponding canonical
sequence is also unique up to reversal. Also if condition (A) holds for a
canonical sequence, it also holds for its reversal. Thus in this case condition
(A) holds for any canonical ordering of vertices belonging to P.

1,3] [2,7] [4,9] [5,10] [6,12] [8,13] [11,15] [14,16]
P1 P2 Pp3 b4 Ps Pe b7 ps
(1,3]  p1 1 1 0 0 0 0 0 0
2,7 p2 1 1 1 1 1 0 0 0
[4,9] p3 0 1 1 1 1 1 0 0
[5,10]  pa 0 1 1 1 1 1 0 0
[6,12] ps 0 1 1 1 1 1 1 0
[8,13] e 0 0 1 1 1 1 1 0
[11,15] p7 0 0 0 0 1 1 1 1
[14,16] ps 0 0 0 0 0 0 1 1

[6,8] [4,10] [10,16] [1,10] [17,17] [1,16]

ni ng ns T4 ns ne

[1,3]  p 0 0 0 T 0 T

2,7 p2 1 0 1 0 1

[4,9]  ps3 0 1 0 1 0 1

[5,10]  pa 0 1 1 1 0 1

[6,12] s 1 1 1 1 0 1

(8,13]  pg 1 1 1 1 0 1

[11,15] p7 0 0 1 0 0 1

[14,16] ps 0 0 1 0 0 1

TABLE 2. A proper tagged probe interval representation of
the graph G in Example 4.3.
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Example 4.3. Consider the graph G = (V,E) with an independent set
N = {ni,n2,...,ng} and P =V \ N = {p1,p2,...,ps}, where the matri-
ces A(P) and A(P,N) are given in Table 2. First note that A(P) satis-
fies consecutive 1°s property. Hence Gp is a proper interval graph. Sec-
ondly, each column of A(P,N) does not have more than two consecutive
stretches of 1’s (see Proposition 5.1). Here the canonical sequence S =
S, =(12134526347568T78). The required substrings of probe
neighbors for nonprobe vertices ni,na,...,ng are (52 6), (34526 3 4),
(4756878),(1213452634), 0, S respectively. Note that G is
indeed a PTPIG with an interval representation shown in Table 2 which is
constructed by the method described in the sufficiency part of Theorem 4.1.

5. FURTHER STRUCTURAL PROPERTIES OF PTPIG

In this section we give further structural properties of PTPIG which we
require for the recognition algorithm.

Proposition 5.1. Let G = (P, N, E) be a PTPIG. Then for any canonical
ordering of the vertices belonging to P each column of A(P,N) cannot have
more than two consecutive stretches of 1’s.

Proof. Let us prove by contradiction. Consider a canonical ordering of ver-
tices belonging to P, say, {ui,us,...,un}. Let w; be a vertex in N such
that in the matrix A(P, N) the column corresponding to w; has at least
three consecutive stretches of 1’s. That is, there are five vertices in P,
SAY Uiy, Uiy, Wig, Wiy and w;; (with iq,12,13,14,75 € {1,2,...,m}) such that
i1 < ip <13 <4 <15 and u;;, u;; and u;, are neighbors of w; while u;, and
u;, are not neighbors of w;. Let us prove its impossibility. We prove it case
by case.

Let the interval corresponding to the vertex v;, be I'Uik = [lg,ry] for
k=1,2,3,4,5 in a PTPIG representation. Then by Theorem 2.1, we have
U < by <ty <ly<lsandr <ry<rg<ry<rs Since G is a PTPIG,
either ¢; € Iy, or r; € Iy, for each j =1, 3,5.

CASE 1: (1,05 € I,;). In this case, for ¢ such that iy < ¢ < i5, we have
{; € I;. In particular we have {5 and ¢4 are in Ly, i.e., uj, and u;,
are neighbors of w; which is a contradiction.

CASE 2: (r1,75 € Iy;). In this case, for all ¢ such that i; < t < i5, we
have r; € Ly, And again here we have a contradiction just like the
previous case.

CASE 3: ({1,715 € Iy, but 71,05 & Iy;). Let I, be [ly;,7y;]. Thus in this
case, 5 < £y,; < {1 which is a contradiction.

