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ON THE METRIC DIMENSION OF CIRCULANT GRAPHS
WITH 4 GENERATORS

TOMAS VETRIK

ABSTRACT. Circulant graphs are Cayley graphs of cyclic groups and the
metric dimension of circulant graphs with at most 3 generators has been
extensively studied in the last decade. We extend known results in the
area by presenting lower and upper bounds on the metric dimension of
circulant graphs with 4 generators.

1. INTRODUCTION

The concept of metric dimension was introduced by Slater [11] and stud-
ied independently by Harary and Melter [4]. Slater referred to a metric
dimension of a graph as its location number and motivated the study of
this invariant by its application to the placement of minimum number of
loran/sonar detecting devices in a network so that the position of every ver-
tex in the network can be uniquely represented in terms of its distances to
the devices in the set. In this paper we study the metric dimension of Cayley
graphs of cyclic groups known as circulant graphs.

Let G be a connected graph with the vertex set V(G). The distance d(u, v)
between two vertices u,v € V(G) is the number of edges in a shortest path
between them. A vertex w resolves a pair of vertices u, v if d(u, w) # d(v, w).
For an ordered set of vertices W = {w;,ws,...,w,}, the representation of
distances of a vertex v with respect to W is the ordered z-tuple

r(v|W) = (d(v,w1),d(v,ws),...,dv,w,)).

A set of vertices W C V(G) is a resolving set of G if every two vertices
of G have distinct representations (i.e., if every pair of vertices of G is
resolved by some vertex of W). The cardinality of a smallest resolving set
is called the metric dimension and it is denoted by dim(G). Note that the
i-th coordinate in r(v|W) is 0 if and only if v = w;. This means that
in order to show that W is a resolving set of G, it suffices to verify that
r(u|W) # r(v|W) for every pair of distinct vertices u,v € V(G) \ W.
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From [3], it follows that the question whether dim(G) < z is an NP-
complete problem. In [2], it was shown that a connected graph G has
dim(G) = 1 if and only if G is a path. Cycles have metric dimension 2.
The metric dimension of various classes of graphs has been investigated for
four decades. For example, the metric dimension of trees was studied in
[11], convex polytopes in [10], and graphs of given diameter were considered
in [8].

We introduce a circulant graph. Let n,m and ai,as9,...,a, be posi-
tive integers, such that 1 < a1 < ag < -+ < ap, < n/2. The circu-
lant graph Cy(a1,as2,...,a,) consists of the vertices vg,v1,...,v,—1 and
the edges ViVita; where 0 < ¢ <n—1,1 < j < m, the indices are taken
modulo n. The numbers ai,ao,...,a, are called generators. The graph
Cp(ai,ag,...,an) is a regular graph either of degree 2m if all generators
are smaller than n/2, or of degree 2m — 1 if n/2 is one of the generators.

The distance between two vertices v; and v; in Cp(1,2,3,4), where 0 <
1<j<n,is

(1.1) d(vi,v;) = min{ F;ﬂ [”_ (i _ﬂ }

This equation can be simplified as

[, fo<j—i<3,
d iy Uj) = n—(7—1 . . .
(vi; v5) {[ (i )1, if<j—i<n.

The circulant graph C), (a1, az, ..., ay) is isomorphic to the Cayley graph
for the cyclic group Z, and the generating set X = {a1,a9,...,am, —ai,
—ag,...,—am}. A Cayley graph C(I', X) is specified by a group I' and
an identity-free generating set X for this group such that X = X 1. The ver-
tices of C(I', X) are the elements of I and there is an edge between two
vertices u and v in C(T", X) if and only if there is a generator a € X such
that v = ua.

The metric dimension of circulant graphs has been extensively stud-
ied. Javaid, Rahim and Ali [7] showed that dim(C,(1,2)) = 3 if n =
0,2,3 (mod 4). Imran et. al. [5] showed that dim(Cy(1,2,3)) =4 if n =
2,3,4,5 (mod 6), n > 14. Borchert and Gosselin [1] found the values o
dim(Cy(1,2)) and dim(Cy (1,2, 3)) for any n. They proved that dim(C,,(1, 2)
=4 if n =1 (mod4), and for n > 8 we have dim(Cy,(1,2,3)) = 5 if
n =1 (mod 6) and dim(Cy(1,2,3)) = 4 otherwise. The metric dimension
of the circulant graphs Cy,(1,3) was studied in [6] and the circulant graphs
Cr(1,n/2) for even n were considered in [9]. We extend known results on
the metric dimension of circulant graphs by presenting lower and upper
bounds on the metric dimension of circulant graphs with 4 generators.

