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ON THE TRANSMISSION OF UNIFORM UNICYCLIC
HYPERGRAPHS

HONGYING LIN AND BO ZHOU

ABSTRACT. The transmission of a connected hypergraph is defined as
the sum of distances between all unordered pairs of distinct vertices. We
determine the unique uniform unicyclic hypergraphs of fixed size with
minimum and maximum transmissions, respectively.

1. INTRODUCTION

A hypergraph G is a pair (V, E), where V = V(G) is a nonempty finite
set called the vertex set of G and E = E(G) is a family of subsets of V(G)
called the edge set of G [2]. The size of G is the cardinality of F(G). For an
integer k > 2, a hypergraph is k-uniform if all its edges have cardinality k.
A hypergraph G is linear if [eN f| <1 for any {e, f} C E(G). An ordinary
graph is a 2-uniform (linear) hypergraph.

A path in a hypergraph G is an alternating sequence of distinct vertices
and edges of the form (v1,e1,v2,€9,...,vx) such that {v;,v;4+1} C e; for all
1 <% < k—1. The number of edges of a path is its length. If there is a path
from u to v for any u,v € V(G), then we say that G is connected.

A cycle in a hypergraph G is an alternating sequence of distinct vertices
and edges of the form (v1,eq,va,€9,...,0p41) except vpy1 = v such that
{vi,viz1} Ce; for all 1 < i < £, see [2, p. 391]. The number of edges of a
cycle is its length. Note that the length of a cycle of a graph is at least 3,
while the length of a cycle of a k-uniform hypergraph with k£ > 3 is at least
and can be 2.

A hypertree is a connected acyclic hypergraph. A unicyclic hypergraph
is a connected hypergraph with exactly one cycle. Evidently, a hypertree
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is linear, while a k-uniform unicyclic hypergraph is linear if and only if the
length of its unique cycle is at least 3.

Note that a k-uniform unicyclic hypergraph of size m > 2 always has
m(k — 1) vertices, where m > 3 if k = 2, see [2, p. 393].

Let G be a connected hypergraph. For u,v € V(G), the distance between
w and v is the length of a shortest path from u to v in G, denoted by dg(u, v).
In particular, dg(u,u) = 0. The transmission ¢(G) of G is defined as the
sum of distances between all unordered pairs of distinct vertices in G, i.e.,
0(G) = 2 tupycv(a) da(u,v).

Any hypergraph G corresponds naturally to a graph Og with the same
vertex set such that two vertices u and v are adjacent in Og if and only if
u,v € e for some e € E(G). So an edge of G with size k corresponds to
a clique of size k in Og. If G is connected, then dg(u,v) = do,(u,v) for
u,v € V(G), so 0(G) = 0(Og). In this sense, the study of transmission of
a hypergraph G is the study of the transmission of its corresponding ‘clique
graph’ Og-.

For ordinary graphs, the transmission (see [11]) is also known as the sum
of the distances [10] and the Wiener index [1, 3, 4, 7, §].

Tang and Deng [13] determined the unique unicyclic graphs with max-
imum and minimum transmissions, respectively. The transmissions of a
connected hypergraph were discussed in [9]. Sun et al. [12] computed the
transmissions of some special k-uniform hypergraphs, and provided a lower
bound for the transmission of a k-uniform hypergraph with given circum-
ference. Guo et al. [6] determined the unique k-uniform hypertrees with
maximum, second maximum and third maximum transmissions, as well as
the unique k-uniform hypertrees with minimum, second minimum and third
minimum transmissions, respectively. A relation between the transmission
and the degree distance (Gutman index, respectively) of uniform hypertrees
was established in [5].

In this article, we characterize the unique uniform unicyclic hypergraphs
of fixed size with minimum and maximum transmissions, respectively.

