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ON THE TOTAL SIGNED DOMINATION NUMBER OF
THE CARTESIAN PRODUCT OF PATHS

HONG GAO, QINGFANG ZHANG, AND YUANSHENG YANG

ABSTRACT. Let G be a finite connected simple graph with a vertex set
V(G) and an edge set E(G). A total signed dominating function of G
is a function f : V(G) U E(G) — {—1,1}, such that > .y ., f(y) =1
for all z € V(G) U E(G). The total signed domination number of G is
the minimum weight of a total signed dominating function on G. In this
paper, we prove lower and upper bounds on the total signed domination
number of the Cartesian product of two paths, P,,00F,.

1. INTRODUCTION

Let G be a finite connected simple graph with a vertex set V(G) and
an edge set E(G). For v € V(G), the open neighborhood of v is N(v)
{u | (u,v) € E(G)}, and the closed neighborhood of v is N[v] = N(v)
{v}. For e € E(G), the open neighborhood of e is N(e) = {g | g €
E(QG) is adjacent to e}, and the closed neighborhood of e is N[e] = N(e) U
{e}. For an element x € V(G)U E(G), the total closed neighborhood of z is
Nr[z] = {yl|y is adjacent to x or y is incident with z, y € V(G)UE(G)}U{x}.
We use [6] for terminology and notation which are not defined here.

The fundamental concept concerning domination, namely the domination
number of a graph, was originally defined by means of a dominating set.
This definition may be transferred into an equivalent definition done by
means of a dominating function (the characteristic function of a dominating
set). A function f : V(G) — {0,1} is called a domination function on
G, if 3 enpy f(z) = 1 for each v € V(G). The weight of f is w(f) =
> vev(c) f(v). The minimum of weights w(f), taken over all dominating
functions on G, is called the domination number v(G) of G.

The variations of the domination number may be obtained by replacing
the set {0,1} by another set of numbers. If the closed interval [0, 1] on the
real line is taken instead of {0, 1}, then the fractional domination number is
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defined; by exchanging {0,1} for {—1, 1}, the signed domination number is
obtained.

A signed dominating function is defined as f : V(G) — {—1, 1} such that
> zenpy /(@) = 1ior allv € V(G). The weight of fis w(f) =3 ,cv () f(v)-
The signed domination number v5(G) of G is the minimum weight of a signed
dominating function on G.

A total signed dominating function is defined as f : V(G) U E(G) —
{-1,1}, such that F(z) = 3 cn,pn f(y) = 1 for all 2 € V(G) U E(G).
The weight of f is w(f) = }-,ev(@yupe) f(¢). The total signed domination
number 7¥(G) of G is the minimum weight of a total signed dominating
function on G. In [3], Lu gave lower bounds for the total signed domination
number of a graph G and computed the exact values of v (C),) and v} (F,)
(n > 3). In [4], Yuan and his collaborators studied the total signed domi-
nation number of n - Cy,. Zou [7] gave the lower bounds on the total signed
domination number of some graphs.

For two graphs GG and H, the Cartesian product of G and H is the graph
denoted GOH, where v;; € V(GOH) if and only if v; € V(G) and v; €
V(H), and (vi, j;,Vip,jo) € E(GOH) if and only if iy = i and (j1,j2) € E(H)
or j1 = je2 and (i1,42) € E(G). The study of domination numbers of products
of graphs was initiated by Vizing [5]. A survey and recent results on Vizing’s
conjecture can be found in [1].

In this paper, we study the total signed domination number of Carte-
sian products of two paths. We prove a lower bound on the total signed
domination number of P,,(0P, (m,n > 2),

15mn — 3m — 3n — 40-‘
45 P(Bmn—m—n)

22 (PuIP,) > {

We then construct some total signed dominating functions and with them,
present an upper bound of v} (P,,,00F,),

mn—+m-+n+ 2
5 )

7:(PmDPn) <

The following are some important results on the total signed domination
number of P, and the signed domination number of P,,[1F,.

Theorem 1.1. (Lu [3]) For any graph G,

. 6(G) — A(G) +
7%(G) = {5(0) TAQG) 1

LB+ V@))]
PE@G)+IV(G))

where P(s) is defined to be the parity of s, that is, P(s) = odd if s is odd
and P(s) = even if s is even. Furthermore, this bound is sharp.

