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A CONTINUOUS VARIANT OF THE INVERSE
LITTLEWOOD-OFFORD PROBLEM FOR QUADRATIC
FORMS

HOI H. NGUYEN

ABSTRACT. Motivated by the inverse Littlewood-Offord problem for lin-
ear forms, we study the concentration of quadratic forms. We show that
if this form concentrates on a small ball with high probability, then the
coefficients can be approximated by a sum of additive and algebraic
structures.

1. INTRODUCTION

1.1. The Littlewood-Offord problem for linear forms. Let £ be a real
random variable, and let A = {a1,...,a,} be a multiset in R?. For any
B > 0, we define the small ball probability as

pae(A) == sup Px(ayzy + -+ + anxy € B(a, B)),
acR4
where x = (z1,...,2,) and z; are iid copies of £, and B(x, 3) denotes the
closed disk of radius 8 centered at z in R
A classical result of Erdés [3] and Littlewood-Offord [7] asserts that if &
has Bernoulli distribution and a; are real numbers of magnitude |a;| > £,
then

ppe(A) =O0(n™'/?).

This remarkable inequality has generated an impressive way of research,
particularly from the early 1960s to the late 1980s. We refer the reader to
[4, 5, 6] and the references therein.

Motivated by inverse theorems from additive combinatorics (see
[13, Chapter 5]), Tao and Vu brought a new view to the problem: find
the underlying reason as to why the small ball probability is large (say,
polynomial in n).

Typical examples of A, where pg ¢ is large, involve generalized arithmetic
progressions (GAPs), an important concept from additive combinatorics.
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A set Q C R%is a GAP of rank r if it can be expressed in the form
Q={g+kg+ - +kegr | Ki <k <K forall1<i<r}
for some go,...,g- € R% and some integers Ki,...,K,, K}, ..., K.. Tt is

T
convenient to think of () as the image of an integer box B := {(x1,...,2,) €

Z" | K; < k; < K!} under the linear map
(I)i($1,...,$U7~)'—>go+xlgl—|—---—|—xrgr.

The vectors g; are the generators of @, the numbers K/ and K; are the
dimensions of @, and Vol(Q) := |B| is the volume of Q. We say that @
is proper if this map is one to one, or equivalently if |Q| = Vol(Q). For
non-proper GAPs, we of course have |Q| < Vol(Q). If g = 0 and —K; = K/
for all ¢ > 1, we say that Q is symmetric.

Example 1.1. Let Q = {>_._, kigi | —K; < ki < K;} be a proper symmetric
GAP of rankr = O(1) and size N = n°W). Assume that ¢ has Bernoulli dis-
tribution, and for each a; there exists q; € Q such that ||a; — q||2 < 0. Then,
because the random sum Y, g;x; takes value in the GAP n@ = {>_;_; kigi |
—nK; < ki <nkK;}, and because |nQ| < n"N = n°WY | the pigeon-hole prin-
ciple implies that ), qiz; takes some value in nQ with probability R ON
Thus we have

(1) prsg(A) =n"OW.

The above example shows that if £ has Bernoulli distribution and if a;
are close to a GAP of rank O(1) and size n®), then A has large small ball
probability.

It was shown (rather implicitly) by Tao and Vu in [16, 17, 15, 18] that these
are essentially the only examples which have large small ball probability. An
explicit version was given by Vu and the current author under the following
condition.

Condition 1 (Anti-concentration). There exist positive constants 0 < ¢; <
co and c3 such that
Plar < [§ =€ < e2) > a5

where £ is an independent copy of §.

We note that Bernoulli random variables n(“) (which equal £1 with proba-
bility ©/2 and 0 with probability 1—p), where the parameters p are bounded
away from 0, are clearly of this type.

We say that a vector a is d-close to a set @) if there exists ¢ € Q) such that
la—dqlls < 4.

Theorem 1.2 (Inverse Littlewood-Offord theorem for linear forms, [11]).
Let 0 <e<1and B> 0. Let 8 > 0 be a parameter that may depend on n.
Suppose that Y, ||a;||3 =1 and

pi=ppe(A) 2 n P,
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where x; are iid copies of a random variable £ satisfying Condition 1. Then,
for any number n' between n® and n, there ewists a proper symmetric GAP
Q = {Z:Zl kigi | ‘k1| S Kz} such that

e At least n —n' elements of a; are B-close to Q.

e Q has small rank, r = Op (1), and small size

,0_1
’Q‘ < max {OB,E <\/W> ,1} .

e There is a non-zero integer p = OB,J\/??) such that all steps g; of
Q have the form g; = (gi1,- -, gid), where gi; = Bpij/p with p;j € Z
and |ps;| = Op.(B~'Vn').

