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A CLASS OF SPHERICAL FOLDING SUBDIVISIONS

CATARINA P. AVELINO AND ALTINO F. SANTOS

ABSTRACT. The classification of the dihedral folding tessellations of the
sphere whose prototiles are a kite and an equilateral or isosceles triangle
was obtained in recent papers by C.P. Avelino and A.F. Santos. In this
paper we extend this classification to scalene triangles by presenting
all the dihedral folding tessellations of the sphere by kites and scalene
triangles in which the longest side of the kite is equal to the shorter side
of the triangle.

1. INTRODUCTION

By a folding tessellation or folding tiling of the sphere S%, we mean
an edge-to-edge pattern of spherical geodesic polygons that fills the whole
sphere with no gaps and no overlaps such that the “underlying graph” has
even valency at any vertex, and the sums of alternate angles around each
vertex are .

Folding tilings (f-tilings, for short) are strongly related to the theory of
isometric foldings on Riemannian manifolds. In fact, the set of singulari-
ties of any isometric folding corresponds to a folding tiling; see [?] for the
foundations of this subject.

The study of these special class of tessellations was initiated in [?] with a
complete classification of all spherical monohedral folding tilings. Ten years
later, in [?], Ueno and Agaoka established the complete classification of all
triangular spherical monohedral tilings without any restriction on angles.

Dawson has also been interested in special classes of spherical tilings; see
[?], [?] and [?], for example.

The complete classification of all spherical f-tilings by rhombi and trian-
gles was obtained in 2005 in [?]. A detailed study of the triangular spherical
folding tilings by equilateral and isosceles triangles is presented in [?].

Spherical f-tilings by two non congruent classes of isosceles triangles have
recently been obtained [?].
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The classification of dihedral folding tilings by kites and equilateral or
isosceles triangles was obtained recently; see [?], [?], [?], and [?] for details.
In this paper we initiate the classification of dihedral folding tilings of the
sphere by kites and scalene triangles: in particular, we shall obtain all the
dihedral f-tilings of the sphere by kites and scalene triangles in which the
longest side of the kite is equal to the shorter side of the triangle. Our goal
is to obtain all the spherical f-tilings by any kite and any triangle.

A spherical kite K (cf. Figure 1-I) is a spherical quadrangle with two
pairs of congruent adjacent sides such that not all four sides are congruent.
Let us denote by aj,as, a1, as, with as > ag, the internal angles of K
in cyclic order. The side lengths are denoted by a and b and satisfy a < b.
Henceforth in this paper, 1" denotes a spherical scalene triangle with internal
angles 8 > v > § and length sides ¢ > d > e; see Figure 1-II.

FIGURE 1. A spherical kite K and a spherical scalene trian-
gle T'.

Taking into account the area of the prototiles K and T', we have that
200 +ag + a3 >27r and B+~ +06>m.
Moreover, since as > a3 we also have
a1 +ag > T

After certain initial assumptions are made, it is usually possible to de-
duce sequentially the nature and orientation of most of the other tiles in
a potential f-tiling. Eventually, either a complete tiling is crafted, or an
impossible configuration, proving that the hypothetical tiling fails to exist,
is reached. In the diagrams that follow, the order in which these deductions
can be made is indicated by the numbering of the tiles. For j > 2, the
location of tiling j can be deduced directly from the configurations of tiles
1,2,...,5 — 1, and from the hypothesis that the configuration is part of a
complete tiling, except where otherwise indicated.

We begin by pointing out that any f-tiling using K and T has at least two
cells congruent to K and T, respectively, such that the cells are in adjacent
positions in exactly one of the situations illustrated in Figure 2.
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FIGURE 2. Distinct cases of adjacency.

Using spherical trigonometric formulas with b = e, we obtain

(1.1)

az as
cos § + cos  cosy _ cos T + cosay cos 5

as

sin 3 sin 7y sinag sin

2. CASE OF ADJACENCY I

Suppose that any f-tiling using K and T has at least two cells congruent,
respectively, to K and T, such that the cells are in adjacent positions as
illustrated in Figure 2-1. By considering the internal angles of the kite K,
we find that we have necessarily one of the following situations:

a1 > o >3 Or Qg > Qaq,qs;

note that these include the cases in which as > a1 > a3 and as > ag > a;.
The two propositions that follow address these distinct cases.

