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THE ENDOMORPHISMS MONOIDS OF HELM GRAPH
AND ITS GENERALIZATION

A. RAJABI, A. ERFANIAN, AND A. AZIMI

ABSTRACT. Let G be a graph. Then G is said to be End-regular if the
set of all endomorphisms of G forms a regular monoid. In this paper, we
discuss the End-regularity of Helm graphs and our generalization. We
also prove that the generalized Helm graph is End-orthodox if and only
if it is End-regular. Moreover, we investigate the End-regularity of the
join of two generalized Helm graphs.

1. INTRODUCTION

There are many relations between graph theory and algebraic structures.
For instance, the notion of End-regular graphs relates to both the semi-group
theory of algebra and graph theory.

The motivation of this paper comes from an open problem, posed by
Knauer and Wilkeit (see [12]), which states which graphs are End-regular.
It is very hard to determine and characterize all End-regular graphs, so
most researchers deal with some types of well-known graphs like End-regular
bipartite, End-orthodox bipartite graphs (see [19, 1] for more details) and
End-regular split graphs as considered in [10].

For nonbipartite and nonsplit graphs, there are some researches on End-
regularity, for instance, End-regularity complement of a path [5], End-
regularity of n-prism graphs [17], unicyclic graphs [11], generalized bicycle
graphs [15], and also End-regularity of book graphs [13, 16]. Pipattanajinda,
Knauer, and Arworn [14] defined a generalized wheel graph and obtained
some conditions that imply a generalized wheel graph be End-regular.

Let us remind some basic definitions, which are necessary. An element x
of a semi-group S is said to be regular if there exists an element y € S such
that zyx = z. Also the element y is called a pseudo-inverse of x. A regular
element z of the semi-group S is called completely regular if xy = yx for
some pseudo-inverse y of x. A semi-group S is regular (completely regular)
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if every element of S is regular (completely regular). An element e of semi-
group S is said to be idempotent if e* = e. If the set of all idempotents of
a semi-group S is a subsemi-group of S, then S is called idempotent-closed.
A semi-group S is called orthodoz if S is regular and idempotent-closed.

In this paper, G stands as a finite simple graph (with no loops and multiple
edges). The vertex set and edge set of graph G are denoted by V(G) and
E(G), respectively. If u and v are two vertices such that u adjacent to v,
then we denote it shortly by u ~ v and say that v is a neighbor of u. The
number of neighbors of the vertex wu is called the degree of u, denoted by
deg(u). The set of all neighbors of vertex w in the graph G is denoted by
Ng(u). The graph G is complete if all of its vertices are adjacent. The
complete graph of order n is shown by K,. A subset K of vertices of the
graph G is called a clique if the induced subgraph over K is a complete
graph. A subset S of V(G) is called an independent set if there is no edge
between any two vertices in S.

Moreover, the graph G is said to be split if we can partition V(G) into
two subsets K and S such that the induced subgraph over K is a clique
and the induced subgraph over S is an independent set. A path is a finite
sequence of edges that joins a sequence of distinct vertices. A path of length
r is denoted by P.. A cycle C,, can be obtained from a path P, in which
the first and the last vertices coincide.

If a path P, attaches to a vertex u, then it is called a pendant path of
length r. It is clear that if » = 1, then a pendant edge (or pendant vertex)
appears.

The join of two graphs G and H, shown by G+ H, is a graph with vertex
set V(G+ H) =V (G)UV(H) and edge set

BE(G+ H) = E(G)UE(H) U {(u,v),u € V(G),v e V(H).

Note that in the above definition, we suppose that the vertex sets of G and
H are disjoint. The wheel graph W, is C,, + K.

Let G and H be two graphs. Then a map f from G to H is a homomor-
phism if u ~ v implies that f(u) ~ f(v). The set of all homomorphisms
from G to H is denoted by Hom(G, H). Moreover f is an isomorphism if f
is a bijective homomorphism and its set inverse f~! is a homomorphism. A
homomorphism from G to itself is called an endomorphism. The set of all
endomorphisms of G is denoted by End(G). We know that End(G) is a semi-
group. Also an isomorphism of G onto itself is called an automorphism, and
the set of all automorphisms of a graph G is denoted by Aut(G). A graph
G is rigid if End(G) = 1, and G is unretractive if Aut(G) = End(G). It is
important to note that since our graphs are finite, injective endomorphisms
are automorphisms.

A graph G is called End-regular (End-orthodox, End-completely-regular,
End-idempotent-closed) if the semi-group End(G) is regular (orthodox,
completely-regular, idempotent-closed).
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Let f € Hom(G, H). For u,v € V(G), let {f(u), f(v)} € E(H). We set
U= f"Yf(u)) and V = f~1(f(v)). Then f is a half-strong homomorphism
if there exists at least one edge between U and V. If for each u € U, there
exists at least one element v € V such that v ~ v or for each v € V,
there exists at least one element v € U such that u ~ v, then f is called a
locally strong homomorphism. We call f is a quasi-strong homomorphism
if there exists ' € U such that for any v € V, we have v’ ~ v and there
exists v € V such that for any v € U, we have u ~ v'. Also f is a
strong homomorphism if all elements of U and V' are adjacent. The set of
all half-strong endomorphisms of G, (locally-strong endomorphisms of G,
quasi-strong endomorphisms of G, strong endomorphisms of () is denoted
by HEnd(G) (LEnd(G), QEnd(G), SEnd(G)). Also the set of idempotent
endomorphisms of a graph G is shown by Idp(G).

