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AN IMPROVED BOUND ON THE NUMBER OF
POINT-SURFACE INCIDENCES IN THREE DIMENSIONS

JOSHUA ZAHL

ABSTRACT. We show that m points and n smooth algebraic surfaces
of bounded degree in R? satisfying suitable non-degeneracy conditions
can have at most O(m?2*/Gk=DpBk=3)/Gk=1) 4 1y 4 n) incidences, pro-
vided that any collection of k points have at most O(1) surfaces passing
through all of them, for some k£ > 3. In the case where the surfaces
are spheres and no three spheres meet in a common circle, this implies
there are O((mn)®/* + m + n) point-sphere incidences. This is a slight
improvement over the previous bound of O((mn)3¥/48(m,n) + m + n)
for B(m,n) an (explicit) very slowly growing function. We obtain this
bound by using the discrete polynomial ham sandwich theorem to cut
R? into open cells adapted to the set of points, and within each cell of the
decomposition we apply a Turan-type theorem to obtain crude control
on the number of point-surface incidences. We then perform a second
polynomial ham sandwich decomposition on the irreducible components
of the variety defined by the first decomposition. As an application, we
obtain a new bound on the maximum number of unit distances amongst
m points in R3.

1. INTRODUCTION

In [6], Clarkson, Edelsbrunner, Guibas, Sharir, and Welzl obtained the
following bound on the number of incidences between points and spheres in
R3.

Theorem 1.1 (Clarkson et al.). The number of incidences between m points
and n spheres in R® with no three spheres meeting at a common circle is

(1.1) ) ((mn)3/4ﬁ(m,n) +m+n>,

where S(m,n) is a very slowly growing function of m and n. In particular,
B(m,n) < 200m*/n)? " yhere a(s) is the inverse Ackerman function and C
s a large constant.

We obtain the following slight sharpening.
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Theorem 1.2. Let k > 3, and let P C R3 be a collection of m points
and S a collection of n smooth algebraic surfaces of bounded degree (the
degree is allowed to depend on k) such that for some constant C we have
|ISNS'NS"| < C forall S,5,5" €S, and for any collection of k points in
R3, there are at most C surfaces that contain all k points. Then the number
of incidences between points in P and surfaces in S is

(1.2) @) (mdgiilng%i —i—m+n> ,

where the implicit constant depends only on k, C, and the degree of the
algebraic surfaces.

In particular, the number of incidences between m points and n spheres
in R3 with no three spheres meeting at a common circle is

(1.3) O ((mn)% +m+ n) .

Remark 1.3. The requirement that every three surfaces meet in a complete
intersection, or some variant thereof, is necessary to prevent the situation
in which all of the surfaces meet in a common curve and all of the points lie
on that curve, yielding mn incidences (i.e. if we don’t place any restrictions
on how the surfaces can intersect, then the trivial bound of mn incidences
is sharp).

Remark 1.4. When k£ = 2 and n = m, the following example shows that
Theorem 1.2 is sharp. Let P be the set [—2k, 2k]? x [0, 2k?], and let

8:{z:(x—xo)z—i—(y—yo)z—i—zo\xo,yo:—k,...,k; zO:O,...,kQ}.

Then |P| = 32k*, |S| = k*, and we can verify that for every triple S,5’, 5"
of surfaces in S, we have |S NS NS"| <8, and for every three points of
P, there are at most four surfaces from S that contain all three. Since each
S € S hits at least k2 points from P, there are at least k incidences total.

Remark 1.5. The requirements that every three surfaces meet in C' points
and that every k points have at most C surfaces passing through them are
analogous to the definition of “curves with k degrees of freedom” from [18§],
though in [18] the curves do not need to be algebraic.

Remark 1.6. Theorem 1.1 can be extended to the more general case of
bounded degree algebraic surfaces using the decomposition techniques de-
scribed in [1, §8.3] to obtain an analogue of (1.2). Doing so yields a bound
of 2k 3k-3

O (mSk—l n3k=15(m,n) +m + n) ,
where ( is a slowly growing function.

1.1. Previous results. Similar results to Theorem 1.1 and 1.2 have been
obtained by Laba and Solymosi in [16] and by Iosevich, Jorati, and Laba in
[12]. In [16] and [12], however, the authors consider a more general class of
surfaces (they need not be algebraic), but they require that the point set be
“homogeneous” in a suitable sense.
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Our techniques do not work well when k = 2, i.e. for obtaining bounds on
point-hyperplane incidences, but this case has been studied by other authors
(see e.g. [7], where the authors obtain sharp bounds on point-hyperplane
incidences under a slightly different set of non-degeneracy conditions).

1.2. Update 7/4/2011. The author has recently become aware that con-
currently with this paper, Kaplan, Matousek, Safernova, and Sharir in [13]
obtained results similar to the bound (1.3) using similar methods. Kaplan
et. al. are able to avoid some of the technical difficulties present in this paper
by using an explicit parameterization of the sphere by rational functions.

1.3. Proof sketch. Clarkson et al. obtain Theorem 1.1 through their “Can-
ham threshold plus divide and conquer” technique: the arrangement of
spheres in R? is subdivided into smaller collections through a careful parti-
tioning of R?, and the number of incidences between these smaller collections
of spheres and points is controlled by a Turan-type bound on the number of
edges in a bipartite graph with certain forbidden subgraphs.