In this and all subsequent theorems, the hidden constants could also de-
pend on d and ¢, ¢z, c3 of Condition 1. We could have written Og ¢, ¢, ,¢5(-)
everywhere, but these notations are somewhat cumbersome, and this depen-
dence is not our focus, so we omit them. Theorem 1.2 was proven in [11]
with ¢; = 1,¢9 = 2 and ¢3 = 1/2, but the proof there extends to the general
case rather automatically.

Notation. Let z1,...,z, be real numbers, and let a1,...,a, be vectors
in R?. To simplify our presentation, we will denote the sum vector > it
by a-x, or x - a, where x = (z1,...,z,) and a = (aq,...,a,). For instance,
the small ball probability can be expressed as

pae(A) = SLCILp Py(x-ac B(a,B)).

1.2. The Littlewood-Offord problem for quadratic forms. Let £ be a
real random variable, and let A = (a;;) be an n x n symmetric matrix whose
entries are vectors of R%. For any 8 > 0, we define the quadratic small ball
probability as

pg’g(A) = sup P Z Qi T;T5 + Z bix; € B(a, ,B)
a,bl,...,bnERd ij i
where x1,...,x, are iid copies of &.

It follows from [12, Theorem 3.1] and [2, Corollary 4.4] that if { has
Bernoulli distribution and if there are ©(n) indices i for each of which there
are ©(n) indices j such that |a;j||2 > S, then the following holds for some
explicit constant ¢ > 0:

(2) ps.c(A) = O(n™).

By using a recent result of Costello [1], one can improve the right hand
side to O(n_1/2+0(1)), which is asymptotically tight. It seems that one can
improve the bound further by imposing new assumptions on a;;. However,
this is not our goal here. Motivated by the inverse Littewood-Offord problem
for linear forms, we would like to find the underlying reason as to why the
quadratic small ball probability is large (say, polynomial in n).
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In the following examples, { has Bernoulli distribution, and for each a;;
there exists ¢;; such that

laij — qijll2 < 9.
Example 1.3. Let Q be a proper symmetric GAP of rank r = O(1) and

size n9W) . Assume that the approzimated values gij belong to Q.

Then, because the random sum Zi’j gijxixj takes value in the GAP n’Q,
and because the size of n2Q is n°Y), the pigeon-hole principle implies that
Zi,j qijriv; takes some value in n2Q with probability R ON Passing back
to a;j, we obtain

pr2sg(A) =n 00,

One observes that this example is similar to Example 1.1, in which case
¢i; have additive structure. However, unlike what we have in the linear
case, there are examples of different nature where the quadratic small ball
probability can be large.

Example 1.4. Assume that q;; can be written as q;; = k;b; + k;b;, where b;
are arbitrary in R and k; are integers bounded by n®M such that

Px (Z kixi = 0) = n_o(l).

Then, we have

0,J i j

Passing back to a;;, we obtain
prese(A) =m0,
Motivated by 1.3 and 1.4, we now consider a more complicated example.

Example 1.5. Assume that gij = q;; + q;;, where q}; € Q, a proper sym-
metric GAP of rank O(1) and size n°W | and qgg = kibi; + kjiby + - +
Eirbrj + kjrbri , where v = O(1), and by, ..., by are arbitrary in R?, and
ki1,..., ki are integers bounded by nOW such that

PX (Z kilﬁi == 0, e ,Z kirxi == 0) == n_o(l).

Observe that

i3 1] i J
et <Z kirxi) Z byjx;
? J
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Thus,

sup Py Zqijmiscj =q| =n"00,
9€n*Q ij

Passing to a;;, we obtain

pr2se(A) =nOW.

In this example, the matrix (g;;) is a sum of two unrelated submatrices
(¢;;) and (gj;): one has entries belonging to a GAP of rank O(1) and size
n®M) | and one has rank O(1).

Our main theorem partially demonstrates that if pg ¢(A) is large, then a;;
are close to some ¢;; taking the form of Example 1.5. We denote by r;(A)
the row (a;1,...,a;,) of A.

