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FEEDBACK VERTEX NUMBER OF SIERPINSKI-TYPE
GRAPHS

LILI YUAN, BAOYINDURENG WU, AND BIAO ZHAO

ABSTRACT. The feedback vertex number 7(G) of a graph G is the mini-
mum number of vertices that can be deleted from G such that the resul-
tant graph does not contain a cycle. We show that 7(Sy) = p™ ' (p —2)
for the Sierpinski graph S, with p > 2 and n > 1. The general-
ized Sierpinski triangle graph S;? is obtained by contracting all non-
clique edges from the Sierpiniski graph S;L“. We prove that T(S’?) =
(3" +1)/2 = |V(8%)|/3, and give an upper bound for 7(S2) for the case
when p > 4.

1. INTRODUCTION

In this paper, we consider only simple, finite, undirected graphs and
refer to [2] for undefined terminology and notation. For a graph G =
(V(G),E(G)), the order and size are |V(G)| and |E(G)|, respectively. We
denote the order and the size of G by |G| and ||G||, respectively. For a vertex
v, the degree of a vertex v, denoted by dg(v), is the number of edges which
are incident with v in G, and the neighborhood of v, denoted by Ng(v), is
the set of the vertices adjacent to v in G.

For a set X C V, let G — X be the graph obtained from G by removing
vertices of X and all the edges that are incident to a vertex of X. The
subgraph G — (V(G)\ X) is said to be the induced subgraph of G induced by
X, and is denoted by G[X]. We call X a feedback vertex set of G if G—X is a
forest. The feedback vertex number of G, denoted by 7(G), is the cardinality
of a minimum feedback vertex set of G. The order of a maximum induced
forest of G is denoted by f(G). It is clear that 7(G) + f(G) = |G|.

So, determining the feedback number of a graph G is equivalent to finding
the maximum induced forest of G, first proposed by Erdds, Saks and Sos
[5]. Some results on the maximum induced forest are obtained for several
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families of graphs, such as planar graphs with high girth [4, 17], outerplanar
graphs [13, 28], triangle-free planar graphs [30]. The problem of determining
the feedback vertex number has been proved to be NP-complete for general
graphs [16]. However, the problem has been studied for some special graphs,
such as hypercubes [6, 29], toroids [26], de Bruijn graphs [34], de Bruijn
digraphs [33], 2-degenerate graphs [3]. A review of results and open problems
on the feedback vertex number was given by Bau and Beineke [1].

The definition of Sierpinski graph was first introduced by Klavzar and
Milutinovié [19] in 1997. Graphs whose drawings can be viewed as approx-
imations to the famous Sierpiniski triangle have been studied extensively in
the past 25 years, see a recent survey [8] for a collection of the results and
the related works. We follow the notation there. For an integer k, let N
be the set of all integers greater than or equal to k. In particular, Ny is
denoted simply by N. For an integer p € N, let P = {0,1,...,p — 1}. For
convenience, let [n] = {1,...,n} for an integer n € N. Let P™ be the set of
all n-tuples on P.

Definition 1.1 ([8]). For two integers p > 1 and n > 0, the Sierpinski
graph Sy is given by

V(Sp) = P", E(S)) = {{sij* ", sji" '} i,j € Pyi # j;d € [n);s € P}

A vertex s189...5, of S;} is called an extreme vertex if 51 = --- = s,,.
There are precisely p extreme vertices in Sj. It is easy to see that dgp (u) =
p — 1 for an extreme vertex u and dgp (v) = p for all other vertices v. In
the trivial cases n = 0 or p = 1, there is only one vertex and no edge, i.e.
Sg = K; = ST; moreover, S; = K, where K, denotes the complete graph of
order p. The first interesting case is p = 2, where 53 = Psn. The drawings
of the Sierpinski graphs S5 and S? are shown in Fig. 1.
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FIGURE 1. S and 52

Definition 1.2 ([8]). For two integers p > 1 and n > 0, the generalized
Sierpinski triangle graph 5’3 is obtained by contracting all nonclique edges
(with the form {sij',sji'} for distincti,5 € P and | € [n], s € P"™') from
the Sierpinski graph SIT}H.
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Sierpiniski-type graphs have many interesting properties, see [9] for its
planarity, [20] for its crossing number, [10, 15, 25, 18, 35, 36] for its various
colorings, [23] for the global strong defensive alliances, [24] for the hub num-
ber, [21] for the Hamming dimension, [31, 32] for enumeration of matchings
and spanning trees, [11, 12, 27, 22, 37| for distance and metric properties.

The main topic of the paper focuses on the feedback vertex number of
Sierpiniski-type graphs. In Section 2, we show that 7(S}) = p"(p —2).
In Section 3, we show that 7(5§) = (3" 4+ 1)/2 = |5%|/3. In Section 4, we
present an upper bound for the feedback vertex number of S”g for any p > 4.
Some other relevant results are presented as well.

