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STAR SUPER EDGE-MAGIC DEFICIENCY OF GRAPHS

KM. KATHIRESAN AND S. SABARIMALAI MADHA

ABSTRACT. A graph G is called edge-magic if there is a bijective func-
tion f: V(G)UE(G) — {1,2,...,|V(G)| + |E(G)|} such that for every
edge zy € E(G), f(z) + f(zy) + f(y) = c is a constant, called the
valence of f. A graph G is said to be super edge-magic if f(V(G)) =
{1,2,...,|V(G)|}. Let G be a graph with p vertices with V(G) = {v1, v,
...,vp} and let Sy, be the star with m leaves. If in G, every vertex v; is
identified to the center vertex of Sy,,, for some m; > 0,1 < i < n, where
So = Ki, then the graph obtained is denoted by G(m; ms,...,mp)-
M(G) = {(m1,m2,...,mp)|G(m; ms,...m,) is a super edge-magic graph
}. The star super edge-magic deficiency Su*(G) is defined as

S,U,*(G) — min(ml,,mg ,,,,, mp)(ml +m2 ++mp)7 1f M(G) 7£ ®7
o0, it M(G) = 0.
In this paper we determine the star super edge-magic deficiency of cer-
tain classes of graphs.

1. INTRODUCTION

In 1970, Kotzig and Rosa [12] introduced the concept of edge-magic la-
beling using a different name: magic valuations. Meanwhile, the super edge-
magic labeling was introduced by Enomoto et al. [6]. In [12], Kotzig and
Rosa proved that for every graph G there exists an edge-magic graph H such
that H =2 GUnK; for some non-negative integer n. This fact motivates the
emergence of the concept of the edge-magic deficiency of a graph.

The edge-magic deficiency pu(G) of a graph G is the minimum non-negative
integer n such that GUn K has an edge-magic labeling. Motivated by Kotzig
and Rosa’s concept of edge-magic deficiency, Figueroa-Centeno et al. [8] de-
fined a similar concept for the super edge-magic labeling.

The super edge-magic deficiency pus(G) of a graph G is the minimum non-
negative integer n such that GUn K7 has a super edge-magic labeling or +o00
if there exists no such n. Figueroa-Centeno et al. [8] provided the exact val-
ues for the super edge-magic deficiencies of several classes of graphs, such as,
cycles, some classes of forests and complete bipartite graphs K, ,. Ahmad et
al. [3] provided the exact values for super edge-magic deficiencies of graphs,
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(n,1)— kite graphs, (n, 3)—kite graphs, Ko UC,, when n =1 (mod 4). They
also provided the upper bound of the super edge-magic deficiency of KoUC),
when n =3 (mod 4). Nadeem et al. [13] provided the upper bound for the
super edge-magic deficiencies of kite graphs. Ahmad et al. [3] provided the
upper bound for the super edge-magic deficiencies of ladder graphs. Acharya
and Hegde introduced the concept of strongly indexable graph that is equiv-
alent to the concept of super edge-magic graph [1]. For further details, see
[10].

We observe some drawbacks of the super edge-magic deficiency of a graph.

e For several graphs, us(G) = oco.

e To find us(G), we construct a disconnected graph with large number
of components (consisting of isolated vertices) having a super edge-
magic labeling.

e The distribution of non-utilized numbers to the isolated vertices is
very trivial.

Motivated by the concept of super edge-magic deficiency, we introduce a
new deficiency for a graph without some of the above drawbacks, namely
the star super edge-magic deficiency, Su*(G). We prove that Sp*(G) is finite
for several classes of graphs for which ps(G) = oo.

In this paper, we provide the exact values for the star super edge-magic
deficiencies of several classes of graphs such as, cycles, nKs forests , nPs,
graphs, (n,3)-kite graphs, and (n,2)-kite graphs. We give an upper bound
for the star super edge-magic deficiencies of kite graphs, ladder graphs, Mon-
golian tent graphs Mt,, when n is odd and triangular chain graphs T'C,, when
n is odd.

Figueroa-Centeno et al. [7] showed the following connection between the
super edge-magic labeling and a special vertex labeling. This result charac-
terizes super edge-magic graphs.

