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THE DISTRIBUTION OF POLYNOMIALS OVER
FINITE FIELDS, WITH APPLICATIONS TO THE
GOWERS NORMS

BEN GREEN AND TERENCE TAO

ABSTRACT. In this paper we investigate the uniform distribution prop-
erties of polynomials in many variables and bounded degree over a fixed
finite field F of prime order. Our main result is that a polynomial
P :F"* — F is poorly-distributed only if P is determined by the values
of a few polynomials of lower degree, in which case we say that P has
small rank.

We give several applications of this result, paying particular atten-
tion to consequences for the theory of the so-called Gowers norms. We
establish an inverse result for the Gowers U%*!-norm of functions of the
form f(z) = er(P(z)), where P : F" — T is a polynomial of degree less
than |F|, showing that this norm can only be large if f correlates with
er(Q(z)) for some polynomial @ : F* — F of degree at most d.

The requirement deg(P) < |F| cannot be dropped entirely. Indeed,
we show the above claim fails in characteristic 2 when d = 3 and
deg(P) = 4, showing that the quartic symmetric polynomial Sy in F3
has large Gowers U*-norm but does not correlate strongly with any cu-
bic polynomial. This shows that the theory of Gowers norms in low
characteristic is not as simple as previously supposed. This counterex-
ample has also been discovered independently by Lovett, Meshulam, and
Samorodnitsky [15].

We conclude with sundry other applications of our main result, in-
cluding a recurrence result and a certain type of nullstellensatz.

1. INTRODUCTION

Let F be a finite field of prime order. Throughout this paper, F will be
considered fixed (e.g. F =y or F = F3) and we shall be working inside the
n-dimensional vector spaces F” over [F for various natural numbers n. More
generally, any linear algebra term (e.g. span, independence, basis, subspace,
linear transformation, etc.) will be understood to be over the field F.
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If f:F" — C is a function, and h € F" is a shift, we define the (multi-
plicative) derivative Ay f : F™ — C of f by the formula

Apf(z) := f(z + h) f ().
An important special case arises when f takes the form f = ep(P), where
P :F" — F is a function, and e : F — C is the standard character ep(j) :=
e>/IFl for j = 0,...,|F| — 1. In that case we see that A,f = ep(DyP),
where D P : F" — T is the (additive) derivative of P, defined as

DyP(x):= P(x+ h) — P(x).

Given an integer d > 0, we say that a function P : F" — F is a polynomial
of degree at most d if we have Dy, ---Dp,, P =0 for all hy,... hqy1 € F",
and write Py(F™) for the space of all polynomials on F” of degree at most
d. Thus for instance Py(F") is the space of constants, P;(F") is the space
of linear polynomials on F", Py(F") is the space of quadratic polynomials,
and so forth. It is easy to see that P4(IF™) is a vector space and that, with
an obvious notation, the monomials %' ---zin for 0 < iy,...,4, < |F| and
i1+ -+ iy, < d form a basis. (The restriction iy,...,4, < |F| arises of
course from the fact that z/Fl = z for all z € F.) We shall say that a
function f : F” — C is a polynomial phase of degree at most d if it takes
the form f = ep(P) for some P € P4(F"), or equivalently if all (d 4+ 1)
multiplicative derivatives Ay, --- Ay, f are identically 1.

It is of interest to test for the property that a function P : F" — F is
“close to” a polynomial of degree at most d, or to test for the closely related
property that a function f : F"" — C “correlates” with a polynomial phase
of degree at most d. One proposal to perform such a test goes by the name
of the Inverse Conjecture for the Gowers norms (see e.g. [6, 12, 18]), which
roughly speaking asserts that a function f correlates with a polynomial phase
of degree at most d if and only if the (d+ 1)5* multiplicative derivatives of f
are biased. To describe this conjecture more precisely, we need some further
notation.

Definition 1.1 (Gowers uniformity norm [8], [9]). Let f : F* — C be a
function, and let d > 0 be an integer. We then define the Gowers norm
| fllga+r of f to be the quantity'

1/24+1
[ fllgrass = ‘Ehlw-,hdJE]F"Am T Ahd+1f(x)‘ / )

thus || f||ya+1 measures the average bias in (d+1)5" multiplicative derivatives
of f. We also define the weak Gowers norm || f||,a+1 of f to be the quantity

[fllya+s == sup  [Egepn f(z)er(—Q(2))];
QEPA(F™)

thus || f||,a+1 measures the extent to which f can correlate with a polynomial
phase of degree at most d.

lHere, as in all our papers, the expectation notation E, ¢ refers to the average ‘—él >
d+1

zeS
over some finite non-empty set S. In this particular example, S = (F™)
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Remark: It can in fact be shown that the Gowers and weak Gowers norm are
in fact norms for d > 2 (and seminorms for d = 1), see e.g. [9, 19]. Further
discussion of these two norms can be found in [12].