Theorem 1.6 (Inverse Littlewood-Offord theorem for quadratic forms). Let
0<e<land B> 0. Let B > 0 be a parameter that may depend on n.
Assume that a;j = aj;, and

pi=ppe(A) >nB.
Then, there exist an integer k # 0, |k| = n98<0) a set of r = O(1) rows
Ti,...,r; of A, and set I of size at least n — 2n® such that for each i €

1, there exist integers ki, ..., ki, , all bounded by n98.<M)  such that the
following holds.

o n

where z = (21,...,2,) and z are iid copies of nM/?) (& — ¢, where n1/?) is
a Bernoulli random variable of parameter 1/2 which is independent of & and

¢

It follows from (3) and from Theorem 1.2 that for each ¢ € I, most of the
entries of kr;(A) + >, kii;ri;(A) are BnO8.<(_close to a symmetric GAP
of rank O(1) and size n°1). In other words, Theorem 1.6 asserts that,
modulo some special linear combinations of r; (A),...,r; (A) (where the
coefficients are integers bounded by n®(")), most of the components of r;(A)
are An?W_close to a symmetric GAP of rank O(1) and size n©().

Theorem 1.6 seems to be useful. It plays a crucial role in our work [10] of
establishing polynomial bounds for the singular value of random symmetric
matrices. We remark that a discrete version of Theorem 1.6 was discussed
in an earlier paper [8].

z - (kry(A) + Z kii,ri; (A))

< BTLOB’E(I)> > n_OB,e(l)’
2
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2. A RANK REDUCTION ARGUMENT AND THE FULL RANK ASSUMPTION

This section provides a technical lemma we will need for later sections.
Informally, it says that if we can find a proper symmetric GAP that contains
a given set, then we can assume this containment is non-degenerate.

Assume that P = {k1g1 + -+ + kyg, | —K; < k; < K;} is a proper sym-
metric GAP, which contains a set U = {uy,....u,}. We consider P together
with the map ® : P — R" which maps kjg1 + -+ + kygr to (k1,..., k).
Because P is proper, this map is bijective. We know that P contains U, but
we do not know yet that U is non-degenerate in P in the sense that the set
®(U) has full rank in R". In the later case, we say U spans P.

Theorem 2.1. Assume that U is a subset of a proper symmetric GAP P
of size r, then there exists a proper symmetric GAP Q that contains U such
that the followings hold.

o rank(Q) <r and |Q] < O,(1)|P|.

o U spans Q, that is, $(U) has full rank in R**k(@),

To prove Theorem 2.1, we will rely on the following lemma.

Lemma 2.2 (Progressions lie inside proper progressions, [13]). There is an
absolute constant C depending in d such that the following holds. Let P be
a GAP of rank v in R®. Then there is a symmetric proper GAP Q of rank
at most r containing P and

3
Q| <" |P).

Proof. (of Theorem 2.1) We shall mainly follow [14, Section 8]. Suppose
that ®(U) does not have full rank, then it is contained in a hyperplane of
R”. In other words, there exist integers aq,...,a, whose common divisor
is 1 and aky + -+ + apk, = 0 for all (ki,..., k) € ®(U). Without loss
of generality, we assume that o, # 0. We select w so that g, = a,w, and
consider P’ be the GAP generated by ¢} := g; — cjyw for 1 <i <r —1. The
new symmetric GAP P’ will continue to contain U, because we have

kigi + -+ k191 = kigr + - + krgr —w(aaks + - + apgr)
=kigr + -+ krgr
for all (ki,...,k,) € ®U). Also, note that the volume of P’ is
2"-1K, ... K,_q, which is less than the volume of P.
We next use Lemma 2.2 to guarantee that P’ is symmetric and proper
without increasing the rank. Iterate the process if needed. Because the rank

of the newly obtained proper symmetric GAP decreases strictly after each
step, the process must terminate after at most r steps. O

3. A DECOUPLING LEMMA AND INVERSE PROBLEM FOR BILINEAR FORMS

As the first step to establish Theorem 1.6, we pass to bilinear forms by
using a decoupling technique. Let U be a subset of {1,...,n}. Let Ay be a
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symmetric matrix of size n by n defined as

.. i; ifeitheri e U and j ¢ U,ori¢ U and j € U,
AU@J)—{SJ if either 4 nd j ¢ ri¢ nd j

otherwise,
where we denoted by Ay (i) the ij entry of Ap.

