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ON THE NUMBER OF PARTITIONS INTO ODD PARTS
OR CONGRUENT TO =+2mod 10

MIRCEA MERCA

ABSTRACT. Let R2(n) denote the number of partitions of n into parts
that are odd or congruent to +2 (mod 10). In 2007, Andrews considered
partitions with some negative parts and provided a second combinatorial
interpretation for Rz(n). In this paper, we give a collection of linear
recurrence relations for the partition function Rz(n). As a corollary,
we obtain a simple criterion for deciding whether R2(n) is odd or even.
Some identities involving overpartitions and partitions into distinct parts
are derived in this context.

1. INTRODUCTION

We adopt the standard notations on partitions and g-series as used in
[1, 7]. The g-shifted factorial (a;q), is defined by

(a;q)n = (1 —a)(1 —aq)(1 —ag®)--- (1 —ag"™ "),

with (a;q)o = 1. For |¢| < 1, we also define
(@; ¢)oo = lim (a; q)n

Because this infinite product diverges when a # 0 and |g| > 1, whenever
(a; @)oo appears in a formula, we shall assume that |¢| < 1. Since products
of ¢-shifted factorials occur so often, to simplify them we shall use the more
compact notation

(a17 az ..., 0n; Q)oo = (al; Q)OO(CLQ; Q)oo T (an; Q)oo-

Let Ry(n) be the function which enumerates the number of ordinary par-
titions of n into parts that are either odd or congruent to £2 (mod 10).
The generating function for Ra(n),

= 1
Ra(n)q" = ;
RE:O ) (¢:¢%)o0 (% 6% 4o
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appears in the following g-identity of Rogers [2]

i (_q; q)nqn(3n+1)/2 G(q2)
—~ (G2 (@)
n=0
where - )
q" 1
G(q) = =
HZZO (@Dn  (2:¢%¢°)
is the Rogers-Ramanujan function. Recall that G(q) is the generating func-
tion for the number of partition of n into parts of the form 5k + 1 or 5k + 4.

In 2007, Andrews [2] considered partitions with some negative parts and
provided a second combinatorial interpretation for the numbers Ra(n). We
remark that the sequence {R2(n)},>o is known and can be seen in [15,
A133153].

In this paper, motivated by these results, we give a collection of recurrence
relations for the partition function Ra(n). The first result states that the
partition function Ry (n) satisfies Euler’s recurrence relation for the partition
function p(n) unless n is the form k(5k + 1) with k € Z.

Theorem 1.1. Forn > 0,
> . o B {(—1)k, ifn="k(k+1), ke,

> (1Y Ry(n —j(3j +1)/2) =

. 0, otherwise.
j=—00

The second result provides a linear recurrence relation for Rg(n) that
involves the triangular numbers, i.e., k(k +1)/2, k € Np.

Theorem 1.2. Forn > 0,

- (=1)*, if n = 30k? — 4k or
S (D)2 Ry(n — j(j +1)/2) = n=30k?+ 16k + 2, k € Z,
j=0 0, otherwise.

In the following recurrence relation, the partition function Ra(n) is com-
bined with the perfect square numbers.

Theorem 1.3. Forn > 0,

o 1, ifn=k(15k+1)/2, keZ,
> (-1 Re(n—j%) =< ~1, ifn=(3k-1)(5k —2)/2, k € Z,
j=—00 0, otherwise.

A more efficient recurrence relation for Ro(n) is given by the following
result.

Theorem 1.4. Forn > (),
. Rk=1)/2 " if n = k(15k +1)/2 or
> (~1)Ra(n—24?) n=3k—-1)(5k—-2)/2, ke,

Jj=—00 otherwise.
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If n is small, then it is relatively easy to evaluate Rg(n), namely

Ry(0) = 1,

Ry(1) = 1,

Ra(2) = 2Ry(0) =2,

Ra(3) = 2Ry(1)—1=3,

Ro(4) = 2Ry(2) =4,

Ra(5) = 2Rs(3) =6,

Ry(6) = 2Ry(4) =8,

Ro(7) = 2Ry(5)—1=11,

Ra(8) = 2Rs(6) — 2Ra(0) + 1 = 15,
R2(9) = 2Ry(7) — 2Ry(1) = 20.

As a corollary of Theorem 1.3 or 1.4, we derive a simple criterion for
deciding whether the number Ry (n) is odd or even.

Corollary 1.5. The number of ordinary partitions of n into parts that are
either odd or congruent to £2 (mod 10) is odd if and only if n = k(15k+1)/2
orn=3k—1)(bk—2)/2, k€ Z.