CASE 4: (r1,05 € Ly,;). If 3 € I, then £, € I, for all t € {i3,...,i5} and
this would mean that ¢4 € Iy, which is a contradiction. Similarly,
if 73 € Ly;, then r; € I, for all t € {i1,...,43} and then ry € I,
which also gives a contradiction.
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Note that all the cases are taken care of and thus each column of A(P, N)
cannot have more than two consecutive stretches of 1’s. O

There are examples in [12] showing that the condition in the above lemma
is not sufficient.

Definition 5.2. Let G = (V, E) be a graph with an independent set N and
P =V \ N such that Gp, the subgraph induced by P is a proper interval
graph. Let Sg, be a canonical sequence of Gp. Let w € N. If there exists a
substring in S, which contains all the neighbors of w and all the vertices in
the substring are neighbors of w then we call the substring a perfect substring
of w. If the canonical sequence Sg, contains a perfect substring of w in S,
for all w € N, we call it a perfect canonical sequence for G.

The following Proposition shows that unless the trivial case no nonprobe
vertex has more than one disjoint perfect substrings.

Proposition 5.3. Let G = (P,N,E) be a PTPIG such that Gp is a con-
nected reduced proper interval graph and Sg, be a canonical sequence of Gp.
Then for any nonprobe vertex w € N, there cannot exist more than one dis-
joint perfect substring of w in Sg,, unless the substring consists of a single
element.

Proof. Let u1,us,...,u, be the canonical ordering of the probe vertices of
G with the proper interval representation {[¢;,r;] | i =1,2,...,p} that sat-
isfies the condition 4 of Theorem 2.1 and S be the corresponding canonical
sequence Sg,. We first note that, since each vertex in S appears twice,
there cannot be more than two disjoint perfect substrings of S.

Suppose there is a nonprobe vertex w in G such that there are two disjoint
perfect substrings of length greater than 1. We will refer to them as the first
substring and the second substring corresponding to the relative location
of the substrings in S. In S, each number ¢ appears twice due to [; and
r; only. Thus if we think of the canonical sequence as an ordering of ¢;’s
and r;’s, then we have that the first substring contains all the ¢;’s and the
second substring contains all the r;’s for all the probe vertices u; those are
neighbors of w, as ¢; < r; and both substrings contain all numbers ¢ such
that wu; is a neighbor of w.

Moreover due to the increasing order of ¢;’s and r;’s, both substrings
contain numbers k, k+1, ..., k41 for some integers k,r with 1 < k < m and
1 <7 <m — k. Then the first substring must comprise of some consecutive
collection of ¢; and similarly for the second substring, i.e., the first substring
is O, lg+1, - . ., lkyr and the second substring is rg, 7541, ..., Thyr (in Zg,).
Therefore the vertices ug, . . ., ugt, form a clique.

Suppose u; is adjacent to up4, for some ¢ < k and 1 < ¢t < r. Then
l; < by and lpqy < 13 as g to x4, are consecutive in the first substring
(in Zg,). But this implies u; is adjacent to all ug, ugt1, ..., Ukyr. Similarly,
one can show that if u; is adjacent to uy¢ for some j > k+rand 1 <t <.
Then w; is adjacent to all ug, ug+1,...,uktr. Thus (closed) neighbors of
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Uky U41, - - - , U+ are same in Gp which contradicts the assumption that
Gp is reduced as r > 1. O

In fact, we can go one step more in understanding the structure of a
PTPIG. If G is a PTPIG, not only there cannot be two disjoint perfect
substrings (of length more than 1) for any nonprobe vertex in any canoni-
cal sequence but also any two perfect substrings for the same vertex must
intersect at least two places, except two trivial cases.

Proposition 5.4. Let G = (P,N,E) be a PTPIG such that Gp is a con-
nected reduced proper interval graph with a canonical ordering of vertices
{ui,us,...,up} and let Vg, be the corresponding vertex canonical sequence
of Gp. Let w € N be such that w has at least two neighbors in P and Ty, T5
be two perfect substrings for w in Vg, intersecting in exactly one place.
Then one of the following holds:

(1) Vg, begins with ujusuy and only uy and uz are neighbors of w.
(2) Vg, ends with upup—1u, and only up—1 and u, are neighbors of w.