Based on the Theorem 1.1, we can easily obtain the lower bounds for the
total signed domination number v} (P,,00F,).
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Corollary 1.2. For any positive integers m,n > 2,
X 3mn—m—n
P(3mn—m—n)
Theorem 1.3 (Lu [3]). Forn > 3,

[22-1] + 1, if n (mod 5) =0 or 4,

Ya(Py) = [2"5_1], if n (mod 5) =1 or 3,

[22=1] + 2. if n (mod 5) =2

Theorem 1.4 (Haas [2]).

n?
(PP = { n-+1, n odd.

Forn > 3,
7 8 7 2 db
T8 (OB, < Ty 20 (0d B))
5 5 5
For m,n >4,
mn +4m + 4n — 24 mn + 8n + 4m
5 <vs(PnOP,) < T -S—

2. LOWER BOUNDS ON THE TOTAL SIGNED DOMINATION NUMBER OF
GRAPH P,,00P,

In this section, we prove that lower bounds on the total signed domination
number of P,00P, (m,n > 2) can be greater than zero (Corollary 1.2).

Let G = P,0P, with V(G) ={v;; |0<i<m—1, 0<j<n-—1}and
E(G) ={eij | €ij = (vij,vit14), 0<i<m=1,0<j<n-2}U{e; | €} ; =
(Vi Vig1,5), 0<i<m—2, 0<j<n—1} (see Figure 1).

Theorem 2.1. For any integers m,n > 2,
15mn — 3m — 3n — 40-‘
45 P(3Bmn—m—n)

E(PaOIPy) > {

Proof. Let f be an arbitrary total signed dominating function of graph
G = P,,00P,. Then we have

(2.1) > > f@)=3mn—m—n.

yEV(G)UE(G) zENT[Y]
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Vo o Vo 1 Vo 2 Vo m—2 Vo m—1
€0 €01 €0 m—2
€00 €01 €0 2 €0 m—2 €0 m—1
v1 o vy 1 vy 2 V1 gn—2 V1 p—1
>— —
€10 €11 €1 m—2
€10 €11 €12 €1 m—2 €1 m—1
vy o vg 1 vy 2
T €20 T €21
Un-42 0 vniQ 1 Unt2 2
€n—20 €n_21
€n—20 en—21 €n—22| €n—2 m-2| €n—2 m—1
Vn+1 0 Vn+1 1 Un41 2 Un—1| m—2 Un—1m—1
Ce o 4
€n—10 €n_11 €n—1 m—2

FiGure 1. Graph P,,00P,.

Clearly for 0 < i <n—1, F(vio)— f(vi,1) > 0and F(vim—1)— f(Vim-2) > 0.
Similarly for 0 < ) <m-— 1, F(Uoﬂ') — f('Ul,i) > 0 and F(Unfl,i) — f(’()nfz,i) >
0. Therefore the sum

2o (F(vi0) = f(vi)) + g (F(vim-1) = f(vim—2))+

Yoico (F(voq) — fv14)) + 22050 (F(vn-1,) — f(vn-2,)) = 0.
Using the fact that f(z) > —1 for all z € V(G), we conclude

3 Z?:_oi (vip) + 23078 (261',0) +30 (62,9)
3 Z:L:_o (Ui,mfl) +2 Z:L:_U (ei,mfl) + Z:L:_O (6;,m—2)+

(22) 330 (vo.) + 2000 fleh,) + iy fleod)+
1 9 1
32100 flon—14) + 2300507 flen_1 ) + 20050 flen—1,)
> —8.

Note that since F(vo0) > 1, f(vopo) + f(epo) + f(eo0) > —1. Analogously,
we have f(vn-10) + f(€r,_10) + f(en—20) = =1, f(vom-1) + f(€gm_1) +
fleom—1) > —1and f(va—1m-1) + f(€,_1,1) + f(en—2m-1) > —1. Since
F(x) > 1 for all z,

n—1 n—1 m—1 m—1
Z F(eion) + Z F(eim—1) + Z Flep;) + Z F(ey, 1) >2m+2n — 4.
i=0 i=0 i=0 i=0