Proposition 2.1. If a; > as > ag, then there is an f-tiling using K and T
if and only if

ar+ B =m, agzg, 2v+ a3 =m, and 52%.
In this situation, there exists a continuous family of f-tilings, say Ug, with
B € (Bmim/@max); where

/2
min = — =~ 64.76°
5 arccos 11

and

Bmax = arccos ~ 68.75°.

A planar and a 3D representation of Ug are given in Figure 9 and Fig-
ure 11-II, respectively.

Proof. Suppose that any f-tiling using K and T has at least two cells congru-
ent, respectively, to K and T, such that the cells are in adjacent positions
as illustrated in Figure 2-I1 with a1 > ag > ag and a1 > /2.

There cannot be two angles ag in adjacent positions. In fact, it is enough
to take into account the edge lengths of the prototiles and observe that
21 > ay + ag > m; see Figure 3-1.
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F1GUurE 3. Local configurations

It then follows that, with the labeling of Figure 3-1I, we have
0L =7 or 01 = 9.

This leads us to consider two cases:

CASE 1: 0, =3
Suppose firstly that 8, = 5. Then we have necessarily that ay + 8 = 7w or
a1+ 8 <.

SUBCASE 1.1: a1+ 8 =m:
If ay + B = =, then since a1 > 7/2 > 3, we obtain the local configuration
illustrated in Figure 4-1. From this we conclude that ay < 7/2. If ay < 5
we get 2ag + kag = 7 for some k > 1 (cf. Figure 4-1I). Analyzing the side
lengths of K and T, we find that the other sum of alternate angles must
contain aq + ao, which is greater than 7, and leads us to a contradiction.
Therefore ay = w/2. Summarizing, we have that

0 T
a1 >a==>0>y>0, ay>az, and v+9J> —.

i i it it
3 &y | Oy %3, %3 1|9y %3,
5 1 5 1
2 2
al i (X‘Z az I al B il 6 al - (l2 (XZ - al B 1 5
it it it
oy %1 10,=B 5 E % %1 |0,=B
. 0L3
3 3
4 4 =
o, |7 ¥
oy 3 oy g

FIGURE 4. Local configurations
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Suppose now the configuration illustrated in Figure 5-1. With the labeling
of this figure, we must have

Oy =y or 0 =0 or 02 = as.

ot Ht ay o, Ht oy g ftt ay o, Ht oy
Y Y
5 1 5 1
2 2
! Qg | U2 % B 5 B3t Oy | Oy | B 5
o o | 2 o1 [ 0,=p s o oy | % oy 0,2 5
3 3
6 4 6 4
3 oy | oy |? O3 Ay | % og |}
0, - ay 0,=7
. o
10 3/ ¥ 7
8 9
1 11

F1GURE 5. Local configurations

SUBCASE 1.1.1: 03 = ~:

Suppose that #o = . Then we have a1 +7v < a1 + 8 = 7, so by the previous
relation between angles we get a1 +v+kas = m for some k > 1 (cf. Figure 5-
IT). The configuration forces the appearance of (at least) two angles ag in
adjacent positions, leading us to a contradiction as seen in Figure 3-I.

SUBCASE 1.1.2: 65 = 3:

Assume now that 65 = 8. Then we obtain the local configuration illustrated
in Figure 6-1, where the vertex v has valency greater than four.

SUBCASE 1.1.2.1: v HAS VALENCY SIX:

Let us suppose firstly that v is a vertex of valency six. Then, we easily
conclude that 2y + as = 7, leading us to the configuration of Figure 6-1I.
Taking into account the area of the dark triangle, composed by tiles 9, 10,
and 11, we see that ag + 26 — 7 > 0, which means that § > 7 /4.

The next two tiles adjacent to tile 9, say 12 and 13, must be kites. As
a1 + ag > m, they are completely determined as shown in Figure 7.