2. SIERPINSKI GRAPHS

In this section, we determine the exact value of the feedback number of
Sierpinski graph S For two vertex subsets X,Y of a graph G, we denote
by Eq[X,Y] the set of edges of G with one end in X and the other end in
Y. First we show the following.

Lemma 2.1. For two integersn > 1 and p > 2, 7(S)) > p"p—2).
Proof. By induction on n. If n =1, S = K. Since

T(Sp) =7(Kp) =p—2=p"(p—2)=p""'(p-2),

the result then follows. Next assume that n > 2 and X is a minimum
feedback vertex set of S7'. Let V; = {ik| k € V(S)~1)} for each i € P. From
the definition of S}, we know that Sp[V;] = Sg_l. Let X; = X NV for each
i € P. Since X is a minimum feedback vertex set of S}, X; is a feedback
vertex set of S?[V;]. By the induction hypothesis, | X;| > p"~?(p—2). Thus,
[ X| > pp"2(p—2)=p" " (p—2). O

A 2-element set Y C P™~! for an integer m € {2,...,n} is said to be
pairable if Y = {sa, sb}, where s € P2 and {a,b} € (];) In this case, let
head(Y) = s. Further, we define

CY):=Ci(Y)UCy(Y),

where C1(Y) = {saa, sab, sba, sbb} and Cy(Y') = {sk(k — 1),sk(k + 1)| k €
P\{a,b}}, and k—1, k+1 are taken modulo p. In general, aset Y C P™ 1 is
said to be pairable if Y can be partitioned into some 2-element sets Y7, ...,Y,

such that Y; is pairable for each i, and head(Y;) # head(Y;) for any i, j with
1 # j. Moreover, let us define

head(Y) := |_J head(Y;) and C(Y) := | J C(¥).
i€q] i€[q]
Observe that if Y is pairable (since head(Y;) # head(Y}) for any 4, j with
i # j), then it must be partitioned into some 2-element pairable sets in a

unique way. So, we call {Y7,...,Y,} the pairable partition of Y, and call each
Y; a block of Y. Take Y = {0,2} C V(S?}) for an example. Then C(Y) =
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{00,02,20,22,10,12,32,34,43,40} C V(S2), see the subgraphs S:[Y] and
S2[C(Y)] as depicted in red in Fig 2.
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FIGURE 2. S3[Y] and S2[C(Y)], where Y = {0,2}

Lemma 2.2. IfY C P™! is pairable for an integer m > 2, then C(Y) is
pairable, and head(C(Y)) = {sa| s € head(Y),a € P}.

Proof. Let {Yi,...,Y,} be the pairable partition of Y, where for each i,
Y; = {ssa;,5:b;} for some s; € P2 and {a;,b;} € (g) By our definition,

c(y):=J cm,
i€[q]
where C(Y;) := C1(Y;) U Co(Y;), and C1(Y;) = {ssaiai, siaib;, sibia;, sibib; }
and Co(Y;) = {sik(k — 1),s;k(k+1)| k € P\ {a;,b;}, where k — 1,k + 1
are taken modulo p}.

Note that for an integer i € [g], C1(Y;) can be partitioned into two 2-
element pairable sets {s;a;a;, s;a;b;} and {s;b;a;, s;b;b;}, and Ca(Y;) can be
partitioned into p — 2 two-element pairable sets {s;k(k — 1), s;k(k + 1)},
where k € P\ {a;,b;}. It is clear that the set of the heads of these p sets
is {sia| a € P}. Moreover, by our assumption, since s; # s; for distinct
integers 1,7, s;a # s;b for any a,b € P (even when a = b). This proves the
lemma. o (]

In what follows, for an integer m > 2 and a pairable set Y C P, let
cC™(Y)=C(C™L(Y)).
Lemma 2.3. Let Y1 = {1,2} C V(S,), and Y,, = C" (Y1) for m €
[n]\ {1}. Then Y, is a pairable set with head(Y,,) = P™~ !, |Y;,| = 2p™ !
and S;'Y] is a forest for each m € [n].
Proof. First of all, since Y7 = {1,2} is a pairable set, by Lemma 2.2, Y5 is
pairable. By definition,

Yo = C(YV1) = {11,12,21,22} U {k(k — 1), k(k + 1) | k € P\ {1,2}}.
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Note that head(Y2) = {0,1,...,p — 1} = P and |Y2| = 2p. One can
see that SI% [Y2] is a linear forest consisting of two paths, 11,12,21,22 and

Assume that m > 3 and the lemma is true for lesser values of m. By the
induction hypothesis, Y, 1 is a pairable set with head(Y;,_1) = P™~2 and
Yy 1| = 2p™ 2. Since Y;,, = C(Y;n_1), by Lemma 2.2, Y™ is pairable, and

head(Y;,) = {sa| a € head(Yy,_1),a € P} = P 1,
Thus |Y,,| = 2head(Y,,) = 2|P™~ 1| = 2p™~1L.
Next we show that S)'[Y,,] is a forest of S}, Let Yy, = Y1 U Yino, where
Y1 = C1(Yim-1), Ym2 = Co(Yin—1).