As far as we know, this parity result is new. A collection of identities
involving overpartitions and partitions into distinct parts are derived in this
context.

2. PROOF OoF THEOREM 1.1

By the Jacobi triple product identity [4, Theorem 11],

o

(2.1) > (=122 = (q,2,0/2 ¢)oos

n=—oo

with ¢ replaced by ¢'° and z replaced by ¢%, we obtain

o0

(2.2) > 0" = (%, 6%, "% 0"

n=—oo

On the other hand, considering Euler’s pentagonal number theorem

o)

(2.3) S (1) 2 = (g1 g).,

n=—0oo

we can write

(24) (io: RQ(R)(]”) ( io: (_1)nqn(3n+1)/2) — (q; Q)oo
n=0

el (45 6%)00(d?, 6% ') o0
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Taking into account that

(45 @)oo B (45 @)oo

(%) (6%, 8% 000 (4,6%,6°,07, % ') o (4%, 4% ¢'0) o
= (¢* 4% ¢"% ¢'*) s,

by (2.2) and (2.4), we give the identity

(i RQ(TL)Q”) ( io: (—1)”q"(3”+1)/2> — io: (_1)nqn(5n+1)'
n=0 n=-—00 n=—00

The proof follows easily applying the well known Cauchy product of two
power series on this identity. ([l

3. PROOF OF THEOREM 1.2

By the Jacobi triple product identity (2.1), with ¢ replaced by ¢* and 2
replaced by ¢, we obtain the relation

o0

2
D = (0,65 0% 0Y) s

n=—oo

that can be written as

(e 9]

D (=) N2 = (g, 6%, g% ¢*) oo

n=0

It is clear that

> > 3 4. 4
o (Gnaee ) (Gees) - G d

n=0

Watson’s quintuple product identity [5, 16] states that
e.)
(3.2) > O - 2g7) = (g, 2,0/2 €)oo (027, 0/7% €)oo
n=—oo
By this identity, with ¢ replaced by ¢?° and z replaced by —g?, we get

[o.¢]
Z (—1)" (q30n2—4n +q30n2+16n+2>

n=—oo

(33) — (_qZ7 _(]187(120;(]20)00((1167(]24;6140)0o
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Considering that

(=% — '8, 62 %) oo (06, 6% ¢%0) oo

B (g4, 4%, ¢%, ¢1%; ¢*) o -(q16 q24'q40)
- ) ) [e.9]
(¢2,4"%:¢%) o

(644" %% )
(@%,4"%;¢*°)
(¢*, 4%, 4%, "%, ¢*% ¢**)
- (q8’ q12; q20)oo(q27 q18; q20)<>o
(0% ¢
(4%, 4% ¢'%)
(0,645 4
(45 4%)o0 (4% 6% 1%
by (3.1) and (3.3), we obtain the relation

(i R2(n)qn) (i(—l) /2] qn(n+1)/z>
n=0

n=0

o0
— Z (—1)" <q30n2—4n +q30n2+16n+2>'

n=—oo

Applying the well known Cauchy product of two power series on this identity,
we arrive at our conclusion. ([

4. PROOF OF THEOREM 1.3

By the Jacobi triple product identity (2.1) with g replaced by ¢ and z
replaced by ¢, we obtain

o

(4.1) ST D" = (0,0, 0% oo = (@620 (@3 @)oo

So we can write

By Watson’s quintuple product identity (3.2), with q replaced by ¢° and
z replaced by ¢, we get

(43) > (qn(15”+1)/2 — q(3”_1)(5”_2)/2) = (4,4"4":¢")o(d’, 4" ¢") o

n=—00
It is an easy exercise to show that

(4.4) (45 9)oo

(@2 50 (0:4",¢°0°)oe (0,075 4" oo
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Thus, by the identities (4.2) and (4.3), we deduce the relation

(o) (Zore)

_ Z (q n(15n+1)/2 _ q(3n71)(5n72)/2> _

n=—oo

The proof follows easily considering the Cauchy product of two power series.
O

5. PROOF OF THEOREM 1.4

By the Jacobi triple product identity (2.1), with ¢ replaced by ¢* and z
replaced by ¢2, we obtain

2
(5.1) S0P = (% dhd )
So we can write

0o 00 2 2 4. 4
(5:2) (;RZ(n)qn> ( 2 (et ) " (¢ (qu):](;g, ég; ()]i;)oo

n=—0oo

By Watson’s quintuple product identity (3.2), with g replaced by —¢° and
z replaced by —¢q, we get

