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A CURIOUS POLYNOMIAL INTERPOLATION OF
CARLITZ-RIORDAN’S ¢-BALLOT NUMBERS

FREDERIC CHAPOTON AND JIANG ZENG

ABSTRACT. We study a polynomial sequence Cy,(z|q) defined as a solu-
tion of a g-difference equation. This sequence, evaluated at g-integers,
interpolates Carlitz—Riordan’s g-ballot numbers. In the basis given by
some kind of g-binomial coefficients, the coefficients are again some g-
ballot numbers. We obtain another curious recurrence relation for these
polynomials in a combinatorial way.

1. INTRODUCTION

This paper was motivated by a previous work of the first author on flows
on rooted trees [8], where the well-known Catalan numbers and the closely
related ballot numbers played an important role. In fact, one can easily
introduce one more parameter ¢ in this work, and then Catalan numbers
and ballots numbers get replaced by their g-analogues introduced a long
time ago by Carlitz—Riordan [6], see also [5, 13].

These g-Catalan numbers have been recently considered by many people,
see for example [9, 4, 15, 3], including some work by Reineke [16] on moduli
space of quiver representations.

Inspired by an analogy with another work of the first author on rooted
trees [7], it is natural to try to interpolate the g-ballot numbers. In the
present article, we prove that this is possible and study the interpolating
polynomials.

Our main object of study is a sequence of polynomials in x with coeffi-
cients in Q(q), defined by the g-difference equation:

(1.1) AyCrii(zlg) = qCn(d*z + g + 1),

where Ay f(z) = (f(1 4+ qx) — f(z))/(1 + (¢ — 1)x) is the Hahn operator.
After reading a previous version of this paper, Johann Cigler has kindly

brought the two related references [10, 11] to our attention, where a sequence

of more general polynomials Gy, (z,r) was introduced through a g¢-difference
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operator for g-integer x and positive integer r. Comparing these two se-
quences one has
Gn(gr +1,2) = Cpy1(x|q).

In the next section, we recall classical material on Carlitz—Riordan’s ¢-
analogue for Catalan and ballot numbers and define our polynomials. In the
third section, we evaluate our polynomials at g-integers in terms of ¢-ballot
numbers and prove a product formula when ¢ = 1. In the fourth section,
we find their expansion in a basis made of a kind of ¢-binomial coefficients
and obtain another recurrence for these polynomials. This recurrence is not
usual even in the special z = ¢ = 1 case and we have only a combinatorial
proof in the general case. We conclude the paper with some open problems.

NotA BENE: Figures are best viewed in color.

2. CARLITZ-RIORDAN’S ¢-BALLOT NUMBERS

Recall that the Catalan numbers C),, = (25) /(n + 1) may be defined as
solutions to

(2.1) Cn+1 = Z CkC’n,k, (n > 0), Co =1.
k=0

The first values are

n|0123 4 5 6 7 8
Cn|1 1 2 5 14 42 132 429 1430 °

It is well known that C,, is the number of lattice paths from (0,0) to (n,n)
with steps (1,0) and (0, 1), which do not pass above the line y = z. As a
natural generalization, one considers the set P(n, k) of lattice paths from
(0,0) to (n+1, k) with steps (1,0) and (0, 1), such that the last step is (1, 0)
and they never rise above the line y = z. Let f(n,k) be the cardinality
of P(n,k). The first values of f(n,k) are given in Table 1. These num-
bers are called ballot numbers and have a long history in the literature of
combinatorial theory. Moreover, one (see [12]) has the explicit formula

(2.2) Fn k) = ”;_ﬁl <” ’ "’) (n>k>0).