Let f € End(G). Then we denote Iy as the endomorphic image of G
under f that is a subgraph of G with V(Iy) = f(V(G)) and f(a) ~ f(b) if
and only if there exist ¢ € f~1(f(a)) and d € f~1(f(b)) such that ¢ ~ d in
G. Finally, for fixed f € End(G), we define a relation py by (a,b) € py if
and only if f(a) = f(b) for every a,b € V(G). One can see that ps is an
equivalence relation and for every a € V(G), the related equivalence class
of a is denoted by [a],,

Helm graphs are known graphs, which are not bipartite or split. The
paper is organized as follows. In section 2, we discuss when these graphs are
End-regular. We also define a generalization of Helm graphs and determine
when these generalized Helm graphs are End-regular, End-orthodox, and
completely-regular. Moreover, in section 3, we prove that the join of two
End-regular generalized Helm graphs is End-regular. In the last section, we
attempt to compute the endotype and endospectrum of Helm graphs.

2. END-REGULARITY OF GENERALIZED HELM GRAPHS

Now, we recall the following theorem from [8], which determines sufficient
and necessary conditions for an endomorphism f € End(G) to be a regular.

Theorem 2.1 (Li [8]). Let G be a graph and let f € End(G). Then f is
reqular if and only if there exist idempotents g, h € End(G) such that Iy = I¢

and pp, = py.
The following two lemmas from [10, 11] study regular endomorphisms.

Lemma 2.2 (Li and Chen [10]). Let G be a graph and let f € End(G). If
f is regular, then f € HEnd(G).

Lemma 2.3 (Ma, Wong, and Zhou [11]). Let f be a regular endomorphism
of a graph G with a pseudo-inverse g. Then g(z) € f~'(x) for any z €
fV(@G)).

The following theorem states a sufficient and necessary condition for the
End-regularity of split graphs.
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Theorem 2.4 (Li and Chen [10]). Let G be a connected split graph with
V=KUS and |K| =n. Then G is End-regular if and only if there exists
r € {1,2,...,n} such that deg(z) = r for any x € S, or there exists a
verter a € S with deg(a) = n and there exists r € {1,2,...,n— 1} such that
deg(z) =71 for any x € S — {a} if S — {a} # 0.

Now, we are going to investigate the End-regularity of Helm graphs.

We recall that the wheel graph W, consisting of a cycle on n vertices
such as wq,uo,...,u, and a vertex such as ¢ that is adjacent to each of
UL, U2y oo oy Up.

Definition 2.5. The Helm graph H, is a graph obtained from the wheel
graph W, by adjoining pendant vertices vy, v, ..., vy, respectively. Eram-
ples of Helm graphs are presented in Figs. 1 and 2 for n = 3 and n = 4,
respectively.

v1 U1 v2
L]
1 U1 U
c c
u3 u2 Ug us
v3 V2 V4 v3
Fig. 1. H3 Flg 2. H4

We recall that the chromatic number of a graph G, denoted by x(G), is the
smallest number of colors needed to color the vertices of G such that no two
adjacent vertices share the same color. Note that if there is a homomorphism
from a graph G to a graph H, then x(G) < x(H).

We use the fact that odd cycles are unretractive (see [7, Corollary 7.2.2]).
This amounts to the fact there is no retraction from an odd cycle onto a
proper subset. This fact is due to the result that odd cycles are 3-chromatic
while proper subsets are 2-colorable. Similarly, the chromatic number of the
wheel graph W, for odd n is 4 and the chromatic number of proper subsets
is at most 3. Hence the wheel graph is unretractive, too. We use that fact
in the next lemma. To determine the End-regularity of H,, we state the
following two lemmas.

Lemma 2.6. Let f € End(H,,), where n is an odd number and n > 5. Then
fle) =c and f(u;) € V(Cy,) for every u; € Cy.

Proof. Suppose that f(c) = v;. This case is impossible. Indeed, each triangle
containing ¢ must be sent on a triangle containing v;, but there is no such
triangle. Suppose that f(c¢) = u;. There are n triangles containing ¢ and
two triangles containing wu;, since n > 3. Thus the wheel graph W, is sent
on a proper subset of itself. This is impossible, indeed, since n is odd, the
chromatic number of C,, is 3. Hence the chromatic number of the wheel
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graph W, is 4 and the chromatic number of proper subsets is at most 3.
Hence f(c) = c¢. Next, since v;j is a pendant vertex, no u; can be sent on v;.
Finally, since f(c) = ¢ and w; is joined to ¢, u; cannot be sent on ¢. Hence
f(V(Cy)) CV(Cy) as claimed. O

One can observe that the condition n > 5 in the above lemma is nec-
essary. Because, if we consider the case when n = 3, then it is pos-
sible to define the endomorphism f € End(Hs) such that f(u1) = wug,
Flus) = f(un) = f(vs) = ¢, flug) = f(v2) = s, and f(e) = ug, which
does not hold the property of Lemma 2.6.

As a consequence of Lemma 2.6, we can state the following lemma, which
proves that the image of odd cycle Coxy1 in Hogy1 under every endomor-
phism is again the odd cycle Coy 1.

It is not difficult to see that we can give other proofs for Lemma 2.6 directly
and without the use of coloring arguments from graph theory.

Lemma 2.7. Ifk 2 2 and f S End(H2k+1), then f(02k+1) = Cgk+1.

Proof. 1t follows from the property that Ca,41 is unretractive.
O

Now, we have enough tools to investigate the End-regularity of Helm
graphs.

