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DECOMPOSITION OF THE COMPLETE BIPARTITE
GRAPH WITH A 1-FACTOR REMOVED INTO PATHS
AND STARS

JENQ-JONG LIN AND HUNG-CHIH LEE

ABSTRACT. Let Py denote a path on k vertices, and let Sj denote a star
with k edges. For graphs F', G, and H, a decomposition of F' is a set of
edge-disjoint subgraphs of F' whose union is F'. A (G, H)-decomposition
of F'is a decomposition of F' into copies of G and H using at least
one copy of each. In this paper, necessary and sufficient conditions for
the existence of the (Py41, Sk )-decomposition of the complete bipartite
graph with a 1-factor removed are given.

1. INTRODUCTION

Let F, G, and H be graphs. A decomposition of F is a set of edge-
disjoint subgraphs of F' whose union is F. A G-decomposition of F is a
decomposition of F' into copies of G. If F' has a G-decomposition, we say
that F' is G-decomposable and write G|F. A (G, H)-decomposition of F is a
decomposition of F' into copies of G and H using at least one copy of each.
If F has a (G, H)-decomposition, we say that F' is (G, H)-decomposable and
write (G, H)|F.

For positive integers m and n, K, , denotes the complete bipartite graph
with parts of sizes m and n. A k-path, denoted by Py, is a path on k vertices.
A k-star, denoted by Sy, is the complete bipartite graph Ki ;. A k-cycle,
denoted by Cy, is a cycle of length k. A spanning subgraph H of a graph
G is a subgraph of G with V(H) = V(G). A I-factor of G is a spanning
subgraph of G in which each vertex of GG is incident with exactly one edge.
Note that K, , has a 1-factor if and only if m = n. Letting I be a 1-factor
of Ky, we use K,,,, — I to denote K, , with a 1-factor removed.

For positive integers | and n with 1 < [ < n, the crown C,,; is the
bipartite graph with bipartition (A, B), where A = {ag,a1,...,a,—1} and
B = {bo,b1,...,by—1}, and edge set {a;b; : 1 < j —i < [ with arithmetic
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modulo n}. Note that K, ,, is isomorphic to Cy, p,, and K, ,, —I is isomorphic
to Cy, n—1 for any 1-factor I.

For a graph G and a positive integer A, we use AG to denote the multi-
graph obtained from G by replacing each edge e by A edges each having the
same endpoints as e.

Decomposition into isomorphic paths has attracted considerable atten-
tion; see [7, 9, 10, 11, 14, 15, 18, 22, 25, 31, 33, 35]. Decomposition into
k-stars has also attracted a fair share of interest; see [8, 20, 32, 34, 36, 37].
Abueida and Daven introduced the study of (G, H)-decompositions in [1],
they investigated the (K}, Sk)-deomposition of the complete graph K, in
[2], and the (Cl4, E2)-decomposition of several graph products in [3], where
FE5 denotes the 4-vertex graph having two disjoint edges. Abueida and
O’Neil [5] settled the existence problem for (C, Sk—1)-decomposition of the
complete multigraph A\K,, for k € {3,4,5}. Priyadharsini and Muthusamy
[23, 24] gave necessary and sufficient conditions for the existence of (G,,, Hy,)-
decompositions of AK,, and AK,, ,,, where G, H,, € {Ch,, Py, Sn—1}.

Recently, Lee [16], Lee [17], Lee and Lin [19], and Lin [21] established nec-
essary and sufficient conditions for the existence of (Cy, Sy )-decompositions
of the complete bipartite graph, the complete bipartite multigraph, the com-
plete bipartite graph with a 1-factor removed, and the multicrown, respec-
tively. Abueida and Lian [4] and Beggas et al. [6] investigated (Cj, Sk)-
decompositions of the complete graph K,, and AK,, giving some necessary
or sufficient conditions for such decompositions to exist.

The problem of decomposing a graph into copies of a graph G and copies
of a graph H where the number of copies of G and the number of copies of
H are essential is also studied. Shyu gave necessary and sufficient conditions
for the decomposition of K, into paths and stars (both with 3 edges) [26],
paths and cycles (both with & edges where k = 3,4) [27, 28], and cycles and
stars (both with 4 edges) [30]. Shyu [29] also gave necessary and sufficient
conditions for the decomposition of K, , into paths and stars both with 3
edges. Jeevadoss and Muthusamy [12, 13] considered the decomposability
of Kyn, K, and MK, ,, into paths and cycles having k£ edges, giving some
necessary or sufficient conditions for such decompositions to exist.