Lemma 3.1 (Decoupling lemma). Assume that

= sup Py ;i ;T + biz; —all <B8|>n"bB.
Then,
(4) Pv,w (’ Z AU(ij)inj = OB (5 V log n) ) = @(pS)’
i, 2
where v.= (vi,...,v,), W= (w1, ..., wy), and v;, w; are d copies of £ —¢'.

We refer the reader to Appendix A for a proof of this lemma.

Lemma 3.1 asserts that if pg¢(A) is large then }, ; Ay (ij)viw; has small
norm with high probability. This fact allows us to deduce useful information
for Ay (for all U) by combining with the following inverse-type result.

Theorem 3.2 (Inverse Littlewood-Offord theorem for bilinear forms). Let
0<e<land B>0. Let B > 0 be a parameter that may depend on n.
Assume that

Sup Px,y( Z Qi TiY; — Q@ < B) > n—B’
“ ij<n 2
where X = (T1,...,2n),Y = (Y1,...,Yn), and z; and y; are iid copies of

a random variable & satisfying Condition 1. Then, there exist an integer
k# 0,k =n9<W a set of r = O(1) rows r;,,...,r; of A, and set I of
size at least n—2n¢ such that for each i € I, there exist integers ki, . .., kii,,
all bounded by n8<M) | such that the following holds.

o (Hy (’“”W + 2k, (A)) < ﬁn03’6(1)> > p=Om.(l),
J

For the rest of this section, we prove Theorem 3.2.

First of all, for minor technical reasons, it is convenient to assume &
to have discrete distribution. The continuous case can be recovered by
approximating the continuous distribution by a discrete one while holding
n fixed. For short, we denote the vector (a;1,...,a;) by a;. We begin by
applying Theorem 1.2.

2

Lemma 3.3. Let € < 1, and B be positive constants. Assume that

Zaijﬂfiyj —al < 5) >n b
1,J

p=supPxy (
a
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Then, the following holds with probability at least 3p/4 with respect to'y =
(Y1, -.-,Yn). There exist a proper symmetric GAP Qy C RY of rank Op (1)
and size max{Op (p~'/n/?),1}, and an index set Iy of size n — n® such
that a; -y is -close to Qy for all i € I.

Proof. (of Lemma 3.3) Write

n
Z AijTilYj = Zﬂfi(ai "y)-
i.j i=1

We say that a vector y = (y1,...,yn) is good if

P
Px( ~ S/B>Z4

n
Z zi(a;-y)—a
=1
We call y bad otherwise.
Let G denote the collection of good vectors. We are going to estimate the
probability p of a randomly chosen vector y = (y1,...,y,) being bad by an

averaging method.
<5)=p

Pny<

n
Z zi(a;-y)—a
i=1

p§+1—p29
1—p
> p.
1—p/4— P
Thus, the probability of a randomly chosen y belonging to G is at least
3p/4
1op> g0
1—p/4 4

Consider a good vector y € G. By definition, we have

p
Px(‘ §ﬁ>24.

n
> ziai-y)—a
=1
Next, if a; - y = 0 for all 4, then the conclusion of the lemma holds trivially
for Qy := 0. Otherwise, we apply Theorem 1.2 to the sequence {a; -y,
i = 1,...,n} (after a rescaling). As a consequence, we obtain an index
set Iy of size n — n® and a proper symmetric GAP @y of rank Op (1)
and size max{Op (p~'/n?), 1}, together with its elements ¢;(y), such that
lai -y —qi(y)||2 < B for all i € Iy. O

We now work with ¢;(y), where y € G.

Common generating indices. By Theorem 2.1, we may assume that
the ¢;(y) span Qy. We choose from I s indices iy, ..., 4y, such that iy, (y)
span Qy, where s is the rank of Q. Note that s = Op (1) for all y € G.

Consider the tuples (iy,,...,iy,) for all y € G. Because there are
5, Op(n®) = n98<0) possibilities these tuples can take, there exists a
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tuple, say (1,...,7) (by rearranging the rows of A if needed), such that
(yyr---riy,) = (1,...,7r) for all y € G', a subset G’ of G which satisfies

Py(y € G) p
/ y _
(6) Py(y < G) 2 noc,e(l) o noB,e(l) )
Common coefficient tuple. For each 1 < i < r, we express ¢;(y) in

terms of the generators of @y for each y € G/,

ai(y) = ca(¥)g1(y) + -+ + cir(¥)9r (¥)s

where ¢;1(y),...cir(y) are integers bounded by n©.<(1) and g;(y) are the
generators of ()y. We will show that there are many y that correspond to
the same coefficients c;;.