Now, the angle labeled by x cannot be v as seen in Subcase 1.1.1. On
the other hand, if x+ = ag, then in an adjacent vertex we would obtain
a1+y <7 < ar+y+p, forall p € {a1, a9, as, 5,7,d}, which is not possible.
Therefore x = 8 and we get the configuration represented in Figure 8.

Since § > /4, we have 30 = 7w or 35 + kas = 7 for some k > 1. However,
the second situation cannot occur by an analysis of the side lengths; thus
we obtain § = §. More precisely, one has that

ap >ay>pB>v>0 > as



84 CATARINA P. AVELINO AND ALTINO F. SANTOS

o3 O [y 3|y o3 Oy | Oy s,
= 5 ES 1 = ES 5 ES 1 ES
2 2
al i a2 az i 0’1 B H 5 ul i aZ az i al B I 5
o1 Og | %2 %1 [0,=P 8 1 Gy | *2 *1|0,=B 5 5
3 3
= 6 = 4 = F 6 ES 4 *
10
Y L R 1 o el M B
' B |6,=B v ! B |0,=B /%3 %1
8 7 8 7
T T * 9
R 11
58 5|8
5 Blog %2
1 I
F1GURE 6. Local configurations
x
= 5 ES 1 E:
2
al HH (XZ az - (ll B I 8
Loy Og | %2 %1 10,=B 5 515
3
T 6 E: 4 3 ]
10 16
I Y L S S pip
v Ht 5 62_[3 m Yya3 Ht oy oy 1t oy
8 1 7
T ES 9 = 13 =
"
5|5
5 H [3 al HH 0'2 a2 i al I
f T T —
15
* 12 = 14 3
Y
a3 il al al il (X'3
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with ag =7/2,0 =7/3, a1 + f =m and 2y + a3 = 7.

The last configuration extends now in a unique way to obtain the one
illustrated in Figure 9. Such a local configuration is limited by a great circle
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FIGURE 8. Local configuration

(the dark closed line), and it corresponds to one half of a spherical f-tiling,
with the other half being obtained by reflection in the equator.

Analyzing Figure 9, we get a+c+d = 7/2. Upon considering the distinct
types of vertices, we have

ay + B =7 (24 vertices), 2ag = 7 (6 vertices),

27 + a3 = 7 (12 vertices), and 36 = 7 (8 vertices).

While considering the angles a1, 3, v, and as, we see that we have two
connection conditions to analyze; adding the relation given in Equation (1.1)
shows that one degree of freedom still remains. In order to determine these
angles and the interval of variation, we proceed as follows: the knowledge
of as and § determines completely the side lengths of the extended triangle
(r/22,7/3,7/3) as union of tiles 9, 10, and 11, for instance; see Figure 10.

Using spherical trigonometry formulas we derive that

6 1 3
2c = 2 arccos 3 = arccos 3 and a + d = arccos 5
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Ficure 9. Half of a tiling
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FIGURE 10. An extended triangle
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Ignoring the edges of dimension b = e, this three-tile configuration can
be substituted for each instance of the prototile of U, obtained by Breda in
[?]; see Figure 11-1.

It is easy to verify that adding edges joining the midpoint of the longest
side to any point in the side of length a + d of the extended triangle and
making an angle 8 € (7/4,2m/3) between them, we obtain an f-tiling, U3, as
illustrated in Figure 11-II. Moreover, the choice of 8 determines completely
a1, v, and ag. However, the variation of § should be smaller, imposed by
the restrictions on angles in this paper. Thus, the angle 8 must vary in an
interval of the form (Bmin, Bmax)-

FIGURE 11. 3D representations of U and Ug, respectively

In order to determine By it is enough to make v = % so that

3
6 6—1
€08 Brnax = — cos’ g + sin? g cos (arccos {) = \[4 )
Therefore,
Bmax = arccos ~——— ~ 68.75°.