The Gowers norm and weak Gowers norm are closely related; for instance,
one easily verifies the invariance

(1.1) 1fgllpars = [Ifllyas and [[fgllyarr = [|f]|ya+r

for all functions f : F” — C and all polynomial phases g of degree at most
d, and from this and the Cauchy-Schwarz-Gowers inequality (see e.g. [19])
one can also verify the bound

(1.2) [ fllyaer < [ llgrass

whenever f is bounded in magnitude by 1. In the converse direction the
following had been suggested, and is stated formally? in [16, 18].

Conjecture 1.3 (Inverse conjecture for the Gowers norm). Let d > 0, let
d € (0,1], and F be a fized finite field. Suppose that f : F* — C is a
function with |f(z)] < 1 for all x € F™ and for which || f||ga+r = 6. Then
| fllyarr >asr 1; that is to say, there is some ¢ = ¢(d,d8,F) > 0 such that
[ Fllusss > .

This conjecture has been verified in a number of special cases. For in-
stance the case d = 0 is trivial, and the case d = 1 is easily established by
Plancherel’s theorem. The case d = 2 is established for fields of odd char-
acteristic in [12] and in the case |F| = 2 (which is of particular interest in
theoretical computer science) in [16]. The case when § is sufficiently close
to 1 (depending on d and F) is established in [3] (see also the earlier related
work of [5] in the case d = 1, and [17] in the case when |F| is assumed large
compared to d and ¢).

One of our results in this paper establishes a further special case of the
conjecture, when the function f is itself a polynomial phase, and the char-
acteristic of F is not too small.

Theorem 1.4 (Inverse conjecture for polynomial phases). Suppose that 0 <
d,k < |F|, and that § € (0,1]. Let P : F" — F be a polynomial of degree
k, write f(x) := ep(P(x)), and suppose that ||f|arr = 6. Then we have
[fllyaer >p5 1.

Note carefully the lower bound on the characteristic |F| of F. It turns out
that some such restriction is necessary, and indeed that Conjecture 1.3 is
false without some modification. This is elucidated by the following example,
which we shall analyse in §10. For any d > 0 and any vector space F", let
Sq € Pa(F™) be the symmetric polynomial of degree d:

(1.3) Sd(l’l,...,.lin) = Z Ly * v Ly

1<i1 < <ig<n

2The first-named author would like to make it clear that he also believed the conjecture.
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Theorem 1.5 (Counterexample for the U*-norm in Fy). Let n be a large
integer. Then the function f : F§ — {—1,1} defined by f := ep,(S1) =
(—1)%* is such that

1
(14) 71 = 5 +0@™?)
but such that
(1.5) | fllus < (logn)™°

for some absolute constant ¢ > 0.

This counterexample was discovered independently by Lovett, Meshulam
and Samorodnitsky [15]. They obtain a very much stronger bound for the
lack of correlation of f with a cubic phase, namely || f||,+ < 27". We obtain
our bound by a very slight modification of Ramsey-theoretic arguments of
Alon and Beigel [2]. We will in fact be able to establish similar results
with Sy replaced by Sy, for j > 2; see Theorem 11.3. The aforementioned
paper of Lovett, Meshulam and Samorodnitsky goes further in establishing
counterexamples to Conjecture 1.3 for all prime fields F = [F; specifically,
the conjecture fails when d + 1 = p2.

We note that the counterexample presented in Theorem 1.5 is also a
counterexample to the specific case of Conjecture 1.3 given as [6, Conjecture
21].

It seems of interest to determine for what other degrees, Gowers norms,
and characteristics one has a counterexample of the above type, and to ask
what can be salvaged when F is very small. We will speculate on these
questions in §11. We do not regard Theorem 1.5 as an obstacle to the
possible truth of the inverse conjecture over Z/NZ on which our programme
to count solutions to linear equations in primes depends (cf. [11]). Indeed
this seems to be a “low characteristic” issue, albeit one of a rather interesting
nature.

We turn now to a discussion of the main technical result of the paper, on
which the proof of Theorem 1.4 depends. We begin by defining the notion
of rank.

Definition 1.6 (Rank). Let d > 0, and let P : F* — F be a function. We
define the degree d rank ranky(P) of P to be the least integer k > 0 for which
there exist polynomials Q1, ..., Qk € Py(F™) and a function B : F¥ — F such
that we have the representation P = B(Q1,...,Qk). If no such k exists,
we declare ranky(P) to be infinite (since F™ is finite-dimensional, this only
occurs when d =0 and P is non-constant).

In the low-degree case, it is well known that the bias E cpner(P(x)) of
a polynomial phase ep(P(x)) is closely related to the rank of P. For in-
stance, if P € Pi(F™) is linear, then from simple Fourier analysis we see
that Ezeprner(P(x)) has magnitude 1 if ranko(P) = 0 and magnitude 0 oth-
erwise. For quadratic polynomials, we have the following well-known fact:
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Lemma 1.7 (Gauss sum estimate). If P € Po(F™), then
|Escner(P(z))| < [F|=ernka(P)
where ¢ > 0 18 an absolute constant.

Proof. If P € P1(F™) then the claim can be verified by Fourier analysis, so
we can assume that P ¢ P;(F™). We begin with the easy case |F| > 2, and
then discuss the changes needed to handle |F| = 2.