Theorem 2.8. The Helm graph H, is End-regular if and only if n is an
odd number.

Proof. Suppose that n = 2k, for kK > 2. Then we define the map f by the
following rule:

¢, T =c, 0y,
u Tr =
f(LU) _ 3 2,

Uz, T =U2i_1,%# 1, T = ug,
Uy, T =v9,t# 1, = ugi_1.

It is easy to check that f € End(Hs), but f ¢ HEnd(Hsg). As in the
above definition, f(v2) is adjacent to f(v1), but there exists no vertex in
f~1(f(v1)) such that it is adjacent to a vertex in f~1(f(v2)). Thus Hyy is
not End-regular, by Lemma 2.2.

Assume that n = 2k +1 for kK > 1. If k = 1, then it is easy to see that Hj
is a split graph made of the clique K = {uy, ua, us, c} and the independent
set S = {v1,v2,v3}. Since deg(z) =1 for all € S, then Hs is End-regular
by Theorem 2.4. Now, suppose that & > 2; then n = 2k +1 > 5. Let
f € End(Hsg11); then we define endomorphisms g and h as follows:



THE ENDOMORPHISMS MONOIDS OF GENERALIZED HELM GRAPH 43

T, T =1U;,T=Cc,

T, T=1Uj,T =cC, o N '
g<x) = T, T =10 € Imf7 h(l’) = A U“f(vl) f(uj)7
c, T = Uy, f(vl) =,
¢, x=v;v; ¢Imf,

Vi, $:Ui7f(vi) #f(uj)ac

It is clear that g and h are idempotent endomorphisms in Hogqq and Iy = I,
is a wheel graph W,, maybe with some pendant vertices. We show that
ps = pn- Let f(z) = f(y), where x,y € V(Hag11). Since f(Copy1) = Cong1
by Lemma 2.7, there are the following two cases:
CASE 1: z = cand y = v; for some ¢ € {1,2,...,2k + 1}.

In this case, we have h(z) = ¢ = h(v;) = h(y).
CASE 2: x = u; and y = v; for some i,j € {1,2,...,2k + 1}, i # j.

We have h(z) = h(uj) = u; = h(v;) = h(y).

Thus h(x) = h(y) in both cases and it implies that p; C pj. According
to the definition, h(z) = h(y) entails that = v; and y = v; for some i # j.
If h(z) = h(y) = ¢, then f(x) = f(y) = c or if h(z) = h(y) = ug, then
f(x) = f(ux) = f(y); thus py = pp, and End(Hapy1) is regular for all £ > 2
by Theorem 2.1. O

In 2016, Indriati et al. [6] defined a type of generalized Helm graph. Now,
we are going to give another generalization of Helm graphs, which is also a
generalization of [6]. Before we define that, let us recall that the Cartesian
product GLIH of the graphs G and H is a graph such that the vertex set of
GOH is the Cartesian product V(G) x V(H); and two vertices (x,y) and
(2',y') are adjacent in GOH if and only if either z = 2’ and y is adjacent
toy in H, or y = ¢ and x is adjacent to 2’ in G. Also, a G-layer G,
(x € V(H)) of the Cartesian product GOH is the subgraph induced by the
set of vertices {(u,x) : u € V(G)}. An H-layer is defined analogously (see
2, p. 40)).

Definition 2.9. Letn > 3, letm > 1, and letr > 1. Consider the Cartesian
product Cp,lIP(, 1), that joins a vertex c to every vertex of Cp-layer Cy,
and removes edges between all of vertices of Cp-layer C,, for x # kr and
1 < k < m. This graph is called a generalized Helm graph and denoted by
H,(m,r). In other words, H,(m,r) is m cycles of length n such that each
vertex of each cycle joins to the corresponding vertex of the later cycle with
a path of length r, also a pendant path P, joins to each vertex of the last
cycle, and a vertex such as c joins to vertices of the first cycle with n Pys.

As an example of a generalized Helm graph, H5(3,2) is shown in Fig. 3.
We observe that the generalized Helm graph H,(1,1) coincides with the
ordinary Helm graph H,. With the above definition, we determine the
vertices of the generalized Helm graph precisely by the following method.

Let n >3, let m>1,let r > 1, and let 1 < j < m. We denote C3, as a
cycle of length n for every 1 < j < m, and G as a graph isomorphic to a

cycle C}, whose each vertex has a pendant path of length 7, and G denotes
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a graph with a vertex ¢, in which it has n pendant paths of length r. We
label vertices of Go and G as follows:

1.2 r 1 .2 T 1,2 r
V(Go) = {c,v1,0], ..., 0],03,V5, ..., V5, .., Uy, V...,V }
such that for each 1, vil is adjacent to ¢ and vil ~ vf ~ 23 ~ e~
AN O LA L [ i

V(C)) ={v] vy ,u3,...,0},

such that v]" ~ vf-frl, and indices are in module n.
N j G-Vr+1  (G—-1r+2 (G—1)r+r
V(G;) =V(C)) Uiy, ,U; R }

such that vz(jfl)ﬂrl ~ vl(j*l)wrl“ forevery 0 <[ <r—1.

So, V(Hp(m,r)) =Ui~, V(G;) and E(H,(m,r)) = U~ E(G;).

Fig. 3. H5(3,2)

Theorem 2.10. If m > 2 orr > 2, then H,(m,r) is not End-regular.