Claim 2.4. Egm (Y1, Yino] = 0.

Proof. Suppose not, and let y1 € Yi;,1 and yo € Yo with y1y2 € E(S)"). By
the definition of Y,,; and Y},2, there exist blocks {sja, s1b} and {sac, sod} of
Y;n_1 such that y; € C1({s1a,51b}) and yo € Co({s2c, s2d}), where s1, 593 €
P™2 and a,b,c,d € P. Recall that Cy({s1a, s1b}) = {s1aa, s1ab, s1ba, s1bb}
and Co({s2c, sad}) = {sok(k — 1), s0k(k+1)| k € P\ {c,d}}.
Case 1: y2 = sok(k — 1) for an element k € P\ {c, d}.
Since Ngm(y2) = {s2(k — 1)k} U {sokc| ¢ € P\ {k —1}}, y1 €
{s1aa, syab,
s1ba, s1bb}, and yiys € E(S)'), we have ({s2(k — 1)k} U {s2kc| ¢ €
P\ {k — 1}}) N {s1aa, syab, siba, s1bb} # 0. It follows that s; = so.
Moreover, since Y,,_1 isipaira)le, ‘the heads of different blocks are dis-
tinct. So, {sia, s1b} = {sa2c¢, sad} and thus {a,b} = {c, d}.
Now rewrite ]Vg;n (y2) = {s1(k — D)k} U {s1kc| c € P\ {k —1}}, where
k € P\ {a,b}. However, since k € P\ {a,b}, it is clear that Ngm (y2) N
{s10a,s1ab, 51ba, 51bb} = (), a contradiction, implying y1y2 ¢ E(S}").
Case 2: yp = sgk(k + 1) for an element k € P\ {c,d}.
Proof of this case is similar to that of Case 1.

Claim 2.5. S)"[Yi,2] is a forest.

Proof. Recall that Y, = Co(Y,—1) and Ca({siai, sibi}) = {sik(k+1), sik(k
—1) | k € P\ {a;,b;}} for a block {sja;,s;bi}. One can easily check
that S)'[Ca({siai, sibi})] is a linear forest with at most two components.
If {sja;,s;b;} is another block of Y;,,_1, then by s;,s; € P™ 2 with s; # s;,
Egp[{sik(k—1), sik(k+1)}, {s;1(1—1),s;1(1+1)}] = 0 for any k € P\{a,b}
and I € P\ {c,d}. So, Esp[Ca(siai, sib;), Ca(sja;, s;b;)] = 0. Thus S [Yreo)]

is a forest. O
Claim 2.6. S}"[Yi1] is a forest.

Proof. Suppose that C' is an induced cycle of S}*[Vin1], and let S = {s| s €
P2 and there is a vertex v € V(C) such that v € C;({sa,sb})}. Since
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C1({sa, sb}) = {saa, sab, sba, sbb} for a block {sa, sb} of Y,,_1, it is clear that
S;C1({sa, sb})] = Py. It is not hard to see that V/(C) = U, g C1({sa, sb}).

Let C' = 57"~ 'Uses{sa, sb}]. One can see that C” is a cycle of )"~ ![Vy, 1],
a contradiction. This proves that S)'[¥;,,1] contains no cycle.

U
Summing up Claims 2.4-2.6, we conclude that S}'[Y;,] is a forest. O
Theorem 2.7. For integer p > 2, n > 1, 7(S}) = p"tp—2).

Proof. By Lemma 2.3, f(Sy) > 2p"~ 1, and thus T(Sp) < p" = f(Sy) <

p"~(p — 2). On the other hand, by Lemma 2.1, 7(5}!) > p"~!(p — 2). The
result then follows. ]

In [8], two kinds of regularization of Sierpinski graphs were introduced.

Definition 2.8 ([8]). Forp e N and n € N, the graph *S}} is defined by
V(*Sy) = PU{w}, E(TS)) = E(S)) U {{w,i"}| i € P}.

Lemma 2.9 ([8]). Ifp € N andn € N, then [*S}| =p™ +1 and || TS| =
p(p" +1)/2.
Definition 2.10 ([8]). Forp € N andn € N, the graph **S}' is defined by

V(TS =P U {ps| s€ P"},

B(+87) = B(S2) U {{ps,pf}| {5,} € B(Sp~} U {{pinL,i"}| i € P},
Lemma 2.11 ([§]). If p € N and n € N, then [*1S!| = (p+ 1)p" ! and
IT+Sp ) = 2=pr.

Drawings of +.S7 and *+S? are shown in Fig. 3, where the left one is *5%
and the other one is *5%.