2. PRELIMINARIES

Let G be a connected hypergraph. For A C V(G), let
oc(A) = Z da(u,v).
{uv}CA
For A, B C V(G) with AN B =), let
UG(AaB): Z dG(aab)'
acA,beB

For X C V(G) with X # 0, let G[X] be the subhypergraph of G induced
by X, i.e., G[X] has vertex set X and edge set {¢ C X : e € E(G)}. For
u € V(G), let G — u be the subhypergraph of G obtained by deleting u
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and all edges containing u. A component of a hypergraph G is a maximal
connected subhypergraph of G.

For a hypergraph G with v € V(G), let Eg(v) be the set of edges of G
containing v. The degree of a vertex v in G, denoted by dg(v), is defined as
da(v) = |Ea )]

A path P = (vp,e1,v1,...,0p—1,€p,0p) in a k-uniform hypergraph G is
called a pendant path at vy, if dg(vg) > 2, dg(v;)) =2 for 1 <i < p-—1,
dg(v) =1for v € e; \ {vi—1,v;} with 1 <7 <p, and dg(vp) = 1. A pendant
edge is a pendant path of length one.

If P is a pendant path of a hypergraph G at u, we say G is obtained from
H by attaching a pendant path P at v with H = G[V(G) \ (V(P) \ {u})].
If P is a pendant edge at u in G, then we also say that G is obtained from
H by attaching a pendant edge at u.

Let G be a connected k-uniform hypergraph with |E(G)| > 1. For u €
V(G) and positive integers p and ¢, let G4 (p, ¢) be the k-uniform hypergraph
obtained from G by attaching two pendant paths of lengths p and ¢ at w,
respectively, and G,(p,0) the k-uniform hypergraph obtained from G by
attaching a pendant path of length p at .

Lemma 2.1 ([6]). Let G be a connected k-uniform hypergraph with |E(G)| >
1 and w € V(G). For integersp > q > 1, 0(Gu(p,q)) < o(Gu(p+1,q—1)).

Let G be a connected k-uniform hypergraph with u,v € e € E(G). For
positive integers p and g, let G, (p, ¢) be the k-uniform hypergraph obtained
from G by attaching a pendant path of length p at v and a pendant path of
length ¢ at v, and G, ,(p,0) the k-uniform hypergraph obtained from G by
attaching a pendant path of length p at w.

Lemma 2.2 ([6]). Let G be a connected k-uniform hypergraph with |E(G)]
2, u,v € e € E(G) and dg(u) = 1. For integers p > q > 1, 0(Gyun(p,q))
o(Gup(p+1,9—1)).

Let G be a k-uniform hypergraph with u,v € V(G) and ey, ..., e, € E(Q)
such that v € e;, v ¢ e; and e, ¢ E(G) for 1 < i < r, where €] = (e; \
{u}) U {v}. Let G’ be the hypergraph with V(G’) = V(G) and E(G’) =
(E(G)\{e1,...,er})U{€],...,e.}. Then we say that G’ is obtained from

>
<

G by moving edges e, ..., e, from u to v.
Denote by C), 1, the k-uniform unicyclic hypergraph of m edges that is a
cycle. Particularly, Cy, := Cj, 2 is just an ordinary graph that is a cycle of

length m when m > 3.

A hyperstar is a hypertree such that each edge has a common vertex,
which is its center. A trivial hyperstar consists of only one vertex (with no
edges).

Let G be a k-uniform unicyclic hypergraph, where k > 3. Let C be the
unique cycle and g its length, where g > 2. Label the vertices of Cy} as
U1y Ug(k—1) With v 1)y(k—1)4% = v1 such that its edges are

€ = {U(i—l)(k—l)-i-lv e ,U(i—l)(k—1)+k}
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with ¢ =1,...,g. The hypergraph obtained from G by deleting all edges on
C consists of g(k — 1) components, denoted by Hj,..., Hy_1), where v; €
V(H;) fori=1,...,9(k—1). In this case, we denote by Cg (Hl, . ,Hg(k_l))
for G, see Figure 1. If H(;_1)(x—1)4+1 is a hyperstar of size ¢; with center
V(i—1)(k—1)+1 and Hj is trivial when j = (i = 1)(k — 1) +2,...,i(k — 1) for
each fori =1,..., g, then we denote C’g (Hl, - ,Hg(k_l)) by Cg(tl, s tg).

