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BARNES-TYPE BOOLE POLYNOMIALS

DAE SAN KIM AND TAEKYUN KIM

ABSTRACT. In this paper we consider Barnes-type Boole polynomials
and give some interesting properties and identities of those polynomials
which are derived from the fermionic p-adic integrals on Z,.

1. INTRODUCTION

Let p be a fixed odd prime number. Throughout this paper Z,, Q,,and
C, will denote the ring of p-adic integers, the field of p-adic numbers and the
completion of the algebraic closure of Q,. The p-adic norm |- |, is normalized
as |plp = %. Let C(Zp) be the space of all Cp-valued continuous functions

on Zjy. For f € C(Z,), the fermionic p-adic integral on Z,, is defined by Kim
[5, 8, 10] to be

pN—1
) 10 = [ @i = Jim S S@hale + %)

= lim Z:(j) (—=1)" f(x).

By Equation (1.1), we get
(1.2) I(f) +I(f) =2f(0),

where fi(z) = f(z + 1); see [10, 9, 7] for details.
The Boole polynomials are defined in [15] by the generating function to
be

= t" 1 .
(1.3) ;Bln(xu)m = m(l +1)7,

while the Peters polynomials are given in [15] by
1 T
1.4 —— ] (148" Sn(
(14) () O+ Z (@ 0,7)
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As is known, the Barnes-type Euler polynomials are defined by the gen-
erating function to be
27"
(ewit 4 1)(ew2t +1)... (ewrt +1)°

(1.5) - gmml,...,wﬂ;,

where wi,...,w, € Zp; for details see [7, 11]. When = = 0, the num-

bers ET(LT)(0|w1, Ce W) = BV (w1, ...,w,) are called the Barnes-type Euler
numbers of order r.
The Changhee polynomials of order r are given by

(1.6) <ti2> (141)* ZC’h

When z = 0, Chg,,r) (0) = Chg) are called the Changhee numbers of order r
n [1-19]. The Stirling numbers of the first kind are defined by, for n > 0

(1.7) () =z(z—1)...(z —n+1) :ZSl(n,l)xl
1=0
while the Stirling numbers of the second kind are given by
S l
(1.8) (e! — 1) 'Z 2(ln)t

see [6, 15] for details.

In this paper, we consider the Barnes-type Boole polynomials and inves-
tigate some properties and identities of those polynomials which are derived
from the fermionic p-adic integrals on Z,,.

2. BARNES-TYPE BOOLE POLYNOMIALS

For wy,...,w,,x € Z,, we consider the Barnes-type Boole polynomials
for r € N as follows:
1
(21) o / - / (1 4 t)x+ww1+"'+wrx’"dﬂ_1(:E1> - d#—l(ifr)
ZP ZP

=14y (1 ¥ (11+ t)w1> (1 + (11+ t)”’“)
_imn(ag\wl,...,wr)i.

When z = 0, Bl,,(0ws,...,w,) = Bl,(wi,...,w,) are called the Barnes-
type Boole numbers. Note that we have

2.2 Bi, s, w) = Sy(xsw,
(2.2) (z]w, - w) = Sp(w;w,7)

r—times
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and

1
(2.3) Bl (x| 1,...,1) = —Ch{"(x).
N—— 2"
r—times

It is then not difficult to show that

Q) [ [ @i @) dun o)
P p

o0 tn
=> | | @rwar -+ wem)ndp () - dpoy () =
n=0"Zp Zp n!

Therefore, by Equations (2.1) and (2.4), we obtain the following theorem:

Theorem 2.1. For n > 0, we have
/ : / (x +wizy + - -+ wpzy)pdp—1(z1) - - - dp—1 ()
ZP ZP

= 2"Bl,(x|wi, ..., w,).

From Equation (1.2), we can derive the following equation:

(2.5) [ [ st o) da )
Zp ZP
or . & tn
_ et _ N pr) W) —.
(ew1t+1).._(ewrt+1)e nzo n ($|w17 , W )n‘
Thus, by Equation (2.5) we get for all n > 0
(2.6) / . / (x +wizy + - +wpzy)"dp—1 (z1) - - - dp—1 ()
Zp ZP

= EW(z|wy, ..., w,), (n>0).
For d € N with d =1 (mod 2), we observe that
(2.7)

/ / (x +wizy + - + wpxy )pdp—1(z1) - - - dp—1 ()
Zp Zp

dpPN -1
im Z (—1)x1+"'+z’“ (x +wiz1 + -+ + wrmy )

1., =0

R

P

--/Z ($+sz(al+dmz)> dp—1(z1) - - - dp—1(zr)

I=1 n



10 DAE SAN KIM AND TAEKYUN KIM

d—1
— Z (_1)a1+...+arBln(l’ +wiag + -+ wrar|dw1, e ’dwr).

at,...,ar=0
Therefore, by Equation (2.7), we obtain the following theorem:
Theorem 2.2. Ford € N with d =1 (mod 2), we have

Bln(thl, s 7w1“)
d—1
= Z (_1)a1+~~~+a7»Bln(x+w1a1 4+ .. —|—wrar|dw1,--- ’dwr)'

at,...,ar=0

It then follows from Equation (2.1) that we get

(2.8) 22 Blo(zlwy, ..., w )1(6 —

_ 2 2 .
“Neoir1) g1 e

o) 4
- ZE}%T)('ﬂwlv s 7w7“)77
n!