FIGURE 3. 757 and T+52

Corollary 2.12. For integers p > 2 andn > 1,

n—1 _2’ . 23
s = {70 2
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Proof. If p =2, +5’;‘ is a cycle, and thus T(+Sg) = 1. Now let us consider the
case when p > 3. Since S)! is a subgraph of TS, 7(T.S7") > 7(S}) = p"~ ! (p—
2). On the other hand, let Y;, be the set as in the proof of Lemma 2.3. Let
Yy = (Y, \ {1"}) U {1"710,w}. It can be checked that *S7[V}] is a forest
of TS with |Y;| = 2p"' + 1. Thus 7(*S}) < p" '(p —2). The result
follows. 0

Corollary 2.13. Forintegersp > 2 andn > 1, 7(*1S7) = 7(S2)+7(Sp~1).

Proof. By the definition of *S7, clearly, 7(**S7) > 7(5]!) + 7(Sp~).
Next, we prove 7(**S5p) < 7(S}) + T(Sg_l). Let Y, = C"1(Y7) be the
set defined as in the proof of Lemma 2.3, where Y; = {1,2}. On the other
hand, we choose Y;* = {3,4}, and Y} ; = C" %(Y{") as defined in the
proof of Lemma 2.3. By the proof of Lemma 2.3, T+SP[Y,] = SP[Y,] is
a forest, and T+SP[pYs ] = SPY ] = SP[Y, 1] is a forest. Moreover,
Bt gn [Yo, pY, 1] = 0. Thus *FS}[Y, UpY,7_;] has no cycles, and 7(*+Sp) <
T(Sp) 4+ 7(Sph). 0

3. SIERPINSKI TRIANGLE GRAPHS

A class of graphs that often has been mistaken for and also been called
Sierpinski graphs can be obtained from the latter by simply contracting all
nonclique edges. We will call them Sierpinski triangle graphs. Let T :=
{0,1,2} and T := {0,1,2}. Denote the vertex obtained by contracting the
edge {sij" "*1 550" "'} by s{i,j}. Then the vertex set of S¥ can be
written as

vEp -Tu{stil ser el e (3 )}

Further, we replace each vertex s{i,j} by sk, where k = 3 —i — j. So,
E(S5™) = {{k,k"j} k€ T, j € T\ {k}} U{{sk,sj}| s € T", {4, k} € (3)}
U{{s(B— i~ )ik, 57} s € TV v € [l € T.jk € T\ {i}).

The Sierpinski triangle graph Sg’ is shown in Fig. 4.

Lemma 3.1 ([14]). If p € N and n € Ny, then \S’m = p(p™ +1)/2 and
18311 = 25t

Theorem 3.2. (i) For any n > 0, each minimum feedback vertex set of
Sgb contains at most one vertez in {0, 1,2},
(it) for n >0, S% has a minimum feedback vertex set A, such that |A, N
{07 ia Q}| =1,
(iii) forn >1, 7(S§) = 37(S5~ 1) — 1,
(iv) T(S5) = (3" +1)/2 = |S¥/3.

Proof. The proof proceeds by induction on n. For convenience, let a, =
7(5%) and V,, = V(S%) for any integer n > 0. If n =0, S5 = K3. Trivially,
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FIGURE 5. Relation between S;} and Z'Sg*l foreach i e T

ap = 1 and each minimum feedback vertex Sg consists of exactly one element
of {0,1,2}. Let Ay = {0}. Now assume that n > 1 and the results hold for
n — 1.

First we prove (iii). By the induction hypothesis and the symmetry of
S'g_l, there exists a minimum feedback vertex set A, _1 of 5':?_1 containing
the vertex 0. To prove a, < 3an_1 — 1, let Vi = {ia| a € V,,_1} for each
ieT, where 00 =0, 11 =1, and 22 = 2; 01 =2 = 10, 02 = 1 = 20, and
21 = 0 = 12 (sce Fig. 5 for an illustration).

One can see that V, = VOU V! UV;2 and S§[Vi]] = S5~ for each j € T.
For each j € T, we define an isomorphism f; between ggfl and jS’Q*l as
follows:

(1) fo(0) =0, fo(1) =2, fo(2) = 1;
(2) 1(0) =0,1(1) =2,/(2) = 1;
(3) f2(0) = 0, fo(1) = 2, f2(2) = 1
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Let

(3.1) A= A,

JET

It can be checked that A,, is a feedback vertex set of 5‘}2 with

0
0
2 1
1 2 0 2
SY S5

FIGURE 6. Minimum feedback vertex set A, (red vertices)
of S§ for n € {0,1,2} with property (ii)

(3.2) | Ap| = 3an_1 — 1.

So, a, < 3ap,_1— 1.

Next we prove a,, > 3a,_1 — 1. Let A, be a minimum feedback vertex
set of Sgl, and let A, = A, N igg_l for each i € T. Since iggl_l = S*g_l,
Al is a feedback vertex set of iggfl. Hence, |A%| > a,_1. Note that
|Ap) =02 |AL] — |4, N {0,1,2}]. Tf |4, N {0,1,2}| < 1, then a, = |A,| >
3an—1 — 1. Assume that [{0,1,2} N A,| = 2, and without loss of generality,
let {1,2} C A,. By the induction hypothesis (i), |42 > a,—1 + 1. Hence
an > ap—1+1+ap_1—1+ap_1—1=3a,-1—1.If [{0,1,2} N A,| = 3,
by induction hypothesis (i), |4%| > an—1 + 1 for each j € {0,1,2}. Hence
an > ap—1+14+ap—1+1+ap_1+1—3=3a,-1. This proves (iii).