Suppose that

(1.6) [Eserner(P(z))] > 6

for some 0 < ¢ < 1/2. Tt will suffice to show that rank; (P) < logp 3.
Squaring (1.6), we conclude that

6% < By yerner(P(z) — P(y)) = By pepner(DpP(x)).
From Fourier analysis, we see that the average E,cpner(DpP(x)) vanishes
unless Dy P € Py(F™), in which case it has magnitude 1. Thus the assump-
tion (1.6) implies that
]P)he]F”(DhP € P()(Fn)) = (52.
Now by breaking up P into monomials, we can express P(x) = B(z,z)+L(z)
for some bilinear form B : F" x F" — F and some L € P;(F"). Indeed if
P(z) =3 ¢; aijziv; + 3, biwi + ¢ then we may take B(z,y) = >, ¢; aijziy;
and L(z) = ), bjz; + c. In the odd characteristic case |F| > 2, we can take
B to be symmetric by setting B(z,y) = Zigj %aijxjyi + ngi %ajixiyj. We
conclude that
Dy P(z) = 2B(x,h) (mod Py(F™)),
and hence that
Ppepn (B(z,h) = 0 for all x € F™) > 6%

If 62 > 1/|F| then, since the set {h € F" : B(x,h) = 0 for all z € F"} is
a vector subspace, the form B vanishes identically. This contradicts the
hypothesis P ¢ P;(F"), so we may assume §2> < 1/|F|. Then the linear
transformation associated to B has rank at most O(logg| 1/0); since P(x) =
B(x,x) + L(z), we conclude rank; (P) < logjg 1/9 as desired.

Now we consider the even characteristic case |F| = 2, in which case we
cannot take B to be symmetric. Then the above argument gives

Phern (B(x, h) = 0 for all z € F™) > §2,
where B(x,h) := B(z,h) + B(h,z) is a symmetric bilinear form. Thus B
must have rank O(log, 1/§). By linear algebra we can thus express
B(z,h) = Y cijLi(x)L;(h),
I<i,j<k

for some k < logy 1/d, some linearly independent linear functionals L; :
F" — IF, and some coefficients ¢; ; € F. Since B is symmetric and the L; are
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independent, we have ¢; j = ¢;;. Since B(z,2) = B(z,2) + B(z, x) vanishes
in characteristic 2, we also see that ¢;; = 0. We can thus write

B(z,h) = C(z,h) + C(h, z)
where C(x, h) := 31 ;< ¢ijLi(x)Lj(h) is the lower-triangular component
of B(z, h). We then easily verify that B(z,z)—C(z, z) is a linear function of

x, and so P(z) can be expressed as the sum of C(z, x) and a linear function,
from which the claim rank; (P) < log, 1/6 follows. O

We shall establish the following generalisation of the above estimate to
higher degree polynomials, provided that the degree does not exceed the
characteristic:

Theorem 1.8 (Lack of equidistribution implies bounded rank). Suppose
that an integer d satisfies 0 < d < |F|. Let § € (0,1], and suppose that
P € Py(F™) is such that |Egecrner(P(z))| = . Then rankg_(P) <psq 1.

The proof of this theorem is the technical heart of the paper, and will be
accomplished in §5. It is possible that the restriction on |F| can be removed,
but our method of proof breaks down when d > |F|. Certainly the deduction
of Theorem 1.4 from Theorem 1.8 breaks down in this case (which of course
it must, thanks to Theorem 1.5).

2. FACTORS AND REGULARITY

In this section we give some definitions and results which will be useful
in our proof of Theorem 1.8.

Definition 2.1 (Factors and configuration space). Suppose that d > 0 is
an integer and that My,..., Mg are further non-negative integers. By a
factor of degree d on F™ we mean a collection F = (B,j)lginggngi where
P;; € Piy(F") for all i,j. By the dimension dim(F) of F we mean the
quantity My + - - - + My. Write F; for the i-degree part of F, that is to say
the collection (P; j)1<j<m; - Although we are using the term factor to describe
nothing more complicated than a collection of polynomials, we encourage the
reader to think in addition of the o-algebra o(F) defined by these polynomials
P; j, that is to say the partition of F" into atoms of the form {x : P; j(x) =
cijt. We write ¥ = FMi x ... x FMa gnd call this the configuration space
of F. We write ® : F"* — ¥ for the evaluation map given by ®(x) =

(Pij (%)) 1<i<d 1 << -

We will use the notation of this definition throughout the paper with-
out further comment. Sometimes we will have factors F,F’ and F"; we
will write P ;, Py ;, Py, 3,50, 8", My, Mj, My, @,@',®" and so on for the
corresponding polynomials, configuration spaces, dimensions and evaluation
maps.

We will frequently need to eztend a factor into a more regular one, by
expressing the complicated polynomials in a factor by simpler ones. Our
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notation for this concept is as follows. We say that a factor ' is an extension
of Fif o(F’) is a (possibly trivial) refinement of o(F). Note that this is not
the same thing as saying that the collection (H’ j) defining F’ contains the
collection (P; ;) defining F. For example, the factor defined by the linear
polynomials x1,x2,x3 is a refinement of that defined by the polynomials
r1,x2 and x1 + xo.