HZk -1

FiGure 1. Hypergraph C’Z; (Hl, . 7Hg(k;—1))'

The diameter of a connected hypergraph G is the maximum distance
between all vertex pairs of G.

3. UNIFORM UNICYCLIC HYPERGRAPHS WITH MINIMUM AND MAXIMUM
TRANSMISSIONS

For an integer m > 3, let U,, be the unicyclic graph of m edges obtained
from a triangle by attaching m —3 pendant edges at a common vertex. Let G
be a unicyclic graph of size m, where m > 3. If m = 3, then G is a triangle,
and if m = 4, then G = C4 or Uy, and it is easy to see that these two
graphs have equal transmissions. If m > 5, then o(G) > m+2 ((7;) — m) =
m(m — 2) with equality if and only if the diameter of G is at most 2, i.e.,

G =2 C5 or Us if m =5, and U, if m > 6.
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Theorem 3.1. For an integer k > 3, let G be a k-uniform unicyclic hyper-
graph of size m > 2. Then

Q) > {(k1)m((kz1)m1’;) if m=3
(k=Dm((k—1)m—-1-%)+1 ifm+#3

with equality if and only if G = Csy if m = 3 and G = C§(m — 2,0) if
m=2 orm > 4.

Proof. The order of G is n = (k — 1)m. If the cycle length of G is 2, then
there are exactly 2 edges with exactly 2 vertices in common, and thus

w0 (o) )+ () () )
= (= (6= m —1- §) 41

with equality if and only if the diameter of G is at most 2, i.e., G = C§ (m—
2,0).

If the cycle length of G is at least 3, then any 2 edges have at most one
vertex in common, and thus

o(G) zm@) . (@ _m@;)) )

with equality if and only if the diameter of G is at most 2, i.e., G = C3,
and m = 3.

Suppose that the cycle length of G is at least 3 and G 2 C3 . Then the
diameter of G is at least 3. If the diameter of G is at least 4, then it is
obvious that o(G) > (k — )m ((k — 1)m — 1 — &) 4 1. If the diameter of
G is 3, then it is impossible that there is exactly one pair of vertices with
distance 3, and thus ¢(G) > (k —1)m ((k — 1)m — 1 — g) + 1. O

Note that, for m > 5, the graph obtained from a triangle by attaching a
pendant path of length m — 3 is the unique unicyclic graph of size m with
maximum transmission, see [13]. In the following, we determine the unique
hypergraphs with maximum transmission in the set of k-uniform unicyclic
hypergraphs of fixed size for k > 3.

Lemma 3.2. For k > 3 and g > 3, let G = C’g(Hl,...,Hg(k,l)). Let
G* be the k-uniform hypergraph obtained from G by moving e1 from vy to
V(g—1)(k=1)+1, and G** the k-uniform hypergraph obtained from G by moving
eg from vig_1y(k—1)41 to vk, see Figures 2 and 3. Then o(G*) > o(G) or
o(G*) > o(G).
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Ficure 3. Hypergraph G** in Lemma 3.2.

Proof. For 1 < i < g(k — 1), let V; = V(H;). Let A, = 2% V"V and

Ay = Ufi;(lll(_’“l‘)};i; V; if ¢ is even, and A; = Ugi;l)(k_l)/zﬂ V; and Ay =

UL ) e Vi if g s odd.

Suppose that |[A1]| > |Aa|. As we pass from G to G*, the distance between
a vertex of Uy = Uf:}l V; and a vertex of Aj is increased by at least one,
the distance between a vertex of U; and a vertex of As is decreased by 1,
the distance between a vertex of Vi and Vj is increased by g — 2, and the

distance between any other vertex pair is increased or remains unchanged.
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Thus
og-(U1, A1) — og(Ur, A1) > |Ur]| A,
oa- (U1, Az) — oq(Ur, Az) = —|U1||As],
oa-(V1, Vi) —oqg(V1, Vi) = (9 — 2)[V1[|V&|,
and so

0(G*) = 0(G) > 06+(Ur, A1) + 0G+(Ur, Az) + o+ (V1, Vi)
— (06U, A1) + 0g(U1, A2) + 0 (V1, Vi)
> |Ur]|Ax| = |Ur]|A2| + (g — 2)[VA || Vi|
= |U1|(|A1] — [A2]) + (9 — 2)[VA[[Vi|
> 0.