In this paper, we consider the existence of (Pyy1,Sk)-decompositions of
the complete bipartite graph with a 1-factor removed, giving necessary and
sufficient conditions.

2. PRELIMINARIES

In this section we first collect some needed terminology and notations,
and then present some results which are useful for our discussions to follow.
Let G be a graph. The degree of a vertex z of GG, denoted by degq z,
is the number of edges incident with x. The vertex of degree k in S is
the center, and any vertex of degree 1 is an endvertex of S;. For S C
V(G) and T C E(G), we use G[S] and G — T to denote the subgraph of G
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induced by S and the subgraph of G obtained by deleting T', respectively.
When G1, G, ..., G} are graphs, not necessarily disjoint, we write G1 UG2U
---U Gy or J_, G; for the graph with vertex set |J!_, V(G;) and edge set
Ui, E(G;). When the edge sets are disjoint, G = |J'_, G; expresses the

decomposition of G into G1,Ga,...,G;. Let vivy... v, and (vi,ve,...,vk)
denote the k-path and the k-cycle through vertices vi,va, ..., v in order,
respectively, and let (x;y1,y2,...,yx) denote the k-star with center x and
endvertices y1, Y2, . -, Yk-

For the edge a;b; in Cy,,,—1, the label of a;b; is j —i (mod n). For ex-
ample, in Cg 7 the labels of a1bs and azbs are 5 and 4, respectively. Note
that each vertex of C), ,—1 is incident with exactly one edge with label 7 for
i€{1,2,...,n—1}. Let H be a subgraph of C), ,1 (recall that C,, ,—1 has
partite sets {ag,a1,...,an—1} and {bg,b1,...,by—1}). When r is a nonneg-
ative integer, H,, denotes the graph with vertex set {a; : a; € V(H)}U
{bj4r : bj € V(H)} and edge set {aibj1r : a;b; € E(H)}, and H + r
denotes the subgraph of C,, ,—1 with vertex set {a;+, : a; € V(H)}U
{bjqr : bj € V(H)} and edge set {ajtrbjir : aibj € E(H)} where the
subscripts of a and b are taken modulo n. In particular, H, o = H+0= H.

The following results are essential to our proof.

Proposition 2.1 ([20]). Let X, k, I, and n be positive integers. ACp,; is
Sk-decomposable if and only if k <1 and Anl =0 (mod k).

Proposition 2.2 ([37]). For integers m and n with m > n > 1, the graph
Ky is Sk-decomposable if and only if m > k and

m=0 (mod k) ifn<k,

mn =0 (mod k) ifn>k.

Proposition 2.3 ([31]). Let k, I, and n be positive integers. Cp; is Ppy1-
decomposable if and only if nl =0 (mod k) and

2 ifl=n=2,
k< <2n—3 iflis even andn > 3,
l if | is odd.

Proposition 2.4 ([22]). Let k, m, and n be positive integers. There exists
a Pyy1-decomposition of Ky, if and only if mn = 0 (mod k) and one of
the following cases occurs.

’ Case \ k \ m \ n \ Conditions ‘
1 even | even | even | k < 2m, k < 2n, not both equalities
2 even | even | odd kE<2m-—2,k<2n
3 even | odd | even k<2m,k <2n—2
4 odd | even | even E<2m -1,k <2n-—1
5 odd | even | odd Ek<2m -1,k <n
6 odd | odd | even Ek<m,k<2n-1
7 odd | odd | odd E<m,k<n
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3. MAIN RESULTS

Since K, , — I is isomorphic to the crown C, ,—1 for any 1-factor I of
Ky, Knpn — 1 is replaced by C,, ,—1 in the following discussions. We first
give necessary conditions for a (P41, Sk)-decomposition of Cy, 1.

Lemma 3.1. If C, 1 is (Pxt1,Sk)-decomposable, then k < n — 1 and
nin—1)=0 (mod k).