~—

2. RESOLVING SETS OF Cyp(1,2,3,4)

We state upper bounds on the metric dimension of the circulant graphs
Cn(1,2,3,4) by finding resolving sets having at most 6 vertices for any n >
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17. First let us show that there is an infinite set of circulant graphs with 4
generators, which can be resolved by 4 vertices.

Theorem 2.1. Let n =4 (mod 8) where n > 20. Then

dim(Cy(1,2,3,4)) < 4.

Proof. Let n = 8k + 4 where k > 2. We show that W = {wvg, va, v4k, Vag12}
is a resolving set of C,(1,2,3,4). Representations of distances of all the
vertices in V' (Cy(1,2,3,4)) \ W with respect to W are given in Table 1.

Representation Vo V9 V4k V4k+2

U1 1 1 k k+1
U4i_1(1§i§k’) ) ) k—i+1|k—1+1
vy 1<i<k—1) i i k—i k—i+1
vgir1 (1<i<k-—1) 14+1 |12 k—1 k—i+1
Ve 1<i<k—-1) |i+1 ] k—1i k—1i
V4k+1 k+1]|k 1 1
ng_4i+4(1§i§k‘> ) t+1|k—i+1|k—14+1
ng,4z+5(1flgk) 1 t+1|k—1+2|k—14+1
vgk—4ire (1 <1 < k) 1 1 k—i1+2|k—1+1
ng_4i+7(1§i§k'+1) 1 1 k—i+2|k—142

TABLE 1

Since any two vertices have different representations, dim(C),(1,2,3,4)) <
4. ]

Let us prove that if n = p mod 8 where p = 2,3, 5,6, then there exists a
set of 5 vertices which resolves the graphs C),(1,2,3,4).

Theorem 2.2. Let n =p mod 8 wheren > 18 and p = 2,3,5,6. Then

dim(Cy(1,2,3,4)) < 5.

Proof. Let n = 8k + p where £ > 2 and p = 2,3,5,6. Let us show that
W = {uvg,v1,v2,v3,v4} is a resolving set of C,(1,2,3,4). First we give
representations of distances of the vertices v; for 5 < ¢ < 4k + 1 and 4k +
p+3 <i<8k+p—1 with respect to W.
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Representation v | V1 ) V3 U4

vgi—3 (2<i<k+1) i |i—1|i—1|¢—1]:—1
vgi—2 (2<i<k) 1| 1—1|1—1]¢:—1
vgi—1 (2<i<k) v |1 ) i—1|1—1
vy (2<i<k) il i i i—1
Vgk—ditp (1 <0<k —1) i |i+1i4+1|2+1]241
USk—4i+p+1(1§i§k_1) 7 1 Z+1 ’L+1 Z+1
Vgh—ditpr2 (1 <i<k—1)|4 |i 1 i+1|7+1
U8k —4i4+p+3 (1 S’LS ki) 7 1 ) 1 1+ 1

TABLE 2

Note that no two vertices in Table 2 have the same representations of
distances. We distinguish the following cases:
Case 1: p=2.
Representations of distances of vgg19, v4r+3 and vggy4 are in the fol-
lowing table:

Representation | vy | vy V9 U3 V4

V4k+2 k k + 1]k k k

Vik+3 k |k k+1]|k k

Vdf44 k |k k k+1)|k
TABLE 3

It can be checked that any two distinct vertices of C)(1,2,3,4) have
different representations of distances with respect to W, therefore W is
a resolving set of C,(1,2,3,4).
Case 2: p=3.

We give representations of distances of vyi19, Vap+3, Vagta, and vags.
The representation of v4;1o can be obtained by using ¢ = k+1 for v4;—2 in
Table 2. Similarly, the representation of vy;15 can be obtained by using
i = k for vgg—4i4p+2- The remaining two vertices have the following

representations:
Representation | vy | vy V9 U3 V4
V4k+3 k k‘ + 1 k + 1 k k?
V444 k |k k+1|k+1]k

TABLE 4

No two vertices of C),(1,2,3,4) have the same representations, there-
fore dim(Ch(1,2,3,4)) < 5.
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Case 3: p=>5.