Consider the collection of the coefficient-tuples

((er1®)s e sen @i (n ) en(y)) )

for all y € G’. Because the number of possibilities these tuples can take is
at most
(nOB,e(l))TQ — noB,e(l)

)

there exists a coefficient-tuple, say <(011,...,clr),...,(crl,...cw)>, such
that

((c1l(y), cer(y))ie (crl(y),...c,,r(y))) =
= ((Clla'-'7CIT),---,(CT1,...CTT))

for all y € G”, a subset of G’ which satisfies

PyyeG) o

1"
(7) Py(y € G ) 2 nOB,e(l) - nOB,e(l) ’

In summary, there exist r tuples (ci1,...,¢10),.-.,(¢r1,-..Crpr), Whose
components are integers bounded by n©8.<(M) such that the followings hold
for all y € G”.

e ¢i(y) =cugi(y)+-- +cjrgr(y), fori=1,...,r.
e The vectors (ci1,...,¢1r),- .-, (Cr1, ... ) span ZHaK(@y),

Next, because |Iy| > n — n° for each y € G”, by an averaging argument,
there exists a set I of size n — 2n° such that for each i € I we have
Pylyed”)

5 .

From now on we fix an arbitrary row a of index from I. We will focus on
those y € G” where the index of a belongs to Iy.

Common coefficient tuple for each individual. Because ¢(y) € Qy
(q(y) is the element of Qy that is S-close to a-y), we can write

(8) Py(iely,yeG") >

Ay)=a)nly)+ - +cy)e(y)
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where ¢;(y) are integers bounded by n98.c() For short, for each i we de-
note by v; the vector (c;i,...,ci), we will also denote by va, the vec-

tor (c1(y),...,c(y)). Because Qy is spanned by ¢1(y),...,¢(y), we have
k = det(vy,...,v,) # 0, and that

9)
kq(y) + det(vay,ve,...,vo)qi(y) + -+ det(vay, vi,...,vr—1)g:(y) = 0.

It is crucial to note that k is independent of the choice of a and y.
Next, because each coefficient of (9) is bounded by n®8.<(1)_ there exists
a subset G of G” such that all y € G correspond to the same identity, and

Py(y € G")/2 p -
1" y _ — =08,(1)
(10) Py (y € Gq) > (nOmeyr — 0mc® " :
In other words, there exist integers k1, ..., k&, depending on a, all bounded
by n©8.<() such that
(11) ka(y) + krqi(y) + -+ + krar(y) =0

for all y € GJ..
Passing back to A. Because ¢;(y) are -close to a; -y, it follows from
(11) that
(12)
|ka-y+kiar-y+--+kay-yla = |[(ka+kia, +---+a,) - yllz < nO2<D3.

Furthermore, as Py (y € G2) = n=98.<(1) we have
(13) Py (l(kat ko + -+ k) -yl < O g) = n~Opel1),

Because (13) holds for any row a indexing from I, we have obtained the
conclusion of Theorem 3.2.

4. PROOF OF THEOREM 1.6

By the definition of &, it is clear that the random variable £ — & also
satisfies Condition 1 (with different positive parameters). We next apply
Theorem 3.2 to (4) to obtain the following lemma.

Lemma 4.1. There exist a set Iy(U) of size Op (1) and a set I(U) of size
at least n — n¢, and a nonzero integer k(U) bounded by n©B<() such that
for any i € I, there are integers ki, (U),io € Io(U), all bounded by n®8.<(),
such that

P (H(k(U)axAU) Y ki )an(Ar)) -y

i0€lp

< IBnoB,e(l)> _ n_oB,e(l)’
2

where'y = (Y1,...,yn) and y; are iid copies of & —¢&'.
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Note that this lemma holds for all U C [n]. In what follows we will gather
this information.