Proof. Since the maximum size of a star in Cy, ,—1 isn—1, k < n—1 is neces-
sary. Since Cy, ,—1 has n(n—1) edges and each subgraph in a decomposition
has k edges, k must divide n(n — 1). O

We now show that the necessary conditions are also sufficient. Since
Py = Sy for k = 1,2, the result holds for £ = 1,2 by Proposition 2.1.
So it remains to consider the case k > 3. The proof is divided into cases
n>2k+1,n=2k 2k—1>n>k+2,and n = k+ 1, which are treated
in Lemmas 3.2, 3.3, 3.7, and 3.8, respectively.

Lemma 3.2. Let k and n be positive integers withn > 2k+1. Ifn(n—1) =
0 (mod k), then Cp -1 is (Pyy1, Sk)-decomposable.

Proof. Let n —1 = gk + r where g and r are integers with 0 < r < k. From
the assumption n > 2k + 1, we have ¢ > 2. Note that

Cn,nfl = qu+r+1,qk+r
= Clg—k+1,(=1)k Y Cktrt1ktr U Kg— 1)k kgr YU Kigr (g—1)k-

Cleary, |E(Cy—1)k11,(g-1)k) s [E(K(g—1)k krr)]s and | E(Kg g (g—1)%)| are mul-
tiples of k. Thus, (k+ 7+ 1)(k+7) = 0 (mod k) from the assumption
n(n —1) = 0 (mod k). By Propositions 2.1 and 2.2, Cy_1)p41,(q—1)k t0-
gether with K(,_1)gx4r and Kj i, (q—1)r are Sg-decomposable. By Propo-
sition 2.3, Cyy41k4r i Pry1-decomposable. Hence, Cp, -1 is (Pyy1,Sk)-
decomposable. O

Lemma 3.3. If k is an integer with k > 3, then the crown Coyop—1 18
(Pg+1, Sk)-decomposable.

Proof. Let Ay = {ag,a1,...,ak-1}, A = {ag, aky1,...,a26-1}, B = {bo,
bi,...,ba—1}, and let G; = Copor—1[A4; U B] for i« = 1,2. Note that
Corok—1 = G1UGa. It is easy to check that G is isomorphic to G with iso-
morphism f such that f(a;) = a;4 and f(b;) = bj1 where the subscripts of
a and b are taken modulo 2k fori € {0,1,...,k—1}and j € {0,1,...,2k—1}.
Hence it is sufficient to show that G is (P11, Sk)-decomposable. We dis-
tinguish two cases according to the parity of k.
Case 1: k is even.
Define a (k + 1)-path P = biagbzas ... byj2a5/2—1by/2+1- Note that
P, 9;, where the subscripts of b are taken modulo 2k — 1, is a (k+ 1)-path
fori € {0,1,...,k —2}. We can see that PU Pyo U PygU---U Py _o)
is the subgraph of (1 consisting of all edges between {ag, a1, ...,a,/2-1}
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and B — {bop_1}. Moreover, Pyo; + k/2, where the subscripts of b are
taken modulo 2k — 1, is also a (k + 1)-path, and G1[A1 UB — {bok—1}] =
Uf:_()2(P+2i U (Py2; +k/2)). Since (bog—1;ap,a1,...,a—_1) is a k-star, Gy
is (P41, Sk)-decomposable.

Case 2: k is odd.

Observe that G1 = Cy ;1 U K}, ;. Since k — 1 is even and £k < 2k — 3
for k > 3, Proposition 2.3 implies that Cj ;—1 is Pjyi-decomposable.
By Proposition 2.2, K}, is Si-decomposable. Hence G is (Pyt1, Sk)-
decomposable.

Ol

Before plunging into the proof of the next case, we need the following
results.

Proposition 3.4 ([20]). Let {ag,a1,...,an—1,b0,b1,...,bp—1} be the vertex
set of the multicrown \C,, ;. If there exist positive integers p and q so that
qg<p<land Ang=0 (mod p), then there exists a spanning subgraph G of
ACp with degg bj = Aq for 0 < j <n—1, and G has an Sy-decomposition.

The following is trivial.

Lemma 3.5. If W is a graph consisting of a k-cycle C' and a t-star S such
that S has its center in C and has at least one endvertex not in C, then W
can be decomposed into a (k+ 1)-path and a t-star.