Lemma 1.1 ([7]). A (p,q) graph G is super edge-magic if and only if there
exists a bijective function f: V(G) — {1,2,...,p} such that the set S =
{f(u)+ f(v): wv € E(G)} consists of q consecutive integers. In such a case,
f extends to a super edge-magic labeling of G with valence k = p + q + s,
where s =minS and S ={k— (p+1),k—(p+2),....,k—(p+q)}.

2. MAIN RESULTS

Definition 2.1. Let G be a graph with p vertices with vertex set V(G) =
{vi,v2,...,v,}. In G, every vertex v; is identified to the center vertex of
Sm,, for some m; > 0,1 < i < n, where Sy = Ki; this graph is denoted
by G(myma,my)- Let M(G) = {(m1,m2,....;mp)|G(my mo....m,) 15 a super
edge-magic graph }. The star super edge-magic deficiency Sp*(G) is defined
as
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SM*(G) _ min(ml,mg,...,mp) (ml +tme+ -+ mp)v /LfM(G) # ®7
+00, if M(G) = 0.
Remark. If G is super edge-magic, then Su*(G) = 0.
In the next theorem, we show the exact value for the star super edge-magic
deficiency for the forest nKo.

Theorem 2.2. The star super edge-magic deficiency of the forest nKs is
given by

0, ifn is odd,
1, ifn is even.

Spr(nksz) = {

Proof. The vertex set and edge set of the forest nKs are V(nkKs) = {z;: 1 <
i < npU{yi:1 < i < n}and E(nK2) = {zyi: 1 < i < n}, respec-
tively. Kotzig and Rosa [12] showed that the forest nKs is super edge-
magic if and only if n is odd. Therefore, Su*(nK3) = 0 when n is odd
and Sp*(nKsy) > 1 when n is even. When n is even, we define the graph
G = (nK>) ), where

(Mg Mgy 5oy Mgy sy My 5oy Mgy

my = 1, ifi= y.%—i-l,
0, otherwise.

The vertex set and edge set of G are V(G) = {z;: 1 <i<n}U{y;: 1 <i<
n}U{s} and E(G) = {z;yi: 1 <i < n}U{Y(,/2)415}, respectively. Consider
the vertex labeling f: V(G) — {1,2,...,2n + 1} such that

o f(z;)=1, 1<i<n,
3n . . .
D4i4+1, if1<q
o fly)=1.7 . e
5 + 1, lf b + 1
. J(s) = 52,
The set of all edge sums generated by the above formula forms a consecutive
integer sequence (3n+4)/2, (3n+6)/2,...,(5n+4)/2. Therefore, by Lemma
1.1, f can be extended to a super edge-magic labeling with valence (9n/2)+4

and consequently, Su*(nKsy) < 1. Therefore, we conclude that Su*(nks) =
1, when n is even. O

<z
<i<n,

In the next theorem, we show the exact value for the star super edge-magic
deficiency of the forest nP, where P; is a path of length 2.

Theorem 2.3. The star super edge-magic deficiency of the forest nP, is
given by

0, ifn is odd,

1, ifn is even.

S (nP,) = {
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Proof. The vertex set and edge set of nP, are V(nPy) = {x;: 1 < i <
nU{yi: 1 <i<npU{z:1<i<n} and E(nP) = {zy;: 1 < i <
n} U{yizi: 1 < i < n}, respectively. Chen [5] proved that the graph nP;
is super edge-magic if and only if n is odd. Therefore, Su*(nP;) = 0 when
n is odd and S*(nP») > 1 when n is even. When n is even, we define the

graph G' = (nPZ)(mxl,mm,...,mxn,myl My ey My Mz Mg ey Mz )9 where

1, if i =ynyq,
m; = ‘y2+1
0, otherwise.

The vertex set and edge set of G are V(G) = {z;: 1 <i<n}U{y;: 1 <i<
ntU{z:1<i<n}U{s}, and E(G) = {z;yi: 1 <i<n}U{yz:1<i<
n} U{yz1s}.
Consider the vertex labeling f: V(G) — {1,2,...,2n + 1} such that

flz;) =i,1 <i<mn,
fly) =3 +1+0,1<i<},
fly) =% +i5+1<i<n,
f(zi)=n+1i1<i<n,

__ 5n+2
fls) = =52,
The set of all edge sums generated by the above formula forms a consecutive
integer sequence (5n+4)/2, (5n+6)/2,...,(9n+4)/2. Therefore, by Lemma
1.1, f can be extended to a super edge-magic labeling with valence (15n +
8)/2. This shows that Su*(nP2) < 1. Therefore, Su*(nP;) = 1. O

In the next theorem, we find the exact value for the star super edge-magic
deficiency of the disconnected graph, Ko U C), .