Let A, be the set constructed as (3.1) in the proof of (iii). By (3.2) and
(iii), A, is a minimum feedback vertex set with 0e A, and 1 ¢ A 2d A,
(for an illustration, see Fig. 6). This proves (ii).

To prove (i), suppose that X, is a minimum vertex set of Sgl with | X, N
{0,1,2}| > 2. Let X} = X, NiSy~! for each i € T. Since 455 ' = S3~1,
X! is a feedback vertex set of iS5 '. Hence, |X7}| > an_1. Note that
|X7L| = E?:D |X711’ - |Xn N {0{1’ 2}|

If {0,1,2} N X,| = 0, | X3| > a,_1 for each j € {0,1,2}. Hence a, >
ap—1+ apn-1 + an—1 = 3a,—1, contradicting (iii). If [{0,1,2} N X,| =1, by
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induction hypothesis (i), | X3| > a,_1 4 1 for some j € {0,1,2}. Thus
2
tn = |[Xp| =D X} =1 > (an-1+an-1+an1+1)—1=3a, 1,
j=0

contradicting (iii). If [{0,1,2}NX,,| = 2, then at least two of | X}|, | X2, | X3|
are greater than or equal to a,—1 + 1. Thus a, = |X,| = Z?:o X3 —2>
(an—1t+an—1+1+an—1+1)—2 = 3a,_1, contradicting (iii). If [{0,1,2}NX,| =
3, by the induction hypothesis (i), |X4| > an_1 + 1 for each j € {0,1,2}.
Hence ap, > ap—1+1+ap—1 +1+ay,—1+1—3 = 3a,_1, contradicting (iii).
This proves (i).

Finally we prove (iv). Since ag = 1 and by (iii), we have 7(5§) = (3" +
1)/2. Moreover, by Lemma 3.1, 7(5%) = |S%|/3. O
4. GENERALIZED SIERPINSKI TRIANGLE GRAPHS 5‘1’; FOR p > 4

By Definition 1.2, for p € N and n € Ny, the generalized Sierpinski
triangle graph Sg is obtained by contracting all nonclique edges from the
Sierpinski graph Sg“. We denote the vertex obtained from contracting the
edge {sij" "1, sji" "t} € B(SpH) by s{i,j}. Then

V(8y) = PU {s{i,j}\ se Pl e [n),{i,j} € <I;> } ,

where P = {k | k € P}, and

E(SIHY) = {{k, k" {j, k}}| k € P.j € P\ {k}}
o{tstianstimsericpn e (7))
U {{ski"™{i, i}, s{i, k}}| s € P*"L v € [n]i € Pj k€ P\ {i}}.

The Sierpiniski triangle graphs S’g and S’g are shown in Fig. 7 and in
Fig. 8, respectively. Trivially, 5’2 = K. Recall that 7(G) + f(G) = |G| for
any graph G. For convenience, we consider f (gg) instead of T(SI’}) It is not
hard to see that for n < 2, if p is even,

2, ifn=0
Sy =<% ifn=1
PP+ ifn=2
If p is odd,
2, itn=20
ESERES ifn=1

pP+E—1, ifn=2

In view of Section 3, it remains to consider the case when p > 4.
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FIGURE 7. Sg: a contraction of a dotted edge of Sg’ repre-
sents a vertex of S3, S2[Bj] is the subgraph colored red

Theorem 4.1. For integers n > 3 and p > 4,

n—1 n—2_, .. . .
o pt ==+ 2 ;rﬂ?—l—%p, if p is even
f(Sp) 2 n p7zfl+pn72_5p+3 . .

D — s ’pr 18 Odd

Proof. Let V;, = V(S7) and iB}, = {ib| b € B};} for each i € P, where ii =i
and ij = ji = {i,j}, B: C V,, will be defined recursively in terms of the
parity of p as follows.

Case 1: pis even. Let S = {0,2,...,p — 2} and A = {{s1,s2}| s1,52 €
S, s1 # s2}. Note that A C V,.