In this paper, we employ similar ideas, except instead of dividing the
problem into smaller subproblems by partitioning R? into cells using a de-
composition adapted to the collection of spheres (or more general nonsin-
gular algebraic surfaces), we employ a partition adapted to the collection of
points. This partition is obtained from the discrete polynomial ham sand-
wich theorem recently used to great effect by Guth and Katz in [11] and
more recently by Solymosi and Tao in [19] and by Kaplan, Matousek, and
Sharir in [14]. Specifically, we find a polynomial P such that the comple-
ment of the zero set of P consists of open “cells,” none of which contain
too many points. We can then apply a Turan-type bound to the points and
surfaces inside each cell. However, some points may lie on the zero set of P,
and thus do not lie in any of the cells. To deal with these points, we perform
a second polynomial ham sandwich decomposition to find a polynomial @
whose zero set partitions the zero set of P into cell-like objects, and we ap-
ply the Turan-type bound to each of these “cells.” While it is possible that
a point could lie in the zero set of both P and @), we can use Bézout-type
theorems to control how often this can occur.

1.4. Some difficulties with real algebraic sets. There are several tech-
nical difficulties that have to be dealt with while executing the above strat-
egy. In contrast to the situation over C, there exist polynomials Py, ..., Py €
Rlz1,...,xq] of degrees Dy,..., Dg such that {z € RYP(z) = 0} N ---
N{z € RYP,;(x) = 0} contains more than Dy, ..., D, isolated points, i.e. the
naive analogue of Bézout’s theorem fails over R. To deal with this problem,
we will sometimes be forced to embed our varieties into C and use the (usual)
Bézout’s theorem (though we have to be careful that the intersection of the
embedded varieties does not contain new, unexpected components of posi-
tive dimension).
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A second difficulty concerns the failure of the Nullstellensatz for varieties
defined over R. In contrast to the complex case, if (P) is a principal prime
ideal and @ is a real polynomial, it need not be the case that if () vanishes
identically on {x € R?| P(z) = 0} then Q € (P). Luckily, there is a special
type of ideal known as a “real ideal” for which an analogue of the Nullstel-
lensatz does hold. Frequently we will be required to replace our polynomials
with new polynomials that generate real ideals.

Finally, if P € R[21,...,24], then the dimension of {x € R?| P(z) = 0}
may be less than d — 1, and even if P is square-free, VP may vanish on
{z € RYP(z) = 0}. Again, we can remedy this problem by working with
(irreducible) polynomials that generate real ideals.

2. MAIN RESULT

2.1. Notation. Throughout the paper, ¢ and C' will denote sufficiently
small and large constants, respectively, which are allowed to vary from line
to line. We will write A < B to mean A < C'B, and we say that a quantity
Ais O(B) if A< B.

Let S be a collection of smooth (real) surfaces and P a collection of points.
Then Z(P,S) is the number of incidences between the surfaces in S and the
points in P. If S € § is a surface, then fg is the polynomial whose zero set
is S.

All ideals and varieties will be assumed to be affine. Unless otherwise
specified, all ideals are subsets of Rz, ..., z4], and all varieties are defined
over R and thus are subsets of R¢, though sometimes we will specialize to the
case d = 3. If P is a polynomial, (P) C R[z1,..., x| is the ideal generated
by P.

Special emphasis will be placed on “real ideals.” These are described in
Definition A.2 of Appendix A, and they should not be confused with ideals
that are merely subsets of R[x1,...,x4]. On the other hand, a “real variety”
is merely a variety defined over R (as opposed to C).

If I is an ideal, we use

Z(I) = {z e R*| P(z) = 0 for all P € I}

to denote the zero set of I. If P is a polynomial we shall abuse notation
and use Z(P) to denote Z((P)) = {z € R?| P(z) = 0}. If Z C R? is a real
variety, then we define

I(Z) ={P e Rlz1,...,xq]| P(z) =0 for all z € Z}

to be the ideal of polynomials that vanish on Z.

If Z c R? is a real variety, then Z* C C¢ denotes the smallest complex
variety containing Z. Conversely, if Z C C? is a complex variety, then
MR(Z) C R is its set of real points.

If @ C Rlzy,...,xq] is a collection of real polynomials, then we can par-
tition R4\ UQeQ Z(Q) into a collection of open sets such that on each open
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set, the polynomials from @ do not change sign. These sets will be called
the realizations of realizable strict sign conditions of Q. Similarly, if Z C R?
is a variety, then we can consider the restriction of the above open sets to
Z, and these are called the realizations of realizable strict sign conditions of
QO on Z. These notions are defined more precisely in Appendix A.

2.2. Preliminaries. Following [6], we shall need the following Turan-type
bound:

Theorem 2.1 (Kévari, Sés, Turan [15]). Let s,t be fized, and let G =
G1 UGy be a bipartite graph with |G1| = m, |G2| = n that contains no copy
of Kst. Then G has at most O(nml_l/s +m) edges. Symmetrically, G has

at most O(mnl_l/t +n) edges. All implicit constants depend only on s and
t.

In our case, we have that |[S NS NS"| < C for every three surfaces
S,5’, 5", and any k points have at most C' surfaces passing through all of
them. Thus we have the bounds

(2.1) Z(P.S) S IPIISI"* +18],
(22) Z(P,S) < |PI*2|S| + |P).
Recall the discrete polynomial partitioning theorem from [11]:

Theorem 2.2. Let P be a collection of points in R%, and let D > 0. Then
there exists a non-zero polynomial P of degree at most D such that each
connected component of R\Z(P) contains O(|P|/D?) points of P.

Remark 2.3. Without loss of generality, we can assume that P is square-
free. Indeed if P is not square-free then we can replace P by its square-free
part, and the new polynomial still has all of the desired properties.

Example 2.4. Consider the set of 24 points
Py = {(0,£1, £1), (0, £2, +2), (1, £1, £1), (£2, £2, +2)} € R?,

and let D = 3. Then the polynomial Pj(x1,z2,23) = z1xex3 partitions R3
into 8 octants, each of which contains 2 points from P;.