Theorem 2.4. The star super edge-magic deficiency of the disconnected
graph Ko U C,, is given by

0, ifn is even,

(K ) =
S (K2 UCh) {1, if n is odd.

Proof. Let G = K3 U C,,. The vertex set and edge set of G are V(G) =
{vi: 1 <i<n}U{u,w}and E(G) = {vjvit1: 1 <i<n—1} U{v,v1, uw}.
Kim and Park [11] proved that Ky U C), is super edge-magic if and only if n
is even. Hence Su*(G) = 0 for n even and Sp*(G) > 1 for n odd. When n
is odd, define G* = (G)(mvl7mv27m’mvmmu,mw), where

1, ifi = Un—2,
m; =
0, otherwise.
The vertex set and edge set of G* are V(G*) = {v;: 1 <1i < n}U{u,w}U{s}
and E(G*) = {vjviz1: 1 <i <n—1}U{vpv1,uw} U {v,_2s}. We label the
vertices of G* in the following manner,
o flu) =", flw) =n+3,
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%, if 7 is odd and i < n — 2,
o f(x;) = ”TH, if i =n,

%?’H, if 4 is even.
o f(s)=n+2.

The set of all edge sums generated by the above formula forms a set of
n+1 consecutive integers (n+5)/2, (n+7)/2,...,(3n+7)/2. Therefore, by
Lemma 1.1, f can be extended to a super edge-magic labeling with valence
(5n + 15)/2. This shows that Sp*(G) < 1. Therefore, Sp*(G) = 1. O

In the next theorem, we determine the exact value for the star super
edge-magic deficiency of C, .
Theorem 2.5. The star super edge-magic deficiency of the cycle Cy, is given
by
0, ifn is odd,
2, ifn is even.

Proof. The vertex set and edge set of C,, are V(Cy) = {x;: 1 < i < n}
and E(Cy) = {xixiy1: 1 < i <n— 1} U{zyz1}, respectively. Enomoto et
al. [6] proved that C), is super edge-magic if and only if n is odd. Hence
Sp*(Cp) = 0if nis odd and Sp*(C,) > 1 if n is even. Thus, assume that n
is even.
Case 1: : n =0 (mod 4).

Now we define the graph G = (Cn)(mzl,mIQ,...,mzn) , where

1, ifi=u=zq,
m; = 1, ifi:x%+2,

0, otherwise.
The vertex set and edge set of G are V(G) = {x;: 1 <i < n}U{s1,s2}
and E(G) = {zizip1: 1 < i < n— 1} U{zprr, 21851} U {Z(n/2) 4252},
respectively. We label the vertices of G in the following manner,

5, ifi=1,
, if 7 is odd and i > 1,
ifiiseven and 1 < < 3,

, ifiisevenand 5 +1<i<mn,

i—1
o flxi) =19 hi
2
n-+e

)
+2

2
e f(s1)=n+2,

° f(SQ) = 3(% - 1) + 4.
The set of all edge sums generated by the above formula forms a con-
secutive integer sequence (n+4)/2,(n+6)/2,...,(3n+6)/2. Therefore,
by Lemma 1.1, f can be extended to a super edge-magic labeling with
valence (5n+12)/2 and consequently, Su*(Cy,) < 2whenn =0 (mod 4).

Case 2: n =2 (mod 4).
See Figure 1 for the labeling of (Cs)(1,0,1,0,0,0)-
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1 16 4 11 6

12 15

10 14

9
3 13 5) 7
FIGURE 1. Labeling of (CG)(170’17070’0)

Now consider n > 6. Define the graph G = (Cn)((mzl,mz?u.,m , where

1, ifizxn—8,$n—2,
mi: 2 2

0, otherwise.

Zn)

The vertex set and edge set of G are V(G) = {x;: 1 <i < n}U{s,s2}
and F(G) = {zxip1: 1 < i < n} U {mnxl,x(n_g)/Qsl} U {.%'(n_g)/QSQ},
respectively. Consider the following labeling f of G.