For any s € S, let A2 = {5,s+1,{s,s + 1},s{i,i + 1}, (s + 1){i,i +
1} i € P\ {s}} C Va. It is easy to see that S’E,[Ag] is a path of length 2p
connecting § and s+ 1. For any k > 3, some subsets of Vj, are defined by
AF = sAF=1 U (s + 1) A5~ and further

B) = U 545 U (st + DAE T Usp Al U (s + 1) AR,
51,52€85,81#52
Bk = U (81A§2_1 U (81 =+ 1)A§2_1 U SQA’SCl_l

Sl,szes,sl#SQ
U (s2+ DA\ {51, 501),
BY) = By, By F = {jb| j € P"* b e By}
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By the definition above, one can see that By = By \ A, U,cp jB,Z_l_k =
B % and AN (Uses A7) =0, AAO B % =. Let By = Uses A2 It can be
seen that Sg [B3] is a forest (see S3[Bj] depicted in the color red in Fig. 7).
Claim 4.2. For any k > 3, let B = (U;cp jBi_1) \ A. Then

(l) BZ - (UsGS A?)AU (Uggkgn B}?_k):

(it) for each s € S, SI'[A?] is a path of order 2" 'p+1 joining § and s + 1,
(i1i) for any 3 < k < mn, Sg[Bg_k] is a forest consisting of p"F (%2) paths
of order 2Fp — 1,
(iv) Sp[By] is a forest.
Proof. The proof proceeds by induction on n. First we prove the statements
for n = 3. Since B} = [J g A2

=(lJiBs) \A=(UJUA§>\A

JeP jeprP ses

=(JsAus+naiu J  jah)\A4

seS jeP\{s,s+1}

=(Jsazus+nayoully U d4))\A4

ses s€S jeP\{s,s+1}

=(JahuB\4
s€S

= J4}uB;,

seS

proving (i).

Now we prove (ii). Since S‘;’ [A3] = 5‘;’ [sAZU (s +1)A2], S‘;’ [sA2] = 5’;’[(3-1—
1)A2%] =~ S‘Z%[Ag] Recall that for a fixed s € S, S’g[A?] is path of order
2p+ 1 connecting 3 and s + 1. It follows that 5’;’ [sA%] and S’S[(s +1)A?2] are
paths of order 2p + 1 joining s§ and s(s/—ij), (s+1)s and (s + 1)(8/4—\1),
respectively. Moreover, since s8 = §, (s+ 1)(3/4-—\1) = (3/—17) and s(;-\l) =
(s+1)s = {s,s + 1}, SE[AE;’] is a path connecting & and s+ 1 of order
22p+1)—1=4p+1.

To prove (iii), let us consider a pair of elements s1,s2 € S with s; # sa.
Since

S3s142,] = Spl(s1 + 1) AZ,] = 8750 A2 ] = 57 [(so + 1)AZ] = S7[A7),
5’3[311432], Sg[(sl + 1)A§2];§’ﬂ9214§1], 5’;’[(32 + 1)A2)] are/pa\ths of order
2p 4 1 joining s1s2 and s1(s2 + 1), (s1 +1)s2 and (s; +1)(s2 + 1), s2s1 and
sa(s1+1), (s2 +1)s1 and (s + 1)(s1 + 1), respectively. Moreover, s1s3 =
s981 = {s1,82}, s1(s2+1) = (s2 + 1)s1 = {s1,82 + 1}, sa(s1 +1) = (51 +
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1)sa = {s1+1, s2}, (Sg—i—l)((;—l—\l) = (51—1—1)(57\4—1) = {s1+1, s2+1}. Hence
53 [s1A3 U(s1+1)A3,Usa A3 U(s41)A? ] is a cycle of order 4(2p+1)—4 = 8p,
and thus 33[51A§’2 U (s141)A2 UsoA2 U (sg 4 1)A2 ] — {s1,s2} is a path
of order 8p — 1.

By the different choices for s1, so € S, we obtain the total number of (p 42)
such paths in Sg’ [Bs]. This proves (iii).

By (i), (ii), and (iii), 3;’ [B3] is a forest, proving (iv).

Now assume that n > 4 and the statements (i)—(iv) are true for smaller
values of n. Since

1= (Uses AP U (Us<hen1 BYHF)

and B = (UjepjB;_;) \ A, we have

B - (UUiahulU U s 4

JEP s€S JEP3<k<n—1
= JGsAartus+narhuc J o sArh)
seS jeP\{s,s+1}
U B4
3<k<n—1
=Jsartus+narhodld U oodArh
ses s€S jeP\{s,s+1}
U B4
3<k<n—1
=Jaru( |J BiHuB,\A4
ses 3<k<n—1
=J4aru( |J BfHuB,
ses 3<k<n—1
=J4aru( | BiH.
seS 3<k<n

This proves (i).

Now we prove (ii). By the induction hypothesis (i), Sy~ *[A2~!] is path
connecting § and s+ 1 of order 2"~2p + 1. Since S’S[SAQA] = gg[(s +
A1) S’;L_I[A?_l}, S’;}[A’s‘] is path connecting § and s+ 1 of order
2(2"2p+1) —1 =2""!p+1 ( by a similar reason to the case when n = 3).
This proves (ii).

To prove (iii), let 3 <k <n — 1. Since

Byt ={jblje P*be By =B,
jep
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we have

S =SBy
Jj€p
For any j € P, S”[ 'B"fl*k] = S“"_l[B"*kk] By the induction hypothesis
(iii), there are p"~1~ k( ) paths of order 2¥p — 1 in S”[ i B, Moreover,
since Fg g[zB,’g_l_k,jB” 1=k = ¢ for any 4,j € P with i # j, there exists

p" 1 k(f) paths of order 2¥p — 1 in 5’;}[3};_"’].