Remark 2.5. Note as well that in the above example, the 8 points
{0,+1, 41}, {0,+2, +2} lie on the set Z(P;) and thus they do not lie inside
any of the open components of R®\Z(Py). This is not merely a consequence
of us choosing P poorly; it is an unavoidable phenomena that occurs when
performing the discrete polynomial partitioning decomposition. In order to
control the number of incidences between points lying on Z(P;) and surfaces
in §, we shall have to perform a second polynomial partitioning decompo-
sition “on” the surface Z(P;). For technical reasons, we cannot simply con-
sider the complement of the zero set of our second partitioning polynomial
as a union of relatively open subsets of Z(P;). Instead, we need to perform
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a somewhat more detailed decomposition that partitions Z(P;) into sets
that are realizations of realizable strict sign conditions of a certain family of
polynomials. This is made precise in the theorem below. See Appendix A
for the definition of a real ideal, a strict sign condition, and the realization
of a strict sign condition.

Theorem 2.6 (Discrete polynomial partitioning on a hypersurface). Let
P € R[z1,...,xq] be an irreducible polynomial of degree D such that (P) is
a real ideal, and let P be a collection of points contained in Z = Z(P) C R,
Let E > D. Then there exists a collection of polynomials Q C Rlxy, ..., z4]
with the following properties:

(1) [Q] <logy(DE™) +0O(1),

(2) YgdegQ S E,
(3) None of the polynomials in Q vanish identically on Z,

(4) The realization of each of the O(DEYY) strict sign conditions of Q

on Z contains O (%) points of P.

All implicit constants depend only on d.

We shall defer the proof of Theorem 2.6 to Appendix B. In our applica-
tions, we will always have d = 3.

Example 2.7. Let us continue Example 2.4. The polynomial P; from
Example 2.4 was not irreducible, but we can factor it into the three ir-
reducible factors 1, x2, z3. All of the points lying on Z(P;) actually lie on
the irreducible component Z(z1), so we let Py(z1,2z2,23) = 1. Note that
(Py) = (x1) is a real ideal, and D = deg(P2) = 1. Select E = 2 (which is
larger than D). Then the collection of polynomials Q = {xs,x3} satisfies
the requirements of Theorem 2.6. The realizations of realizable strict sign
conditions of @ on Z are the 4 sets of the form

(2.3) {(l’l,l'g,l'g) |l’1 =0, 29 >0, 23 > 0}.

Note that each of these sets contains 2 points of P1NZ(Pz). Two coincidences
occur in this example that are not present in general. First, in this example
the realizations of the four strict sign conditions of Q on Z(P,) correspond
to the four connected components of Z(FP)\UgZ(Q). In general, each
realization of a strict sign condition may be a union of multiple connected
components of Z(P2)\ Ug Z(Q). Second, each of the polynomials in Q were
irreducible factors of P;. In general this does not occur.

2.3. Proof of Theorem 1.2. We are now ready to prove Theorem 1.2. For
the reader’s convenience, we will restate the theorem below.

Theorem 1.2. Let k > 3, and let P C R3 be a collection of m points
and S a collection of n smooth algebraic surfaces of bounded degree (the
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degree is allowed to depend on k) such that for some constant C we have
|ISNS'NS"| < C forall S,5,5" €8, and for any collection of k points in
R3, there are at most C surfaces that contain all k points. Then the number
of incidences between points in P and surfaces in S is

(1.2) 0] (m%nizj —i—m—i—n) ,

where the implicit constant depends only on k, C, and the degree of the
algebraic surfaces.

Proof. From (2.1) and (2.2), we have that if n > c¢m® or m > cn? for
some fixed small constant ¢ > 0 to be specified later, then Theorem 1.2
immediately holds. Thus we may assume

(2.4) n < em® and m < en®.

We may also assume that the surfaces in S are irreducible varieties. In-
deed, if this were not the case, then we could let S’ be the set of all irreducible
components of surfaces in S. We would have |S’| < |S|, and the surfaces in
S’ would satisfy the same bounds as the surfaces in S. We could then run
our arguments below with &’ in place of S.

Let P be a square-free polynomial of degree at most D (D will be deter-
mined later, but the impatient reader can jump to (2.23)) that cuts R? into
O(D3) cells with O(m/D3) points in each cell, and let Z = Z(P). Let m;
be the number of points lying in the i—th cell of the above decomposition,
and let n; be the number of surfaces that meet the interior of the i—th cell.

Lemma 2.8.
(2.5) Z n; < Dn.

Proof. Let S be a surface that is not contained in Z. Since there are finitely
many cells, we can select a large closed ball B C R3 so that the num-
ber of cells that meet S is equal to the number of cells that meet S N B.
We can apply a small generic translation to .S, and doing so can only in-
crease the number of cells that meet S N B (and thus can only increase
the number of cells that meet S). Select a generic vector v € R® and let
T(x) =vAVfs(x) N\VP(z),soif 2 € SN Z and V fs(x) and VP(x) are
both non-zero and non-collinear, then T'(x) = 0 if the curve SN Z is tangent
at x to a plane with normal vector v.

For every cell 2 that meets S, either {2 contains an entire connected
component of S (since S has bounded degree, at most O(1) cells can contain
an entire connected component of S), or there is a point x € 9QN.S satisfying
the following properties.

(1) x is a smooth point of the space curve Z N S,

(2) z is a non-singular intersection point of Z(T)NZ NS,

(3) x is a smooth point of Of.
These three properties follow from the fact that v is generic and we picked a
generic translation of S. From Item 3, each point x satisfying the above
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properties can be associated to at most two distinct cells. By Item 2
and the real Bézout inequality (see e.g. [3, §4.7]), there can be at most
deg(P) deg(T) deg(fs) = O(D?) such points, and thus S can enter at most
O(D?) such cells. Since there are n surfaces in S, the result follows. O

Using Lemma 2.8 and the bound from (2.1) we can control the number
of incidences between points not lying in Z and surfaces in S:

I(P\Z,8) =Y I(PN%;,S)

K3
1—1
S mei " +n
i

: =
(2.6) < (me) (Z nl> + D%*n

1

k\ &
< <D3g§k> (D*n)'"% + D%
mnl—1/k

2
SW—FD’H.

We must now control Z(P N Z,S). We have
(2.7) I(PNZS8) =I(PNZS)+I(PNZSy),

where &; is the set of surfaces contained in Z, and Sy are the remaining
surfaces. Since Z has degree D, Z can contain at most D surfaces from S,
ie. |Si1| < D. By (2.2),

(PN Z.8) SIS [PI5 +P]
< Dm3 +m.