It remains to give representations of distances of the vertices v; for
4k + 2 < ¢ < 4k + 7. Representations of vgxi2,Vap+t3, Vakp+a can be
obtained by using ¢ = k 4+ 1 for wvg;_o,v4;_1,v4; in Table 2 and rep-
resentations of vqr4s, V4k+6,Vakp+7 can be obtained by using ¢ = k for
U8k —di+ps Vk—di+p+1, Usk—di+p, Tespectively. No two representations are
the same.

Case 4: p=6.

As in the previous case, consider representations of distances of v4;_3,
V4i—9, V4i—1, V4; presented in Table 2 for 2 < ¢ < k41, and representations
of V8k—4itp> U8k—ditp+1, USk—ditp+2, Vsk—di+p+3 for 1 < ¢ < k to obtain
representations of all the vertices in V(Cp(1,2,3,4)) \ W, except for
Vgit5- Since the distance between vyry5 and any vertex in W is k£ 4 1,

all the vertices have different representations. The proof is complete.
O

In the next three theorems, we present upper bounds on the metric di-
mension of Cy,(1,2,3,4) for n =p (mod 8) where p =10,1,7.

Theorem 2.3. Let n =7 (mod 8) where n > 23. Then

dim(Cp(1,2,3,4)) < 6.

Proof. Let n = 8k + 7 where k > 2, and let W' = {vg,v1, v, v3,04}. We
consider representations of distances of vertices v4;_3, V492, V4i—1,V4; With
respect to the vertices in W’ given in Table 2 for 2 < ¢ < k + 1. Similarly,
consider the representations of vertices vgip—ai4p, USk—ditp+1> USk—ditp+2s
Vgk—4i+p+3 in Table 2 for 1 <7 < k and p = 7. It remains to give repre-
sentations of the vertices vyx5 and vy with respect to W’. The distance
between any of these two vertices and any vertex in W’ is k + 1. The ver-
tices vyp15 and vyr1g are the only vertices which are not resolved by W”.
However it is easy to find a vertex, for example vs, which resolves vgx15
and vy,16 (since d(vs,vagss) = k and d(vs, v4kr6) = k + 1). Hence the set
W = {vo,v1,v2,v3,v4,v5} is a resolving set of Cy,(1,2,3,4). O

Theorem 2.4. Let n =0 (mod 8) where n > 24. Then

dim(Cp(1,2,3,4)) < 6.

Proof. Let n = 8k where k > 3. Let us show that W = {wg, v1, v3, v4, vg, V9 }
is a resolving set of C,(1,2,3,4). We state representations of distances of
all the vertices in V(Cy(1,2,3,4)) \ W with respect to W’ = {vg, v1, v3, v}
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Representation () VU1 V3 Vg
V2 1 1 1 1
U5 2 1 1 1
Vais (A<i<k) i i—1|i—1]i—2
U4i_2(3§i§k) 7 7 1—111—2
vgi—1 (2<i<k) 1 1 1—1]1—-1
vy 2<i<k) i i i i—1
Uk 41, Vak+2 k k k k—1
V4k+3 k k k k
Vak+4 k—1|k k k
Vators k—1|k—1k |k
ng_4z(1§2§k‘—2) 1 t+1 |i4+1|242
ng,4i+1(1§’i§k—2) ) 1 1+1|1+2
ng_4i+2(1§i§k‘—1) ) ) 1+1]2+1
V8k—4i+3 (1§Z§k’—1) ) 7 ) Z+1
TABLE 5

Let us present the only vertices which have the same representations:

(V| W) = r(vgg1[W') = r(vapg2| W),
7 (Va5 W) = r(vapgs|W').

However,

d(vg,vap) =k =1,  d(v4, vag41) = k,
d(vg, vag+1) =k — 2, d(vg, vagt2) =k — 1,
d(vg, vap45) = k — 1, d(vg, vapqs) = k,

which means that all the vertices in V(C,(1,2,3,4)) \ W are resolved by
w. O

Theorem 2.5. Let n =1 (mod 8) where n > 17. Then

dim(Cy(1,2,3,4)) < 6.