Carlitz and Riordan [6] introduced the following g-analogue of these num-
bers

(2.3) fnklg) = > ¢,

YEP(n,k)

where A(7y) is the area under the path (and above the z-axis). The first
values of f(n, k|q) are given in Table 2. Furthermore, Carlitz [5] uses a vari-
ety of elegant techniques to derive several basic properties of the f(n,k|q),
among which the following is the basic recurrence relation

(24) f(n7k|Q) ZQf(nak_ 1|Q)+qkf(n_1ak|Q) (n¢k > 0)?
where f(n,k|q) =0if n < k and f(0,0]|¢q) = 1.
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n\k|0 1 2 3 4 5 6
0 1

111

2 [1 2 2
3113 5 5
4114 9 14 14

5 |1 5 14 28 42 42
6 |1 6 20 48 90 132 132

TABLE 1. The first values of ballot numbers f(n, k).

n\k[0 1 2 3 4
0 1
1 |1 q
2 |1 q[2] P+
3 11 q[3] e +240+ ¢ ¢+ q* +2¢° + ¢°
4 |1 q[4y P+ +2¢4+2¢°+2¢5+4° Y Y

TABLE 2. The first values of ¢g-ballot numbers f(n, k|q) with
Y =¢+3¢° +3¢" +3¢* + 24 + ¢ + 1.

It is also easy to see that the polynomial f(n, k|q) is of degree kn— (g) and
satisfies the equation f(n,n|q) = qf(n,n—1|q). If one defines the ¢g-Catalan
numbers by

(25)  Copa(@) =D fn,klg) =¢ " ' f(n+1n+1lg)  (n>0),
k=0

then one obtains the following analogue of (2.1) for the Catalan numbers

(2.6) Cur1(9) = Y Cil9)Ci(a)g D",
=0

n

where Cp(q) = 1. Setting 5n(q) = q(2)Cn(q_1), one has a simpler g-analog
of (2.1),

n

(2.7) Cni1(q) = ¢'Ci(q)Cni(q).
=0

The first values are C1(q) = 1, Ca2(q) = 1+ ¢, C3(q) = 1+ ¢+ 2¢> + ¢°
and
Calg) = 1+q+2¢> +3¢° +3¢" +3¢° + ¢°.

Except for a determinant formula [1], no explicit formula is known for
Carlitz-Riordan’s ¢g-Catalan numbers. However, Andrews [1] proved the
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following recurrence formula,

(2.8)

Cnlg) = [ni 1],

n n—1

o e [2j 41
[n] +q) (1—q" )"t m[ 7 } Cr1-5(q),
a =0 J 1

where [z], = (¢ = 1)/(q — 1).
Recall that the g-shifted factorial (z;¢q)y, is defined by

(Fn=01-2)(1-2¢)--(1—2¢"") (n>1) and (x;q)0 =1

The two kinds of ¢-binomial coefficients are defined by

with (g) = 1. Note that

(), =@, (30, =,

The g-derivative operator D, and Hahn operator A, are defined by
flgz) — f(x) S +qz) — f(2)
(¢g— 1 1+ (¢g—1x

Definition. The sequence of polynomials {Cp(x|q)}n>1 is defined by the q-
difference equation (1.1) or equivalently

(29) D)= and A, f(x) =

Chi1(z]q) — Cry1(g ' — g7 g)
14+ (¢g— 1

(2.10) =Culgz+1lg)  (n2>1),

with the initial condition C1(z|q) =1 and C’n(—%|q) =0 forn > 2.

For example, we have,
x
Catela) = 1+4(7)
q
2 3\ (T 4
Cs(zlg) = (1+q)+(a+q"+gq )<1> +4q <2> :
q q
Ca(alg) = (@° +a* +2¢+1) + (¢° +¢° +2¢" +2¢° +2¢° + q) @
q

_ A xT
+ @+ P+ + ¢+ )t + ¢’ :
2 q 3 q

It is clear that C,(z|q) is a polynomial in Q(g)[z] of degree n — 1 for n > 1.
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3. SOME PRELIMINARY RESULTS

We first show that the evaluation of the polynomials C),(x|q) at g-integers
is always a polynomial in N[g]. Note that formulae (3.1) and (3.4) were
implicitly given in [10].

Proposition 3.1. When x = [k]; we have
n(n+1)

(3.1) Coi1([Klglg) = ¢t = f(k+n,nl¢™") (n, k> 0).
Proof. When x = [k]g, (2.10) becomes

(3.2) Cnt1([Klqla) = qun([k +1qlg) + Cnia([k — 1gla).

It is easy to see that (3.1) is equivalent to (2.4). O
Corollary 3.2. We have

(3-3) Cr1(0lg) = Cu(llg) and  Cnya(1lg) = Cria(q).