Lemma 3.6. Let k and r be positive integers with v < k — 1 and let t =
(r+1)r/k. Suppose that t is an integer with t > 2. If G is a bipartite graph
with bipartition (A1, By U B'), where |A1| = |B1| =k and |B'| =7+ 1 such
that G[A1UB1] = Cj j—1 and G{A1UB’] = K}, y11, then G can be decomposed
into t — 1 copies of Py11 and k copies of Sy with centers at distinct vertices
in Ay, and r + 1 copies of Si_, with centers at distinct vertices in B’.

Proof. Let A1 = {a(), at, ... ,ak,l}, B = {bg, bi,..., bkfl}, and B’ = {bk,
bkt1s- - bptr}. Letting F = G[A1UB4], H = G[A1UB'],and p = | (t—1)/2].
Define a 2k-cycle C' = (b1, ag, b2, a1, ...,bk—1, ax—2,bo, ax—1), and for even ¢
define a (k + 1)-path P according to the parity of k as follows:

p— b2p+1a0b2p+2a1 oo b2p+k/2ak/2,162p+k/2+1 if kis even,
b2p+1aob2p+2a1 ce b2p+(k+1)/2a(k_1)/2 if k is odd.
It is easy to check that C,Cla,...,C o,—1) and P, where the subscripts of

b are taken modulo k, are edge-disjoint in F'.
Define a subgraph W of F' as follows:

. {Uf;g Clio; if ¢ is odd,
Uf:_ol Ci0;UP iftis even.
Since Cy can be decomposed into two copies of P11 and 2p =t — 1 for odd
taswellas2p+1=1t—1 for even t, W can be decomposed into ¢t — 1 copies
of Pgt1. When t is odd, degp_gwya; =k —2p — 1. When ¢ is even,
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k—2p—3 ifie{0,1,...,[k/2] -2},
k—2p—1 ifie{[k/2],[k/2] +1,....k—1},

where

5 2 if k is odd,
|3 if kis even.

Fori=0,1,...,k—1,let X; = (F — E(W))[{a;} UBy]. Clearly X; is a star
with center a;, and for odd ¢, we have X; = Sj_o,_1, and for even ¢, we have

Sp_ops ifi€{0,1,...,[k/2] — 2},
Xi =1 Spoopos ifi=[k/2] —1,
Spoop_1 if i€ {[k/2],[k/2] +1,... k—1}.

In the remainder of the proof, we will show that H can be decomposed
into 7+ 1 copies of Si_, with centers in B’, k copies of Sa,41 with centers in
Ay for odd ¢, [k/2] — 1 copies of Sa,43 with centers in {ao, a1, ..., ar/21-2},
and a copy of Sz, 5 with center af;/o1—1, together with k — [k/2] copies of
Sopt1 with centers in {afy 21, arx/2141; - - - ak—1} for even ¢.

Now we show the required star-decomposition of H by orienting the edges
of H. For any vertex x of H, the outdegree deg}} x (indegree degy; x, respec-
tively) of z in an orientation of H is the number of arcs incident from (to,
respectively) x. It is sufficient to show that there exists an orientation of H
such that

(3.1) deghb; = k—r,
where j € {k,k+1,...,k+r}, and for odd ¢
(3.2) degha; = 2p+1

where i € {0,1,...,k — 1}, and for even ¢

2p+3 ifie{0,1,...,[k/2] — 2},
(3.3)  degai=<2p+4d ifi=[k/2] -1,
ow+1 ifie{[k/2],[k/2]+1,...,k—1}.

We first consider the edges oriented outward from A; according to the par-
ity of . When ¢ is odd, the edges a;bpi(2pt1)is@ibrt(2pt1)itis--->
ibi 1 (2p+1)i+2p are all oriented outward from a; fori € {0,...,k—1}. Let 8 =
(2p+3)([k/2]—1). When t is even, the edges a;bj(2p+3)i> @ibrt(2p+3)i+15 - - - 5
aibk+(2p+3),~+2p+2 for i € {0, 1, ceey “ﬂ/Q-l - 2}, the edges a(k/21_1bk+/g,
ark/2]—10k+8+15 - - -5 A[k/2]—1 Dkt B+2p+5—1, and the edges a;by (2p11)i45+2p+6>
iy (2p41)it Bt 2p+5+1s - - - Wibky (2p41)it rapss for @ € {[k/2], [k/2] +1,...,
k — 1} are all oriented outward from a;. The subscripts of b are taken mod-
ulo r 4+ 1 in the set of numbers {k,k + 1,...,k + r}. Note that for odd
t we orient 2p + 1 edges from each a;, and for even t we orient at most
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2p + 3 edges from a;. Since 2p+1 < 2(t—1)/2+1 =1t < r for odd ¢ and
2p+3<2(t—2)/243=1t+1<r+1 for even t, this guarantees that there
are enough edges for the above orientation. Finally, the edges which are not
oriented yet are all oriented from B’ to Aj.