It follows that

2 Z?;()ll (vio) + 32?;02 (621'70) +2 Z?gol (eg,o)l

+23 350 fim—1) + 332050 fleim—1) +23 215, (e;,m—2)
(23) 42205 flvoa) +3 007 fleh) + 221" Fleoq)

23000 Fon—14) + 32000 el 1) + 200" fen—24)
>2m+ 2n — 12.
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Adding equation (2.2) and (2.3),

52?;01 (Ui,0)+52?;02 (6i0)+3z o fle 10)

+5 30 F(vim—1) + 530 fleim— 1>+3z (€} _s)
+5 305" fvoa) + 520 (e0,) +3 27 <eol>

+5 30 F(one1,) + 53007 flel 1z)+32 (en—2,)
> 2n + 2m — 20.

This implies

10312, fvio) + 1032077 (ei0) +5 25, <e;o>
+103°70 f(Vim— ) + 10 5055 f(eim- )+5Z (€ m2)
+10 370" fvos) +10 07 <g> 557 <e01>
(24) +1030! <vm>+1oz e, Z>+5z (en—2.)
> dm + 4n — 40 — 1) f(el ) > 1 f(€m- 2) P f(eo,z')
- Z?i?)l f(en—Q,i)
> 2m + 2n — 40.

Finally observe,

2yeV(G)UE(G) 2= weNrly | (%)
=9 ZyEV G)UE(G) Fly) =230 fio) = 23205 fleio)
(2‘5) - Z ( ) 2 Z?;ol (Ui,mfl) -2 Z?;()Q (ei,mfl)
— 3 F (€ ) = 230" fvos) — 230107 £(eh)
- Zzz (e0s) = 2310 flun—1a) — 232015 ( €n—1,i)
=3 Flen—2.).

From equations (2.1),(2.4), and (2.5) it follows that

45 Zer(G)UE(G) f)
=9 Zer(G?UE(G’) > zENT[Y] (l‘) -
+10372 0 fvio) +103205 (ez,o)+52 U )
"‘1021: (Viym—1) +1OZz:o (€im—1) "‘52 ( €im— 2)
H10°70" flvoa) + 10 27007 fleh) + 530" (eo,z)
10700 f(on1,0) + 103007 f(e), 1) + 5300  flen—2.4)
> 5(3mn —m —mn)+2m + 2n — 40 = 15mn — 3m — 3n — 40.

Hence

,y;k (PmDPn) > ’715mn3£)g3n40

“ P(3mn—m—n) ‘
(]

3. UPPER BOUNDS ON THE TOTAL SIGNED DOMINATION NUMBER OF
GRAPH P, 1P,

In this section, we present upper bounds on the total signed domination
number of P,,00P, for m,n > 2. We introduce the following notation to
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define a total signed dominating function of P, 1P,,

fwo0)  flego) f(vo)  flegy) flvo2) -+ flvom—2) fle€gm_2) F(vo,m—1)

f(eo,0) f(eo,1) f(eo,2) -+ f(eo,m—2) f(eo,m—1)
flvio)  flelo) flvia)  flehy) Fluiz) -+ Floim—2)  flef m_2) Flvim-1)

fle1,0) fle1,1) flei,2) -+ fler,m—2) fler,m—1)

F(0n—2.0) (€ _5.0) F(0n—21) F(€ly_5.1) f(Wn2.2)" F(vn—s.m—2)F(€ls_5 m_2)f (Un—2,m—1)
flen—2,0) flen—2,1) flen—2,2) - f(en—2,m—2) flen—2,m—1)
Fon—1,0)f(er,_1 o) f(on—1,1)fl€,_1 1) f(n-1,2) - fF(vn-1,m—2)f(en 1 m_2)f(Vn-1,m-1)

Lemma 3.1. Form > 2 and n = 2,

v (PR,OP,) < m.

Proof. Tt is sufficient to define a function f with w(f) = m. Let

-1 1----1 1-1
f: 1 1 1.
1—1--- 1-1 1

P, P,
FiGURE 2. Graphs P3P, corresponding to f.

By adding each column, one can see w(f) = m. For m = 3 and n = 2, see
Figure 2, where black vertices (thick edges) stand for f(z) = 1, and white
vertices (thin edges) stand for f(z) = —1. O

Lemma 3.2. Form > 2 and n > 3,

( %m-“g m (mod 4) =0 and n (mod 4) =0,
%WM, m (mod 4) =2 or n (mod 4) = 2,
N (PpOP,) <
mntm=2 m (mod 2) =0 and n (mod 2) =1,
\ %Jrn%7 m (mod 2) =1 and n (mod 2) = 1.