Proof. Let [a;, b;] be the interval corresponding to u; for i = 1,2,...,p. Let
the place where T7 and 75 intersect be the first occurrence of the vertex uy.

Without loss of generality, let the substring 77 end with the first occur-
rence of ug and the substring 75 start with the first occurrence of uy. Thus
for all 7 > k, the vertex u; cannot appear before the first occurrence of wuy
in the Vg ,. Therefore T does not contain any w; such that ¢ > k. Thus w
is not a neighbor of any u; such that ¢ > k. Note that, it also means that
for any vertex in the neighbor of w (except for uy) the substring 7 contains
the first occurrence, while the substring 75 contains the second occurrence.
Thus the vertices in the neighborhood of w has to be consecutive vertices in
the canonical ordering of Gp. Let the vertices in the neighborhood of w be
Uh—py v v vy Up—1, Uk, Where 1 <r < k —1.

For any vertex u; such that ¢ < k — r, we have u; is not in 7} and T5. So
the first occurrence of u; is before the first occurrence of uj_, and the second
occurrence of u; is either also before the first occurrence of uy_, or after Th,
i.e., after the second occurrence of ug_,. But if the second case happens,
then we would violate the fact that G p is proper. So the only option is that
both the first and second occurrence of u; are before the first occurrence of
ui_, and this would violate the condition that the graph Gp is connected.
Thus there exists no u; such that ¢ < k — r. This implies k —r = 1. Thus
we have the neighbors of w precisely uq, ..., ug.

If we look at the interval canonical sequence of Gp, we have 17 corre-
sponds to ai,...,a; and T corresponds to ag,b1,...,br_1. But this would
mean that all the vertices uq, ..., ur_1 have the same (closed) neighborhood
in Gp which is not possible as we assumed Gp is reduced, unless the set
{u1,...,up_1} is a single element set. In that case, w has neighbors u; and
ug and the T} and Th correspond to aj,as and asg, by respectively (in Zg,,).
This is the first option in Proposition 5.4. By a similar argument, if we
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assume that 77 and 7% intersect in the second occurrence of the vertex wuy,
we get the other option. O

6. RECOGNITION ALGORITHM

In this section, we present a linear-time recognition algorithm for PTPIG.
That is, given a graph G = (V, E), and a partition of the vertex set into N
and P =V \ N we can check whether the graph G = (P, N, F) is a PTPIG
or not in O(|V|+ |E|) time. We have G = (P, N, E) is a PTPIG if and only
if it is a TPIG, and Gp is a proper interval graph for a TPIG representation
of G. Note that it is easy to check in linear time if IV is an independent set
in the graph. We will use the characterization we obtained in Theorem 4.1
to test if the graph satisfies the other properties.

In order to shorten the length of the paper, the algorithm is briefly out-
lined here. The full details and pseudo codes are available in [12].

We will employ the recognition algorithm for proper interval graph H =
(V' E") given by Booth and Lueker [3] as a black box that runs in O(|V’|+
|E'|). The main idea of their algorithm is that H is a proper interval graph
if and only if the adjacency matrix of the graph satisfies the consecutive
1’s property. So for every vertex v in H, they consider restrictions, on the
ordering of the vertices, of the form “all vertices in the neighborhood of v
must be consecutive”. This is done with the help of the data structure of
PQ-trees. The PQ-tree helps in storing all the possible orderings that adhere
to all these restrictions. It is important to note that all the orderings that
satisfy the restrictions are precisely all the canonical orderings of vertices of
H.

The key idea behind our recognition algorithm is that if the graph G =
(P,N, E) is PTPIG then, from Condition (A) in Theorem 4.1, we can obtain
a series of restrictions on the ordering of vertices, that also can be “stored”
by the use of PQ-tree data structure. These restrictions are on and above
the restrictions that we need to ensure the graph Gp is a proper interval
graph. Finally, if there exists an ordering of the vertices satisfying all the
restrictions, then that ordering will be a canonical ordering that satisfies
condition (A) in Theorem 4.1. Thus the main challenge is to discover all
the additional restrictions on the ordering and how to store them in the
PQ-tree.