From the construction of the orientation, it is easy to see that (3.2) and
(3.3) are satisfied, and for all by, b,y € B’, we have
(3.4) | degyy by — degp byy| < 1.

So, we only need to check (3.1).
Since deg}; by + degy by = k for b, € B, it follows from (3.4) that
| degE bw — degE by| < 1 for by, by € B'. Further, note that for odd ¢,

k—1
ZdegE a;i=2p+ 1)k =(2(t—-1)/2+ 1)k = tk,
i=0

and for even ¢,

k—1
> degfiai = (2p+3)([k/2] — 1) +2p+ 6 + (2p + 1)(k — [k/2])
=0

=@2p+1)(k—1)+2([k/2] =1 +p) +9
_ {(2p+ Dk—1)+2((k+1)/2—14p)+2 ifkis odd,

Cp+1)(k—1)+2(k/2—14+p)+3 if k is even,
=(2p+2)k
=(2(t—2)/2+2)k
=tk
Thus
k+r k—1
Z deg}fl by = |E(Kgyry1)| — Zdeg}; a;
w=k =0
=k(r+1)—tk
=k(r+1)—r(r+1)
=(k—-r)(r+1)

Therefore, degE by = k —r for b, € B’. This proves (3.1). Hence there
exists the required decomposition 2 of H. Let X/ be the star with center at
a; in 2 for i € {0,1,...,k—1}. Clearly X; + X/ is a k-star. This completes
the proof. O

Lemma 3.7. Let k and n be integers with 3 < k <n—1< 2k —1. If
n(n—1) =0 (mod k), then Cypn—1 is (Pry1, Sk)-decomposable.

Proof. Let n—1 = k+r. From the assumption k < n—1 < 2k — 1, we have
0<r<k—1. Lett = (r+1)r/k. Since k | n(n — 1), we have k | (r + 1)r,
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which implies that ¢ is a positive integer. The proof is divided into two parts
according to the value of ¢t.

Case 1: t=1.
When t = 1, k = (r + 1)r. This implies that k is even, and hence
k > 4; in turn, we have r > 2. Let Ay = {ao,a1,...,a;/2—1} and

By = {bo, b1, -, b1} We distinguish two subcases.
Subcase 1.1: v = 2.

Forr=2k=(r+1)r=6,andn=k+r+1=29. Let H =
Cg@[AoUB] and Hy = 0978[(A—A0)UB]. Clearly 09,8 = HiUH>. Let
P = biagbzaibzasbs, we have degy, _p(pya; = 6 for i € {0,1,2}. This
implies H; — E(P) is Sg-decomposable. Let F; = (b;; a3, aq,...,as)
for i € {0,1} and Gj = (aj; bay ..., bjfl, bj+1, bj+2, ..., bg) for j €
{3,4,...,8}. It is easy to check that F; and G; are 6-stars and
{Fy, F1,G3,Gy,...,Gg} is an Sg-decomposition of Ho.

Subcase 1.2: r > 3.