As Ip(U) € [n]98<() and k(U) < n, there are only n95.<(1) possibilities
that the tuple (Ip(U), k(U)) can take. Thus, there exists a tuple (Ip, k) such
that Io(U) = Iy and k(U) = k for 2" /n®8.<() different sets U. Let us denote
this set of U by U; we have

277,
nOB,(1)"

Next, let I be the collection of all ¢ which belong to at least [{/|/2 index
sets Iyy. Then,

Ul =

) + ¢ > (n—n)Y|

|I| > n —2n°.

n— |I])U]
2

From now on we fix an ¢ € I. Consider the tuples (ki;,(U),io € Iy) over
all U where i € Iy. Because there are only n@8.<(1) possibilities such tuples
can take, there must be a tuple, say (kii,,i0 € Io), such that (ki,(U),ip €
Io) = (kiiy,io € Ip) for at least [U]/2nOB.<(1) = 27 /nOB.(1) sets U. Because
|Io| = Op,(1), there is a way to partition Iy into Iy U I such that there are
2" /nO8.<(1) sets among the U above that satisfy U N Iy = IY.

Let Z/I[(/y I denote the collection of these U. By passing to consider a
subset of U 110 if needed, we may assume that either ¢ ¢ U or i € U for all
Ueld 1,10 Without loss of generality, we assume the first case. (The other
case can be treated similarly).

Let U € Up v and u = (u1,. .., uy) be its characteristic vector (u; = 1
if j € U, and u; = 0 otherwise). By the definition of Ay, and because
ILNU =0 and I C U, for any i, € I}, and i§ € I|] we can write

n n
ay (Av) -y =Y agjusy;, and ay(Ay) -y =Y ay;(1—u;)y;.
=1 j=1

Also, because i ¢ U, we have a;(Ay) -y = 7 a;ju;y;. Thus,

ka;(Au) -y + Z Kiigaio(Au) -y

i€l

= kay(Au) -y + Y kigay (Au) -y + Y kypap(Av) -y

i()el’ igellf

- Zka”u]yj + Z Z klz6a16]ujyj + Z Z klz”a igg\t )yj

J=lijel] Jj=lijerl

— Z k:aZ] —+ Z k:“/a A Z ku”az”] U;Y; + Z Z k:“//a //Jy].

,LOEI/ I// ] 1 Z/IGI”
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Next, by Lemma 4.1, the following holds for each U € Up 1,

Py( =0 (5n03,e(1)> ) — 5 0B.(1)

ka;(Av) -y + Z kiigai,(Au) -y

i0€lp 2
Also, recall that
2’!'1
Uny.1y| = nO5.c(1)

Hence,

EyEU<

By applying the Cauchy-Schwarz inequality, we obtain

EyEU<‘

2
-0 (5n03,e(1)> )]
(‘ ka;(Ay) -y + Z kiigaio(Au) -y

i0€lp

2
-0 <5n03,e(1)> )]
Eu( i (kau + Z k:“/a it Z km”a i )ujyj
=1

i€l igell)
+ E kll”al”j y]

2
J=1lijer
< EyEu,u’< Z (kzjaw + Z ki AT Z ku”a 6 )
1
X (u; — ug)y]

ka;(Au) -y + Z kiig@io (Au) -y

LS

-0 (BnOB,e(l)) > > n 980,

2

n~ 981 < ka;(Ay) -y + Z kiigaio (Au) -y

i0€lp

2

SEy Ey

2

1
J= g€l igely

-0 Op,(1)

0o

(14) ( Z (kaw + Z k:“/a A Z k:”//a " >
j=1

GI/ l/eI/l

-0 (5n03,e(1)) )7
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where z; := (u; — u})y;, and in the last inequality we used the fact that

E, u/(Hf(u)”Q _ <6n036 ) [f()]2 =0 <ﬁn03,6(1)) )
< B (1/w) = 7)o = O (B0} ).

Note that u; — u/; are iid copies of the Bernoulli random variable 2n(1/2),

J
Hence z; are iid copies of 2n(1/2) (¢ — ¢'), where 71/?) is independent of ¢
and &'

In conclusion, the following holds for any i € I,

P, < Z <kam + Z ku/a il Z k”//a " )

J 1 Z EI/ ’L"EI"
-0 (ﬁnos,e(l)) ) > n_OB,e(l).

Note that k and I are independent of the choice of i. By changing the sign

of kyy, we are done with the proof of Theorem 1.6.