Proof. Suppose that r > 2. It is not difficult to see that the following
endomorphism is in End(H,,):

vgﬂ, x:vg,lgjgmrandlgign—l,
v{, z=uv), and 1 <j <mr,
I x = ot
f(l') - U?-Lr-i-l’ T = U’{nr—&-?j
o, x = v;m"ﬂ‘, jisodd 1 <j<randz # v/
ol = v;mﬂ', jiseven, 2 < j<randz # v
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Let f be regular. Then there exists a pseudo-inverse g such that
fgf =f. So g(v{”rﬂ) = v{m+2 by Lemma 2.3. Also, g(v]"") C {v?rﬂ,v;"’”

such that j is odd and 1 < j < r by Lemma 2.3. On the other hand, g is

an endomorphism and v} ™! ~ v results in g(v]"" ) ~ g(v7""). Conse-

quently just g(vi"") = ’UT'T—H or g(vi") = v71"r+3 can be accepted. Similarly,
g™y C {op™ wmr ) for odd j with 1 < j < 7. We have v/™ ~ o7
and so g(v™") ~ g(vP") = V" or g(v™) ~ g(vP) = V3. No ele-
ment is found for g(v]"") and this is a contradiction. Thus, f is not regular.
Now, let r = 1 and let m > 2. Define f(v/"™) = v, f(v) = v?}rjl,
and f(z) = x for x # v/"™' v™; then we can see that f € End(H,(m,1)).
Moreover f ¢ HEnd(H,(m,1)). Because f(v/"*') ~ f(v/*t), but
o= ) T ) = o
so, Hy,(m,1) is not End-regular by Lemma 2.2. O

Corollary 2.11. The generalized Helm graph Hy(m,r) is End-regular if
and only if m=r =1 and n is odd.

Proof. Tt follows from Theorems 2.8 and 2.10 directly. O

As we mentioned earlier in the first section, if the graph G is End-orthodox
or End-completely-regular, then G is End-regular. So, to check that when
H,(m,r) is End-orthodox or End-completely-regular, we just need to con-
sider H2k+1.

Theorem 2.12. The graph Hoi11 is End-idempotent-closed for any positive
integer k.

Proof. Let k > 2 and let f € Idp(Hag+1). Also let f(u;) = u; for some i # j.
We know f?(u;) = f(ui), so f(uj) = uj;, which is a contradiction with the
definition of homomorphisms. Thus f(u;) = w;. In addition, if f € Idp(H3),
then f(c) # w;. Otherwise, since f is an idempotent f(u;) = w;, which
is again a contradiction with the definition of homomorphism. Hence if
f € Idp(Hsg41), for any positive integer k, we have f(u;) = wu; for all
i=1,2,...,2k+1 and f(c) = c. So here each vertex images to itself. Thus
we have f(v;) € {¢, vs, uiy1,ui—1}. For each of cases of f(v;), it is not difficult
to check that (fog)%(v;) = fog(v;) for f,g € Idp(Hay1), for instance, we
check one case and left another one to the reader. Let f(v;) = wiy1, let
g(vi) = ¢, let fg*(vi) = fgfg(vi) = fgf(c) = fg(c) = f(c) = ¢, and let
fg(v;) = f(¢) = c. Then fg> = fg. Now fg € Idp(Hox,1) for every
f,9 € Idp(Hag1). O

Corollary 2.13. The graph Hy,(m,r) is End-orthodoz if and only if it is
End-regular.

Proof. 1t is a direct consequence of Corollary 2.11 and Theorem 2.12. U

We recall that a function f is called square injective if f?(a) = f2(b)
implies that f(a) = f(b). Now, we give the following result, which states a
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necessary and sufficient condition for the endomorphism f to be completely-
regular (see [18, p. 14 Theorem 1.4.7] for more details).

Theorem 2.14 (Wanichsombat [18]). Let G be a finite graph and let
f € End(G). Then f is completely-regular if and only if for all a,b € V(G),

f(a) # f(b) implies f?(a) # f2(b), that is, f is a square injective.

Theorem 2.15. The graph Hy,(m,r) is not End-completely-reqular for every
n>3, m>1, andr > 1.

Proof. If m > 2 or r > 2, then H,(m,r) is not End-regular and so is not
End-completely-regular as well. Moreover, H,(1,1) = H,, is not End-regular
for all even number n. Thus, we only need to consider the case Hog 1, where
k > 1. For Hoyy1, we define f € End(Hy,(m,r)) by the rules f(u;) = uiy1,
f(v1) = va, and f(c) = f(v;) = c for i # 1. We see that f(c) # f(v1), but
f?(c) = f*(v1), and so Hop, 1 is not End-completely-regular by Theorem
2.14. Hence H,(m,r) is not End-completely-regular as required. ([

One of the interesting topics in this area is to characterize all graphs
whose set of idempotent endomorphisms is a monoid. We recall that this
property is called End-idempotent-closed. Here, we state some theorems on
this property for the generalized Helm graph H,,(m,r).

Theorem 2.16. The Helm graph Hoy is not End-idempotent-closed.

Proof. Suppose that f and g have the following rules:

uy, T = U24+1, uz, T = U241,
f(l’): ug, x:u%,i#k, g(l’) _ Uz, I = U2;,
U2k, T = U2k, T = V3, V3, T = U3,
c, Tr=cr=uv;iF#3, ¢, T=c¢r=uvi#3.