We will show that C), ,—1 can be decomposed into copies of S
together with a copy of Pyy;. Let Dy = Cypn—1[A0 U By], D1 =
Cn,n—l[(A - Ao) U Bo], and Dy = Cn,n—l[A U (B — Bo)] Clearly
Cnn—1 = DoUD1UD>. Note that Dy is isomorphic to Ck/Q’k/Q_l, D;
is isomorphic to Ky /o141 x/2, and Dy is isomorphic to Cy /oy 11 k/24r
UK]C/2’]€/2+T+1. Let C = (ao, bk/2,17 a1,bp,a2,b1,..., Ak /21, bk/2,2)
and D = Dy — E(C). Trivially C is a k-cycle in Dy and D =
Crj2,i/2—3- Note that 0 <7 -2 <k/2—-r—-1<k/2-3forr >3
and (k/2)(r —2) =r(r+1)(r —2)/2 = r(k/2 — r — 1). Therefore,
Proposition 3.4 implies that there exists a spanning subgraph X of D
such that degy by =r—2for 0 < j < k/2—1, and X has an Sy /p_,_;-
decomposition 2 with |2| = r. Furthermore, each S} /,_,_; has its
center in Ag since degy bj = r —2 < k/2 —r — 1. Suppose that the
centers of (k/2—r—1)-stars in Z are a;,, Gi,, - . . , a;,. Let S(w) be the
(k/2 —r — 1)-star with center a;, in 2 and let Y = D — E(X)U D;.
Note that degy b; = (k/2 -3 —(r —2))+ (k/2+r + 1) = k for
0<j<k/2—1. Hence Y is Si-decomposable. For w € {1,2,...,7},
define S'(w) = Ds[{ai, } U (B — By)] and Z = Dy — E(UJ,,_; S'(w)).
Clearly S’(w) is a (k/2 + r + 1)-star with center a;, in Ds, and
S(w) U S'(w) is a k-star. Moreover, degzb; = k+r —r = k for
k/2 < j < k+r. Thus Z is Si-decomposable. By Lemma 3.5,
C'US(1)US’(1) can be decomposed into a (k+ 1)-path and a k-star.

Case 2: t > 2.

Let Al = {a()vala ceey ak—1}7 A = {a‘ka Af+15 - -+ ak+r}> Bl = {b07
bi,...,bg—1}, and B" = {by,bk+1,...,bk+r}. Moreover, let G = C, 1
[AIUB], F = Cn,nfl[A/UBl]a and H = Cmn,l[A/UB/]. Clearly Cn,nfl =
GUFUH. Note that G is isomorphic to Cy, 1 UK}, r1, H is isomorphic
to Cr41,r, and F' is isomorphic to K, , Proposition 2.2 implies that
K, 41 is Sp-decomposable. By Lemma 3.6, there exists a decomposition
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2 of GG into t — 1 copies of Py, k copies of S with centers at distinct
vertices in A1, and r + 1 copies of Si_, with centers at distinct vertices
in B'. Fori e {k,k+1,...,k+r}, let Z; be the (k — r)-star with center
b; in 9 and let Z] = H[A'Ub;]. Trivially Z; U Z! = Si. Thus Cy, 1 is
(Pg41, Sk)-decomposable.

O

Lemma 3.8. If k is an integer with k > 3, then Ciy1 g is (Prt1,Sk)-
decomposable.

Proof. The proof is divided into two parts according to the parity of k.
Case 1: k is odd.
Note that Cj1 x can be decomposed into C}, —1 and two copies of Sj.
Since k —1 is even and k < 2k — 3 for k£ > 3, Proposition 2.3 implies that
Cl ji—1 is Pyi1-decomposable. Hence Cj 1 j is (Pg+1, Sk)-decomposable.
Case 2: k is even.
Let Ay = {aog,a1,...,a5/2—1} and Az = {ay/2,ar/241,---,ax}. For
i € {1,2}, define G; = Cy414[A; U B]. Clearly Cpy1 1 = G1 UGa2. We
will show that (G is Py41-decomposable and G is Si-decomposable.
Let P = biagbaay . .. by2a1/2-1by/211- Note that P is a (k + 1)-path
containing all of the edges incident with the vertices in A;, having labels
1 and 2. Furthermore, Py9; is a (k + 1)-path containing all of the edges
incident with the vertices in A;, having labels 2i + 1 and 2i + 2 for
i=0,1,2,...,k/2—1. Hence PUPoUP4U---UP, (;_g) is a subgraph
of Cj1 1 consisting of all edges incident with the vertices in Ay, that is,

UZ %)71 Pi9; = G1. Therefore, G is Py1-decomposable.

Let Q; = Go[{a;}UB] fori € {k/2,k/2+1,...,k}. It is easy to check
that QQ; = Si and Uf:k/z Q; = Go. Hence Gy is Si-decomposable. This
completes the proof.

O

Now, we are ready for the main result. It is obtained by combining
Lemmas 3.1-3.3, 3.7, and 3.8.

Theorem 3.9. Let k and n be positive integers and let 1 be a 1-factor of
Ky . The graph Ky, 5, —I is (Pyt1, Sk)-decomposable if and only if k <n—1
andn(n —1) =0 (mod k).
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