By a growth function of order d we mean a non-decreasing function F' :
7t — RT.

Definition 2.2 (F-regularity). Let F be a factor of degree d, and let F' be
a growth function. We say that F is F-regular if we have

M;
ranki_l Zcidpiyj) = F(dlm(f)
j=1
for all 1 < i < d and all coefficients c;1,...,cim, € F that are not all
zero. (In particular, if F is positive, this implies that the polynomials
Pi1,..., P, are linearly independent.)

Example 2.3. If d, F' and M,,..., My are fized, and P;; are chosen uni-
formly at random from P;(F™), then the resulting factor F will be F-regular
with probability 1 — o(1), where o(1) goes to zero as n — oo for fized
d,F, My, ..., My. Indeed, one should view the polynomials in an F-reqular
factor as “behaving like” generic polynomials, in that they obey mo unex-
pected algebraic constraints of bounded complezity.

The following lemma, which allows us to replace take an arbitrary fac-
tor F and find a highly regular extension of it, is absolutely fundamental
to our arguments. This generalises [14, Lemma 8.7] to the case of factors
of degree 3 or more. The result is faintly analagous in some ways to Sze-
merédi’s reqularity lemma for graphs and to more recent versions of this for
hypergraphs.

Lemma 2.4 (Regularity lemma). Let d > 1, let F' be a growth function,
and let F be a factor of degree d. Then there exists an F'-reqular extension
F' of F of degree d satisfying the dimension bound

dim(F’) <pd,dim(F) 1-

Remark: The actual bound we obtain here, if one worked it out, would
have an extremely weak dependence on F,d and dim(F). Even for quite
“reasonable” growth functions F' one starts to see functions in the Ackerman
hierarchy making an appearance. It is our dependence on this lemma and
the rather poor bounds that result from its proof that renders Theorem 1.8
essentially ineffective.

Proof. Fix d and F'. We shall induct on the dimension vector (Mj, ..., My)
of F where, of course, M; := dim(F;). This dimension vector takes values in
Zi, which we shall order in reverse lexicographical ordering, that is to say
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(M, ...,Mg) < (M{,...,M)) if there exists 1 < i < d such that M; < M]
and M; = M; ! for all i < j d. This turns Z‘i into a well-ordered set (Wlth
the ordinal type w ), and so we can perform strong induction on this space.
In other words, we may assume without loss of generality that the claim has
already been proven for all smaller dimension vectors.

If F is already F-regular, then we are done. Otherwise, there exists
i € [d] and a non-trivial linear combination @; of the P 1,..., P; p;, such
that rank; 1(Q;) < F(dim(F)), or in other words @; is some combination
of fewer than F(dim(F)) polynomials of degree at most i — 1. By rewriting
Q; in this fashion, we can find an extension F” of F with dimension vector

(Ml, ce, M1+ LF(dlm(f))J,Mz -1, Miyq,... ,Md)

(with some obvious modifications in the easy case i = 1). Applying the
induction hypothesis to F” we obtain the claim. O

3. A LEMMA OF BOoGDANOV AND VIOLA

In this section we recall [6, Lemma 25], and provide a proof in the interests
of self-containment. This lemma almost immediately establishes our main
result, Theorem 1.8, except for the presence of some small errors. Our main
task in subsequent sections is to eliminate the errors and turn this near-miss
result into a proof of Theorem 1.8.

Lemma 3.1 (Bogdanov-Viola lemma). Let d > 0 be an integer, and let
5,0 € (0,1] be parameters. Suppose that P € Pd(IF”) is a polynomial of
degree d such that

(3.1) |Ezerner(P(x))| = 9.

Then there exists a function P :F" — F with rankg_,(P) < |F|°/6%0 such
that ]P)xGIF” (P(]I) 7é P(.T)) <o

Proof. We remark that the bound on ranky_;(P) is much superior to that
we will eventually obtain for Theorem 1.8. This is because the Bogdanov-
Viola lemma does not rely on the regularity lemma, Lemma 2.4. In fact this
bound could even be improved somewhat, but this is not relevent to our

work here.
For each r € IF, define a measure y, : F — [0, 1] by setting

pr(t) = Prepn (P(z) =t + 1)
for all t € F. Then (3.1) implies that | >, per(t)po(t)| > 6. Noting that

Z@F(t)uo = ep(d ZGJF pa(t

telF

we see that

o = sl = 3 o0) = a(8)] > |1 = ex(a \)ZeF po(t)] > 46/IF|
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if d # 0, by dint of the inequality |1 — €| > 4/|¢| which holds when
|0| < 1/2. By translation invariance we conclude that

(3.2) e — ps|| = 46/|F|

whenever r # s.
Now fix a value of x and let h € F™ be chosen at random. Then

Po(DpP(z) =t) = Pp(P(z + h) =t + P(2)) = pp@)(t),

that is to say DjP(z) has the distribution pp(z)- Now we expect that
if a large number Dy, P(z),...,Dp, P(x) of points are sampled from this
distribution then the observed distribution

k
1
pobs (ha, - hig ) = o Z5DhiP(:p)
i=1

should approximate fip(;). In view of the separation property (3.2), this
ought to give us a good chance of recovering P(z).