%, if 7is odd and 1 <7 < n,
244 e . _4
o flz) = %ﬁ, if 7 is even and 1 <7 < 252,
%6”, ifiisevenand”T_‘l+1§i§n—1,
n+2

=, if i =n.
o f(s1) = 3("2 — 1) +6,
o f(s2) =3(22—-1)+5.
The set of all edge sums generated by the above formula forms a con-
secutive integer sequence (n+4)/2,(n+6)/2,...,(3n+6)/2. Therefore,
by Lemma 1.1, f can be extended to a super edge-magic labeling with
valence (5n+12)/2 and consequently, Sp*(C),) < 2 whenn =2 (mod 4).
In both the cases Sp*(Cp) < 2. Kim and Park [11], proved that (n,1)-
kite is super edge-magic if and only if n is odd. That is (Cy)(1,0,0,..,0) 18
not super edge-magic if n is even. Therefore, Su*(C),) = 2, for n even.
O

In the next theorem, we prove an upper bound for the star super edge-
magic deficiency of Fan graphs.

Theorem 2.6. The star super edge-magic deficiency of the fan graph F,, is
given by
n—1 ; ;
2= ifnois odd,
Sp*(Fy) < {n22 /
2

, if n is even.
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Proof. The vertex set and edge set of F), are V(F,) = {z;: 1 <i <n}U{c},
and E(F,) ={zjxiy1: 1 <i<n—1}U{cx;: 1 <i < n}, respectively.
Case 1: n is odd.

We define the graph G = (F},)

(mxl ;Mo 7"‘7m93n7mc)’ Where

"771, if i = ¢,
m; =

0, otherwise.

The vertex set and edge set of G are V(G) = {z;: 1 <i <n}U{c}U
{8i:1<i<(n—-1)/2}. E(G) ={ziziy1: 1 <i<n—-1}U{cz;: 1 <i<
n} U {es;: 1 <i < %51}, respectively. We label the vertices of G in the
following manner,
Hl if 7 is odd,
s f(xl) = n?l—i—i—l
2

° f(C) — 3n2—i-17

o f(si)=n+i1<i<2t
The set of all edge sums generated by the above formula forms a set
of consecutive integers {(n +5)/2,(n+7)/2,...,(6n)/2}. Therefore, by
Lemma 1.1, f can be extended to a super edge-magic labeling with va-
lence (9n + 3)/2. This shows that Sp*(Fy,) < (n—1)/2.

Case 2: n is even.
We define the graph G = (Fy,) (m; ma,...,mn,m.), Where

2 ifi=c,
mg; = .
0, otherwise.

, if 7 is even,

The vertex set and edge set of G are V(G) = {z;: 1 < i < n}U{c} U
{sit1 <i <22} B(G) = {zwip1: 1 <i<n—1}U{ez;: 1 <i <
n} U {es;: 1 <i < 252}, respectively. We label the vertices of G in the

following manner,
@l if i is odd
° ) = 2 Aa 9
f(i) {”2“, if ¢ is even,
. 1) =%,
o f(si)=n+i1<i< 2
The set of all edge sums generated by the above formula forms a con-
secutive integer sequence (n+4)/2,(n+6)/2,...,(6n —2)/2. Therefore,

by Lemma 1.1, f can be extended to a super edge-magic labeling with
valence 9n/2. This shows that Sp*(F,) < (n — 2)/2.

O

Open Problem. Verify whether equality holds in the above inequality.

The following theorem gives an upper bound for the star super edge-magic
deficiency of Wheel graph.
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Theorem 2.7. For n odd, the star super edge-magic deficiency of the Wheel
graph W, is given by Sp*(Wy,) < (n—1)/2.

Proof. The vertex set and edge set of W, are V(W,,) = {z;: 1 <i < n}U{c},
EWy) ={ziziz1: 1 <i<n—-1}U{cr;: 1 <i<n}U{z,z}, respectively.
Define the graph G = (Wn)(mxl,mxg,...,mxn,mc)’ where

”Tfl, if i = ¢,
m; = .
0, otherwise.