Therefore, it follows that o(G*) > o(G).
Now suppose that |A;] < |A2] As we pass from G to G**, the distance

between a vertex of Uy = Ug (g— 1) f—1)42 V; and a vertex of Ay is decreased

by 1, the distance between a vertex of Us and a vertex of As is increased by
at least 1, the distance between a vertex of Vi and a vertex of Viy_1y(x—1)+1
is increased by g — 2, and the distance between any other vertex pair is
increased or remains unchanged. Thus

og+ (U, A1) — 0g(Us, A1) = —|Us| A1,
oG (Ua, A2) — 06(Uz, Ag) > |Uz|| Azl
o= (Vi, Vig-nye-1+1) — 0¢(V1, Vig-ye-1)+1) = (9 = 2)IV1l[Vig-1)(k—1)+1l;
and so
o(G™) = 0(GQ) = oG+ (Ua, A1) + oG+ (Ua, A2) + oG+ (V1, Vig—1)(k=1)41)
— (0¢(Ua, A1) + 0c(Uz, A2) + oa(V1, Vig—1y(k-1)+1))
> —|Ua|[Ax] + [Us]|A2] + (9 — 2)[V1|[Vig-1)(k-1)+1]
= [Ua[(|A2] = |A1]) + (9 = 2)V1[[Vig-1)(k—1) 41l
> 0.
Therefore, we have o(G**) > o(G). O

Lemma 3.3. Let G = C’é“ (Hl,...,Hz(k,l)) with k > 3. Suppose that

El ]2+11)|V( )| > |V(H2)| and |E(Hg)| > 1. Let G* be the k-uniform

hypergraph obtained from G by moving all edges in E, (vy) from vy to vs.
Then o(G*) > o(G).

Proof. As we pass from G to G*, the distance between a vertex of Uy =

V(Hg) \ {vr} and a vertex of Uy = Ufﬂ“,;lf V(H;) is increased by 1, the

distance between a vertex of U; and a vertex of V(Hs) is decreased by 1,
the distance between a vertex of U; and vy, is increased by 1, and the distance



ON THE TRANSMISSION OF UNIFORM UNICYCLIC HYPERGRAPHS 107

between any other vertex pair remains unchanged. Then
oG+ (U1,U2) — 0G(Ur,Uz) = |UL]|Us| = |UL]|V (H2)],
o+ (U1, V(Hz)) —oa(Ur,V(H)) = —|U1||V (Hy)|,
o= (Ur,{vr}) — og(Ur, {ve}) = |Unl,
and thus
0(G*) = 0(G) = o6+(Ur,U2) + 06+ (U1, V(Ha)) + o+ (U1, {vg})
= (0¢(U1,U2) + 06(Us, V(Hz)) + 06(Ur, {vk}))

= |Uh||Us| — |UL||V (H2)| + |Ui|

> 0.
Therefore, o(G*) > o(G). O

Fork>3andp>q>1,let 55(]7, q) = Gy (p, q), where G = Cy, with
edges e = {u,v, w1, ..., wg—2} and f = {u,v,w],...,w_,}. Let 65(0,0) =
027k-.

Lemma 3.4. Fork>3 andm >4, if l<p<qg—2andp+qg=m — 2,
then o <C~'§(p+ 1,q— 1)) >0 <5§(p, q))

Proof. Let G = 6’5(1), q). Let e, f be the edges of the cycle in G with
enf = {u,v}. Let (ug, e1,ui, ..., up—1,€p, up) and (vo, f1,v1,...,0g—1, fq, Vq)
be the pendant paths at uy and vy, respectively, where ug € e \ {u,v} and
vo € f\ {u, v}, see Figure 4.