2 ~
F". Motivated by the above discussion, we define P, 5, () to be that value

5
Choose k > %, and sample hq, ..., g independently at random from

of r € F for which [|ptobs(h1, - - -, hg; ®) — pr|| is minimal. Note that ]5;117”.7;%
is measurable with respect to the set of functions Dy, P(z),..., Dy, P(x),
each of which is a polynomial of degree at most d — 1. Thus

rankd_l(lf’hh__.,hk) < k.

It remains to show that, at least for some choice of hy, ..., kg, the function
Py, ..., approximates P. Now if P, 5, (x) # P(x) then it follows from
the separation property (3.2) that

||//J0bs(h17 ) hka$) - /’I’P(J))H > 26/|F|

We claim that for fixed = the probability of this happening (over random
choices of hi,...,hx) is at most 0. Summing over z, it then follows that
there is at least one choice of hq, ..., h; for which

#{x: P(z) # Py, (2)} < ol F",
and the lemma follows upon taking pP:= Phl,..',hk-
Fix x € F" and a value of t € I, and write Y; = 1p, p(;)— To establish
the claim, it suffices to show that

Yi+- -+ Y ‘ 25) o
P () > o ) < o
( k P > 17 ) S

Noting that the Y; are i.i.d. Bernouilli random variables with means Y =
p(z)(t), this follows from a suitable version of the law of large numbers. In
this case we may use the inequality

Yi+--+Y, —
P(|————*-V|>9] <,
< k ’ 77) Akn?

which follows from Chebyshev’s inequality. U
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Remark: When |F| = 2, the above proof has a pleasant interpretation. The

value of Phl,m,hk (z) is then obtained by “majority vote” amongst the values
of Dy, P(z).

4. COUNTING LEMMAS

We shall prove Theorem 1.8 by induction. Accordingly, we begin by first
describing some consequences of Theorem 1.8 at a given degree d, which are
already of some independent interest. These consequences complement the
regularity lemma in much the same way that “counting lemmas” in graph
theory complement the Szemerédi regularity lemma.

Lemma 4.1 (Size of atoms). Let d > 1, and € > 0. Suppose that Theorem
1.8 is true for degrees up to d. Then there exists a growth function F (de-
pending on d and €) such that if F is an F-reqular factor of degree d on F™
then we have the estimate

1
(4.1) Prern (®(2) =) = (1+ 0(6))@
for all configurations t € ¥.. In words, all the atoms in the o-algebra o(F)
have roughly the same size.

Remark: Recall that ¥ = FM1 x ... xFMd is the configuration space associaed
to the factor F, and that ® : F" — X is the evaluation map.

Proof. We may expand the condition ®(z) = ¢ using Fourier analysis on ¥

to obtain .

Po(®(@) = 1) = 15> Evemmea(r - (2(z) — 1).
rey
It therefore suffices to show that

d
(4.2) Ezcrner (Z Qz’) =0 (€/|F|dim(z)>
i—1

whenever the Q; € Span(F;) are not all zero. Let s € [d] be the largest
integer for which @ is non-zero. As F is F-regular, we have ranks_1(Qs) >
F(dim(F)). On the other hand, Zle Q; differs from @ by an element of
Ps—1(V). Thus

d
rank_ 1 (Z QZ> > F(dim(F)) — 1.
i=1

If we choose F' to sufficiently rapidly growing depending on ¢ and d, we can
thus invoke Theorem 1.8 to obtain (4.2) as required. O

In addition to understanding the distribution of ®(z), it turns out to be
important to have an understanding of how k-dimensional parallelepipeds
are distributed in configuration space. That is, we study the distribution
of (®(z + w + h))yeqoyr In 01" where h = (hy,...,hy) is a k-tuple of
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elements of F”. When k = 2, for example, we are interested in the 4-tuple
(®(x), (x4 h1), ®(xz+ h2), ®(z+ h1 + h2)). We prepare the ground for this
study with some definitions.

Definition 4.3 (Faces and lower faces). Let k > 1 be an integer and suppose
that 0 < k' < k. A subset F C {0,1}* is called a face of dimension k' if it
has the form

F={we{0,1}*:w =6 foriel},
where I C [k] has size k — k' and each 0; is either 0 or 1. If all of the ¢; are

zero then we say that F is a lower face. A lower face of dimension k' can
be identified with the power set of [k] \ I, which is a set of size k.

Suppose that we have a parallelepiped (z 4+ w - h)we{071}k in F*, where
h = (h1,...,hg) is a k-tuple of elements of F”. Consider the image (®(x +
w - h))peqoyr € {013 This cannot be arbitrary: indeed we have the
“obvious” constraints coming from the relations

S (OMP@tw k) =0

weF
whenever F' C {0,1}* is a face of dimension at least i + 1, and |w| :=
w1+ -+ wi. To model these obvious constraints, we introduce some more
notation.