We show that f and g are idempotent endomorphisms. Indeed wg; i1 ~ ug;
results in f(ugiy1) = w1 ~ f(ug) € {ug,ugk}. Also v; ~ w; for i # 3
results in f(v;) = ¢ ~ f(u;) € {u1,u2,ugt} and f(vs) = ugg ~ f(uz) = u1.
Eventually, ¢ ~ u; and f(c) = ¢ ~ f(u;) € {u1,u2,uot}. So, f is an
endomorphism. Also, f2(u;) = f(u;), f2(c) = f(c), and f2(v;) = f(v);
then f € Idp(Hag). Similarly it can be shown that g € Idp(Hag). Now,

(f9)*(v3) = fgfg(vs) = faf(vs) = fg(uz) = f(ua) = ua

and fg(vs) = f(vs) = ugg. Since k > 1, we have fg ¢ Idp(Hai). Hence Hoy,
is not End-idempotent-closed. ([

Theorem 2.17. If r > 2, then H,(m,r) is not End-idempotent-closed.

Proof. 1t is not difficult to see that f and g defined below are two idempotent
endomorphisms from H,(m,r).
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ot = vimurj, j odd,
T2 g = UTTH, j even,
fla)=qu" ™t a=w"", jodd,
vy, T = U;MH, j even,

T, otherwise,
(vg"”", T = Ulmrﬂ, 7 odd,
vt = v’lmﬂ, j even,
glz) = Qv z= v;murj, j odd,
vEr, x = vgwrj, j even,

z, otherwise.

Note that in the above endomorphisms, we assumed that 7 > 1. Since

(9.2 (0" %) = g fg(f(v]"" "))

= gf(g(v]""?))

= g(f(v3")

=gy

_ . mr—1
= v,

and g f(u7"+2) = g(u"+?) = v, we see that (/)27 *) # gf (0],
So Hy(m,r) is not End-idempotent-closed for all r > 2. 0

In spite of the fact that we believe H,,(m,1) is End-idempotent-closed for
all m > 2, we are not yet able to prove it. So, let us state the following
conjecture.

Conjecture. H,(m,r) is End-idempotent-closed if and only if r = 1 and
m>2o0rr=m=1 andn is odd.

3. END-REGULARITY OF THE JOIN OF TWO GENERALIZED HELM GRAPHS

In this section, we prove that the join of two generalized Helm graphs is
End-regular if and only if that is as the form H,, + H,, such that m and n
are odd. We start with the following three lemmas.

Lemma 3.1 (Li [9]). Let G and H be two graphs. If G+ H is End-regular,
then both G and H are End-regular.

Lemma 3.2 (Hou and Luo [4]). Let G and H be two End-regular graphs. If
for every f € End(G + H), we have f(G) C G and f(H) C H, then G+ H
is End-reqular.

Recall that the join of n graphs G1, Go, ..., Gy, denoted by G1 + Go +
-+ + Gy, is a graph with

VGi+Ga+ -+ Gp) =V(G)UV(G2)U---UV(Gy)



48 A. RAJABI, A. ERFANIAN, AND A. AZIMI

and
E(Gi+Gas+---+Gy) =E(G1)UE(G3)U---UE(Gy)
U {{z, y}le € V(Gi),y € V(G))}

(where ¢ # j). Now, we have the following lemma for End-regularity join
n-split graphs.

Lemma 3.3 (Hou, Feng, and Gu [3]). Let G;, i = {1,2,...,n}, be split
graphs and let each G; have a complete subgraph K; and an independent set
Si. Then G1+ G + - - - + Gy, is End-regular if and only if
(i) G; is End-regular for every 1 < i <mn,
(ii) gi—d; = qj—d; for everyi and j, where q; = |V (K;)|, d; = degg, (1),
and x; € S;,
(ii) V(K;) # Ng,(x) U Ng,(2') for every i and every x,a’ € S;.

Now, we investigate the End-regularity of the join of two generalized Helm
graphs. The following lemma will be used in the proof of the main theorem
of this section.

Lemma 3.4. Let m,n > 5 be odd and let f € End(H,, + H,,), where H,
and Hy, be Helm graphs with vertices {c,u1,ug, ..., Up,v1,02,...,05} and
{ u,uly, .. ul,, v, vh, . vl } (as in the definition of Helm graphs), re-
spectively. Then

(i) f(Cn) = Cy and f(Cy,) = Cy, or f(Cp) = Cy, and f(C},) = Cy,

(ii) f(c)=c and f(d) = or f(c) = and f(d) =c.
Proof. (i) If f(H,) C Hy, then f(C,) = C,, by Lemma 2.7, and since C,,, ~
Cy, and f(Cy) ~ f(Cp,), we have f(Cp,) = Cy,. Similarly, if f(H,) C Hy,,
then f(C,) = CJ, and f(C},) = C,. Assume that f(H,) ¢ H,, that
f(Hy) € Hp, that f(Cy) # Cy, and that f(Cy) # Cy,. We know that
f(Cy) is a cycle and that |f(Cy,)| > 5. So f(Cy,) has a path of length 5, and
since ¢ ~ (), there is one vertex that is adjacent to all of vertices of this
path. All vertices of f(C),) are adjacent to all vertices f(C),); so we should
find another path with the above property. If v;, v, € f(Cy), then there
is no path with the said features in f(Cy,). So v;, v} ¢ f(Cy). Let f(Cp)
contain at least two vertices in each of H,, and H,,. Then again there are
no two paths with the said features such that they are adjacent together.
Suppose that |f(Cy)| > 4 in H,, and that |f(C,)| =1 in H,,. Without loss
of generality, we can assume the following assumptions. For i > 1,

{uia Ui41, Ui42, Ui4-3, cl} g f(Cn)
and

{u;7 u;+17 u;+27 u§+37 C} - f(Cm)
such that ¢ and ¢ are adjacent to f(C,) and f(C,,), respectively. Since
figa) ~ fluipa) = ¢, fviga) ~ f(uiyy) = ¢, and f(vipa) ~ fluits) = uigs,
there is no vertex for f(v;;4) and this is a contradiction. Hence f(C),) = Cy,
or f(Cy) = C},. By the same method as above, we can show that
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f(cr,) =Cl, or f(Cr,) = Cy,. It f(Cy) = Cp, since f(Cy,) ~ f(Cy), then
f(Cp) = Cy,. Similarly, if f(C,) = Cy,, then f(C,,) = Cy,, as required.

