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THE POLAR OF CONVEX LATTICE SETS

JIE WANG AND LIN SI

ABSTRACT. Let K be a convex lattice set in Z™ containing the origin as
the interior of its convex hull. In this paper, the definition of the polar of
a convex lattice set K is given both in Q™ and Z". Some properties and
inequalities about the convex lattice sets and their polar are established.

1. INTRODUCTION

For a compact convex set C' that contains the origin as its interior in

Euclidean n-space R"™, its polar body C* is defined by
C*={zeR":z-y<1forall yin C},

where x - y denotes the standard inner product of x and y in R™. The

polar body plays an important role in geometric inequalities and it is a

powerful tool in convex geometry; some excellent results are provided in the

monographs [5, 7].

Analogous to convex bodies in convex geometry are convex lattice sets
in discrete geometry. Throughout this paper, a convex lattice set K in the
integer lattice Z'™ is a convex lattice set containing the origin as the interior
of the convex hull of K.

Inequalities about convex lattice sets have been also widely studied re-
cently. Gardner and Gronchi obtained a close discrete analog of the classi-
cal Brunn—Minkowski inequality [2]. In 2005, Gardner, Gronchi, and Zong
proved a discrete version of the dual Loomis-Whitney inequality in Z? [3].
Berg and Henk studied upper bounds on the number of lattice points for con-
vex bodies having their centroid at the origin and established the inequality
between the number of lattice points and the first successive minimum [1].
For more information about theory of lattice polytopes and their numerous
applications, one can see Barvinok [4].

The very first notion relating the polar of convex lattice sets may be
reflexive polytopes, whose polar are also lattice polytopes [6]. Notice that
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not all polytopes are reflexive polytopes, and not all convex lattice sets have
the polar in Z".

In this paper, the definition of the polar of convex lattice sets is given
both in Q™ and Z". Under this definition, we find some special classes of
convex lattice sets that have the dual property. The upper bound of the
number of points of polar in Z" is obtained. In the plane, the connection
between the number of the lattice points in the convex lattice set K and the
area of convex hull of K is established.

2. DEFINITION OF THE POLAR OF CONVEX LATTICE SETS

A convex lattice set K is a finite subset of Z" such that K = conv(K)NZ",
where conv denotes the convex hull. Let K be a convex lattice set in Z"
containing the origin O as the interior of its convex hull. Notice that for a
convex body C containing the origin as its interior, its polar C* is determined
by its boundary. Further, a convex lattice set can be determined by vertices
of its convex hull.

Let K/ = {N K : K C K,conv(K) = conv(K)}, then we have the follow-
ing proposition.

Proposition 2.1. K’ = vert(conv(K)), where vert denotes the vertex set.

Proof. Obviously, conv(vert(conv(K))) = conv(K), so, by the definition of
K', K' C vert(conv(K)).

On the other hand, if vert(conv(K)) is not a subset of K’, then denote
vert(conv(K)) by {x1,x9,...,zr}. Without loss of generality, we may as-
sume 71 ¢ K', so there must exist K, K C K and conv(K) = conv(K),
but x; ¢ K. Denote K by {a1,as,...,am}, so, 1 # a;,i = 1,2,...,m.
Since 1 € conv(K) = conv(K), then z; is the convex combination of
ai,as,...,ay,. Thus conv(K) \{z1} is not convex, x; ¢ vert(conv(K)) =
vert(conv(K)), a contradiction.

For each A’ € K’, define a coordinate A which satisfies:

e A is on the ray OA’,
e max{OA OB, for B' € K'} = 1.

The coordinate A has the following property.

Proposition 2.2. The coordinate of A is in Q™.

Proof. We may assume that OB’ has the maximum projection onto OA’.
Let the coordinates A’ and B’ be (aq,...,a,) and (b1, ..., b,), respectively,
then the coordinate of A is

< ai an, )
n AR | n )
> iy ib; > e aib;

which indicates that A belongs to Q™. O
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So, for all A’ € K', we get the corresponding A’s in Q™. Thus the collec-
tion of all A is the polar in Q™. In view of these facts, we give the definition
of the polar of the convex lattice sets in Q".

Definition 2.3. The polar of the convez lattice sets in Q™ is defined by | A,
and denoted by Kg, .

Next, we extend this notion to Z". Let K@n be denoted by

pn’ ,p1n7 ’pm’ 7pkn

For A € Kgn, consider the transformation

F(A) = lcm(pu,...,pln,...,pkn)A
ged(qits - -5 Qiny - - 5 Qkn)
where lecm and ged stand for the least common multiple and the greatest
common divisor respectively.
Then, the definition of the polar of the convex lattice sets in Z" is as
follows:

(2.1)

9

Definition 2.4. The polar of the convex lattice sets in Z™ is defined by
conv(F (Kgn)) NZ", and denoted by K.

For example in the plane, P = {(—1,0),(0,1),(0,0),(0,—1),(1,2)} is a
convex lattice set, P = {(1/5,2/5),(—1,0), (0, —1)}, and P}, = conv({(1,2),
(—5,0), (0,-5)}) NZ2. See Figure 1.