A. PrRoOOF oF LEMMA 3.1

The goal of this section is to establish the inequality

w < > Av(ij)os; |
1,J

under the assumption

sup Py
a7b Al 7L

Setting aj; := a;;/53, we have

sup P E a;j:cixj + E b;aci —d
a’,b; i i

Next, by Markov’s inequality,
<1
2

/ /
Px<‘ iTj + g bx; —a
i
/ !/ /
g ;T %5 + g a;x; — a
i,j i

8

=0p (5\/@) ) 277)7d//; exp(8m)’

)

xlac]—FZb@—a

’
]

J
~p (o0 ()
< exp (g) Ex exp <— g

2 ™
e ()
2 2 >
2
Z a;j:m:rj + Z biw; —a’ ) .
i i 2
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exp (<Flel) = [ elw-esp (5 13) ar

<1
2

Note that

Thus

¥

Z Ty + Z Viw; —a
ij i
m / / Tien2
< exp <§> /Rd Exe[(Zaij:pixj + Zbﬁn,) : t] exp <—§HtH ) dt
2,7 (2
d
< exp <%) (\/ 277) Exe [(Z ag; iy + Z b;xz> . t]
i i

. 2
_ exp (=rll3/2)

(vam)*

Consider x as (xy,Xg), where xi7, x5 are the vectors corresponding to
i € U and i ¢ U respectively. By the Cauchy-Schwarz inequality we have

Je

dt.

exp (=5 1413) dtr
(vam)*
Zexp (=5 1413) dtr
(vam)*

2

Eye ( < Z a’ija:ixj + Z b}m) . t>
i, i

[/Rd Exe(<;a§jxixj+zi:ngi> .t>
/RdE E Ue<<Za§jxixj+Zb;xi) -t>
1,J i

2

—T||¢]|2

o0 (5 1) dt]
(V)

/Rd E"UEXU,X&6<< > il —af) + Y b -

i€U,jeU jeu

exp (<31t13) 17
+ Z NEETE ﬁ;)) -t> —2612 dt]
ieU,jel (" 271-)

< [y B Exve(( S ety o)+

i€U,jeU jeu

2 — 412
+ > djjlay — ;x;)) -t) M
ieU,jeU (\/ﬂ)

IN

IN

dt
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_/RdExUﬁx,waﬁxbe« S (e —m)(azj—m;)> -t>

ieU,jeu
_T+|2
e ),
(v2m)
exp (—5|Ill3)
(5 ) i
Rd o ieU,jeU (V2r)

/

where yy = xy — Xg; and zg = X — Xp;, whose entries are iid copies of

§ — &', Thus we have
8
exp (5 ¢[3) dt]

(e ) 22
[upene( X ) ) A0

ieU,jeU
S/dEyU,zU,y;J,z’Ue<( Z a;jinj— Z az]yz j) )
R i€U,jeU ieU,jel
exp (—Z||t]2
Lo T,
(v2r)

Because a’ i = ﬂ, we can write the last term as

/RdEyUg’U,ygj,zU << Z a]ylz]+ Z a]z yz> t)

icU,jel jeUicU
o e (CEIE)
(v2r)

:/R Vwe<< > ahv+ Y al]vlw]>.>

ieU,jel ieU,jeU
e (-3[41B)
(v’
where v := (yu, —zp;) and w := (yy;,2p).

Next, recall that Ay (ij) = a;j if either i € U,j ¢ U ori ¢ U,j € U. We
have

_T 2
/ vwe<< Z CLUUZU)]—F Z az]vlw]> . > M dt
Rd

d
icUjeU ieU,jeU (\/ﬂ)

1 d T 2
=—) Evwexp|[ — = Ay (i5) viw; ),
<\/ﬂ> ) p( 9 ; U(]) J )

IN

dt,
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where Ay (ij) = Ay(ij)/B. Thus

(o
exp(47r)(27r)4d( /R )

< exp(4m)(2m) " By w exp ( - g‘

8
Za’ijxi,a:j + Zb;xz —d| < 1))
ij i

Eye < ( Z a;jz‘iw]) . t)
,J

Z AU (z’j)'viwj
2

IN

exp (<5[1t13) ,\°
) )

)

Because p > n~ B, the inequality above implies that

8

Pv,w (

2:OB<\/10E)>> P

Au(if)viw; .
sz: v (i) viw; ~ 2(27)74/2 exp(47)

Scaling back to A;;, we obtain

8

2203(5\/@)>> P

~ 2(27)74/2 exp(47)’

Pv,w <’ Z AU (z])vlw]
2%

completing the proof.

10.

11.

12.

13
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