We first verify that N is an independent set and that the graph Gp is
a proper interval graph. In this process, we have stored all the possible
canonical ordering of the vertices of the subgraph Gp = (P, E;) in a PQ-
tree (in O(|P| + |E1]) time). We proceed to find the extra restrictions that
must be applied to the orderings.

We present our algorithm in three cases - each case handling a class of
graphs that is a generalization of the class of graphs handled in the previous
one.
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e CASE I: First we consider the case when Gp is a connected reduced
proper interval graph.

e CASE II: Next we consider the case when Gp is a connected proper
interval graph, but not necessarily reduced.

e CASE III: Finally we consider the general case when the graph Gp
is a proper interval graph, but may not be connected or reduced.

For all the cases we will assume that the vertices in P are v1,...,v, and
the vertices in N are wr,...,w,. Let A; be the adjacency list of the vertex
w; and let d; be the degree of the vertex w;. Then the neighbors of w; are
Aj[l], Aj[Q], ce ,Aj[dj] for j = 1, 2, o q.

6.1. Case I: The graph Gp is a connected reduced proper interval
graph.

By Lemma 3.3, there is a unique (up to reversal) canonical ordering of
the vertices of Gp. By Theorem 4.1, we know that the graph G is PTPIG
if and only if the following condition is satisfied:

Condition (A1): For all 1 < j < g, there is a substring in Sg, where only
the neighbors of w; appear and all the neighbors of w; appear at least once.

In this case, when the graph Gp is connected reduced proper interval
graph, since there is a unique canonical ordering of the vertices, it suffices
to check if the corresponding canonical sequence satisfies Condition (A1l).
The rest of the algorithm in this case is to check if the property is satisfied.
Idea of the algorithm: Since we know the canonical sequence S, (or
obtain by using known algorithms described before in O(|P| + |E1|) time,
where Fj is the set of edges between probe vertices), we form two lookup
tables L and R such that for any vertex v; € P, the L(v;) and R(v;) hold
the indices of the first and the second appearance of v; in Sg,, respectively.
We can obtain the lookup tables in time O(|P]) steps.

Also by Sg, [k1, ko] (where 1 < k1 < kg < 2p) we will denote the substring
of the canonical sequence S, that start at the kzﬁh position and ends at the
kgh position in Sg,.

To check Condition (A1), we will go over all the w; € N. For j €
{1,2,...,q}, let L(A;[1]) = ¢; and R(A;[1]) = r;. Since all the neighbors of
w; have to be in a substring, there must be a substring of length at least d;
and at most 2d; (as each number appears twice) in Sg, [¢; —2d;, {; + 2d;] or
Saplrj—2d;,rj+2d;] which contains only and all the neighbors of w;. We can
find all such substrings by first marking the positions in Sg, [¢; —2d;, £;+2d;]
and Sgp[r; — 2d;,r; + 2d;] those are neighbors of w; and then by doing a
double pass, we find all the possible substrings of length greater than or
equal to dj in Sg, [¢; —2d;, £+ 2d;] and Sg,. [rj —2d;, rj +2d;] that contains
only neighbors of w;. Naturally Propositions 5.1, 5.3, and 5.4 play important
roles in the construction of the above algorithm.

Going through this way one can correctly decide whether G is a PTPIG
with probes P and nonprobes N in time O(|P| + |N| + |Es|), where Ej is
the set of edges between probes P and nonprobes N when G p is connected
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reduced proper interval graph. Since obtaining Sg, requires O(|P| + |E4])
time, the total recognition time is O(|P|+ |N|+ |E1| + |E2|) = O(|V| + |E|).

6.2. Case II: The graph Gp is a connected (but not necessarily
reduced) proper interval graph.

In this case, since the graph Gp is not reduced, a unique canonical or-
dering of vertices of Gp may not exist. By Theorem 4.1, all we can say is
that among the set of canonical orderings of the vertices of Gp, is there an
ordering such that the corresponding canonical sequence satisfies Condition
(A) of Theorem 4.1. As mentioned before, we will assume that we have all
the possible canonical ordering of the vertices of Gp stored in a PQ-tree.
We will impose more constraints on the orderings to satisfy the required
condition. .