Proof. Let n = 8k+1 where k > 2, and let W = {wg, v1, v4, U7, Vakt2, Vag+3}-
We give representations of distances of all the vertices in V' (Cy(1,2,3,4))\W
with respect to W/ = {wg, v1, v7, Vakt2, Vaki3}-
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Representation 0 U1 VU7 V42 Vdk+3

U2 1 1 2 k k

V3 1 1 1 k k

Vs 2 1 1 k k

V6 2 2 1 k—1 k

vgi—1 (3<i<k) 7 7 1—2 |k—t+1|k—1+1
vy (2<i<k) 7 7 i1—1 |k—i+1]|k—i+1
U4i_3(3§i§k‘) ) 1—1|i—2 |k—14+2|k—14+2
vgi—2 (3<i < k) 1 1 i—2 |k—i+1|k—1+2
V4k+1 k k k—111 1

V4k+4 k k k 1 1

V4k+5 k—11|k k 1 1

V4k+6 k—1|k—1]k 1 1

Vak+7 k—1|k—11k 2 1
ng_4i+1(1§i§k—2) ) l+1 l+2 k—1 k—1
Vshaire 1<i<k—2) i i i+2 | k—i k—i
’U8]€_4i+3(1§2<k*2) ) ) 1+2 |k—i+1|k—1
ng,4i+4(1§2<k—l) 1 1 it+1 | k—i+1|k—1+1

TABLE 6

The only vertices which have the same representations are the pairs vo, vg
and v4g, v4p+1. Since the vertex vy resolves the pair vy, vgr and the vertex
vg resolves the pair vy, Vg1,

d(v4,v2) =k— 1, d(U4,U8k) = 2,
d(vg,var) =k — 1, d(vo, vag+1) =k,
all the vertices in V' (C,(1,2,3,4)) \ W are resolved by W. O

3. LOWER BOUNDS ON Cyp(1,2,3,4)

We prove that a resolving set of any circulant graph C),(1,2,3,4) consists
of at least 4 vertices. Note that d(vi,viy1) = d(vi,vit2) = d(vi,vit3) =
d(vi,vita) = 1, d(vi,vits) = d(vi,vite) = d(vi,vig7) = d(vi,vigs) = 2,
d(vi,?}i+g) = d(vi,viﬂo) = d(vi,?}i+11) = d(Ui,Ui+12) = 3, ey if n is sufﬁ—
ciently large. This implies that if 1 < j < n/2 —4 and d(vg,v;) = p, then
d(vo,vj+4) =p+1 and
p = d(vo,v;) < d(vo,vj41) < d(vo,vj12) < d(vo,vj+3) < d(vo,vj4) =p+ 1.
Similarly, if n/2 +4 < j <n —1 and d(vg,v;) = p, then d(vo,vj_4) =p+1
and
p= d(vo, Uj) S d(’Uo, ’Ujfl) S d(’UU,’Uj,Q) S d(’Uo,’Ujfg) S d(’Uo,’Uj74) =Dp + 1.

Let d°(v;,v;j) be the number of edges in the path v;vi11viye...vj. So if
i < j, then d°(vj,v;) = j — 14, and if ¢ > j, then d°(v;,vj) =n+ (j —1i). It
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follows that for ¢, j,(, such that 0 <i < j <[ <n—1, we have
(3.1) d°(vi, v5) + d°(vj,v;) + d° (v, v5) = n.
Theorem 3.1. For every n > 24, we have dim(Cy(1,2,3,4)) > 4.

Proof. We prove the result by contradiction. Suppose that C,,(1,2,3,4) con-
tains a resolving set W’ which consists of 3 different vertices v;, vj, vj, where
0 <i<j<l<n-—1. Note that (at least) one of the numbers d°(v;, v;),
d°(vj,v;), d°(v;,v;) is at most n/3, otherwise if all d°(v;,v;), d°(vj,vy),
d°(vi,v;) are greater than n/3, then d°(v;,vj) + d°(vj,v;) + d°(v,v;) > n
which contradicts (3.1). Similarly, one of d°(v;, v;), d°(vj,v), d°(vy, v;) must
be at least n/3, otherwise if all d°(v;,v;), d°(v;,v;), d°(v;,v;) are smaller
than n/3, then d°(v;,v;) + d°(vj,v;) + d°(vy, v;) < n (which means that the
order of Cy,(1,2,3,4) is smaller than n).