(1,2)

(1,2) (=5,0) 0,0)

(%)

(—=1,0) (0,0) (—1,0)

0,-1) 0,-1)

0,-5)

FIGURE 1. P, P}, Pj,(from left)

QQ?

The nonsingular transformation .% in (2.1) has the following property.

Proposition 2.5. Amonyg all the dilatations of K&, F(A) is in Z", and
conv( F (Kn)) NZ" has the minimum number of points.



THE POLAR OF CONVEX LATTICE SETS 45

Proof. Let K be a convex lattice set in Z™. By Proposition 2.1, K can be
determined by K’'; i.e., K = conv(K') N Z", so we may assume that

K/ = {(allv“waln)v"')(akl)’ . 'aakn)})

where a;; € N, and for any i, (a;1,...,ain) # (0,...,0).
Then K@n can be represented as

K* — q11 din qr1 Qkn
@n— Ty e ey T gy Ty e ey T B
p11 Pin Pk Pin

where p;;,¢;; € N, and for any 1, (¢1,...,qin) # (0,...,0).

By the property of the greatest common divisor and the least common
multiple, we know that % maps K@n to Z".

If % is not the transformation in (2.1), suppose that there exists a map
Y(A) = aA, where A € K{j,, a € Q and ¥(Kg.) C Z". So we get pj; |
agiji = 1,2,...,k; j =1,2,...,n. Assume

_ lcm(pllv - s Plny .- 7pkn)
ng(q117 ey qiny .- 7an)

then, p;; | ag;; can be written as

m, m € R,

qij
ged(qit, -+, Qins - - -5 Qkn)

ij ‘ m 'lcm(p:ll?' "7p1n7' "7pkn)

This implies
- lem(p11,-- -, Pins -« - Pkn)
ged(qi1, -+, Qiny -+ Qkn)
must be a positive integer. Since (g;5,pi;) = 1, we have

ng(lcm(pllv ey Ping .- 7pk:7’b)a ng(qlla ey Qiny -y an)) = ]-5

SO
ged(qit, -+, Qins -+ Qkn) | @i -m,i=1,2,.. . kj=1,2,...,n.

By the property of the greatest common divisor, we get that m > 1, which
means
S lem(pui, - piny - - Phn)
~ ged(quts - Qiny -+ -5 Qkn)
Thus % is the map in Proposition 2.5. (|

For a convex lattice set P, another way to define the polar is by conv(P)*N
Z", where conv(P)* is the usual polar of a convex body. However the vertices
of conv(conv(P)* N Z") may not coincide with the vertices of conv(P)*,
unless conv(P) is a reflexive polytope [6]. The polar of convex lattice sets
in Definition 2.4 is quite different from conv(P)* NZ™ in some cases, see
Figure 2. The difference is caused by the absence of some extreme points of

conv(P)* and the dilatation from Q" to Z".
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1,2)

(-1,1)

(=10 (0.0) (0,0)

0,-1) (-1.-1) (3.-1)

(0.-5)

FIGURE 2. P, conv(P)*NZ? , and P7,, respectively

3. DUALITY AND INEQUALITIES

In the following, we mainly consider the duality of the polar of convex
lattice sets in Z™. Meanwhile, some inequalities are established. It turns out
that only some special classes of convex lattice sets have the dual property,
ie., (K*)* = K. A counterexample is P = conv{(2,0), (0,2), (—2,0), (0, —2)}N
72, (P},)3. = conv{(1,0),(0,1),(—=1,0),(0,-1)} N Z* # P.

Theorem 3.1. Let K be a convez lattice set in Z™ with K' = {(k1,0,...,0),

(0,k,0,...,0),...,(0,...,0,kn), (—=m1,0,...,0), (0, —ma,0,...,0),...,(0,
ooy 0,—=mp)}, ki,m; € N, Then

K
K*n *n —
( Z )Z k’
where k = ged(ky, ..., kn,mi,...,my).

Proof. By the definition of K., we get

1 1 1
K*TL: I ... ... ... I e .« .. ...

Q {<k1’0’ ’0>’ 7(0’ ’0’ k;n> ’< m1707 70>7 b
1
(0,...,0,—)}.
My,

Let m = lem(ky,...,kn,m1,...,my), by Proposition 2.5, % (A) = mA.
Thus

Kjn = conv(mKga) NZ",
Let W = K7,., we get

1
W' = mKn, Wi = — K.
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Obviously, g(z) = ma/k is the nonsingular linear transformation as in Def-
inition 2.4, so

K’ K
(Kyn)gn = Wy = conv (%W&) N Z" = conv (k:> N7Z" = =

Corollary 3.2. Let K be a convex lattice set in Z™ with K' = {(k1,0,...,0),
(0,]{:2,0,...,0),...,(0,...,O,kn),(—m1,0,...,0),(0,—m2,0,...,0),...,(0,
.0, =mp)}, kiym; € Ny, and ged(ky, ... kpyma,...,my) = 1. Then

Remark 3.3. Another class of convex lattice sets that has the dual property
is of the form K = conv({(xz1,...,£z,) })NZ", z; € Ny, and ged(z1, ..., xn) =
1. We can calculate that

lem(zq, ..., 2n)

ged(zq, ..., @y)

= conv < K > nzZ"
ged(zq, ..., xp)

= conv(K')NZ"

=K.