Thus it remains to control Z(P N Z,S3). Write P = P;--- Py, where
each P; is irreducible of degree Dj, and let Z; = Z(P;). Thus we have
Di+---+Dy <D, and Z = UZj- We would like to use Lemma 2.6 to
perform a second discrete polynomial ham sandwich decomposition on each

variety Z;, but if (P;) is not a real ideal then we cannot apply the lemma.
Luckily, the following lemma lets us remedy this situation.

(2.8)

Lemma 2.9. Let A C R[zy1,...,x4] be a collection of irreducible polynomi-
als. Then we can find a new collection A’ of irreducible polynomials such
that:

(1) UPeA Z(P) - UPeA’ Z(P);
(2) Dopeadeg P <3 pc g degP,

(3) (P) is a real ideal for each P € A'.
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Proof. We shall proceed by induction on ) . 4 deg P. If the sum is 1, then
the result is trivial since in that case A consists of a single linear polyno-
mial, so we can let A" = A. Suppose the lemma has been established for
all families A with »°,_7deg P < w, and let ) p. 4deg P = w. If (P) is
a real ideal for every P € A then the result is immediate. If not, select
Py € A such that (Pp) is not a real ideal. By Proposition A.3 in Appendix
A, VP, vanishes on Z(P,). Let v € R? be a generic unit vector. Then
Z(Py) C Z(V,Fy) and deg(V,Py) < deg Py. Write V, Py = Q1---Q, as a
product of irreducible components, and let A = A\{Py} U{Q1,...,Qu}-
We have 3, zdeg P < > pc qdeg P = w, and Upe 4 Z(P) C Up 7 Z(P).
Apply the induction hypothesis to A to obtain a family A satisfying Prop-
erties 1-3 with A in place of A. We can verify that A’ has the desired
properties. ([

After applying Lemma 2.9, we can assume that each irreducible polyno-
mial P; in the factorization of P generates a real ideal. Write PNZ = | | P;,
where P; consists of those points lying in Z;. If a point lies on two or more
such varieties, place it into only one of the sets. We need to distinguish
between several cases. Let

Ar = {j| IP;|* < Dfn},
(2.9) Ay = {j| Din < |P;|* < D 'n},
As ={j| IPj|* = DI*'n}.

For each j € A; we have

I(P;,82) S |Pjn' % +n

2.10
(2.10) < Do,

where the second inequality uses the assumption |P;| < D;n'/*. Summing
(2.10) over all j € Ay, we obtain

T U Pj,SQ SJZD]TL

(2.11) jeA A

< Dn.

Now we must control the incidences between surfaces and points lying on
varieties Zj, j € Ay or j € As. If j € Ay, use Theorem 2.2 to select a
square-free polynomial @; of degree at most Ej,

_1
|7D’k 2k—1
(2.12) E; = ( J :

k
nDj
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that cuts R? into O(E;’) cells, each of which contains O(|P;| /E;’) points
of P;. Recall that P; is irreducible, (P;) is real, and j € Ay implies
deg(Q;) < Ej < deg(Pj). Thus Q; does not vanish identically on Z;. Let
Q; ={Q;} and let W; = Z(Q);).

If j € As, let E; be as in (2.12) and use Theorem 2.6 (with E = Ej) to
find a family Q; of polynomials satisfying properties 1-4 of the theorem. In
particular, the realizations of the realizable strict sign conditions of Q; on
Zj partition Z; into O(DjE]?) (not necessarily connected) sets, each of which
contains O(\Pj|/DjE]2) points, plus the “boundary” Z; N Ugj Z(Q). Define
W; = Ugj Z(Q) (thus the definition of W; depends on whether j € Ay or
J € As).

Regardless of whether j € Ay or As, we have

(2.13) I(Pj, SQ) = I(’Pj\Wj, 82) + I(Pj nwj, 82)
We shall begin by bounding the first term of (2.13). If j € As, then through
the same computation performed in (2.6) we have

|’P<|n1_1/k
I(Pj\Wja‘Sé) 5 ﬁ

(2.14) ’
_ [Pifnt

1-1/k
E;

If j € Ag, then let Q;; be the realization of the i-th realizable strict sign
condition of Q; on Z;. Recall that there are O(DjEJZ) such realizable strict
sign conditions. Let m;; = |P; N €Y;|, and let n;; be the number of surfaces
in Sy that intersect €;;.

Lemma 2.10.
(215) Z TLZ']' 5 nDjEj.
7

+ nEJ2

+ ’I’LDjEj.

Proof. If a surface S € So lies in W; then it does not contribute to the
above sum, so we need only consider those surfaces that do not lie in Z;
or Wj. First, we can replace each ) € Q by the polynomial @ + € for
¢ > 0 a sufficiently small constant. If SN {z € R*|Q(z) > 0} N Z; # 0,
then there must be a point on S N Z; where @ is positive, so
Sn{z € R*|Q(z) + € > 0} N Z; # O where € is sufficiently small, and
similarly for SN {z € R3|Q(z) < 0} N Z;. Thus replacing each Q € Q by
@ + € does not increase the number of realizations of realizable strict sign
conditions that meet S. We shall select a small generic (with respect to S
and Z;) choice of e.