(i1) We know that ¢ and ¢’ are the only vertices that are adjacent to all
of vertices C,, and C},. On the other hand, f(c) is adjacent to C,, and
C/.. So by part (i), we have f(c) = cor f(c) = ¢. Similarly f(¢/) = ¢ or
f(d)y=ec. O

Theorem 3.5. The join of two generalized Helm graphs is End-regular if
and only if both of them are End-reqular.

Proof. If the join of two generalized Helm graphs is End-regular, then each of
them must be End-regular by Lemma 3.1. Now considering the notation of
Lemma 3.4, suppose that H,(m1,r1) and H,,(m/},r}]) are two End-regular
generalized Helm graphs. Thus H,(mi,r) = H, and H,,(m/,r)) = Hp,
such that m and n are odd numbers by Corollary 2.11. Let

f € End(H, + Hy).

Then we consider the following cases:

CASE 1: m # n and m,n # 3.
Without loss of generality, let n < m. So (), cannot image to C,, and
f(Cn) #C!.. Then f(C,) = C, and f(C},) = C], by Lemma 3.4. Now,
if f(¢) = ¢, then f(¢) =, f(H,) C Hy,, and f(H,,) C Hp,. So, H,+H,,
is End-regular by Lemma 3.2. If f(c) = ¢, then f(¢) = ¢, and, for each
i, we have f(v;) = ¢ and f(v}) = c¢. We define g € Idp(H,, + H,,) by the
rules g(v;) = ¢, g(v}) = ¢, and if © # v;, v}, then g(z) = z. Then it is
easy to check that Iy = I, and py = pg, which implies that f is regular
by Lemma 2.1.

CASE 2: m # n and one of them is 3.
Let n = 3. Clearly n < m and f(C,) # C},. If f(C,) = Cp, then
similar to case 1, the result follows. Now, let f(C,) # C,. We define
g,h € Idpt(H,, + H,,) as follows:

Vi, T = Uy, Uielmfa Ui, T = Vg, f(vl):f(uj)7

¢, T=v,v¢Imf, c, zT=uw; f(ui)=c
o) = ol = ofelnf, hlx)=ul @—ul, f(0]) = (),

d, z=uv,v;¢Imf, d, w=vj, flv) =¢,

x, xF# v, x, otherwise.

We can see that Iy = I, and py = pp,, and consequently f is regular by
Lemma 2.1.

CASE 3: m=n=3.
We know that Hj is a split graph. If we check three conditions of Lemma
3.3, then get that Hs + Hs is End-regular.

CASE 4: m=n # 3, f(C,) = Cy, and f(c) =c.
In this case, f(C),) = C], and f(d) =, so f(Hy,) C H, and
f(Hy,) € Hy,. Then H,, + Hy, is End-regular by Lemma 3.2.
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CASE 5: m=n# 3, f(C,) = Cy, and f(c) = .
We know that f(Cl,) = Cy,, f(d) = ¢, f(vi) = ¢, and f(v)) = ¢ for
every i. Define g € Idp(H,, + H,,) by the rules g(v;) = ¢, g(v}) = ¢, and
g(z) = z for « # v;,v,. Therefore, Iy = I, and ps = py. So by Lemma
2.1, f is regular.

CASE 6: m=n#3, f(C,) =C/,, and f(c) = c.
It is very similar to the proof of case 5.

CASE 7: m=n#3, f(C,) =C},, and f(c) = .
In this case, f(Cl,) = Cp, and f(¢') = ¢. We define g € Idp(H,, + Hy,)
by the rules g(z) = ¢ if x = v; and v; ¢ Im(f), g(z) = ¢ if x = v} and
v; ¢ Im(f), and g(z) = = if © # v;,v]. We see that Iy = I,. Now see the
following endomorphism:

z, z€CprveCp,z=candx="<,

Uyj, T = U and f(vl):f(u])v

W, o= ol and f(l) = f(u),
h(z) =< c, x=wv; and f(v;) = ¢,

d,  x=vand f(v) =c,

vi, x =, f(vi) # f(u;), and f(v;) # ¢,
,U/ !

bz =, f(v)) # f(u)), and f(v;) #c

It is not difficult to check that h € Idp(H,, + Hy,) and py = pp, so f is
regular by Lemma 2.1.

0

The following theorem gives a necessary and sufficient condition on the
orthodoxy join of two graphs.

Theorem 3.6 (Hou and Luo [4]). Let G1 and Gy be two graphs. Then
G1 + Gs is End-orthodoz if and only if G1 + G2 is End-regular and both of
G4 and Go are End-orthodoz.

Corollary 3.7. The join of two generalized Helm graphs is End-orthodox if
and only if that is as the form Hogi1 + Hopr 1.

Proof. This is a consequent of Corollary 2.13 and Theorems 3.5 and 3.6. [

4. ENDOSPECTRUM OF HELM GRAPHS
First, we observe that the following sequence occurs for every graph G:
EndG D HEnd G O LEnd G O QEnd G O SEnd G D AutG.