The vertex set and edge set of G are V(G) = {z;: 1 <i <n}U{ctU{s;: 1 <
i<(n—-1)/2}, E(G) ={ziziz1: 1 <i<n—-1}U{cz;: 1 <i<n}
U{esi: 1 <i<(n—1)/2} U{xyx} respectively. We label the vertices of G
in the following manner,
i+1 e
e if 4 is odd,
° f(xl) - {nii—&-l
2
° f(C) — 3n2+1’
(] f(s,) =n-4+1.
The set of all edge sums generated by the above formula forms a consecutive
integer sequence (n + 3)/2,(n +5)/2,...,6n/2. Therefore, by Lemma 1.1,

f can be extended to a super edge-magic labeling with valence (9n + 3)/2.
This shows that Sp*(W,,) < (n—1)/2 if n is odd. O

, if ¢ is even,

In the next theorem, we show an upper bound for the super edge-magic
deficiency of (n,t)—kite graph for odd n and for even ¢.

Theorem 2.8. Let G be the (n,t)-kite graph. If n is odd and t is even, then
Su*(G) < t/2.

Proof. Case 1: G = (3,t)-kite, t is even.
The vertex set and edge set of Gis V(G) = {v;: 1 <i <3}U{u;: 1 <
i <t} and E(G) = {vjviy1: 1 <i <2} U{vgvr,viuet U{wuipr 11 <i <
t — 1} respectively. Define G* =

(G)(mvl,mv2,mu3,mu1 Mg yeves My ) where
t e e
5, ifi=wy,

m; = .
0, otherwise.

Let v1s1,v150, V18472 be the edges of the star attached at v1. The labeling
of G* is

gl if 7 is odd,
o flui) = {t—%wz

5=, if 7 is even,
Bl if g =1,
o f(u)=<Kt+2, ifi=2,
t+3, ifi=3,

o f(si)=t+3+i, 1<i<}
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The set of all edge sums generated by the above formula forms a con-
secutive integer sequence (t +6)/2, (¢t +8)/2,..., (4t + 10)/2. Therefore,
by Lemma 1.1, f can be extended to a super edge-magic labeling with
valence (7t + 18)/2. This shows that Su*((3,t)-kite) < ¢/2.
Case 2: G = (n,t)-kite, n > 3 and t is even.

The vertex set and edge set of (n,t)-kite are V(G) = {v;: 1 < i <
n}U{u;: 1 <i <t} B(G) = {vivig1: 1 <i<n—1}U{vpvr,viuf U
{ujuiy1: 1 <i <t — 1}, respectively. Now, we define

G* = ((na t)'kite)(mul ,mUQ,...,mun,mul,muQ,...,mUt>)

where

t . .
) ifi = Un—2,
m; = .
0, otherwise.

The vertex set and edge set of G* are V(G*) = {v;: 1 <i <n}U{y;: 1 <
i <tjU{s;:1<i< %}, E(G*) ={vivit1: 1 <i<n—1}U{vp_28: 1 <
1 < %} U {vpvr,viue} U {uuipr: 1 < i <t — 1}, respectively. We label
the vertices of G* in the following manner,

britl ifiisoddand 1 <i<n-—1,
o f(v;) = q ZE2LEEL D if s even,
o2l f =,
B %, if 4 is odd,
© flu) = 7”“?71, if ¢ is even,

o f(si)=n+t+i, 1<i<i
The set of all edge sums generated by the above formula forms a consec-
utive integer sequence (n +t+3)/2,(n+t+5)/2,...,(3n + 4t + 1)/2.
Therefore, by Lemma 1.1, f can be extended to a super edge-magic label-
ing with valence (5n + 7t + 3)/2. This shows that Sp*((n,t)-kite) < ¢/2.
O

Corollary 2.9. The star super edge-magic deficiency of the (n,2)-kite is

Sp*((n,2)-kite) = {0’ z'fn Z.S ever,

1, ifn is odd.
Proof. The (n,2)-kite is not super edge-magic if and only if n is even [14].
Hence Sp*((n,2)-kite) = 0 if n is even and Sp*((n,2)-kite) > 1 if n is
odd. Thus assume that n is even. By Theorem 2.9, Su*((n,2)-kite) < 1.
Therefore, Sp*((n, 2)-kite) = 1. O

In the next theorem we find the exact value for the star super edge-magic
deficiency of the (n, 3)-kite.
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Theorem 2.10. The star super edge-magic deficiency of the (n,3)-kite is
given by

0, ifn is odd,

1, ifn is even.