Proof.
Case 1: m (mod 2) =0 and n (mod 2) = 0.
Subcase 1.1. m (mod 4) =0 and n (mod 4) = 0.
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It is sufficient to define a function f with w(f) = (mn+m+4)/2.

Let

1 1-1

1-1

-1

1-1 -1 1-1 1 1-1

1-1

1-1

1-1

1-1

1-1

1.-.

-1
1-1

1 1-1 1 1-1 1-1

1-1

1

1-1

1 1-1

1-1

1-1 1

1-1

1-1 -1

1-1

1

1-1

1-1 1

1-1

1 1-1 1-1

1-1

1-1 -1 1-1 1 1-1

1-1

1-1 1 1-1 1

-1

By adding each column, one can see w(f) = (mn +m + 4)/2 (see

Figure 3 for m = 12 and n = 12).

Pio

Pis

FiGURE 3. Graph Pjs[JPjo corresponding to f.

2orn (mod4)=2.

Subcase 1.2. m (mod 4)
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It is sufficient to define a function f with w(f) = (mn+m+2)/2.

Let

1

1

1 1-1 1

11

1

1 1-1 1-1 1---

1

-1

1----1-1-1 1-1 1-1 1 —-1-1-1

1-1 1-1

—1-1-1

1.--.-1-1-1 1-1 1-1 1 —-1-1-1

1-1 1-1

—-1-1-1

1-1

1-1-1

1-1-1

1...

1-1 1

1

1-1-1

1-1 1 1-1

1

1-1---

1-1

1-1

e e (e e S

By adding each column, one can see w(f) = (mn+m + 2)/2 (see

Figure 4 for m = 10 and n = 8).

P

Py

Ficure 4. Graphs Pjg0Fs corresponding to f.

0 and n (mod 2) = 1.

Case 2: m (mod 2)

1 -1-1-1

—1-1-1

1..-

—1-1-1

1 -1-1-1

—-1-1-1

1...

-1-1-1

It is sufficient to define a function f with w(f) = (mn+m—2)/2. Let
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By adding each column, one can see w(f) = (mn+m —2)/2 (see Figure
5form=8andn="7).

P P
FIGURE 5. Graphs Pg[1P; corresponding to f.

Case 3: m (mod 2) =1 and n (mod 2) = 1.
It is sufficient to define a function f with w(f) = (mn+m—>5)/2. Let

1 1—-1 1-e—1 1-1 1 -1
1 1 -1 1 1
1—=1 1-1--- 1-1 1-1 1
1 1 -1 1 1

111 1-v—-1-1-1 1 -1
1 1 1 1
1-1 1-1 1-1 1-1 1
1 1 1 1 1
111 1-e—1-1-1 1 —1
1 1 1 1 1
1-1 1-1--- 1-1 1-1 1
1 1 1 1 1
1 1—-1 1-v—1 1-1 1 -1
B R .
| |
| 7;, I 7; _
| |
S J— ) —
| |
| |
| |
Ps P

FIGURE 6. Graphs Ps[P; corresponding to f.
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By adding each column, one can see w(f) = (mn + m — 5)/2 (see
Figure 6 for m =5 and n = 7).

U
By Lemma 3.1 and Lemma 3.2, we have
Theorem 3.3. For any integers m,n > 2,
m, n =2,
mntmid n >3 and m (mod 4) =0 and n (mod 4) =0,
va(Pn,OP,) < %m“, n >3 and m (mod 4) =2 or n (mod 4) =2,
mntm=2 n >3 and m (mod 2) =0 and n (mod 2) =1,
mntmAn=5 " p >3 and m (mod 2) =1 and n (mod 2) = 1.

that 1is,

mn+m-+n-—+2

'Y;(PmDPn) < 9

By Theorem 2.1 and Theorem 3.3, we have

Theorem 3.4. For any integers m,n > 2,
[15mn —3m —3n —40

-‘ mn+m+n+2
45 P(3mn—m—n)

2

<A~}(P,0OPR,) <
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