By Corollary A.7 in Appendix A, we can assume that each irreducible
component of each polynomial in Q; generates a real ideal. Instead of count-
ing ), n;; directly, we shall bound the number of times a surface S enters
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a connected component of Z;\Wj, as this quantity controls ) n;; (i.e. if
the same surface enters multiple connected components of the same realiza-
tion of a realizable strict sign condition, then we will over-count, but this is
acceptable). The proof is essentially topological.

Let S € S with S not contained in W;. As in Lemma 2.8, we can
select a large closed ball B so that the number of connected components of
Z;j\W; that S enters is equal to the number of connected components that
S N B enters. Now, replace S by S" = Z((fs + €)(fs — €)) where ¢ > 0
is a sufficiently small generic number. Provided e is sufficiently small, if
S meets a connected component A of Z\W; then S’ also meets A, since
fs is a continuous function on the (relatively) open set A, so fg vanishes
somewhere on A but does not vanish identically on A. Thus it suffices to
count the number of times S’ meets a connected component of Z;\W;. After
replacing S by S’ (and recalling that we applied a small generic perturbation
to each @ € Q), every point in Z; N W; N S" is a point of non-singular
intersection.

Now, if S meets a connected component A of Z;\W;, then one of the
following two things must occur:

(1) A contains (all of) a connected component of S’ N Zj,

(2) S"N A contains a (topological) curve that meets the boundary of A
at a point x € S’NZ; NW;. Furthermore, there is at most one other
connected component A’ for which Item 2 holds for the same point
x.

We will first bound the number of times Item 1 can occur by showing
that S’ N Z; contains O(DJQ-) = O(D,Ej) connected components. Apply
a generic rotation to the coordinate axes, and consider the plane curve
v = Z(resy,(fsr, Pj)), where res,, is the resultant of fg and P; in the
xg variable. Since neither of the (two) irreducible components of S’ are
contained in Z;, v is indeed a plane curve, and « contains the image of the
projection of S’ N Z; in the z3 direction. Thus, the number of connected
components of S’ N Z; is bounded by the number of connected components
of ~ plus the number of singular points of . Since v has degree O(Dj),
both these quantities are O(DJQ-) (this follows from Bézout’s theorem in the
plane and the Harnack curve theorem).

We will now bound the number of times Item 2 can occur. By the real
Bézout’s inequality, S’ N Z; N W; contains O(D;E;) points of non-singular
intersection, and thus Item 2 can occur at most O(D;Ej;) times.

Thus S’ can enter at most O(D;E;) connected components of Z;\Wj.
Since there are at most n surfaces, the result follows. ([l

Remark 2.11. A similar result to Lemma 2.10 can be obtained from the
recent work of Barone and Basu in [2] and Solymosi and Tao in [19].
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Using Lemma 2.10, we have

I(Pj\Wj,SQ) = ZI(P]‘ Nyj, S2)

1—1
,SE mijn;; © =+ nij
i

: 13
(2.16) 5(2””‘]3) (ZM) + i

7
< o [Pl* § -1
N DjEj (D]Ejz)k (nDjEj) k —|—7’LDjEj

| Pj|nt Yk

1—1/k
E;

+ TLDJ'EJ'.

Our analysis of the second term of (2.13) will be the same regardless of
whether j € Ay or Az. We shall express this bound as a lemma.

Lemma 2.12. For j € Ay UAs, let Z;, W;, Pj, and Sz be as above. Then

(2.17) I(pj N Wj,SQ) < nD;E; + |7DJ|
Proof. We shall write
(2.18) I(Pj N Wj,SQ) = Il(Pj N Wj,Sz) +IQ(PJ' N Wj782)7

where Z; counts those incidences between points p € P; N W; and sur-
faces S € Sy such that p* lies on a 1 (complex) dimensional component of
S*N Z; N W]?“, and Zo counts the remaining incidences. To control Zo, note
that by Bézout’s inequality (over C), for each S € Sy, S*NZ FNW] contains
O(D,Ej) isolated points. Since |Sz| < n we obtain
(2.19) Ir(P; N Wj, S2) S nD;Ej.
Thus it remains to control Z;. First, we shall replace Q; with a new
family of polynomials Q; with the following properties:
(1) Z;NnW; C Z;N UQG@j Z(Q),
~ < E.
(2) ZQEQ]' degNQ < Ej,
(3) Each Q € Qj is irreducible,
(4) For each Q € Qj, every irreducible component of Z7 N Z(Q)" that
contains a real point has (complex) dimension 1.
The procedure will be similar to that in the proof of Lemma 2.9: For each

Q € Qj, write Q@ = Q1,...,Q, as a product of irreducible factors. Discard
those factors @, with Z(Qy) N Z; = (. Of the remaining factors, place each
irreducible factor that generates a real ideal in éj. If @y is a factor that
does not generate a real ideal then consider V,Q for v a generic vector.
By assumption, @ does not vanish identically on Z;, but it does vanish
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on at least one point of Z;. Thus @) is not constant on Z;, so V(Q); does
not vanish identically on Z; and hence if v is a generic vector then V,Qy
does not vanish identically on Z;. Thus we can repeat the above procedure
with V@ in place of Qp. This process will eventually terminate, and the
resulting collection of polynomials Q; has the desired properties; Properties
1-3 are immediate. To obtain Property 4, suppose that for some @} € @j,
Z7NZ(Q)* fails to be a complete intersection. Then there exists some variety
Y that is an irreducible component of both Z¥ and Z(Q)*. by Proposition
A.8 in Appendix A, R(Y') is an irreducible component of Z; and Z(Q), and
thus either R(Y) =0 or R(Y) = Z; = Z(Q). The latter is impossible since
Z; and Z(Q) have dimension 2, while Z; N Z(Q) has dimension at most 1.
Let

W= | 2(Q).
QE@]‘
We can write
(2.20) zZrnwr =Jv;

as a union of irreducible (complex) varieties. By Property 4 above, we
need only consider those components with (complex) dimension 1. We shall
discard all components that have dimension 2. Let

75]' = {p € P} | there exists a (Euclidean) neighborhood U C C? of p* such
that Z7 N W;‘ NU is a (topological) 1-complex-dimensional curve}.
We shall establish several claims.