Let Gp be the reduced graph of Gp. Then Gp has a unique (up to
reversal) canonical ordering of vertices, say, b1, ..., b; (corresponding to the
blocks By, ..., By of the vertices of Gp) and the canonical orderings of the
vertices of Gp are obtained by all possible permutations of the vertices of
G within each block. For any w € N and any block By, we say that By
is a block-neighbor of w if there exists at least one vertex in By that is a
neighbor of w. If all the vertices in By are neighbors of w, we call By a
full-block-neighbor of w.

Idea of the algorithm: If G is PTPIG then from condition (A) in Theo-
rem 4.1 we can see that the following condition is a necessary (though not
a sufficient) condition:

Condition (B1): For all 1 < j < ¢, there is a substring of Sg,, Wwhere
only the block-neighbors of w; € N appear. All the block-neighbors of w;
appear at least once, and any block that is not at the beginning or end of
the substring must be a full-block-neighbor of w; (i.e., all vertices of the
block are neighbors of wj).

As condition (B1) is not sufficient for G to be a PTPIG, we need to find
a suitable ordering of vertices in each block. We will have a number of cases
and for each of the cases, some restrictions will be imposed on the ordering
of the vertices within blocks depending upon the neighbors of w; within
each block. We identify all the various kinds of restrictions on oy, ..., 0y
(orderings of the vertices of blocks By, Ba, ..., By respectively) which are
necessary to be imposed so that G becomes a PTPIG.

This case is in fact the most technical step. This step crucially uses an

algorithm that solves a generalization of the consecutive 1’s problem. We
call it the Oriented-consecutive 1’s problem.
Oriented-consecutive 1’s problem: As an extension of the consecutive
1’s problem, we introduce Oriented-consecutive 1°s problem that reduces the
difficulty of determining if there exist orderings of the vertices that meet all
of the constraints to this problem. The PQ-tree can be used to solve the
oriented-consecutive 1’s problem. The Oriented-consecutive 1’s problem is
the following:
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Input: A set Q = {s1,...,8,} and n restrictions (S1,b1), ..., (Sn, by) where
S; CQand b; € {—1,0, 1,2}.

Output: All the linear ordering, o, of €2 such that, in the linear ordering
So(1)s -+ 3 Sa(m), for 1 <4 < n the following are satisfied:

o If b; = 0, then all the elements in 5; are consecutive in the linear
ordering.

e If b = —1, then all the elements in S; are consecutive in the linear
ordering and all the elements of S; are flushed towards Left, i.e.,
S¢(1) € Si.

e If b; = 1, then all the elements in S; are consecutive in the linear
ordering and all the elements of S; are flushed towards Right, i.e.,
So(m) € Si.

o If b, = 2, then all the elements in S; are consecutive in the linear
ordering and all the elements of S; are either flushed towards Left
or flushed towards Right, i.e., either s5(1) € S; or s,(,) € Si-

If b; = 2 implies b; = 2 for all j > 4, then we can design an algorithm that
stores all the valid ordering in the PQ-tree T" and the amortized running
time of the algorithm is linear. The whole algorithm runs in O(|V| + |E|)
time.