Sp*((n, 3)-kite) = {

Proof. The vertex set and edge set of the (n,3)-kite are V((n,3)-kite) =
{vi:1 < i < npU{u;:1 <i <3}, E((n,3)-kite) = {vjvip1:1 < i <
n—1}U{vpv1, viug} U{uuipr: 1 <i <2} respectively. Kim and Park [11]
proved that the (n, 3)-kite is super edge-magic if and only if n is odd. Hence
Sp*((n, 3)-kite) = 0 if n is odd and Sp*((n,3)-kite) > 1 if n is even. Thus
assume that n is even.

Case 1: n =0 (mod 4).

We define G = ((n, 3)-Kite) (1, mu, ..., 1y 1y may) Where

1, ifi=vnos,
m’i = . 2
0, otherwise.

The vertex set and edge set of G are V(G) = {v;: 1 <i<n}U{y;: 1<
7 < 3} U {81}, E(G) = {v,;viH: 1 <3¢ < n-— 1} U {v(n_g)/gsl} U
{vpv1, viug} U{uuir1: 1 <@ < 2}, respectively. We label the vertices of
G in the following manner,
%+3, if1<<i<n-—1andiis even,
nAETH§f 1 < < 2 and 4 is odd,
b f(vz) =\ nt9+i P . ..
e i 5+ 1<i<n-—1andiis odd,
3, if i = n,
ol ifi=1,3,
o flui)) =142 e
5+3, ifi=2,
° f(81> — 3n1—16.
The set of all edge sums generated by the above formula forms a consec-
utive integer sequence (n+8)/2, (n+10)/2,...,(3n+14)/2. Therefore, f
can be extended to a super edge-magic labeling with valence (5n+24)/2.
This shows that Su*((n, 3)-kite) = 1.
Case 2: n =2 (mod 4).
The labeling of ((6, 3)-kite)(0,0,0,0,0,1) is given in Figure 2. Now consider
(n, 3)-kite, n > 6. We define

G= ((n’ 3)_k1te) (mu17mv27-~7mvn7mu1 yMug )mu3)

where

17 lf Z — ’UL78,

m; = 2

0, otherwise.
The vertex set and edge set of G are V(G) = {v;: 1 <i<n}U{u;: 1<
i < 3} U {s1}, B(G) = {vivip1: 1 < i < n— 1} U {vp,_g)281} U
{vpv1, v1ug} U{ujuirr: 1 < i < 2} respectively.
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12

13 10

FIGURE 2. Labeling of ((6, 3)-kite)(070,070’071)

We label the vertices of GG in the following manner,

(29 §f 1 <4< 2 —1andiis odd,

2
nAidll f 0 <y <%y ] and  is odd,
i+5 i n ; _ -

o flu) =142 ?f2+.2§ZSn 1§§dzlsodd,
5, if 1 <4< % +1andiiseven,

%’ if%+2§z’§n—1andiiseven,

n+8

\ 2
> 1 . .

. fu)=4 20 dfi=13,
5+3, ifi=2,

. f(Sl) _ 3n?4|—18'
The set of all edge sums generated by the above formula forms a con-
secutive integers {(n + 8)/2,(n+10)/2,...,(3n + 14)/2}. Therefore, by

Lemma 1.1, f can be extended to a super edge-magic labeling with va-
lence (5n + 24)/2. This shows that Su*((n, 3)-kite) = 1.

if i = n,

]

In the next theorem we show that Sy*(L,) < 1.

Theorem 2.11. For n even, the star super edge-magic deficiency of the
ladder graph Ly, is Sp*(Ly,) < 1.

Proof. The vertex set and edge set of L,, are V(L,,) = {v;,u;: 1 <i < n} and
E(L,) = {ujuir1,vivi41: 1 < i <n—1} U{vu;: 1 < i < n}, respectively.
Now we define G = (Ln)(mu1 Mg oMb, Mty Moyt where

1, if i = us,
m; = .
0, otherwise.
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The vertex set and edge set of G are V(G) = {vj,u;: 1 < i < n}U{s1}
and E(G) = {uuir1,vvi41: 1 <i <n—1}U{vu: 1 < i < n}U{ugsi},
respectively. We label the vertices of G in the following manner,

i, if 1 <i <3 and i is odd,
di—n en . ..