FIGURE 4. Hypergraph G in the proof of Lemma 3.4.

Let G’ be the k-uniform hypergraph obtained from G by moving f; from
vg—1 to u,. Obviously, G/ =2 CE(p+1,g—1). Let U = V(G) \ (f; \ {vg-1})-
By direct calculation, we have

oc(fg \ {vg-1},U)

q—1 p q—1
= Z ng(w,vi) +ng(w,uz) +Z Z dG(w7z)
=1

we fg\{vg-1} \7=0 =1 zefi\{vi—1,vi}
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+Z Z da(w, z) + Z de(w, z) + Z dc(w,z))

1=1 zee; \{ui—1,u;} z€ f\{vo} zee\{u,v}

= ¥ (qzl( )—I—Zq—i—Z—i—z qg > (g+1-1)

we fe\{vg—1} \i= ze€fi\{vi—1,v:}

+Z Z (g+2+1i)+ Z (¢g+1)+ Z (q+2))

=1 zee;\{ui—1,u;} z€ f\{vo} zee\{u,v}

q—1
— (k-1 <(Q+21)q+ (p+23+5)p+2(k—2)(Q+1—i)
=1

+Zp:(k—2)(q+2+i)+(k:—1)(q+1)+(k—2)(q+2))

=1
(h—1) <(Q+21)q L2045 (k=2)(g+2)(g 1)

2 2
+(/<:—2)(p+2q+5)

+(k=1)(g+ 1)+ (k—2)(q+ 2))

q p+2q+5)

k 2)p +q° +2pq+5p+q )

(2k—3)(Q+1)+k—2>,

and

oc/(fg \ {vg-1},U)
= (k—1) ((p+2)(P+1) N (¢+2p+6)(g—1)

2 2
+(k_2)(p2+q2+22pq+5q+p_6) +(2k—3)(29+2)+k—2>.
Note that oq(U) = o¢/(U) and og(fq \ {vg—1}) = 0c/(fq \ {vg—1}). Thus

o(G) - o(G)
= 0¢ (fo \{vg-1}) + 06/ (U) + 0 (fg \ {vg-1},U)
= (06(fg \ {vg-1}) + 06(U) + 06 (fy \ {v4-1},U))
= 0c (fo \{vg-1},U) = 06(fg \ {vg-1},U)

= (k—1) <<P+2>2<p+1> N <q+2p+26><q— 1)

k—2)(p?+q¢*>+2pg+5¢+p—6
PGl e )+(2k—3)(p+2)+k—2>
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_(k_l)((Q+1)q+ (p+2q+5)p

2 2
k—2)(p*+¢*+2 5 -2
Gl +2pq+ pEa )+(2k—3)(Q+1)+k—2>
=(k-1(@-p-1)
> 0.
So, it follows that o(G’) > o(G). O

Theorem 3.5. For k > 3 and m > 2, let G be a k-uniform unicyclic
hypergraph of size m. Then

{m3(k1)2 i mQ(k—14)(2k—3) B m(k—16)(k+5) 11

5 if m is even

m3(]%—1)2 . m2(k;—14)(2k—3) B m(k:—16)(k+5) 1o % if m is odd

o(G) <

with equality if and only if G = C~’§ (LmT_ﬂ, (mT_ﬁ)

Proof. Let H = C~'§ (LmT_QJ , [mT_QD Suppose first that m is even. La-
bel the vertices of H as 1,...,m(k — 1) such that the edges of H are
e = {(i—1)(k—-1)+1,...5i(k = 1) + 1} for i = 1,...,%, epjop =