Definition 4.4 (Face vectors and parallelepiped constraints). Suppose that
i € [d], that jo € [M;,] and that F C {0,1}*. Consider the vector r(io, jo, F)
e OB for which rij(w) = (=D if i =y, j = jo and w € F, and is
zero otherwise. We call such a vector a face vector. If F' is a lower face
then we speak of a lower face vector. If dim(F') > ig+ 1 we say that the face
vector (or lower face vector) is relevant. We say that (t(w))ueqo,13+ € w0
satisfies the parallelepiped constraints if it is orthogonal to all the relevant
lower face vectors.

Remarks: The motivation for this definition, of course, is that for any x, hy,
.+, hi the vector (®(z+w-h)),eq011k € s{0.1}* satisfies the parallelepiped
constraints. At first sight the fact that we have restricted attention to lower
face vectors may look curious. However it turns out (and is not hard to

prove) that the set of relevant face vectors in »{01}* g spanned by the
relevant lower face vectors. We will not require this fact.

Write X C SO for the subspace of vectors in » {01} satisfying the
parallelepiped constraints.

Lemma 4.5 (Dimension of ¥0). Suppose that k > d. Then we have

dim(2n) :Ed:Mi > <k)

i=1 0<j<i J
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. . k d k.

Proof. Since dim(S{0HU") = 28 (M +- -+ My) =30 | M; > (j), it suffices
to show that the dimension of the space spanned by the relevant lower
face vectors is Z?Zl M; > i (];) This is precisely the number of different
relevant lower face vectors, and so we must only show that the lower face
vectors are linearly independent. To do this, we may clearly work with a
fixed choice of i and j, since the supports of the face vectors r(i,j, F) are
disjoint for different pairs (7, j). Suppose there is some linear relation

Zapr(i,j, F)=0.
F

Among all lower faces F' for which ap # 0, suppose that Fy contains the
largest element wq in the lexicographic order on {0,1}*. Comparing coeffi-
cients of wy we see that ap, = 0, contrary to assumption. U

If the factor F is F-regular for some sufficiently rapid growth function F,
it turns out that the parallelepiped constraints we have written down are
the only relevant ones in a rather strong sense.

Proposition 4.6 (Counting parallelepipeds). Suppose that |F|, k > d, and
suppose that Theorem 1.8 is true for degrees up to d. Let € € (0,1) be a
parameter and suppose that F grows sufficiently quickly (depending on k,d
and €). Suppose that the factor F has degree at most d and is F-regular.
Suppose that t € ¥g, and that x € F™ is a point with ®(x) = tg(0). Then
the number of h € (F")* such that ®(x + w - h) = to(w) for all w € {0,1}*

is 1 + Og(g) times |F| to the power nk — Z?Zl My i< (?)

Remark: Note carefully that we have been able to fix the basepoint «; this is
important in applications of the proposition. This is why j now only ranges
from 1 to ¢ rather than from 0 to ¢ as in Lemma 4.5.

Proof. Write ®(h) for the vector (®(z +w - h)),eq0,134 in 01" We seek

the number of h for which ®(h) = tg; by harmonic analysis on »01 this
may be expanded as

> Epegnper(ro- (2o(h) — to)).

lim| GE{O’l}k

k
(4.3)  |F"* ‘2{071}

Now when r lies in the space W spanned by the relevant lower face
vectors together with the vectors (i, 7, 0) we have rg-(®o(h) —tg) = 0, since
both ®o(h) and tg satisfy the parallelepiped constraints and ®m(h)(0) =
t0(0). Since the lower face vectors are linearly independent the contribution

from these rg to the sum (4.3) is |F| to the power nk — Zle M; g (l;)
To conclude the argument it certainly suffices to show that the contribution

from each o ¢ W is small in the sense that

(4.4) IEpegnyrer (o @0(R))| < elB| 72" 4,
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Such an exponential sum is unaltered in magnitude if an arbitrary element
of W is added to rg. By repeated operations of this type, directed so as
to reduce the largest element in the w-support of each (rg(w));; in the
lexicographic order on {0,1}*, we may assume that (rg(w));; = 0 unless
|w| < i. Since rg is not in W, there is at least one choice of 4,j and at
least one w # 0 for which (ro(w));; # 0. Amongst all such triples (4, j,w),
choose one with the largest value of 7, say ¢ = ig. For this value of i = iy
choose (jo,wp) with s = |wp| maximal, still subject to the condition that
(ro(wo))ig,jo # 0. Note that 1 < s < i. By relabelling the cube {0, 1}* we
may assume that wg = 1°0*~%. By construction, any triple (4, j,w) satisfies
one of the following properties:

(1) i >ip and w = 0;

(2) i =1ip and w = wy;

(3) i =1p and at least one of the coordinates wy, 1 <1 < s, is zero;

(4) 1 < 1.
Since 1 < s < i < k, the sum in (4.4) may then be written as an average
(over hgi1,...,hi) of sums of the form