Recall that the endospectrum of G (endomorphism spectrum of G) is the
following 6-tuples:

Endospec(G) = (| End G|, | HEnd G|, | LEnd G|,
| QEnd G|, | SEnd G|, | Aut G).



THE ENDOMORPHISMS MONOIDS OF GENERALIZED HELM GRAPH 51

We may also associate the 5-tuple (s1, s2, $3, 83, 84, S5) to the Endospec(G)
with the rule that s; € {0,1} for 1 <14 <5, where

0, i-entry =i+ l-entry in Endospec(G),
S, =
’ 1, id-entry # i+ l-entry in Endospec(G).

For instance, s; = 1 means that | End(G)| # | HEnd(G)|, s2 = 0 means that
| HEnd(G)| = | LEnd(G)|, and so on. We call the integer Z?Zl 5271 the
endotype or endomorphism type of G and denote it by Endotype(G). The
endotype is a number between 0 and 31. There are no graphs of endotypes
1 and 17. A rigid graph is a graph with |End(G)| = 1. The endotype of
this graph is 0 (see [7] for more details). One of the interesting problems is
to determine the endotype and endospectrum of a graph. Although finding
these values for any graph is not only easy but sometimes impossible, they
are computed for some graphs. For instance, for trees, it was obtained in
[7].
Now, we may ask the same problem for the generalized Helm graphs.

Problem 4.1. What are the endotype and endospectrum of the generalized
Helm graphs?

We attempt to determine the endotype and endospectrum of Helm graph
H,,, for both cases when n is even or odd. We have been successful to find
it when n is odd, but for even n, we determined the endotype and we were
able to compute only three entries of Endospec(Hy;) and the remaining
three entries are left unknown.

Theorem 4.2. If k is a positive integer, then
’LEHd(H2k+1)| = ‘ Aut(H2k-+1)’ = 2(2k + 1).

Proof. First, we suppose k > 2 and show that every local strong endomor-
phism Hogiq is an automorphism in Hopi1. Let f € LEnd(Hagy1); then
by Lemma 2.7, it is enough to prove that f(v;) # ¢ and f(v;) # u; for all
i,j € {1,2,...,2k + 1}. We recall that f~!(u;) is a singleton set for each
i€{1,2,...,2k + 1}, by Lemma 2.7. Without loss of generality, we show
that f(v1) # ¢ and that f(vi) # u; for each j € {1,2,...,2k +1}. On
the contrary, let f(v1) = ¢ and put f~'(u;) = {uz}. Then f(vi) ~ f(u2),
but vy is not adjacent to any vertex in f~!(u,), a contradiction. Thus
f(v1) # ¢ Let f(vi) = u; for some j € {1,2,...,2k + 1}. We know
that wji1 ~ f(v1) = uj ~uj_q, but f~ (uj1) # {wr} or f7Huj1) # {wa}.
This contradicts with that f is a local strong endomorphism of Hoy11. Hence
f(v1) # uj for each j € {1,2,...,2k + 1}.

Now, we compute the order of Aut(Hogi1). Let f € Aut(Hagy1). Then
for f(u1) and f(us2), we have 2k + 1 and 2 choices, respectively. By Lemma
2.7 for f(ui), i € {3,4,...,2k + 1}, we have just one choice. Since f(c) = ¢
and f is an automorphism for all j = 1,2,...,2k + 1, we have v; € Im f.
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Hence for all v;, there is only one choice and consequently

For k = 1and f € LEnd(H3), it is enough to show that f(Caxy1) = Cop1.
Then by the same proof as in above, LEnd(H3) = Aut(Hs3) and the result
follows. We claim that f(c) = c¢. On the contrary, let f(c) = u; for some
j €{1,2,3}. Thus f(uy) = c for some k € {1,2,3}. Hence, f(vg) = uy,, for
some m € {1,2,3}, also f~!(um) = {vg,w} and f~(uj) = {c}. This is a
contradiction since f is a local strong endomorphism. ([

The following lemma from [7] will help us to prove the next theorem.

Lemma 4.3. Let G be a graph such that N(x) G N(2') for some x,2" € G,
with {z,2'} ¢ E(G). Then HEnd(G) # LEnd(G).

Theorem 4.4. For all positive integers n, we have HEnd(H,) # LEnd(H,,).
Proof. Put x = v; and 2’ = ¢ in Lemma 4.3 and the proof follows. U

Theorem 4.5. For every k, we have

|HEnd(Hoypy1)| = | End(Happ)| = 2873 (2k + 1).
Proof. 1t is clear that HEnd(Hak11) = End(Hsk41), by Theorem 2.8 and
Lemma 2.2. To prove the order, assume that f € End(Hagy1). Then f(u;)
and f(uz) have 2k + 1 and 2 choices, respectively. For f(u;) when
i€{3,4,...,2k+ 1} and f(c), there is only one choice by Lemma 2.7. So,
|f(Copg1 U {c})| =22k +1). If f(u;) = uy, for some j € {1,2,...,2k + 1},
then f(v;) can be one of four vertices ug41,up—1, ¢, and vg. Thus for every
J, we have four possibilities for f(v;) and it implies that

| End(Hopy1)| = 2(2k + 1)42F+1 = 24439k 4 1).
0

Corollary 4.6. For all positive integers k > 2, we have Endospec(Hag+1)
s equal to

(24’f+3(2k 1), 2% 32k + 1), 2(2k + 1), 2(2k + 1), 2(2k + 1), 2(2k + 1))
and Endotype(Hagy1) is 2.
Proof. 1t is deduced from Theorems 4.2 and 4.5. U
Theorem 4.7. It follows that Endospec(H3) = (23x3°,23x3°,24, 24, 24,24).