6.3. Case III: The graph Gp is a proper interval graph (not neces-
sarily connected or reduced).

Finally, we consider the graph G = (V| E) with an independent set N

(nonprobes) and P = V \ N (probes) such that Gp is a proper interval
graph, which may not be connected. Let the connected components of Gp
be Gy, ...,G, with vertex sets Py, P»,..., P.. For G to be a PTPIG, it is
essential that the subgraphs of G induced by P, U N is a PTPIG for each
k=1,2,...,r. As we have seen in the last case, we can check if all the
subgraphs are PTPIG in time O(|V| + |E|). In fact, for each k, we can
store all the possible canonical orderings of vertices in Py such that the
corresponding canonical sequence satisfies condition (A) of Theorem 4.1 so
that the graph induced by P, U N is a PTPIG.
Idea of the algorithm: To check if the whole graph G is a PTPIG, we
have to find if there exists a canonical ordering of all the vertices in Gp such
that for the whole graph, condition (A) of Theorem 4.1 is satisfied. Note
that a canonical ordering of the vertices of Gp would place the vertices in
each connected component next to each other, and moreover, for each k,
the ordering of the vertices of Gy would be a canonical ordering for the
graph Gi. In order to check if G is a PTPIG we have to find if there exist
an ordering of the connected components and canonical ordering of vertices
in each of the components such that the corresponding canonical ordering
satisfies condition (A) of Theorem 4.1. In fact, G is a PTPIG if and only if
the following condition is satisfied:
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Condition (C1): There exists permutation 7 : {1,...,7} — {1,...,r}
and canonical sequences Sg;,,...,Sg, of Gi,..., G, such that the canonical
sequence Sg, of Gp obtained by concatenation of the canonical sequences
of Gray,---,Grey (that is, Sg, = Sc.a) "'SGW(T)) has the property that
for all w € N there exists a perfect substring of w in Sg, (that is, there
exists a substring of Sg, where only the vertices of w appear and all the
neighbors of w appears at least once).

Using previous cases, we store all the possible canonical orderings of the
vertices in each component so that the graphs induced by GxUN are PTPIG
for each k. As usual, we will store the restrictions using the PQ-tree. Next,
we will have to add more restrictions on the canonical ordering of the vertices
in each of the connected components, which are necessary for the graph G to
be a PTPIG. These restrictions will be stored in the same PQ-tree. Finally,
we check if an ordering of the components exists such that condition (C1)
is satisfied. All this can be done in O(|V| + |E]) time.

7. PTPIG AND ITS RELATION WITH OTHER VARIANTS

In this section, we provide the relation between PTPIG and other similar
variants. The graphs discussed here are presented in Figure 1. The definition
of PIG is very similar to that of TPIG, but the two classes of graphs are
not comparable. For example, the graph G, is PIG, but it is not a TPIG,
whereas the graph G} is a TPIG, but it is not a PIG [14]. But PPIG is
a proper subclass of PTPIG as well as of PIG. For example, Cy with the
alternating probe, nonprobe vertices (see the graph G4) is a PPIG, which
is a PIG and a PTPIG with the same interval representation [1, 4], [5, 8] for
probe vertices and [2, 6], [3,7] for the nonprobes.

On the other hand, K3 with a single nonprobe at the center (see the
graph G3) cannot be a PPIG, for otherwise, it would be a proper interval
graph (as any probe interval graph with a single nonprobe vertex is an
interval graph). But it is a PTPIG by choosing three disjoint intervals for
probe vertices and an interval containing all of them corresponding to the
nonprobe vertex. As K 3 is an interval graph, G2 is an example of PIG and
PTPIG, but not a PPIG.

Similarly, Cy with a single nonprobe vertex (see the graph G3) is a PTPIG
with an interval representation [3, 4] for the nonprobe and {[1, 3], [2, 5], [4, 6]}
for probes, but this is not a PIG (for otherwise it would be an interval graph).
Next, we consider the graph G;. It is a PIG, and TPIG follows from the
interval representation described in the figure. But GG1 is not a PTPIG as the
subgraph induced by probe vertices is K13, which is not a proper interval
graph.

Finally, it is interesting to note that there are examples of TPIG, G for
which Gp is a proper interval graph, but G is not a PTPIG. For example,
the graph G in [14] is a TPIG in which (Gp)p consists of a path of length 4
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dq €1
d e
by J1 1

PIG representation of the graph G, [14]
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aWi1w2 b wWo bm—=n
T y w1 | i
1 €2 r a ITI Co
2122 <1 <2
Gy TPIG representation of the graph Gy [14]
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G TPIG and PIG representation of the graph Gy
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along with 2 isolated vertices, which is a proper interval graph. But G has
no TPIG representation with a proper interval representation of (Gp)p.
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e PPIG C PTPIG C TPIG and PPIG C PIG

Graph | TPIG | PTPIG | PPIG | PIG
Gy v v/ v 4
Ga v 4 X 4
G3 v v/ X X
Gy v X X 4
Ga X X X 4
Gy v X X X

FIGURE 1. The relation between graph classes TPIG, PT-
PIG, PPIG and PIG.
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