Ifk =n, B = B, = B}, \ A. Since S';L[slAZ;IU(sl—i—l)A?Q_lUsQA?l_lU
(s2 + 1)A771] is a cycle of order 4(2"?p + 1) — 4 and 5’2[3114?;1 U (s1 +
DAL Uso AT U (sg+1) A1\ {51, s2}] is a path of order 2"p—1 in S’g [By].
By the different choice for s1,s9 € S, we obtain total number of (”42) such
paths in Sp[By]. This proves (iii).

By (i), (ii), and (iii), we conclude that S}/[B;] is a linear forest, proving
(iv). O

Claim 4.3. For any n > 3,

(4.1) Bl =p x|yl - PO - (72),

Proof. Since B} = UjeP jB:_1\ A and s153 = s251 = {s1, S2}, we have

- ; pp—1)
| U Janl‘ =pXx ’anl‘ T 9
jerP
Moreover, since |A| = (5), |By| =px |B;_i| — pg s (%2)- O

By Claim 4.2 and Claim 4.3, if n > 3, S’;} has an induced forest of order

no_ -
p g T 8 T3

Case 2: pis odd. Let S = {0,2,---,p — 3} and A = {{s1,s2}| 51,52 €
S,s1 # sa}. For any s € S, let

A2 ={55+1,{s,s+1},s{i,i+ 1}, (s + D{i,i + 1} i € P\ {s}} C Va.
It is easy to see that 5’5 [A2] is a path of length 2p connecting § and s + 1.

For any k > 3, we define some subsets of Vj as: A¥ = sA¥=1 U (s +1)AF1,
and further
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By=|J (45 U(si+ DA T UspAl T U (s + 1) AT,
51,52€85,51#82
Be= |J (5145 U (s1+ 1)AE T UspAl !

51,52€85,51#82
U (s2+ DA\ {51, 501),
BY) = By, By F = {jb] j € P"* b€ By}

With the slight difference to the case when p is even, we define some more
subsets of V}, as follows.

T ={p—1,(p—V{ii+ 1} ie P—1},

T = [ J((p = DAE Us(p — DFPT7 U (s + 1) (p - )P 5T,
sesS

T) =Ty, Ty % = {jt| j € P"*,t € T}

By the definition above, one can see that By = By \ 4, U;cp jBE R =
By * Usep Ty F =T 7%, AN (U,es A7) = 0, ANBE" =0, ANT ™ =
0, and AN (p—1)"2T" = 0.

It is easy to see that S’g[T’] is path of order p connecting (p — 1){0,1}
and p— 1. Let B} = (Uses A2) UT'. Trivially, S’g [B3] is a linear forest (see
Fig. 8 for S2[Bj], depicted in the color red).

0{0, 1} .0{0,4}

{0.1}. @gﬁ{@{@ 1)
o R e

-4{0,4}

FIGURE 8. S2: contraction of a dotted edge of S2 represents
a vertex of S2, S2[B3] is the subgraph colored red
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Claim 4.4. For any k > 3, let By = U,;cpiB;_1 \ A. Then

(i) By = Uues AD U Uneren BE ™) U Usenan T U 0= 1727,
i) for each s € S, ST[A?] is a path of order 2" 'p+1 joining § and s + 1,
pLlits
Wi) for any 3 < k < n, S?[B**] is a forest consisting of p"~* (p=1)/2
p L=k 2
paths of order 2Fp — 1,
w) for any 3 < k < n, S*[T"*] is a forest consisting of p" F(p — 1)/2
p Lk
paths of order 2k=2p 4 2p — 1,
(v) Spl(p —1)"2T"] is a path of order p,
(vi) S’Q[Bfl] is a forest.
Proof. The proof proceeds by induction on n. First we prove statements
(i)—(vi) for n = 3. Since B} = (U,cg A%) UT’, we have

By =(|JiB3)\ A

jep
= (i Aazur))\4
jJEP s€S
- U sUadmayulJimulJe-n42)
jeP\{p—1} s€S jeP seS
=(U4aHuBsusu(p- 1)1
seSs

The proof of (ii) and (iii) is similar to that of (ii) and (iii) for the case when
p is even. Next we prove (iv). By the definition,
Ty = J((p— DAZUST' U (s + 1)T).
seS

It can be seen that for a fixed s € S,

o S‘S[(p — 1)A?] is a path of order 2p + 1 joining (p — 1)§ and (p —

(s + 1), -
. SS[ST/] is a path of order p joining s(p — 1){0,1} and s(p — 1),
o S’;’[(s + 1)T"] is a path of order p joining (s + 1)(p — 1){0,1} and

(s+ D~ D).
Moreover, since (p — 1)§ = s(p/—\l) = {s,p— 1}, (s + 1)(p/—\1) = (p—
1)(5/—1—\1) ={s+1,p—1}, gg’[(p —1)A2UsT' U (s +1)T"] is a path of order
2p+1+2p—2=4p — 1. So, by the diffAerent choices for s € S, we obtain
total number of (p — 1)/2 such paths in Sg’ [T3].