(1) Z N W;‘ is a union of O(D;E};) irreducible varieties,

(2) Ifp € ﬁj then p* lies on at most one of the irreducible components
from (2.20),

(3) Let Y be a variety from the above decomposition. If there exist
three surfaces S1,S52,53 € &2 such that Y C 57, @ = 1,2,3, then
PinR(Y)[<C,

(4) If S € Sy, then there are O(D;E;) points p ¢ 75]- such that p* is
contained in a 1-dimensional component of 5* N Z7 N W/,

For Item 1, see e.g. [10]. Item 2 follows from the assumption that every
variety in the decomposition (2.20) has dimension 1. Item 3 follows from
the requirement that any three surfaces intersect in at most C points. To
obtain Item 4, suppose that D; < E; (if not, we can interchange the roles
of Z; and Wj). Note that if p satisfies the requirements of Item 4, then
S*N Z; N W fails to be a complex (C) curve in a small neighborhood of
p* (i.e. in a small neighborhood of p*, S* N Z; N W7 is a union of several
complex curves all passing though p*), and thus S*NZ ]* fails to be a complex

(C?) curve in a small neighborhood of p*. Thus after a generic rotation of
the coordinate axis, the image of p* under the projection (z1,z2,z3) —
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(x1,x2) is a singular point of the (complex) plane curve Z(resg,(fs, P;))*,
where res;, is the bivariate polynomial obtained by taking the resultant of
fs and Pj in the x3 variable. This curve has degree O(D;) and thus has
O(DJZ) = O(D, Ej) singular points.

Now, for each S € So, at most O(D;FE;) points p € Pj\ﬁj can con-
tribute to Z1(P;,{S}), so the total contribution from all surfaces in Sy
is O(nDjFEj). To control the remaining incidences, use Item 3 to write
{Y;} = {Y/} u{Y/"}, where the first set consists of varieties that are con-
tained in at most 2 surfaces S € Sp, and the second consists of varieties
that contain at most C' points. Each point p € P; with p* € UYJ’ can be
incident to at most two surfaces, so the total contribution from such points
is O(|P;|). On the other hand, by Item 1 at most O(D;FE;) points can be
contained in R(|JY]’), so these points can contribute at most O(nD;Ej)
incidences. ]

Combining (2.14), (2.16), and (2.17) and optimizing in E;, we see that
our choice of F; from (2.12) yields the bound

k 2k—2 k=L
(2.21) Z(Pj,S2) < \pj|manj2m +my.

Summing (2.21) over all j € Ay U Az and noting that (2k — 1)/k and
(2k — 1)/(k — 1) are conjugate exponents, we obtain

k 2k—2 k=1
| U PuS| < ) IR TamD T 4 [Py

~

JEAUA3 AsUA3

2k—2 % Lil
Snm<z|7)j’>2k 1<2Dj)2k I Tm
J J

< k 2k—2 k-1
< m2k—1n2k—1 [)2k—1 4 .

(2.22)

Finally, selecting
(2.23) D = m¥-ipm-T,

which by (2.4) satisfies D > C, and combining (2.4), (2.6), (2.8), (2.11), and
(2.22), we obtain

1-1/k )
3

Z(P,S) < D*n+m+ + Dm

D1-1/k
2k—2 k—1

(2.24) 4D + m + mF-Tp o1 Dot

< 2k 3k—3 g+ k —1
N m3k—1n3k—1 + m3 ' 3k—1m3k—1 _|_ m + n

< 2k 3k—3
S m3k—1m,3k—1 _|_ m + n.
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3. APPLICATIONS

In [8, 9], Erdés asked how many unit distances could there be amongst
m points in the plane or in R?. Theorem 1.2 yields new bounds for the
R? version of this question. Let P be a collection of m points in R3, and
let S be a collection of unit spheres centered about the points in P. We
can immediately verify that any three spheres have at most eight points
in common, so Theorem 1.2 tells us that there are O(m3/2) point-sphere
incidences.

Theorem 3.1. The mazimum number of unit-distance pairs in a set of m
points in R is O(m>/?).

This is a slight improvement over the previous bound of O(m?/28(m))
from [6], where § is a very slowly growing function.

As observed in [6], Theorem 1.2, combined with the method outlined in
[5] can be used to establish bounds on the number of incidences between
points and spheres in R?. Specifically, we have the following theorem:

Theorem 3.2. The maximum number of incidences between m points and
n spheres in R is

d d
(3.1) O(mdflnﬁ —l—m—i—n) ,
provided no d of the spheres intersect in a common circle.

Again, this is a slight improvement (by a (m,n) factor) from the anal-
ogous bounds established in [6]. See [6, §6.5] for additional applications of
Theorem 1.2. In each case, we are able to slightly sharpen the bound from
[6] by removing the S(m) factor.

4. GENERALIZATIONS TO HIGHER DIMENSIONS

It is reasonable to ask whether Theorem 1.2 can be generalized to inci-
dences between points and hypersurfaces in higher dimensions. This task
appears to be quite involved, as the necessary algebraic geometry becomes
more difficult. In particular, it appears that in order to generalize the proof
of Theorem 1.2 to (say) spheres in R?, we need to perform d — 1 poly-
nomial ham sandwich decompositions, with each successive decomposition
performed on the variety defined by the previous decompositions. As d in-
creases, the number of cases to be considered increases dramatically, and
certain difficulties such as the failure of the connected components of a com-
plete intersection to themselves be a complete intersection, and the failure of
an arbitrary complete intersection to be a nonsingular complete intersection,
etc. become increasingly problematic.