To determine Byin we consider the isosceles spherical triangle illustrated
in Figure 12, obtained from g = ~.
One then has

2 \/6 ) \/6 ™ )
COS € = COS arccos ? —+ sin arccos ? CcOosS g = 67
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FIGURE 12. An isosceles spherical triangle

which means that e = arccos(5/6). We then obtain

COS (arccos ?) — COS (arccos @) COS (arccos %) 2

COS Pmin = COS7Y = =4/ —
sin (

V6 5

arccos T) sin (arccos g)

and so Spin = arccos \/2/11 =~ 64.76°.

SUBCASE 1.1.2.2: v HAS VALENCY GREATER THAN SIX:

Suppose now that v is a vertex of valency greater than six (Figure 6-I). Since
B < m/2, we have 2y + 20 > m, as f + v+ d > m. Therefore, in the sum of
alternate angles v 4+ v + ..., there must be at most one angle §, while the
remaining angles are a3. However, as illustrated in Figure 3-1, we cannot
have two angles a3 in adjacent positions. Thus, at vertex v we must have
3y+as=mor 2y+ 9+ ag = .

If 3v 4+ a3 = m, then we obtain a; + v+ a3 < =, since a1 + 8 = 7 and
B+2v > w. Now, because 2a; +as+as3 > 27, we conclude that as > 2v+as,
which is not possible as v > /4.

The case 2y + § + a3 = 7 is illustrated in Figure 13-I; by symmetry, the
order by angles as and ¢ appears does not matter.

Now, with the labeling of Figure 13-II, if t = forx =y, then x + 8 <
and so x + 8 + kag = 7 for some k > 1. Taking into account the side
lengths, we will get two angles a3 in adjacent positions, which leads to an
impossible configuration (cf. Figure 3-I). Note that we also have x # «a3. In
fact, if © = a3, the case considered in Figure 13-II, we obtain, in an adjacent
vertex, p+vy+9d > f+ v+ 0 > 7 since p must be a3 or ay (by analyzing
the edge lengths).

By the analysis considered, we must have x = «; leading us to the con-
figuration illustrated in Figure 14. Now, the bold line delimits a spherical
quadrilateral of internal angles (g, d, e, §). This allows us to conclude that
209 + 20 — 2w > 0, i.e., 6 > 7/2, which is an impossibility.

SUBCASE 1.1.3: 65 = ag:

Suppose finally that 2 = «as (cf. Figure 5-I). Such information leads to
a vertex surrounded by the cyclic sequence (aq,as,?,...) as illustrated in
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FIGURE 14. Local configuration

Figure 15-1. It follows that the sum of alternate angles containing «; and
~v must be of the form a1 + v + kas = w. Moreover, k£ must be equal to 1,
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since we cannot have two angles a3 in adjacent positions. This leads us to
the configuration of Figure 15-I1.

t it
oy oy oy oy

“1 - Uvz (12 e ul B m 3

b S B e B O w8 R | RN A |

I it it i
- S - o o [e3
2 | %2 %1 |0,=B 3 0,=0t3 1| 3

3 y=v

T N
3 HE al al HE 0‘3 5 - [} al U’2 (12 HH al

0,=0t3 oy oy Oy

oy a.

FIGURE 15. Local configurations

With the notation used in this figure, it is a straightforward exercise to
show that y # a1, y # 5 and y # ag, which gives y = 7. Once more, the
spherical quadrilateral {3,4,7,12} (inside the dark line) has internal angles
(2,8, 2,8). As ag = m/2, we obtain 6 > /2, leading us to a contradiction.

SUBCASE 1.2: 0y = 3
Assume now that 6; = S (cf. Figure 3-II) and a; + f < 7 so that oy >
m/2 > (. In this situation, we must have a; + 8 + a3 = m; see Figure 16-1.
Taking into account the side lengths, we have no way to avoid two angles
a3 in adjacent positions, which is impossible.

CASE 2: 01 = 6:

Suppose now that 61 = § (cf. Figure 3-IT). Then we have necessarily ag +d =
Tora)+6 <.

SUBCASE 2.1: a1 + 6 = 7
If a3 + 0 = m, analyzing the side lengths shows that we have no way to
complete the sum of alternate angles containing 3 (cf. Figure 16-1II).