Proof. Letting z = 0 in (2.10) we get C41(0|q) = C,(1]q). Letting k =1
in (3.1) we have
f(+mn,nlg™")

Cn+1(1‘Q) = qn+
_ n1pnndd) -1
=q = fln+Ln+1lg )

n(n+1)

n(n+1)

=q 2 Cn—&-l(qil);
which is equal to Cp41(q) by definition. O
The shifted factorial is defined by

(x)o=1, @p=2(@x+1)---(z+n—-1) and (v)_p=-—"—,
where n =1,2,3,...
Proposition 3.3. When g = 1, we have the explicit formula
(3.4)

(x+1)(x+n+2)p_1 x+1 <x+2n> (n>0).

n
Proof. When ¢ = 1, equation (2.10) reduces to

(3.5) Cpt1(z|1) = Cpga(z — 1y1) + Cp(x + 1]1).

Since Cp41(z|1) is a polynomial in x of degree n, it suffices to prove that

the right-hand side of (3.4) satisfy (3.5) for x being positive integers k. By
Proposition 3.1 and (2.2) it suffices to check the following identity

(3.6)
k+1 k+2n B k k—1+2n n k+2 k+2n—1
k+14+n n k+4n n k+14+n n—1 ’

This is straightforward. O
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To motivate our result in the next section we first prove two g-versions of
a folklore result on the polynomials which take integral values on integers
(see [17, p. 38]). Introduce the polynomials pg(x) by

m(x—1D)(x—q) - (x—g¢ !
po@) =1 and pi(a) = (~1)hg~ (6 EZ D (;{)q)k( o Y

So pr(¢™) = [Z]q for n € N.

Proposition 3.4. The following statements hold true.

(i) The polynomial f(x) of degree k assumes values in Z[q] at x =
1,q,...,q" if and only if

(3.7) f(@) = co+cipi(z) + -+ + cxpi(@),
where ¢; = q(%)(l — @)D} f(1) are polynomials in Z[q) for 0 < j < k.

(ii) The polynomial f(x) of degree k assumes values in Zlq] at x =
0,1y, ..., [klq if and only if

(3.5) Fa) = gajq—@) (7).

q
where ¢; = q(g)Ajf 0) are polynomials in Zlq] for 0 < j < k.
J q

Proof. Clearly we can expand any polynomial f(x) of degree k in the basis
{pj(x)}o<j<k asin (3.7). It is easy to see that

- (54t

(3.9) Dypi(z) = f_ qpk—1($) — Dipi(z) = q(l_iq)jpk—j(x)~
Hence, applying Dé to the two sides of (3.7) we obtain
D) = e T =1 - D).
(1—q)j !
Since DJf(1) involves only the values of f(z) at z = 0,[1],..., [k]q for 0 <

j <k, the result follows. In the same manner, since

Aq@f (k:)q’

we obtain the expansion (3.8). O

Remark. (1) We can also derive (3.8) from (3.7) as follows. Let y =

(x—1)/(q—1). For any polynomial f(x) define f(y) = f(1+(g—1)y).
Since ¢" =1+ (¢ —1)[n]q, it is clear that f(q") € Z[q] if and only if

f([nlq) € Zlq]. Writing 1 + qz — [jlq = q(z — [j — 1]4) we see that

Fi(@) =@ (j)

The expansion (3.8) follows from (3.7) immediately.
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(2) When f(z) = a™, it is known (see, for example, [18]) that
¢ = Ag0" = [K]4!Sq(n, k),

where [k]g! = [1]4 - - - [k]q and Sy(n, k) are classical q-Stirling numbers
of the second kind defined by

Sq(n, k) =S4(n— 1,k —1) + [k]4Sq(n — 1,k) for n>k>1,

with Sy(n,0) = S4(0,k) = 0 except S4(0,0) = 1.

(3) The two formulas (3.7) and (3.8) are special cases of the Newton
interpolation formula, namely, for any polynomial f of degree less
than or equal to n one has

n k )
(3.10) f(@—Z(ZHk f<b(]2j_br)><x—bo>---<x—bk1>,

k=0 \j=0 11lr=0,r#j

where by, by, ..., bh—1 are distinct complex numbers. Some recent ap-
plications of (3.10) in the computation of moments of Askey—Wilson
polynomials are given in [14].