{m<’;—1>,...,<m+2;<k—1>}, and ¢; = {(i — D)(k —1),....i(k — 1)} for i =

24 2,...,m. Here (Vnm(k—1)/2€m/2> Um(k—1)/241 €m/2+1: Um(k—1)/2) 18 the
cycle of H. Then

o(H)

m(k—1) m(k—1)

i=1 j=i+l
k m/2—1 m/2+1—i
=1 <m<2>—1)+ Z(k)—l) Z Jj(k—1)
=1 Jj=2
m m/2—1 m
+(5+2—z) (k—2) + Z; (5+2—z+g) (k—1)
]:

m/2+1 m/2—1 m/2+1—i
+ (k—2) (2(l<:2)+ > j(kl)) + > (k-1 > k-1
=1

Jj=2
m/2—1m/24+1—i

:m<§>—1+2(l~c—1)2 o>
i=1 =2
m/2—1 m/2+1
+(k2)(k1)(z (%+2_i)+ 3 j)+2(k:2)2

i=1 j=3
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m/2 1m/2—-1

Z Z (—+2—z+g)
:m<’;>—1+z<k GE)T

4k —2)(k— 1)(2 )( 1)

() e

m3(k—1)2 m*k-1)2k—-3) m(k—1)(k+5)
6 * 4 a 6

Suppose that m is odd. Let f be the pendant edge in the longer pendant
path of H, and w be the vertex of degree 2 in f. Then

)

+ 1.

o(H
op(f) +oa(VH)\ (f\{w})) +ou(f\{w}, V(H)\ (f \ {w}))
( ) ( 1)3(k —1)2 N (m —1)%(k — 1)(2k — 3)

6 4
—D(k+5) 1)
6
m+1
+(k—1) ii(k—1)+w(k—2)+ i i(k—1)
=2 2 i="mFS
- m3(k — 1)2 . m?(k —1)(2k — 3) B m(k —1)(k+5) t1- E
So we have
~ m— 2 m— 2
(@ (7))
m3(1271>2 n m2(k714)(2k73) _ m(k716>(k+5> +1 if m is even,
- ms(zzfm n m2(k—14)(2k73) _ m(k716>(k+5> +1— 51 if m is odd.

Now suppose that G is a k-uniform unicyclic hypergraph of size m with
maximum transmission. It suffices to show that G = C} (|22, [2]).
This is trivial if m = 2. Suppose that m > 3. Let C be the unique cycle
of G. By Lemma 3.2, the length of C is 2. Let e; = {v1,...,vx} and
es = {vk,...,vox_1} be the edges of C, where vop_1 = v;. Let H; be
the component of G — E(C') containing v;, where 1 < i < 2k — 2. Then
G = CY(Hy, ..., Hy»).
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Claim 1. |E(Hy)| = |E(H)| = 0.

Otherwise, say |E(Hy)| > 1. Assume that |V (H2)| = min{|V(H;)| : 2 <
i <2(k—1),i # k}. Then S5V |V(H;)| > |V(Hz)|. Let G* be the k-
uniform hypergraph obtained from G by moving all edges at Ep, (vi) from
v to va. By Lemma 3.3, 0(G*) > o(G), a contradiction. Claim 1 follows.
Claim 2. For each i with 1 <i < 2(k—1) and i # 1,k, if [V(H;)| > 1, then
H; is a pendant path at v;.

Suppose that dg, (vi) = 1. Let A be the maximum degree of H;. Suppose
that A > 3. Evidently, dy,(w) = dg(w) and dg,(w,v;) = dg(w,v;) for
w € V(H;) \ {vi}. Choose a vertex v € V(H;) of degree at least 3 such that
dg(v,v;) is as large as possible. Let F1,.. -s Fae(v) be the vertex—disjoint
subhypergraphs of G—v with Udc(v V(Fj) = V(G)\{v} such that G[V (F;)U
{v}] is a k-uniform hypertree for 2 < j <dg(v) and G[V(Fy) U {v}] is a
k-uniform unicyclic hypergraph containing v;. Suppose that G[V (F;) U{v}]
is not a pendant path at v for some j with 2 < j < dg(v). Then there is
at least one edge in E(G[V (F};) U {v}]) with at least 3 vertices of degree 2
in G. We choose such an edge e = {wy, ..., w} by requiring that dg (v, w;)
is as large as possible, where dg(v,w1) = dg(v,wy) — 1 for 2 < £ < k.
Then there are 2 pendant paths at different vertices of e, say P at ws and
Q at wy, where 2 < s <t < k. Let p > ¢ > 1 be the lengths of P and
@, respectively. Then G = N 4, (p, q), where N = G[V(G) \(V(PUQ)\
{ws,wi})]. Obviously, dy(ws) = dy(w) = 1 and G’ = Ny, (p+1,9—1) isa
k-uniform unicyclic hypergraph of size m. By Lemma 2.2, we have o(G) <
o(G’), a contradiction. Thus G[V(F;) U {v}] is a pendant path at v for
2 < j <dg(v). Let ¢; be the length of the pendant path G[V (F;)U{v}] at v,
where 2 < j < dg(v ) Then G = F,(¢3,¢3), where F' = G[V (G )\V(FQUFg)]
We may assume that ¢, > ¢3. Obviously, G" = F,(ls + 1,3 — 1) is a k-
uniform unicyclic hypergraph of size m. By Lemma 2.1, 0(G) < o(G"), a
contradiction. It thus follows that A < 2.