(K7n)7n = conv < (K%)?{y) nz"

Recall that the first successive minimum A;(K) of a convex body K with
O € int(K) is

A (K) = min{\ € Rog : AK NZ" # {O}}.

For any point P belong to K’, the corresponding P* € Kgn is obtained
on the ray OP, so we have P* € conv{> ", +e;}. It is easy to find that
Al(conv(Kén)) > 1 while the upper bound does not exist.

Based on conv(KQ),) C conv{}_ i, +e;}, we get the following inequality.

Theorem 3.4. Let

a = lcm(plla e 7p1n7 e ,pkn)
ng(qll, s Qiny .- ,qkn) ’

then

(3.1) IKZn| < (20 + 1)
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Proof. Since conv(Kg.) C conv{d " | +e;}, conv(K{.)/2 is a packing set
with respect to Z™. Then, we have
V(K. + %conv(Kan))
V(%conv(Kan))
V (conv (K7, ) + %conv(K@n))
V(3 conv(Kgn))
V(aconv(Kgn) + 3 conv(Kn))
V(i conv(Kgn))
_V((a+ 1) conv(K3,))
V(% conV(Kan))

1\ "
a+§
o 1
2

= (2a+1)".

| Kzn| =

0

In fact, for any point P € K’, P ¢ lin(e;) where lin denotes the linear
span, then K¢, C conv{} " | +e;}/2, and inequality (3.1) can be improved.

Corollary 3.5. Let

o = em(pits - Pin - - Pkn)
ng(Qll; s 7Q1n7 AR ann)
For any point P € K', P ¢ lin(e;), then |K,.| < (a+1)".

Proof. Let P(x1,...,z,) € K', then we have P*(y1,...,yn) € Kn on the
ray OP such that

R DR
P ¢ lin(e;) indicates that there exist 41,42 such that x?l > 1, :c?Q > 1,
11,12 € {1,2, R ,n}. If ; > 0, then

T T <

1
-1 55? 2 i1 1’3 2

n
= Zm?—km >0
j=1

n
<:>x12—2xi+ Z xﬁzo
J#ij=1

n
= (zi -1+ > ai-1] =0,
jij=1
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with equality if and only if x; = 1,2, = £1(k # i), x; =0 (j # i # k).
If ; < 0, then

T

| Z;‘L:I 95?

— T <

Z?:l 1"32

| =

= (@12 + | > 2i-1] >0
jig=1
with equality if and only if x; = —1,2, = £1(k # i), z; =0 (j # ¢ # k).
Thus

1
< -
-2

|y| < 'xz
R DR
conv{y " | £e;}, with equality if and only if n = 2
—1,1),(—1,-1),(1,-1)} N Z2.
a packing set with respect to Z™. Then, we have
V(K7 + conv(Kgn))
V(conv(Kgn))
V(conv(Kzn.) + conv(Kgn))
- V (conv(Kgn))
V(aconv(Kgn) + conv(Kgn))
V(conv(Kén))
V((a+1)conv(K7,))
V(conv(Kgn))
=(a+1)".

This implies K@n C
and K = conv{(1,1)
So, conv(Kgn) is

1
2
S (

| Kz | =

U
Remark 3.6. In the plane, K = conv{(1,1),(~1,1), (-1, —1),(1,—1)} NZ2
satisfies the equality in Corollary 3.5.

In the following, the connection between the number of the lattice points
in the convex lattice set K and the area of conv(K) is given in the plane.
The main ingredient is Pick’s theorem.

Lemma 3.7 (Pick’s theorem). Let A be the area of a simply closed lattice
polygon. Let B denote the number of lattice points on the polygon edges and
I the number of points in the interior of the polygon. Then

1

Theorem 3.8. Suppose that K is a convex lattice set in Z>.
If dim(conv(K)) =1,

|K| < P(conv(K)) + 1,
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with equality if and only if K lies in the x-axis or the y-axis, where P(conv(K))
denotes the perimeter of conv(K).
If dim(conv(K)) = 2,

K] > Afconv(K) + o,
with equality if and only if B(conv(K)) = 3.

Here |K| denotes the number of points in K and A(conv(K)) denotes the
area of conv(K).
Proof.
Case 1: dim(conv(K)) = 1.

According to Blichfeldt’s theorem [4], |K| < P(conv(K)) + 1, with
equality if and only if K C lin(e;)*, or K C lin(ez)*, where + denotes
the orthogonal complement space.

Case 2: dim(conv(K)) = 2.

In this case, B(conv(K)) > 3, thus,

1 3
B(conv(K)) > §B(conV(K)) +3
By Pick’s theorem,

A(conv(K)) = I(conv(K)) + %B(conv(K)) — 1.

Then,
vert K vert = I(conv(K)) + B(conv(K))
> T(conv(K)) + 3 Bleonv(K)) + >
— I(conv(K)) + %B(conv(K)) 14 g

= A(conv(K)) + g,
with equality if and only if B(conv(K)) = 3.
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