SUBCASE 2.2: a1 +0 < 7
Finally, suppose that a; +0 < 7. It is easy to verify that none of the angles
a1, ag, and [ can be included in the sum of alternate angles containing ay
and 0. On the other hand, if v appears in the alternating sum a149d+... =,
then 8 > a7 and so [ can only add to a3 and 6. However, this is not
possible by considering the edge lengths. Thus we are led to conclude that
a1+ 6+ k104 koag = m for some positive integers k1 and ko with ki +ks > 0.
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Observe that if k1 = 0, then the sum of alternate angles containing
would be greater than or equal to 8+ a3 +7 > 7, which is not possible. On
the other hand, if ko = 0, then by considering the side lengths we obtain an
impossibility as well.

Thus we conclude that k1 > 1 and ko = 1, as two adjacent angles of ag are
not allowed; this situation is illustrated in Figure 17. Once again it follows
that the sum of alternate angles containing £ is 8+ a3 +7v+--- > &, which
is an impossibility.

oy A3 |y
E 1 ¥ 2 3
p
] *1 P
e 6,=5 3
o3 776 v

FIGURE 17. Local configuration

O
Proposition 2.2. If as > a1, as, then there is no f-tiling using K and T.

Proof. Suppose that any f-tiling using K and T has at least two cells congru-
ent, respectively, to K and T, such that the cells are in adjacent positions
as illustrated in Figure 2-I and ag > aq, a3 with ag > /2.

We claim that there cannot be two angles ay in adjacent positions (cf.
Figure 18-1). In fact, it is enough to take into account the edge lengths of
the prototiles and observe that 2 ag > as + a3 > 7.
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It then follows that, with the labeling of Figure 18-11, we necessarily have
91 = ﬁ or 91 =J.
This leads us to consider the following cases:
CASE 1: 0, =3
Suppose firstly that §; = 8. Then we must have a1 + 8 =7 or a1 + 8 < 7.
SUBCASE 1.1: a1+ 8 =m:
If a1 + 8 = 7, we get the local configuration presented in Figure 19-1, where
two angles aip cannot be avoided.

SUBCASE 1.2: a1 + 8 < m: Suppose now that a1 + 8 < w. We shall
distinguish the cases

a1 > o3 and as > aj.

SUBCASE 1.2.1: a1 > a3
Assume firstly that a1 > ag, i.e., as > a1 > ag. If, in addition, ay > +, then
we must have a3 + 8+ kasg = 7 for some k > 1, as illustrated in Figure 19-11.
Once more we obtain two angles «s in adjacent positions (as forced by the
side lengths), leading us to a contradiction.

i ft
oy o | oy ag |y
E 1 E 1 2 3
2 S
*17%2 | %2 I 1P m 5 *17 %2 | %2 I *1 Be — 3
o 4 o1 [o.=p u 5 . i =B
1 5 G
3 | Y
= 4 E g o 4
g
o
" az 1
(1'1 i as /
1 1I

FIGURE 19. Local configurations
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On the other hand, if a; < 7, we get an+5 > as+v > a4+« > m, which
is a contradiction. Observe that the indicated angle in tile 4 (cf. Figure 20-I)
cannot be a1, as two angles as in adjacent positions are not allowed.

ft 1

oy A3 |y
] = 1 = 2 5
3 1 ¥ 2 5 5
5
0(2 OLl [3
oy ay B o i 0,=8 3
o, 0,=p 3 1 %2
4 Y
v 4
og oy
I 11

FiGUure 20. Local configurations

SUBCASE 1.2.2: a3 > «q:
Suppose now that as > a1, i.e., @ > ag > a1. It follows that the alternating
sum containing 3 (tile 2 of Figure 18-1I) satisfy 5 + ag < m; however, then
B+ ag+ p > for any p € {a1, a2, as,5,7,9}, which is a contradiction.

CASE 2: 01 = 6:
Assume finally that 6; = ¢ (cf. Figure 18-II). Then we must have a; +6 = 7
ora; +4 <.