Proof. Since Hs is End-regular, so |End(Hs3)| = |HEnd(Hs)| by Lemma
2.2. If f € End(G), then f(u;) € {c,u1,us,us}. So there exists 4 choices
for f(u1). Since W3 = Ky, for f(us), f(ug) and f(c) there exist 3, 2 and 1
choice respectively. For every 1 <i <3, f(v;) € Wy — {f(u;)}. So

|HEnd(H3)| = |End(H3)| =4 x3x2x1x3x3x1=2%x3%
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Now, we claim that | LEnd(H3)| = | Aut(Hs)| = 24. Let f € LEnd(H3),
it is enough to show that f(Cor11) = Caxy1. Then by the same proof as
in Theorem 4.2, LEnd(H3) = Aut(Hs) and the result follows. We claim
that f(c) = c¢. On the contrary, let f(c) = u; for some j € {1,2,3}. Thus
f(ug) = ¢ for some k € {1,2,3}. Hence, f(vi) = uy, for some m € {1,2,3},
also f~(um) = {vk, w } and f~1(u;) = {c}. This is a contradiction since f is
a local strong endomorphism. Now, for the computation of automorphisms
of Hs, similarly as for endomorphisms of Hg, there exist 4 choices for V (W3),
but for every f(v;) is just one choice, therefore

|LEnd(Hs)| = |Aut(Hsz)| =4x3x2x1x1x1x1=24.

Corollary 4.8. It follows that Endotype(Hs) = 2.

Proof. 1t is a consequent of Theorem 4.7. U
Now, we state the following theorem.

Theorem 4.9. It follows that | QEnd(Hoay)| = | Aut(Hay)| = 4k.

Proof. Let f € QEnd(Hoyy) and let x,y € V(Hoyy). If 2 ~ y, then f(x) # f(y).

Otherwise, we consider the following four cases:

CASE 1: z =v; and y = vj, i # j.
Without loss of generality, suppose that f(v;) = f(v;) for some
i,7 € {1,2,...,2k}. We know that {f(u;), f(vi)} € E(Hs) and that
vi,v; € f7Y(f(vi)). Therefore there exists one member in f~1(f(u;))
that is adjacent to v; and v;, but this is impossible, since v; and v; do
not have a common neighbor. Thus f(z) # f(y).

CASE 2: x =wv; and y = c.
Let f(v;) = f(c); then we know f(c) ~ f(u;11). Since f € QEnd(Hay),
there exists one vertex in f~1(f(u;11)) that is adjacent to both of ¢ and
v;. On the other hand, the only common neighbor of ¢ and v; is u;, which
means f(u;) = f(u;y1), a contradiction. So f(x) # f(y).

CASE 3: ¢ =w; and y = uj, i # J.
If |i —j| =1, then u; ~ u; and f(u;) # f(u;). Let |i — j| = 2 and let
f(u;) = f(uj). Then common neighbors of w; and u; are ¢ and w;y1.
We know that {f(u;), f(vi)} € E(Hg) and that {f(u;), f(vj)} € E(Hag).
Since f € QEnd(Ha), thus f~1(f(v;)) and f~1(f(v;)) have at least
one common neighbor of u; and uj. By case 2, ¢ ¢ f~1(f(v;)) and
cg fH(f(vy)- So, uipr € f7H(f(vi)) and wi1 € f71(f(vj)). Then

fui) = f(uiyr) = f(vg),

a contradiction to case 1. Therefore f(u;) # f(u;). Let |i—j| > 3 and let
f(u;) = f(u;). Since {f(w;), f(vi)} € E(Ha), there exists one vertex in
f~(f(v;)) that is a common neighbor of u; and u;. On the other hand,

c is only a common neighbor of u; and u;, that is, f(v;) = f(c), which is
a contradiction to case 2. Therefore f(z) # f(y).
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CASE 4: o = u; and y = vj, i # j.
Let f(u;) = f(vj). We know that {f(u;), f(c)} € E(Ha) and that
f € QEnd(Hai). Thus Y = f~1(f(c)) has a common neighbor of u; and
vj. If j #i+1and j #i— 1, then u; and v; have no common neighbor.
Then without loss of generality, suppose that j = i+ 1. Then u; € Y,
which means f(c) = f(u;), a contradiction. Therefore f(x) # f(y).
Now, we compute the order of Aut(Hsg). If f € Aut(Hayg), then clearly
f(Cax) = Cok and Im(f) = Hak. So we have 2k choices for f(u), two choices
for f(uz), and one choice for other vertices. So, we have 4k automorphisms
from Hoy. O

Theorem 4.10. It follows that Endotype(Hay) = 7.

Proof. By the given endomorphism in Theorem 2.8, End(Hyy) # HEnd(Hay),
and by Theorem 4.4, we have HEnd(Hsy) # LEnd(Hsi). Now, we define
the following endomorphism:

(

ug, « = wu; and 7 is odd,
ug4, T = u; and 7 is even,

g(x) = ¢v3, x=w; and i is odd,
v4, x =v; and 7 is even,
c, xT=c

We see that ¢ € LEnd(Hsg), but ¢ ¢ QEnd(Hsgg). Thus, LEnd(Hs,) #
QEnd(Hsg), and Theorem 4.9 implies QEnd(Ho,) = Aut(Hay). O
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