Z (_1)n(n—1)/2 <qn(15n+1)/2 +q(3n—1)(5n—2)/2>
(5.3) = (=04, =0" —0")oo(—=¢*, =0 ¢" V)0
Taking into account that

(=4,4" 0" =0")oo(—0*, =47 4" )

(4%, 4" ¢**)so

(23,47 ¢*%) 0
(654" d"%¢) (4",6% 0% 0" ¢ (¢°4" 0%
(4,65, 0% 40 (2, 6% 490 (.47 0"
(%654, 0% 6 (6%

T @A %)% (6265 d0)

=(—¢,—¢",—¢";¢"") (¢, &%, ¢""; ')

I R Vil
(%00 (2% 6% ¢9) o0

(45 6%)00 (4%, 0% ¢10) o
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by (5.2) and (5.3), we deduce that

(Z Rz(n)qn> ( > (—1)”q2”2>
n=0 n=-—00

_ Z (—1)n(n=D)/2 (qn(15n+1)/2 +q(3n—1)(5n—2)/2).
n=—oo
Applying again the Cauchy product of two power series, we arrive at our
result. O

6. CONNECTIONS WITH OVERPARTITIONS AND PARTITIONS INTO
DISTINCT PARTS

We start with two g-identities that involves the Rogers—Ramanujan func-
tion G(g). These follow easily from the previous sections. In order to sim-
plify the writing, for any integer n we define

1 1 -1 -2
an:n( 5n+1) and b, — (3n —1)(5n )
2 2
Theorem 6.1. For |q| < 1,
G(q?) _ (69 i (qan _ qbn)
(%) (GD
Proof. To derive this identity, we consider the relations (4.1), (4.3), and
(4.4). O
Theorem 6.2. For |q| < 1,
2 2.2 o0
G(%) _ ( g 73 )oo Z (—1)nn=1/2 <qan _‘_qbn).
(¢:0%)0e (0% ¢%)o0

Proof. This identity follows considering the relations (5.1), (5.3), and (5.4).
([

n=—oo

Recall that an overpartition of the nonnegative integer n is a partition of
n where the first occurrence of parts of each size may be overlined. Let p(n)
denote the number of overpartitions of n. For example, the overpartitions
of the integer 3 are:

3,3, 2+1,2+1,2+1,2+1, 1+1+Tand 1+1+1.
We see that p(3) = 8. The overpartition function p(n) has the generating

function

o (=4 9)oo

ZP(”)Q” = (7

vt 4 q)oo
and its properties have been the subject of many recent studies [3, 6, 8, 9,
10, 11, 12, 13]. Tt is clear that, the partition function Ry(n) can be expressed
in terms of the overpartition function p(n) as combinatorial interpretations
of Theorems 6.1 and 6.2.
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Corollary 6.3. For any nonnegative integer n,

o0

Ro(n) = Y [p(n—ag) —p(n—by)].

k=—00
Proof. By Theorem 6.1, we obtain
3" Ro(n)q" = (Zﬁ(n)qn> ( > (o —qbn)).
n=0 n=0 n=-—00

The proof follows easily applying the Cauchy product on this identity. [
Corollary 6.4. For any nonnegative integer n,
oo
b
_ _1)kk=1)/2 | 5 (E _ %) S %
Ro(m)= 30 (1M |p (- B p (5 - %),
k=—o00

with p(x) = 0 if x is not an integer.

Proof. By Theorem 6.2, we can write

> Ry(n)q" = (Zp(n)(f") ( > (=g qb")) :
n=0 n=0

n=—oo
The proof follows equating the coefficient of ¢ on each side of this identity.
O
It is well known that
p(n) =0 (mod 2) if and only if n # 0.

This parity result can be deduced from the recurrence relation

oo
S (—1Yp(n - §2) = don
j=—o0
and can be used together with Corollary 6.3 or 6.4 to derive another proof
of Corollary 1.5.
Recall that the number of partitions of n into distinct parts is usually
denoted by ¢(n) and the generating function of ¢(n) is given by
o

1
> a(n)g" = (¢ Qoo = —5—
= (¢;4%)oo
We have the following results.

Corollary 6.5. For any nonnegative integer n, the partition functions q(n)
and Ra(n) are related by:

(1)

o

(—=1)"Ra(n = kBk =1)/2) = Y [a(n—ar) —q(n—b)];

k=—o00

-

3l

o

(2) Y (=DFRo(n — k(3k — 1))
k

I
o
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_ NS (kv [ n_ by
k_zoo( D [q<2 2>+q<2 2 )|
where q(x) = 0 if x is not an integer.