SUBCASE 2.1: a3 + 6 = m:
If oy + § = 7, then this forces an incompatibility between sides.

SUBCASE 2.2: a1 + 6 <
If @1 + 0 < 7, then the sum of alternate angles containing g in tile 2 must
satisfy as + 8 + kas = 7 for some k > 1 (cf. Figure 20-II). However, when
we take the edge lengths into account, we find that we have no way to set
up the angles as. O

3. CASE OF ADJACENCY II

In this section we consider that any f-tiling using K and 7" has at least two
cells congruent, to K and T, respectively, such that the cells are in adjacent
positions as illustrated in Figure 2-II.

Upon considering the internal angles of the kite K, we have necessarily
one of the following situations:

Q] > a2 > Q3 Or Qg > ai,qs;

note that this includes the cases in which as > a1 > a3 and as > a3 > ay.
The two propositions that follow address these distinct cases.
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Proposition 3.1. If a; > as > ag, then there is an f-tiling using K and T
if and only if

0
bx
In this situation, there exists a continuous family of f-tilings, say U.,, with
v € (Ymin, Ymax), where

ap+y=m, = 280+a3 =7 and 0= —.

el

T °
Ymin = g =60

2 o]
Ymax = arccos \/; ~ 64.76°.

Proof. Suppose that any f-tiling using K and T has at least two cells congru-
ent, to K and T, respectively, such that the cells are in adjacent positions
as illustrated in Figure 2-IT and a3 > ag > a3 with a; > 7/2.

As in Section 2, it follows that we cannot have two angles a3 in adjacent
positions; see Figure 3-1.

and

T T
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T ! 1 2 ° Oy Og | Oy Ay ly 3
) *1 | 6,=7
Oy oy Y
f 61 3
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5% g B
4‘.\.‘7
I 11

FiGURE 21. Local configurations

With the labeling of Figure 21-1, it follows that we necessarily have
b=~ or O =4
This leads us to consider the following cases:
CAsE 1: 0 =
Suppose firstly that 8; = . Then we have a; +v =m or a3 + v < 7.
SUBCASE 1.1: a; +v=m:

If oy +v = m, then ay > 7/2 > =, we obtain the local configuration
illustrated in Figure 21-II. Taking into account the side lengths and assuming
that oy + ao > m, we obtain

g = %, for some k > 2.
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Moreover, as two angles ag in adjacent positions are not allowed, at vertices
surrounded by the cyclic sequence (as,f,...) we get 28 + ag = 7. Such
information leads us to the configuration illustrated in Figure 22-1.

¥
(X3 (ll (11 (X3 ﬁ
O3 K O [y K “3p ¥ 5 = 1
2
5 1 7| % Gy | 2 %y |y 3
Ht Ht
2 Vo Oy | *2 1] 0,=Y 8 5ls
*1 g | %2 %y |y 3 3
Tog | %2 oy |0,=v 6 = 4
3 11 16
6 4 o3 O | 9y *3 B[} B
B v Y B og oy oy oy
p b
%y | % 3 9 7
v 8/ ay 8 13
10
7 8 55
5 Yooy " Gy | g 1|y
Y% Qg |Gy o Oy |7
3
15
12 14
ﬁ CXB m ul (xl I a3
I 11

Fi1GURE 22. Local configurations

Considering the area of the bold triangle, composed by tiles 3, 4 and 7,
we achieve ag +2J — 7 > 0, which means that w/k + 2 > 7, or

kE—1
2k
Now, if k > 3, then 6 > 7/3. However, we then have that

o>

.

m
5<’y<a2:E§

wl

which is an impossibility. Thus k = 2, i.e.,

T T

ap = 5 and d > 1
which allows us to extend our local configuration a little further. It follows
that tiles adjacent to tile 8, say 12 and 13, must be kites (according to the
edge lengths). As aj + ag > 7, they are completely determined as shown in
Figure 22-I1. From now on, we easily obtain § = 7/3 and hence there is a
unique way to extend this configuration, leading us to the planar represen-
tation illustrated in Figure 9 with angles 8 and ~, and the corresponding
sides, interchanged .
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As before, we get a + ¢ + d = 7/2 and, concerning the distinct types of
vertices, we have

ay + v = m (24 vertices), 2ay = 7 (6 vertices),
26 + asz = 7 (12 vertices), and 36 = 7 (8 vertices).