Now we show (v). Since Sg [T"] is path of order p connecting (p —1){0,1}
and p— 1 and (p — 1)])/—\1 = p—1, SS[(p — 1)3727"] is path of order p
connecting (p — 1)?{0,1} and p/—A\l

By (i)-(vi), we conclude that S3[Bj] is a linear forest.
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Next assume that n > 4 and statements (i)—(v) are true for smaller values
of n. It is clear that

U U e Uom

JjEP 3<k<n—1 3<k<n—1
U uy sttt Yy ot
jEP 3<k<n—1 3<k<n-—1

Since p is odd, p — 1 is even, hence we have

(U Uidarna=Jayus,

jeP\{p—1} s€S s€S
Since
a=JAahue U BtHu U mmrhHue-nmtT
seS 3<k<n-—1 3<k<n—1

and By, = U;epiBy_1 \ 4, we have

=UUsaoy U gsertoU Ut

jEP seS JEP 3<k<n—1 jeP 3<k<n-—1
u(lJite—1m 1)\ A
JeEP
= U Usarhav U Bto U 1t
jeP\{p—1} s€S 3<k<n—1 3<k<n—1
U An 1 U U _ 1 n— 3T/
ses jeP
:UAQUBnU U B FuU U T"kUU 1At
ses 3<k<n-—1 3<k<n-—1 ses
u U de-1tTupe-1)mtT
JEP\{p-1}
=J4aru U BpPu | mrtumup-nniT
ses 3<k<n 3<k<n-—1
=J4arv {J Bitu | mrtup -t
ses 3<k<n 3<k<n

proving (i).

The proof of (ii) and (iii) is similar to that of (ii) and (iii) for the case
when p is even.

To prove (iv), we first consider the case when 3 < k <n — 1. Since

Ty k= {jbl je PR be Ty} =T,
Jjep
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we have
Sn Tn k U ]Tn 1— k
Jj€p
For any j € P, S’;}[jTg“l*k] o SI’}[T:*l*k]. By the inductAion hypothesis
(iv), there are p"~!1=%(p—1)/2 paths of order 2*~2p42p—1 in S’g_l[jT]:‘*l*k].
Moreover, since Eg,, [z’T,?fl*k,jT,?*kk] = () for any i,j € P withi # 7, there
p
exists p"*(p — 1)/2 paths of order 2¥=2p +2p — 1 in Sg[T,?_k].
Ifk=n T " =T, = Uses(lp— DA Us(p— )" 3T" U (s + 1)(p —
1)"=3T"). Note that for a fixed s € S,
o S‘E[(p — 1)A" Y is a path of order 2" 2p + 1 joining (p — 1) and
(- 1)+ 1),
o SMs(p —1)""3T"] is a path of order p joining s(p — 1)"2{0,1} and
s(p—1)"*(p—1) =s(p—1),
e SM(s+1)(p — 1)"3T"] is a path of order p joining (s + 1)(p —
1)"72{0,1} and (s + 1)(p — 1)"*(p — 1) = (s + 1)(p -1
Furthermore, since (p — 1)§ = s(p — 1) = {s,p — 1}, (s + D(p— 1) = (p —
D(s+1) = {s+Lp—1}, Spl(p—1) A7 Us(p—1)"*T'U(s+1) (p—1)"*T"]
is a path of order 2"~2p + 2p — 1. By the different choices for s € S, we
obtain the total number of (p —1)/2 such paths in S"[ n). This proves (iv).

Since 5’5 [T'] is a path Of order p connectlng (p—1){0,1} and p — 1. More-

over, since (p —1)" “p—1 = p— 1 S”[( — 1)"2T"] is path of order p
connecting (p — 1)~ 1{0, 1} and p — 1, proving (v).
By (i)-(v), Sy[B;] is a forest. This proves (vi). O
Claim 4.5. For anyn > 3,
N ‘ plp—1) _((p-1)/2
(4.2) 1Bl =px|B, 4| - - ,
2 2
Proof. Since B} = UjeP JjB:_1\ A and s153 = s251 = {s1, S2}, we have
. pp—1)
| U]B;fl|:pX|B;fl‘_T'
jer
Since [4] = (¥7)7%), |Bsl = p x Bl —pp = 1)/2 = (")7?). 0

By Claim 4.4 and Claim 4.5, if n > 3, S‘g has an induced forest of order

p 8

0

Since 7(G) + f(G) = |V(G)| for a graph G, Theorem 4.1 provides an
upper bound for 7(5};). We suspect the upper bound is the exact value of
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the feedback vertex number of the generalized Sierpinski triangle graph S‘;
for the case when p > 4.

Conjecture. For integers n > 3 and p > 4,

10.
11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

n—1 n—2
n_p p" T *+-4p | 5p ; -
fEm =P T E e T T Ups cven
p P — w’ if p is odd.
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