Proof. Considering Theorems 6.1 and 6.2, we obtain

Z Ra(n —¢; @)oo i (q“” — qb”)
and -
Z Ra(n i) D, (1)1 (4 +d™).

respectively. The proof follows equating the coefficients of ¢" in these rela-
tions. (]

As a consequence of Theorem 1.1 and Corollary 6.5, we derive the follow-
ing recurrence relation for the partition function g(n).

Corollary 6.6. Forn >0,

- —Dk ifn=
3 [q(n_aj)_q(n_bj)]_{( Dk ifn=k(Gk+1), ke,

. 0, otherwise.
j=—00

The number of partitions of n into distinct odd parts is denoted in this
paper by goqq(n) and the generating function of g,qq(n) is given by

1
Zqud 40" )00 = -

¢ —q)oo

Corollary 6.7. For any nonnegative integer n, the partition functions p(n),
Godd(n) and Ra(n) are related by:
n

o0

(1) Y (1 *qoaa(k)Ra(n — k) = Y [p(n—ax) —p(n—by)l;
s T
(2) Z (—1)*goaa(k) Ra(n — 2k)
k=0
- S p@- 2o
where p(z) =0 if x is notooan integer;
Zqodd JRo(n—k) = Y (—~1)FFD2[p(n—ag) +p(n—b)].
k=—o0

Proof. Rewriting Theorem 6.1 as
JR 1 -
S e = LS (),
a2 @ q)

(—¢:9) 490

n=—oo
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we derive the first identity.
By Theorem 6.2, we give

1 = 1 s
I no_ _1\n(n=1)/2 { an bn,
(—2 ) oo nz_%P@(”)q (0% %)oo TLZ—:OO( 1) (q +q )
and
o0 1 o
e 2 no_ _1\yn(n=1)/2 { an bn,
(—=4:¢°) Y _ Ra(n)g e > (-1 (4 +da™).
n=0 n=-—oo
The proof of the next two identities follows easily. O

On the other hand, we denote by ge—,(n) the number of partitions of n
into distinct parts with an even number of odd parts minus partitions of n
into distinct parts with an odd number of odd parts. Because

o0 1 oo
Y teo(n)g" = e~ >_(=1)"an)g",
=0 ARSI ——
Corollaries 6.5 and 6.6 can be rewritten in terms of the partition function

Qe—o(n)-

Similarly, we denote by p._,(n) the number of partitions of n into an even
number of parts minus partitions of n into an odd number of parts. Taking
into account that

3 SURIEE SRR - VTS
nz:;)pe—o(n)q = (_q; Q)oo —T;)( 1) QOdd( )q ,

Corollary 6.7 can be restated in terms of the partition function gyqq(n).

7. CONCLUDING REMARKS

Four linear recurrence relations for the number of ordinary partitions of
n into parts that are either odd or congruent to £2 (mod 10) have been
introduced in the paper. Two of these results allow us to derive a simple
criterion for deciding whether the number of ordinary partitions of n into
parts that are either odd or congruent to +2 (mod 10) is odd or even.
We remark that Theorem 1.4 provides an extremely efficient algorithm for
computing Ra(n). In [14], we carried out a similar set of recurrences for
partitions where even parts do not repeat.

On the other hand, Theorems 6.1 and 6.2 allow us to derive a collection
of identities involving partition into distinct parts. We should note that
Theorem 6.2 can be derived from Theorem 6.1 replacing ¢ by —q. In fact
Theorem 6.1 is a version of the following identity for the Rogers—Ramanujan
function G(q).

Theorem 7.1. For |q| < 1,

o0

1 n n n— n—
G(g?) = il Z (q (15n+1)/2 _ ((3n=1)(5 2)/2)'

0 n=—00
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A linear homogeneous recurrence relation for the partition function p(n)
can be easily derived from this identity.
Corollary 7.2. For n odd,

i [p (n_ k;(15l;+ 1)) _p(n_ (31@1)2(51:2)” o

k=—o00

Moreover, the case n even can be written as follows.

Corollary 7.3. The number of partitions of n into parts of the form bk +1
or 5k + 4 can be expressed in terms of the partition function p(n), i.e.,

i [p <2n_ k(15l;+ 1)) _p<2n_ (3k — 1)2(514:—2))] _

k=—0c0

Corollary 7.4. The number of partitions of n into parts of the form bk +1
or bk + 4 can be expressed as a finite discrete convolution, i.e.,

2n
> (=1)¥qoqa(k) Ra(2n — k).
k=0
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