4. MAIN RESULTS

In the light of Propositions 3.1 and 3.4, it is natural to consider the
expansion of Cp11(z|q) and Cp11(qz + 1]g) in the basis (?)q (j >0). It

turns out that the coefficients in such expansions are Carlitz—Riordan’s ¢-
ballot numbers. Note that formula (4.2) was implicitly given in [10].

Theorem 4.1. For n > 0 we have

(4.1)
Cor(2la) = 3" Fn+ jon— jlg~) @m0+ <$> ,
=0 1/ q
(4.2)
n—1
Culgr +11g) = 3 F(n+ jyn— 1 — jlg~ )@= G+2) (x) .
- J
7=0 q

Proof. It is sufficient to prove the theorem for x = [k], with £ =0,1,...,n.
By Proposition 3.1, the two equations (4.1) and (4.2) are equivalent to

M-

I
=)

(4.3) f(k+n,n|lqgt) =

. Tk
Fn+ jon— jlg Vg [ } ,
‘7 q

J

M=

; . k
(4.4) f(k—i—n,n— 1‘(]_1) — f(n—i-j,n—j— llq—l)q]n—kn—2]+k|:‘:| 7
q

J

<.
Il
o
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2

n+j

FIGURE 1. The decomposition v +— (y1,72).

for n > k > j. Replacing ¢ by 1/¢q and using [?](1 = ¢ I(k=J) mq we get

(4.5) fn+k,n|q) =

M-

Il
=)

fn+g,n— jlg)gm k=t m ,
j
j q

M-

Il
=)

(4.6)  f(k+n,n—1q) =

J q

J

We only prove (4.5). By definition, the left-hand side f(n + k,n|q) is the
enumerative polynomial of lattice paths from (0,0) to (n + k + 1,n) with
(1,0) as the last step. Each such path v must cross the line y = —z + 2n.
Suppose it crosses this line at the point (n + j,n — j), 0 < j < k. Then the
path corresponds to a unique pair (71, 72), where v; is a path from (0,0) to
(n+j,n —j) and 72 is a path from (n+ j,n — j) to (n + k,n). It is clear
that the area under the path v is equal to S7 + So + S35 + j, where
e S is the area under the path ~{, which is obtained from ~; plus the
last step (n+j,n—j) > (n+j+1,n—7j);
e S5 is the area under the path 2 and above the line y = n — j;
e 53 is the area of the rectangle delimited by the four lines y = 0,
y=n—j,x=n+j+lande=n+k+1,1ie., (n—j)(k—7j).
This decomposition is depicted in Figure 1. Clearly, summing over all such
lattice paths gives the summand on the right-hand side of (4.5). This com-

pletes the proof.
O

Remark. When q =1, by (2.2), the above theorem implies that

n

z+1 T+ 2n 25 +1 2n x
(4.7) — :E — .. s
rz+n+1 n j:On+]+1 n—3/\J

(48) z+2 [(r+2n-1 "i 2j+2 ([ 2m—1)\/(x
' r4+n+1\ n-1 _j:0n+j+1 n—j3j—1)\j)
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Note that the two sequences
{f(n+jn—j)} and {f(n+jn—j—-11)} (0<j<n)

correspond, respectively, to the (2n — 1)-th and 2n-th anti-diagonal coeffi-
cients of the triangle { f(n, k) }}o<k<n, see Table 1.

Theorem 4.2. The polynomials Cy(x|q) satisfy C1(z|q) =1 and

(4.9)  [)qCui1(zlq) = ([2n — 1]q + 2¢*" ) Cu(zlg)
n—2

+ Z[n —J- 1]q5j(Q)Cn—j(x|q)q2jH.
7=0

Proof. Since Cj,41(x|q) is a polynomial in z of degree n, it suffices to prove
(4.9) for x = [k|,, where k is any positive integer, namely,