n=0

and
= r (et — 1)77,
(2.9) > 2 Bly(xlwy, ... wr) =
n=0
—iTBl (x|w ZS mnt—
= . n Ly-ves 2( i

m

[oe) . m t
= z:o (2 Z}Bln(:ﬁ]wl,...,wﬁ&(m,n)) pnk

Thus, by Equations (2.8) and (2.9), we derive the following theorem:

Theorem 2.3. For m > 0, we have
i 1
ZBln(m‘wlv s 7w7‘)52(m7 n) = ?E,,(g)<l"w1, cee 7w7")'

Observe that from Theorem 2.1 we have
(2.10)

2" Bl (x|wy, ..., w,)

= / / (x +wiz1 + -+ + wpzy ) pdp—1(x1) - - dp—1(xy)
Zyp Zy

—ZSlnl/ / z+wixy + - 4 wery) dp_g(21) - dp_i (2)

=0
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n

S1(n, D" (alwi, ... w,).
1=0
Thus by Equation (2.10) we obtain the following theorem:

Theorem 2.4. For n > 0 we have

2" Bl (x|wy, . .., w, 25’1 n,)E x|w1,...,wr).

We now consider the Barnes-type Boole polynomials of the second kind.
These polynomials are given by the equation

(2.11)

Bl (x|wy, ..., wy)
/ / —wW1x] — Waky — -+ — WXy + ), dp_1(xq) - - dp—1(xr),
Zp Zp

where n > 0.
From Equation (2.11), we can derive the generating function as follows:

(2.12) ZBZ (z|wi, ..., w )i

n!

:21”/ o [y ) o)
Zp Zyp

() () () oo

T

_ (1+8)™ z
1] <(1+t>w+1) (1+1)°,

=1

From here we observe that
(2.13)

T 1+ .
I () 00

=1

= ((1 +t)1w1 4 1) ((1 +t)1W2 n 1> (W) (1 +t)w1+--.+wr+x

oo tn
= ZBln(m+w1 +---+wr|w1,...,w71)ﬁ.
n=0 ’

Therefore, from Equations (2.12) and (2.13), we obtain the following the-
orem:

Theorem 2.5. Forn > 0, we have

B\ln(a:\wl, cooywy) = Blp(wy + -+ wye + zlwy, .. wy).
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From Equation (2.12), we derive that

(2.14) Zz Blo(zlwr, ... w )1(6 _

— 2 o 2 eletwit-—w,)t
ewit 41 ewrt 41

o tn
Z m+w1+ ot wpwy, . we)—,

n!
and
> t_ 1)
(2.15) Bly(z|wy, ..., wy) <(e,)>
= n!
> E\ln(ﬂwl,...,wr) > tm
= . Y n! Z_: Sa(m, n)ﬁ
-y i In(z|w wy)S2(m,n) =
- — — 1yeeey, Wr)O2 5 ml’

Therefore, by Equatlons (2.14) and (2.15) we obtain the following theo-
rem:

Theorem 2.6. For m > 0, we have

1
?Eg)(a; +wy + -+ wpwi, .. wy)
m —_~
= Z Bl (z|wy,...,w,)S2(m,n).
n=0

From Equation (2.11), we derive

(2.16)
2TBZ (x|wy, ..., wy)
/ / —w1Ty — -+ — Wy + )pdpp—1(21) - - dp—1 ()
Z,, Zp

= g&(n,l) /Zp . /Zp(_(wwsl + oot wpry) + ) dp_1 (z1) - dp_1 (z)

=3 51, (=)' B (—alwn, .. wy).
=0

For n > 0, the rising factorial sequence is defined by

(2.17) =x(z4+1)... (z+n—-1)=(=1)"(-x), = m al,
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where
n n—l
[l] = (=1)"""S1(n,l).
Therefore, by Equation (2.17), we obtain the following theorem:

Theorem 2.7. Forn > 0, we have

n

QT(_l)TLE\ln('TMUla s 7w7“) = Z |:7;:| EZ(T)(_x’wla .. '7w7’)‘

1=0
We now observe that
(2.18)
Bl (z|wi, ..., wy)

T n
(1) B

T+ w1y + -+ Wy
= / / < i )du 1(@1) - dp—1(zr)
z, Ju,

/Z /Z ( T —wiTr) — —wr:cr—l—n )du_1(x1)"'dﬂ—1(xr)

P

Sen

—r —wir — - — Wpky
/Z( i )dumm)wdul(xr)
P

13

m
n (n—l)
m=1 me Zp Zp
n ?’L*l) .
:2T m_'l Bl (_x‘w]_u"'vwr)'
m:
m=1

Therefore, by Theorem 2.4 and Equation (2.18), we obtain the following

theorem:

Theorem 2.8. Forn > 1, we have

1) & ,
( n!) ZSl(n,l)El( )(z|wy, ..., w,)

Z<n1> ($|:11!,...,wr)'

m=

From Equation (2.11), we note that

2r<_1)nBln(a:|w1, ce W)
n!

= (=1)" /Zp . ../Zp <x — Wir1 _n o wrxr>du—1(x1) e dp-a (@)
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WL +~-+w7n:zr—a:+n—1
/‘ y/ ( i )dﬂ—l@H)”‘dM—ﬂwﬁ
ZP

m=
n n_
m_l1 / / (wiz1 + -+ wpxy — T)mdp—1(21) - - - dp—1(z)

m=1 m Zp Zp

n

n— 1\ Bly(—z|w, ..., w,)

2" - —

> ()

m=1

Therefore we obtain the following theorem:

Theorem 2.9. Forn > 1, we have

10.

11.

1 — ,
a2 1] B el )
0
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