If A =1, then H; is a pendant edge at v; in G, and the claim follows.
Suppose that A = 2. Suppose that H; is not a pendant path at v;. Then
there is an edge in H; with at least 3 vertices of degree 2 in GG. Choose
such an edge e = {wy,...,w} in E(H;) such that dg(v;, w;) is as large as
possible, where dg(vi, w1) = dg(v;,w;) — 1 for 2 < j < k. Then there are 2
pendant paths at different vertices of e, say P’ at ws and Q' at w;, where
2 <s<t<k Letp and ¢’ be the lengths of P" and @', respectively, where
p' > ¢ > 1. Then G = Ny ., (P, ¢), where N = G[V(G) \ (V(P'UQ')\
{ws, w})]. Obviously, dg(ws) = dg(wy) =1 and G* = Nws,wt(p’%— 1,4 —1)
is a k-uniform unicyclic hypergraph of size m. By Lemma 2.2, we have
0(G) < o(G*), a contradiction. Thus H; is a pendant path at v; in G.

Next we show that dp,(v;) > 2 is impossible.  Otherwise, let

Ui,...,Uay (v;) be the subhypergraphs of H; — v; with UdH (v:) V(U;) =
V(H )\{vl} such that H;[V (U;) U{v;}] is a k-uniform hypertree for 1 < j <
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dp, (v;), where dg,(v;) > 2. Similarly as above, for each 1 < j < dy,(v;),
H;[V(U;) U {v;}] is a pendant path at v;. Let s; > 1 be the length of
H;[V(U;) U {v;}] with 1 < j < dp,(v;). We may assume that s; > so.
Then G & F, (s1,2), where F = G[V(G) \ (V(U1) UV (Uy))]. Let G** =
ﬁvi (s1+1,s2—1). Obviously, G** is a k-uniform unicyclic hypergraph of size
m. By Lemma 2.1, we have 0(G) < (G**), a contradiction. Now Claim 2
follows.

Let r; = |E(H;)| for 1 < i < 2k —2. By Claim 1, 1 = r, = 0. Suppose
that there are integers ¢ and j with 2 < i < j < k — 1 such that r; >
r; > 1. By Claim 2, we have G = H,, y,(7i,75), where H = G[V(G) \
(V(H; U Hj) \ {vi,v;})]. Let G' = Hy, o;(ri + 1,75 — 1). Obviously, G’ is a
k-uniform unicyclic hypergraph of size m. By Lemma 2.2, 0(G) < o(G’), a
contradiction. Thus there is at most one integer ¢ with 2 < i < k — 1 such
that r; > 1. Similarly, there is at most one integer ¢ with k+1 < i <2k —2
such that r; > 1. Assume that ro = max{r; : 2 < i < k — 1}, rpp1 =
max{r; : k+1 <1 <2k —2} and ro > rg41. Therefore G = 6§(r2,rk+1),
where r9 > 7141 > 0 and r9 + g1 = m — 2. By Lemma 3.4, we have
G =03 ("], [772]). N
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