(4.10) [0)gCr1 ([Klglg) = [2n0 + k — 1],Cr([k]lq)
n—2

+ 3 In— 5 = 1,C5(q)Coj([Klgla)g™ .
j=0

Let m > n and

(4.11) F(m,nlg) = ¢+ (2 f(m g ™).
In view of the definition (2.3) it is clear that
fonnlg) = Y ¢vO,
YEP(m,n)

where A’(y) denotes the area above the path v and under the line y = x
and y = n. Since

=~ ] — i+1 .o = Y
Ci(a) = dWC;(a7") = ") fGidla™) = FG.dlo),
using Proposition 3.1 and (4.11) with m = k + n, we can rewrite (4.10) as

(4.12) [n],f(m,nl|q) = [n +m — 1], f(m —1,n —1|q)
+> =i =1l (G, 3l0)d =i = gf(m =G —1,n—j—1]g).
j=0
A pointed lattice path is a pair («,~) such that o € {(1,1),...,(n,n)} and
v € P(m,n). If a = (i,i) we call i the height of o and write h(a) = i. Let
P*(m,n) be the set of all such pointed lattice paths. It is clear that the
left-hand side of (4.12) has the following interpretation

(4.13) nlgf(m.nlg) = > A0
(ayy)EP*(myn)

Now, we compute the above enumerative polynomial of P*(m,n) in another
way in order to obtain the right-hand side of (4.12). We distinguish two
cases.
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o)

Jj+1

M

j+1
FIGURE 2. (a,7) = (m, (&/,72))

e Let Pf(m,n,j) be the set of all pointed lattice paths («,~) in P*(m
,n) such that h(a) € {j + 2,...,n}, where j is the smallest integer
such that (j+1,7) — (j+ 1,7+ 1) is a step of v, i.e., the first step
of 7 touching the line y = z. If (a,y) € Py(m,n,j), then we have
the correspondence (o, ) — (71, (@, 72)), where ~; is a lattice path
from (0,0) to (j + 1,7 + 1) which touches the line y = x only at the
two extremities, and (o’,72) is a pointed lattice path from (0,0) to
(m—j,n—j—1) with h(a/) = h(a) — j — 1. This decomposition is
depicted in Figure 2.

Thus the corresponding enumerative polynomial of such paths for
the fixed j is

Z qh(a)—1+A(7)

(@) €P] (m,n,5)
=¢ f(G,jla) - @' n—j—1gf(m—j—1n—j—1|q).

Summing over all j (0 < j < n — 2) we obtain the second term on
the right-hand side of (4.12).

e Let P5(m,n) be the set of all pointed lattice paths (a, ) in P*(m, n)
such that h(a) € {1,...,n} and h(a) < j+ 1 where j (if any) is the
smallest integer such that (j+1,7) — (j+1,j+1) is a step of v, i.e.,
the first step of y touching the line y = z. If (o, y) € P5(m,n), where
Y= (pOa oo apm—i-n—i-l) with po = (Oa 0) and prmynt1 = (m +n+1, n),
we can associate a pair (,v') where v € P(m —1,n— 1) is obtained
from ~ by deleting the vertical step (x,h(a) — 1) — (z,h(a)) and
the first horizontal step (0,0) — (1,0), i.e.,

'7/ = (pllv <o 7p§7p;+27 <o 7p;L+m+1)

where i = z + h(a) — 1, pp, = pr — (1,0) if £ = 1,...,7 and p} =
pr—(0,1)if k =i+2,...,m+n+ 1. It is easy to see that the
mapping (a, ) + (i,7") is a bijection, which is depicted in Figure 3.
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m m

FIGURE 3. (a,7) — (i,7') with m = 15, n = 8, a = (6,6)
and ¢ = 15.

Since 1 <z <mand 0 <h(a) —1<n—1wehaveiec{l,...,m+n—1}.
As A'(y) =2 — 1+ A'(y/) we have

h(a) =1+ A'(7) =i —1+ A'(+)).

It follows that

m+n—1

D ACA S leqA’w [n+m—1],f(m—1,n—1|q).

(a7)€P3 (m,n) =1

Summing up the two cases we obtain the right-hand side of (4.12). O
When ¢ = 1 we have an alternative proof of Theorem 4.2.