Ep,,. heer(P(x+hi+ -+ hg) + Q(h1,..., hy)),

where P is not zero and lies in Span(F;), and @ has degree at most s — 1 as
a polynomial in hq, ..., hs. Such a sum may be written as

Eh1,...,hsb1(h2a ce hs) L. bs(hl, - ,hs_l)ep(P(J} +hy+---+ hs)),

where each b is a bounded function which does not depend on h;. By
introducing dummy variables we may assume that s = ¢. Applying the
Cauchy-Schwarz inequality ¢ times to eliminate the bounded functions b,
we see that the sum in (4.4) may be bounded thus:

[Epe@ryner(ro- @0(h)] < (Eny,...nex(Dhy - - Dn, P(+)))

Note that this derivative is, for fixed h1,. .., h;, simply a constant; we write
it as "P(hq,...,h;). It follows that if (4.4) is false then

By i@ Plha, . ha)| > (e B2 )2
Applying Theorem 1.8 at degree i < d and with V = (F)" we see that

1/2¢

rank,-_l(aip) Lk e, dim(%) L.

Note however that we have the Taylor expansion
1 .
P) = $0°P(z,...2) + Q)

for some polynomial @ of degree at most ¢ — 1 (this is the only point in
the whole paper where we use the assumption that |F| > d > i, in order to
ensure invertibility of 4!). It follows that

rank;1(P) <}, ¢ dim(x) 1-
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This contradicts the F-regularity of the factor F if F' is assumed to grow
sufficiently rapidly. O

5. PROOF OF THEOREM 1.8

In this section we complete the proof of Theorem 1.8. Our starting point
is the lemma of Bogdanov and Viola, stated as Lemma 3.1 in this paper.
We urge the reader to recall the statement now. In view of that lemma, it
suffices to establish the following proposition.

Proposition 5.1 (Polynomials which are almost low-rank are low-rank).
Suppose that d > 1 is an integer, and that Theorem 1.8 holds for all degrees
up to d — 1. Let o4 > 0 be a small quantity to be specified later. Suppose
that P € Py(F™) and that F is an F-regular factor of degree d—1. for some
growth function which grows suitably rapidly in terms of d. Suppose that
P :F" — F is an F-measurable function and that P(P(z) = P(x)) > 1—0y.
Then P is itself F-measurable.

Proof of Theorem 1.8 assuming Proposition 5.1. This is almost immediate.
By induction we may fix d > 1 and assume that Theorem 1.8 holds for all
degrees up to d — 1. Take the function P appearing in the conclusion of
Lemma 3.1. By construction, P is measurable with respect to some factor
Fo of degree at most d — 1 and dimension no more than |F|?/d%0. By
Lemma 2.4 we may extend Fy to a factor F which is F-regular and satisfies
dim(F) <pq4sr 1. The function P is manifestly F-measurable, and so the
result follows upon applying Proposition 5.1. [l

Proof of Proposition 5.1. We use the same notation for the factor F that
was introduced in Definition 2.1. In particular this factor is defined by
polynomials P; ; € P;(F™): these should not be confused with the polynomial
P which is the subject of Proposition 5.1.

For the purposes of an initial discussion write X for the set of points in
F" for which P(z) = P(z), thus |X| > (1 — 0g)[F"|. The key idea is that
we may use (d + 1)-dimensional parallelepipeds in X to create new points
2’ for which P(x’) does not depend on which atom of F the point 2’ lies in.

There are two procedures we might use:

1. Completing atoms.
Suppose that z, hy,...,hgr1 are such that all points x 4+ w - h lie
in the same atom A of o(F). Suppose in addition that x +w - h € X
whenever w # 0. Then using the relation 3" _(—1)*“/P(z +w-h) = 0 and

the fact that P is constant on A, we see that x also lies in X.

2d+1

2. Creating new atoms on which P is constant.
Suppose that A is an atom of o(F) such that there are atoms A,,, w €
{0,131\ 09! with the following property. For any z € A, there are
hi,...,hqs1 € F™ such that z4+w-h € A, for all w € {0,1}%+1\ 0. Then
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if P is constant on each of the A, it is also constant on A. This follows
from the relation > _(—1)/P(z +w - h) = 0 once again.

It is in fact possible to perform Procedures 1 and 2 simultaneously, but
the exposition is fractionally clearer if the urge to do this is suppressed.

Let us start with an analysis of Procedure 1. It is easy to see using Lemma
4.1 that for 1 — O(\/aq) of the atoms in B we have Pyea(P(z) = P(z)) >
1 —O(\/04). We say that P is almost constant on such atoms, and our task
is to show that P is actually 100% constant on each such atom.

Suppose that P is almost constant on the atom A = ®~1(¢), and write
A’ C A for the set where P = P.

Lemma 5.2 (Avoiding bad parallelepipeds). Let the notation and assump-
tions be as above. Suppose that o4 is chosen sufficiently small. Fiz anx € A.
Then there is h so that all of the vertices & + w - h, w # 091, lie in A’.