One could also consider two dimensional surfaces in R?, d > 3, and this
appears to be more promising. However, the analogues of (2.8) and Lemma
2.12 become more difficult: an algebraic variety of dimension d — 1 can
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contain many 2-dimensional surfaces without obvious constraints being im-
posed on its structure, and in higher dimensions there are more (and more
complicated) ways in which varieties can fail to intersect completely. Nev-
ertheless, this is certainly a promising area for future work.

A. REAL ALGEBRAIC GEOMETRY
A.1. Sign conditions.

Definition A.1. Let Q C Rizy,...,z4] be a collection of non-zero real
polynomials. A strict sign condition on Q isamap o: Q — {+1}. If Q € Q,
we will denote the evaluation of o at @ either by og or ¢(Q), depending on
context. If o is a strict sign condition on Q we define its realization by

(A1) Reali(o, Q) = {z € R? | Q(z)og > 0 for all Q € Q}.
If Reali(o, Q) # () then we say that o is realizable. We define

(A.2) Yo = {o| Reali(o, Q) # 0},
and
(A.3) Reali(Q) = {Reali(0, Q) |0 € Xo}.

We call Reali(Q) the collection of “realizations of realizable strict sign con-
ditions of Q.”

If Z c R is a variety, and o is a strict sign condition on Q, then we can
define the realization of o on Z by

(A.4) Reali(o, Q,Z) = {z € Z|Q(x)og > 0 for all Q € O},

and we can define analogous sets

(A5) Soz = {o| Reali(s, @, 7) £ 0},
and
(A.6) Reali(Q, Z) = {Reali(0,Q,Z) |0 € ¥g, 7}

We call Reali(Q, Z) the collection of “realizations of realizable strict sign
conditions of @ on Z.” Note that if some @) € Q vanishes identically on Z
then ¥g 7z = () and thus Reali(Q, Z) = 0.

A.2. Real ideals.

Definition A.2. An ideal I C Rzq,...,xz4] is real if for every sequence
ay,...,ap € Rlxy,..., z4], a%+-~'+a3 € I implies a; € I for each
j=1,...,0

The following proposition shows that real principal prime ideals and their
corresponding real varieties have some of the “nice” properties of ideals and
varieties defined over C.
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Proposition A.3 (see [4, §4.5]). Let P € R[xy,...,24] be irreducible. Then
the following are equivalent:
(1) (P) is real.
) (P) = 1(Z(P).
) dim(Z(P) = d 1.
) VP does not vanish identically on Z(P).
5) The sign of P changes somewhere on R? (i.e. from strictly positive
to strictly negative).

(2
(3
(4
(

A.3. Removing non-real components from a polynomial.

Definition A.4. If P C R[zy,...,24] is a polynomial and P = Py,..., P,
is its factorization, we define P to be the polynomial obtained by removing
those irreducible components that generate ideals that aren’t real. If every
irreducible component of P generates an ideal that is not real, then we define
P=1

Example A.5. Let P = (23 +23+23—1)(23+23). Then P= ri+a3+ai—1.
Geometrically, if P # 1, then Z(P) is a (d — 1)~dimensional (real) variety,
but some of the components of Z(P) may have dimension less than d — 1.
P keeps only those factors that generate components that have dimension

d — 1, and discards the rest. Note that Z(ﬁ) may still contain points whose
local dimension is less than d — 1.

The existence of polynomials that do not generate real ideals complicates
our analysis, but since the zero sets of such polynomials have codimension
at least 2, we can ignore them when we are computing the number of times a
surface meets the realization of a realizable strict sign condition of a family
of polynomials. The following theorem helps make this statement precise.

Theorem A.6. Let Q C Rlzy,...,x4], d >3 be a collection of real polyno-
mials and let Q ={Q | Q € Q}. Then there exists a bijection

7: Reali(Q) — Reali(Q)
such that
(A.7) X C 7(X) for every X € Reali(Q).

Similarly, if Z = Z(P) where P € Rx1,...,x4] generates a real ideal and
no polynomial Q) € Q vanishes identically on Z, then there exists a bijection

7: Reali(Q, Z) — Reali(Q, Z)
such that
(A.8) X C 7(X) for every X € Reali(Q, 7).

Proof First, by Item 5 of Proposition A.3, for each € Q we have that
Q/Q >0or Q/Q < 0 on all of R%. Choose ¢¢ € {:l:l} so that 5QQ/Q > 0.
Now, note that if there exist Q1, Q2 € O with Ql = Qg and if ¢ is a strict
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sign condition on Q, then either g, 0(Q1) = €g,0(Q2) or Reali(o, Q) = 0.
ThuAs if o is a realizable strict sign condition on Q, then we can define
g: Q@ = {1} by o(T) = eqgo(Q), where Q € Q satisfies T = Q, and 7 is
well-defined.

We shall show that the map ¥g — X 5 0 0 is a bijection. To prove
injectivity, note that if distinct 01,09 both map to the same element 7,
then ego1(Q) = eqoa(Q) for all Q € Q, so clearly o1 = 02. To establish
surjectivity, note that each o1 € E@ has a pre-image under the map o — G.
Thus every element of 3 o may be written as ¢ for some strict sign condition
o on Q. All that we must establish is that o is realizable. For each ) € O,
we have

(A.9) mm(gpeRﬂ@@)>0ﬂgreR%@Q@o>ogf;d_z

(see [4] for the dimension of a semi-algebraic set). On the other hand, the
realization of each realizable strict sign condition of @ has dimension d.
Thus, if Reali(o, Q) # (0, then Reali(o, Q) can be written as a (non-empty)
dimension d semi-algebraic set minus a dimension d — 2 semi-algebraic set,
and in particular, Reali(c, Q) # 0.

Thus the map Reali(Q) — Reali(Q) given by Reali(c, Q) — Reali(5, )
is well-defined and is a bijection. Now, note that by Items 3 and 5 of Propo-
sition A.3, {z € R?|eqQ(x) > 0} C {z € R?| Q(z) > 0}, and similarly with
“>” replaced by “<”). Thus

Reali(c, Q) C Reali(5, Q),

so (A.7) holds.