Another proof of the ¢ =1 case. When ¢ =1 (4.9) reduces to

(4.14) nCuyi1(z|l) = 2n — 1+ 2)Cp(z|1)

n—2
+> (n—j—1)CiCpj(zl) (n>2).
j=0

This yields immediately C(z|1) =1, Cao(z|1) = 241, C3(z|1) = (z+1)(z+
4)/2, in accordance with the formula (3.4). For n > 3, letting k = n—j — 3,
N =n—3and z = 2+ 3, by (3.4), the recurrence (4.14) is equivalent to the
following identity

(z+N+2 Z4N w (3/2)N N(Z’]:"k)k (N > 0).
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Notice that we can rewrite the right-hand side as

3/2 k(2 +1)/2)(2/2)

= NZ 1/2— N)k(2)k :
B (3/2)N -2—N, (z+1)/2, z/2
G an <3F2< ~1/2—-N, 2, ’1>

(=2 = N)na((z +1)/2)n41(2/2) N1
(=1/2 = N)n41(2) v41 (N + 1)
(=2 N)nga((z + 1)/2)N+2(Z/2)N+2)
(12— Nx oo a(N +2) )
Invoking the Pfaff-Saalschiitz formula [2, Theorem 2.2.6] we obtain
T ( —2-N, (2+1)/2, z/2 ‘1) _ (#/2)n42((2 = 1)/2) N2
—1/2-N, % ’ (2)n42(=1/2) N2
Substituting this in the previous expression yields (z + N + 2)x/N! after
simplification. O

When =z = 1 Eq. (4.14) reduces to the following identity for Catalan
numbers:
n—2
(4.15) nChpi1 =2nCr + Y (n—j—1)C;Cp_;.
=0

5. CONCLUDING REMARKS

We conclude this paper with a few open problems. By Theorem 4.2 it is
clear that C),41(z|q) is a polynomial in z of degree n with leading coefficient

qn2/{1]q{2]q -+ +[n]q. Let
Pp(z]q) := [1g[2]g - - [n — 1]qCn(z[q).

It follows from Theorem 4.1 that

(5.1)  Pasi(alq) = ([2n — g + 2¢™" 1) Pa(2]g)
+ 3 Ci(@ln =g = Uy [n = Uy Py al)g™ .

This immediately implies that P,(x|q) is a polynomial in z and ¢ with
positive integral coefficients. On the other hand, it is clear from Theorem 4.2
that P,(z|q) is divisible by gz + 1 for n > 2. The following observation has
been checked up to n = 27.

Conjecture (Irreducible polynomial). For n > 6 the quotient

Po(xlg)/(gz + 1)

is an irreducible polynomial in x and q with positive integral coefficients.
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FIGURE 4. Newton polygon of the numerator of C),(x|q) for
n = 6.

Corollary 5.1. Forn > 1 there are polynomials gn(q) € N[q] such that
Cnt1(z]g) _ gn(9)

5.2 li =

(5:2) xﬁlzri/q 14 qx nlg

where go(q) =1 and
n—2

(53)  gn(@) = (1+¢" Ngn1(0) + > Ci(@)gn—j1(q)g” ™.
=0

Proof. 1t is clear that (5.2) is true for n = 1. Suppose that it is true until
n — 1 with n > 2. We derive (5.3) from (4.9). O

The first values of g,,(q) are 1, 1, 2¢+1, 3¢3 +3¢> + 3¢+ 1. Let F(x) :=
Y om0 Cn(@)2™ and G(x) := >~ gn(q)x™. We conjecture that the following
functional equation holds true:

(5.4) G(z) = oF(2)F(qz) (1 + Glqn)).

It is not difficult to see that the above equation would provide a combina-
torial interpretation for the polynomials g, (g) in the model of lattice paths.

Let us mention that the Newton polygon of the polynomial P, has a simple
shape. This is illustrated in Figure 4, where the horizontal axis is associated
with powers of ¢ and the vertical axis with powers of x. The slopes of the
upper part are given in general by the odd integers 1,3,...,2n — 3. This
shape follows in a direct way by induction from the formula (5.1) for the
polynomials P,. In fact, the Newton polygon of the first term of the right
hand side of (5.1) contains the Newton polygons of the other terms.

Finally, there should be analogs of our results for Cigler’s polynomials
Gp(z,r) for any r, as introduced in [10, 11].
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