Without loss of generality we can assume that d°(v;,v;) < n/3 and
d°(v;,v;) > n/3. Due to the symmetry in the graph, we can assume that
v; = vg. Then 1 < j < n/3. Clearly, d(vg,v1) = d(vo,v2) = d(vg,v3) =
d(vg,v4) = 1 and d(vy, vn—1) = d(vo, vp—2) = d(vo, Vn—3) = d(vo, vp—g) = 1.
We consider two main cases:

Case 1: 1 > n/2.

We show that the vertices v,_4, vp—3, Up—2, Up—1 cannot be resolved by
W’. More specifically, we show that one of the three pairs (vy,—4, vy—3),
(Un—3,Un—2), (Un—2,vn—1) cannot be resolved by v; and v;.

We have d(v;,vn,—1) = p for some positive integer p (the shortest path
between v; and v,—1 is v,—1v9V1 . .. v;), then

p = d(vj,vn—1) < d(vj,vn—2) < d(vj, vn—3) < d(vj,vp-a) <p+ 1.

This means that v; can resolve at most one of the pairs (vj—4,vn—3),
(Un—?n vn—?)v (Un—27 'Un—l)‘

Similarly, the shortest path between v; and v,—4 is Vv L1112 . . . Vp—4,
so for some positive integer r, we have r = d(v;, vp—4) < d(vy,vp—3) <
d(vy, vp—2) < d(vj,vp—1) < r+ 1. Thus, v; can resolve at most one of
the pairs (vn—4,Vn—3), (Un—3,Vn—2), (Un—2,Vn—1). It follows that one of
the pairs (vn—4,Vn—3), (Un-3,vn—2), (Vn—2,vp—1) is not resolved by W"'.
Therefore W’ is not a resolving set of Cy,(1,2,3,4).

Case 2: 1 < 5.

We show that we have two vertices in the set V' = {v1,va,vs3,v4},
which are not resolved by W’. Note that the distance between any two
vertices in V’ is 1. We distinguish three subcases.

Subcase 1: vj, v € V',
Then for two vertices v',v” € V' \ {v;,u} we have d(vj,v") =
d(v;,v") =1, d(v;,v") = d(v;,v") = 1, which means that the vertices
v’ and v” are not resolved by W”.
Subcase 2: v; € V' and v ¢ V.
Let us denote the vertices in V' \ {v;} by vg, vp, vc, where a < b <
c. We have d(vj,v,) = d(vj,vp) = d(vj,v.) = 1 and d(v,ve) = 7
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for some positive integer r (the shortest path between v; and v, is
VeVet1Vetr2 - - - v7). Then r = d(v,ve) < d(vg,vp) < d(v,v,) <7+ 1,
which means that v; can resolve at most one of the pairs (vq,vp),
(p, V), so there are 2 vertices in the set {v,, vp, v.} having the same
representations with respect to W’.

Subcase 3: vj, v ¢ V.

Since for some positive integer p, we have p = d(v;,v4) < d(vj,v3) <
d(vj,v2) < d(vj,v1) < p+ 1, it follows that the vertex v; can re-
solve at most one of the pairs (v1,v2), (v2,v3), (vs3,vs). Similarly,
r = d(v,vg) < d(v,v3) < d(v,v2) < d(v,v1) < r+ 1 for some r,
which means that v; can resolve at most one of the pairs (vy,vs),
(v2,v3), (v3,vq). It follows that one of the pairs (vi,v2), (va,vs3),
(v3,v4) is not resolved by W'.

Thus W’ is not a resolving set of Cy(1,2,3,4), a contradiction. Hence
dim(Cy(1,2,3,4)) > 4. O

We improve the bound given in the previous theorem by showing that if
n=0,1,6,7 (mod 8), then 4 vertices cannot resolve the graphs C, (1,2, 3,4).

Theorem 3.2. Let n =p (mod 8) where n > 6 and p=0,1,6,7. Then
dim(Cy(1,2,3,4)) > 5.