The same arguments establish the second part of the theorem. The only
new thing that must be verified is that the map Yg 7z — EQ,Z’ o 018
onto. However, this is established by (A.9) plus the fact that the realization
of each realizable strict sign condition of @ on Z has dimension d — 1. [

Corollary A.7. Let S C R3 be a smooth surface, let Q be a collection of
polynomials, and let Q be as in Theorem A.6. Then

(A10)  |{X € Reali(Q)| X NS # 0} < |{X € Reali(Q)| X NS # 0}.

Similarly, let S C R3? be a smooth surface, let Z = Z(P) where
P € R[zy,x2, 3] generates a real ideal, let Q be a collection of polyno-

mials, none of which vanish identically on Z, and let @ be as in Theorem
A.6. Then

(A.11) |{X € Reali(Q, Z)| X NS # 0} < |{X € Reali(Q, Z) | X NS # 0}.

A.4. Real and complex varieties. As noted in Section 1.4, the number
of intersection points of a collection of real polynomials may exceed the
product of their degrees, even if those polynomials intersect completely.
Over C things are much better behaved, so there will be times when we
will wish to embed everything into C. The following proposition relates the
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properties of a variety defined over R and the corresponding variety defined
over C:

Proposition A.8 (see [21, §10]). Let Z C R? be a real variety and let
Z3,...,Z} be the irreducible components of Z*. Then R(Z7),...,R(Z))
are the irreducible components of Z.

B. PrROOF OF THEOREM 2.6
For the reader’s convenience, we will restate Theorem 2.6 below:

Theorem 2.6. Let P € R[xy,...,x4] be an irreducible polynomial of degree
D such that (P) is a real ideal, and let P be a collection of points contained in
Z = Z(P) C R Let E > D. Then there exists a collection of polynomials
Q C Rlzy,...,xq] with the following properties:

(1) 1Ql < logy(DET) + O(1),

(2) 2odegQ S E,

(3) None of the polynomials in Q vanish identically on Z,

(4) The realization of each of the O(DEYY) strict sign conditions of Q

on Z contains O (%) points of P.

All tmplicit constants depend only on d.

Our proof of Theorem 2.6 will be similar to the original proof of the
discrete polynomial ham sandwich theorem in [11, §4], which can be stated
as follows:

Proposition B.1 (Discrete polynomial ham sandwich theorem). Let V' C
Rz, ..., 1] be a vector space of dimension ¢, and let F1,...,F, C R? be
finite families of points. Then there exists a polynomial P € V such that

F
|Fjn{z e RY| P(z) > 0}] < M, and

2
. a 155
|F;N{z e R"| P(z) < 0}] < 5 j=1,...,¢

Proposition B.1 is proved in [11] only in the special case where V' is the
vector space of all polynomials of degree at most e (where e is chosen large
enough to ensure that V' has the required dimension). However, the proof
carries over verbatim to the general case where V is arbitrary. To prove
Theorem 2.6, we will iterate the following lemma:

Lemma B.2. Let Z = Z(P) C R? for P an irreducible polynomial of
degree D such that (P) is a real ideal. Let E > 0, and let Fi,..., Fy,
¢ = cmin{E9, DE~1} be finite families of points in RY, with F; C Z for
each j. Then provided c is sufficiently small (depending only on d), there
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exists a polynomial QQ of degree at most E that does mot vanish identically
on Z(P) such that

e

‘7 and

|Fjn{zeR|Q(z) >0} < ==
2
(B.1) Iy
B {z e RY|Q@) <0l < B j=1,....0
Proof. Let Rz, ..., z4)<g be the vector space of all polynomials in d vari-

ables of degree at most E, and let (P)<g be the vector space of all polyno-
mials in the ideal (P) that have degree at most E (of course, if E < deg P
then (P)<g = 0). We have

dim (R[z1, ..., z4)<g) — dim ((P)<g) > cmin {Ed, DEdil}

for some (explicit) constant ¢ depending only on the dimension d.
Thus, we can find a vector space V. C Rlzy,...,z4)<p with dim(V) >
cmin{E¢, DE?1} such that V N (P)<g = 0. By Proposition B.1, we
can find a polynomial @) € V satisfying (B.1). Since Q € R[z1,...,z4<E
but Q ¢ (P)<g, we have ) ¢ (P). Since P is irreducible and generates a
real ideal, by Item 2 of Proposition A.3, () does not vanish identically on
Z(P). O

Proof of Theorem 2.6. Let Qy = {1}. For each ¢ = 1,...,t, with
(B.2) t = [bgg(DEd*l)] ,

use Lemma B.2 to find a polynomial Q; with

@QQ><mw{<§>’ﬂz}

the implicit constant depends only on d) such that for each o0 € ¥o. |, we
( Qz 1
have

s

(B.3)
‘{x € R*|Q;(z) > 0} N (P N Reali(o, Q; 1) ‘ \73 A Reali(o, Q;_1)],
‘{a: € R*|Q;(z) < 0} N (P N Reali(o, Q; 1) ‘ \73 N Reali(o, Qi_1)].

Some of the above sets may be empty, but this does not pose a problem.
Let Q; = Q;—1 U{Q;}. None of the polynomials in Q = Q; vanish on P, so
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Item 3 of the theorem is satisfied. Since £ > D we have

t N b
%:degQSZ;G))d 1+Z;22

1
d—1\ d—1 1
<(757) " (o)

<FE,

~

which satisfies Item 2. By (B.3), for each o € ¥g,

|P N Reali(o, Q)| < 27¢P|

B4
(B.4) - 1P
~ pDEd-1’
which satisfies Item 4. Finally, Item 1 follows from (B.2). O
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