We reach a new family of f-tilings with one continuous parameter, say U,
which is an extension of the family found in Proposition 2.1. As before, the
knowledge of s and ¢ allows to determine the extended triangle illustrated
in Figure 23-1.

We now exhibit ymin and Jmax such that for all v € (Ymin, Ymax) We get
a1 +7v =, 208+ ag =, and Equation (1.1) is satisfied with g > v > /3.

J3
3
J3
3

arccos
arccos

FIGURE 23. Extended triangles

Because v increases if and only if 5 decreases, as seen in Proposition 2.1,

we have that
2 [e]
VYmax = arccos 4/ Tl ~ 64.76°,

the value for which the triangle is isosceles (y = 3); this is the case studied
in [?]. On the other hand, since v > § we obtain

i o
’Vmin:§:603

as represented in Figure 23-II.

In order to determine the corresponding angle § = SBpax for which v =
Ymin = 7/3, we proceed as follows: Consider the spherical isosceles triangle
with angles (Bmax, 7/3,7/3) and edge lengths arccos v/6/3 (opposite to 7/3)
and ¢ (opposite to Smax), as represented in Figure 24-1. Using spherical
trigonometry formulas, we derive that

6 6
cos ¢ = cos? (arccos \3[) + sin? (arccos \3[> €08 Brmax
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and
T LT
COS Bmax = — cos® = + sin? = cos c,

3 3

which implies that cosc = 7/9 and cos Smax = 1/3. Therefore it follows that
(cf. Figure 23-1I)

1
Bmax = arccos 3~ 70.53°.

i
v:%Jr 5:% %y A3 B
= 1 ¥ 2 B
5
&
% B v
X S “2 . T, 3
e & %y oy o 0tlr 1
B 5 z p
St U ! N %3
1 11

FIGURE 24. An isosceles triangle / Local configuration

SUBCASE 1.2: a1 +v < 7
If oy +v < 7, we get the local configuration illustrated in Figure 24-1I;
observe that the tile labeled by 4 must be a kite and, by considering the
edge lengths, it has a unique way of being positioned. With the labeling of
this figure, we may conclude that x = ag or z = ~.

SUBCASE 1.2.1: =z = ag:
Suppose firstly that = a3 (cf. Figure 25-1). As 2a; > m, tile 7 cannot be
a kite. Hence, it is a triangle and its angles have a unique way of being
positioned, since the case of adjacency I has already been studied and no
f-tilings were obtained under these conditions. On the other hand, the in-
dicated angle in tile 8 must be v since two angles as in adjacent positions
lead to a contradiction. However, this gives

2n=(a1+0+...)+ (@1 +2y+...) > (a1 + 1) + (B+27y) > 2,

which is a contradiction.

SUBCASE 1.2.2: x =
Suppose that z = « (cf. Figure 25-1T). Then we must have oy +2y+--- =7,
and so f > a; > 7/2. It then follows immediately that tile 7 cannot be a
kite nor a triangle, which is an impossibility.

CASE 2: 01 = 9:
Assume now that 6; = § (cf. Figure 21-I). We then have ay + 3 = 7 or
o)+ 0 <.
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oy 0»3 B oy T oy B
1 2 8
5 1 2 3
5
oy oy |V _ o . v
oy a, *y O=r 3 = e 0,=r 3
é,“n v 2 Ay 1 N
5 4 \\l/ | B 5 4 4/ B
o ESS B
it 71 5 3u1 6 8 1 o *3 B H6 3
, o > 7 5 I
5 2
I I
Fi1GURE 25. Local configurations
i
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HH 0,=3 5 Loeer
4 B
? 6
oy oy N ag y
I II

F1GURE 26. Local configurations

SUBCASE 2.1: a3 +6 = m:
If ay +6 = 7 (Figure 26-1), then it follows by analyzing the edge lengths
that the sum of alternate angles containing v cannot be formed.