Proof. Let n = 8k 4+ g where k£ > 0 is an integer and ¢ = 6,7,8,9. We
prove that dim(Cy(1,2,3,4)) > 5. Suppose to the contrary that the graph
Cp(1,2,3,4) can be resolved by 4 vertices. Let W' = {wq, we, w3, ws} be a
resolving set of C),(1,2,3,4). Without loss of generality we can assume that

wy = vg. Let V! = {vggs1, Vags2,---, Va5 From (1.1), we know that
d(vo,v;) = k + 1 for every v; € V' (in general, we have ¢ — 1 vertices vyxy1,
V4k425 - - - » Vak4q—1, Which are at distance k+1 from vp, but we consider only

the vertices of V' in this proof). Any two vertices v;,v; € V' are adjacent,
which means that d(v;,vj) = 1. For v; ¢ V', we have

p = d(vi, vag+1) < d(vi, Vagr2) < d(vi, Vag+3)
< d(vi, Vag+a) < d(visvapes) <p+1
if 0 <14 <4k, and

p = d(vi, Vags) < d(vi, Vagya) < d(vi, Vag3)
< d(vi, vapr2) < d(vi,vapg1) <Sp+1
if 4k +6 < i < n — 1, where p is some positive integer. This means that
out of the 4 pairs of vertices (vag+1,Vak+2), (Vak+2,Vak+3)s (Vak+3, Vak+4),
(Vak+4,Vak+5), at most one pair can be resolved by the vertex v; ¢ V'. We
distinguish the following cases:
Case 1: wo,w3,wy € V.
There are two distinct vertices v',v” € V' \ {wa, w3, w4} and we have
d(w;, v") = d(w;,v") =1 for i = 2,3, 4, which means that the vertices v’
and v” are not resolved by the vertices in W'.
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Case 2: [V NnW'| = 2.

Without loss of generality we can assume that we, w3 € V' and wy ¢
V'. We have d(ws,v") = d(ws,v") = 1 for every vertex v € V' \ {ws, w3}
which means that there are three distinct vertices in V', say v}, v}, v5,
which are not resolved by the vertices wi,wo,w3. Since the distances
d(wy,v)), d(wa,v)), d(ws,vh) are p or p+ 1 for some positive integer p,
it follows that there are two different vertices in V', which cannot be
resolved by wy.

Case 3: [V NnW'| = 1.

We can assume that we € V' and w3, wy ¢ V'. Note that d(we,v’) =1
for every v’ € V'\{ws}. Let us write V' = {wa, Vak+a, Vak+bs Vak+e, Vaktd
where a < b < ¢ < d. Since the vertex w;, i« = 3,4, can resolve at most
one of the pairs (Vagta, Vak+b), (Vak+bs Vak+ec)s (Vaktes Vaktd), at least one
pair of vertices of V'’ cannot be resolved by ws and w4 (and by W’).

Case 4: we, w3, wy ¢ V.

Any vertex wj, i = 2, 3,4, can resolve at most one of the pairs (vgr41,
Vag+2)s (Vak+2, Vak+3), (Vak+3, Vag+a), (Vak+4, Vak+s5), which means that at
least one pair of vertices of V' is not resolved by W”.

Therefore W’ is not a resolving set of Cy,(1,2,3,4), a contradiction. Hence
dim(Cy(1,2,3,4)) > 5. O

4. CONCLUSION

By [1], [5], and [7], for n > 5 we have

4 ifn=1 (mod4),
3 otherwise,

dim(Cp(1,2)) = {

and for n > 8

5 ifn=1 (mod 6),
4  otherwise.

dim(Cy(1,2,3)) = {

One could have an impression that these results can be generalized to obtain
the following: For sufficiently large n

dim(C (1,2 P) = t+2 ifn=1 (mod 2t),
R )t+1 otherwise.

However, from our results presented in the previous two sections it follows
that this statement does not hold for ¢ = 4. The bounds on the metric
dimension of C,,(1,2,3,4) for any n > 22 are presented in Table 7.
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dim(Cy(1,2,3,4)) | Lower bound | Upper bound
n =0 (mod 8) 5 6
n =1 (mod 8) 5 6
n =2 (mod 8) 4 5
n =3 (mod 8) 4 5
n =4 (mod 8) 4 4
n =5 (mod 8) 4 5
n =6 (mod 8) 5 5
n =7 (mod 8) 5 6
TABLE 7

In most cases dim(Cy(1,2,3,4)) < 5. We conjecture that for any n > 22

the metric dimension of C),(1,2,3,4) is equal to the upper bounds presented

in

Table 7, which would mean that the resolving sets given in Section 2 are

the best possible. Note that for n = 19, dim(Cy(1,2,3,4)) = 4 and values

of

5.

6.

7.

8.

9.

10.

11

dim(Cy(1,2,3,4)) for n < 22 were presented in [1].
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