. f(vi) = 4‘2 ,2 ?f2+1§2§na1%d21sodd,
%, if 1 <i < § and i is even,
n+1+4, if §+1<4i<nandiiseven,
1, if 1 <i < 3 and i is even,
4i—n ien ; -

o flug) = 4‘2 ,2 if §+1<7<mnandiis even,
Ltndd) if 1 <i< % andiisodd,

n+1+4, if §+1<i<nandiisodd,

[ f(Sl) = %
The set of all edge sums generated by the above formula forms a set of
consecutive integers {(n + 6)/2, (n + 8)/2,...,(Tn + 2)/2}. Therefore, by
Lemma 1.1, f can be extended to a super edge-magic labeling with valence
(11n + 6)/2. This shows that Su*(L,) < 1, when n is even. O

Open Problem. Prove that the same bound holds when n is odd.

The following theorem gives an upper bound for the star super edge-magic
deficiency of the Mongolian tent graph.

Theorem 2.12. The star super edge-magic deficiency of the Mongolian tent
graph Mt for n odd, is bounded by Su*(Mt,) < (n —3)/2.

Proof. The vertex set and edge set of Mt, are V(Mt,) = {vi,u;: 1 <i <
n} U{u} and E(Mt,) = {vivit1,uiuir1: 1 < i < n—1} U {uu;,uvi: 1 <
i < n}, respectively. Let n be any odd non-negative integer. According to
Lemma 1.1, it is sufficient to prove that there is a vertex labeling with the
property that the edge sums under this labeling are consecutive integers.
Define G = (]\Jtn)(mul,mu2,...,mun My Mg ey Mgy ;M) ? where

n—3 i
o T’ lf 1= u,
m; = .
0, otherwise.

The vertex set and edge set of Gis V(G) = {vj, u;: 1 <i < nju{upU{s;: 1 <
1 < (n—3)/2} and E(G) = {uiuiﬂ,viviﬂz 1<i1<n— 1}U{viui,uui: 1<
i <n}U{us;: 1 <i<(n—3)/2}, respectively. We label the vertices of G
in the following manner,
Fvs) %, if 1 <¢<mnand7qis odd,
° ;) = .
‘ %’H, if 1 <4 <mn and i is even,
3n+i . . ..
2t if 1 <i < nand 7 is odd,
o flui) = { ’

%, if 1 <i<nandiis even,

o f(u)= E’%;l
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The vertices s; under the labeling f are labeled by f(s;) = 2n + i, forl <
i < (n — 3)/2. The edge sums form a consecutive integer sequence (n +
5)/2,(n+7)/2,...,(10n—4)/2.Therefore, by Lemma 1.1, f can be extended
to a super edge-magic labeling with valence (15n — 3)/2. This shows that
Sp*(Mty) < (n—3)/2. O

Open Problem. Prove that the above upper bound is (n — 2)/2 when n is
even.

The following theorem gives an upper bound for the star super edge-magic
deficiency of the triangular chain graph.

Theorem 2.13. For n odd, the star super edge-magic deficiency of the
triangular chain graph, TCy,, is Sp*(T'Cy) < [n/2].

Proof. The vertex set and edge set of T'C), are V(T'Cy,) = {v;: 1 <i < 2n}U
{ui: 1 <i<n}, BE(TC,) = {vjvit1: 1 <1i < 2n — 1} U{uvei—1,uv9;: 1 <
i < n}, respectively. We define G = (TCn)(m,, muy.....mup o, g oo iy, )

where,
n e
my = bj, if 1 = uy,,
0, otherwise.

The vertex set and edge set of G are V(G) = {v;: 1 < i < 2n}U{u;: 1 <
i <npU{si:1 <i< |n/2|} and E(G) = {vjvig1:1 < i < 2n -1} U
{uivgi—1,uve;: 1 < i < n}U{ups;: 1 <i < [n/2]} respectively. We label
the vertices of G in the following manner,

° f(v2i—1) =1 and f(vgi) =n+i, for 1 <i<n,

F(ui) 3n+i, if 1 <i<|[5],
[ ) Uz’ =
2n+i, if [241] <i

The vertices s; are labeled by f(s;) = 2n + i, for 1 <i < |n/2]. The set of
all edge sums generated by the above formula forms a consecutive integer
sequence (2n+4)/2, (2n+6)/2,...,(11n—1)/2. Therefore, by Lemma 1.1, f
can be extended to a super edge-magic labeling with valence 8n+1+2|n/2].
Hence G admits a super edge-magic labeling. This shows that Sp*(TC),) <
n/2]. O
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