SUBCASE 2.2: a1+ 6 < 7
The case a; +§ < = is similar to the subcase 1.2 (i.e, it is similar to the
case in which a3 + v < 7), and is illustrated in Figure 26-II. Observe that,
with the labeling of this figure, one must have x = ag or x = -y, which leads
to a contradiction in each case. ]

Proposition 3.2. If as > a1, as, then there is no f-tiling using K and T.

Proof. Suppose that any f-tiling using K and T has at least two cells con-
gruent to K and T, respectively, such that the cells are in adjacent positions
as illustrated in Figure 2-II with as > a1, a3 and (ag > %)

Similarly to Proposition 2.2, we claim that there cannot be two angles ap
in adjacent positions; see Figure 18-1.
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It then follows that, with the labeling of Figure 21-I, we necessarily have
b=~ or O =06

This leads us to consider the following cases:

CASE 1: 01 =~
Assume firstly that 8; = . Since the case a1 + v = 7 leads to two angles
a9 in adjacent positions, we must have a; + v < .

In this case, we get the local configuration illustrated in Figure 27-1.
Furthermore, observe that tiles labeled by 4 and 5 must be kites; considering
that there cannot be two angles ag in adjacent positions, these tiles have
a unique way of being positioned. Now, as 2a3 + as + a3 > 27 and (g +
az) + (B + 27v) > 27, none of the angles around vertex v could be a3 or S.
By this reason, the remaining angles around v must be ~+’s and §’s. When
taking taking into account the edge lengths, we see that there is no way to
avoid an incompatibility.

al T as B al T as ﬁ
3 1 3 2 8 3 1 3 2 3
5 5
*2 o]l 2 oy |7
a Hit ay vel—“/ 3 o H o elza 3
5
4 oy B 4 oy v b
3 S 6
Ha - oy 5 L, 4 oy 5
og oy 7
(5 oy
1 II
FiGURE 27. Local configurations
CASE 2: 01 = 6:

Suppose now the case in which 6; = d. The case a3 + § = 7 leads to
a contradiction (similar to the same case in Proposition 3.1), and so we
suppose that ag + 9 < 7 (cf. Figure 27-II). As before, tiles labeled by 4 and
5 are uniquely determined, while none of the angles around vertex v can be
ag or 3. This implies that tiles labeled by 6 and 7 are triangles positioned
as shown in Figure 27-1I. Nevertheless, when taking into account the edge
lengths, we find that we have no way to complete the sum of alternate angles
around the vertex v. O

4. CONCLUSION

Let K be a spherical kite with internal angles (aq, ag, a1, a3) in cyclic
order such that g > a3. Let T be a scalene spherical triangle with internal
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angles (f3,7,0) such that 8 > 4, v > 6 and 8 # . For each

6—1 2
B e g,aurccos\[4 \ arccosﬂﬁ ,

there is exactly one f-tiling of the sphere, Ug, with prototiles K and 7' in
which the longer side of K matches the shortest side of T satisfying

ar+ B =m, agzg, 2y 4+ a3 =m, and 52%;
for other values of 8 no such tiling exists. Moreover, given 3 in the specified
interval, the angle ~ is uniquely determined by Equation (1.1). In fact,
v € (m/3, arccos(1/3)), and 7 decreases if and only if 5 increases. The
case 3 = arccos/2/11 implies = 7, and hence must be excluded. A 3D
representation of Up is illustrated in Figure 11-1I.

The symmetries of U g that fix a vertex v of valency four and surrounded
by (ag, g, ae, ag) are generated by a reflection and by a rotation through
an angle 7/2 around the axis by £v. On the other hand, for any vertices v;
and v9 of this type, there is a symmetry of U/ g sending v; into vy. It follows
that the symmetry group has exactly 48 = 6 - 8 elements, and it forms the
group of all symmetries of the cube, the octahedral group, often referred to
as Cz X 54.
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