Proof. Let Ng(x) denote the number of parallelepipeds (z +w - h),co134+1,
all of whose vertices lie in A. The vector (t¢,t,...,t) € CEY trivially
satisfies the parallelepiped constraints, and so by Proposition 4.6 we have

(5'1> ND(x) ~ ‘F’"(d+1)—2?:1 M3 (d'j*.'l)

if F' is sufficiently rapidly growing.

The number Np(x) of parallelepipeds in A is thus quite large. Unfortu-
nately, this does not immediately imply that the number of paralleopipeds
in A" is large, as the Ng(z) parallelepipeds in A may all be intersecting
the small set A\ A’. However, it will turn out that such a concentration in
A\A’ can be picked up via the Cauchy-Schwarz inequality, as it will force
into existence an anomalously large number of pairs of parallelepipeds that
share an additional vertex in common besides . The main difficulty in the
proof then lies in counting number of such pairs properly.

We turn to the details. Tt suffices to show, for each fixed wp € {0, 1}9F1\
04+1, that the number of parallelepipeds (z + w - h)we{071}d+1, all of whose
vertices lie in A, and with # +wg-h € A\ A’, is less than 279"2N(z). The
number of such “bad” parallelepipeds may be written as

Z 1A\A’(u) Z 1:E+w0-h:'m
u h

and we may use the Cauchy-Schwarz inequality to bound this above by

AN A2 {(h W) iz +w-ho+w -h' € A for all

w,w' €{0, 1} 2 +wy-h =1+ wp- h’}|1/2.
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Thus if o4 is chosen so small that |A\ A’| < 27247%| A, it suffices to show
that

{(h ) o +w hatw B eA foral o NOW 60
A

w,w' € {0, 1} 2 +wy h =z +w-h'}| 4l

for some sufficiently small € > 0.

By relabelling the cube {0,1}9F! if necessary, this may be recast as the
problem of counting the number of h, b’ € (F")4*! satisfying the constraint
hi+---+hs=hy+ -+ h

and for which the two parallelepipeds

O =(r+w- h)we{071}d+1
and

O = (x4 w- h/)we{o’l}dJA
lie in A. Substituting (5.1) and the approximate size of |A| (cf. Lemma 4.1)
into (5), we see that our task is to establish that the number of such h, A’ is at
most 14+0(e) times |F| to the power n(2d+1)+2f:1 Mi(1-23 0 i (d';l)).

The parallelepipeds [J; and U share the common vertices x and x + hy +

-+ -+hgs. Note that [J; and [y may be embedded inside a (2d+1)-dimensional
parallelepiped

O=(x+w- y)w€{0’1}2d+1,

where
y:=(h1,..,hs_1,hs — A} — - — h._{ hsy,
Y IR0 AUUOY YA T N
Thus, writing [J; corresponds to the indices
(5.2) we {01} (er,... es 1,65+ €aya+ -+ €drs, Copls- s €drl),
and [ to the indices
(53)  we {0,137 (equn, ..., Cars €1+ F €y, Cabotty - s €2d11)s

where we use the usual dot product
(Wi, wat1) - (V15 Va41) = Wiv1 + -0+ WaH1VA41-

Suppose that i € [d] and j € [M;]. Then P, j(z +w -y) is a polynomial of
total degree at most i in wy,...,wsq11. Using the fact that w = wr=wd =
... for w € {0,1}, we see that there exists a polynomial Q; ; : Z**1 — F
with total degree at most ¢ and degree at most 1 in each of wy,..., w411

with the property that
Pijz+w-y)=Qijw)

for w € {0,1}24*1. In fact this extension is unique, as the following lemma
shows.
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Lemma 5.3 (Extension lemma). Suppose that Q : Z¥ — F is a polynomial
in variables x1, ...,z of total degree with degree at most one in each x;.
Suppose that Q(z1,...,xx) is equal to zero for (z1,...,x3) € {0,1}*. Then
Q = 0 identically.

Proof. This appears, for example, as [1, Lemma 2.1]. We proceed by induc-
tion on k, the result being trivial when k£ = 1. We may write

Q(:Ely s 733]6) = R(xlv' . 'axk‘—l) +$ks($la s 7xk’—1)a

where both R and S have degree at most one in each x;. Noting that

R(xl, NN ,xk,l) = Q(xl, NN ,xk,l,O)
and that

S(wla s 7$k—1) = Q(wla sy T—1, 1) - Q(mla s 7xk—170)>

we see that R(x1,...,25-1) = S(x1,...,24-1) = 0 for all z; € {0,1}. By
the inductive hypothesis this implies that R = .S = 0 identically. O

It follows from Lemma 5.3, (5.2), (5.3) and the fact that P; ;(CJ;) and
P; ;(Os) are fixed that Q; j(w) is fixed for w in both of the d 4 1-dimensional
lattices

A =74t (61, vy €51,V €5415--+,€44+1)
and
AN =75 (egyn, o dps, U, €drsit, - -5 €2d41),
where v € Z%4*1 is the vector

vi=el+---+esteqgrot -+ edys.

A second application of Lemma 5.3, noting that 2d > 4, confirms that Q; ;
is determined on

724 . (€1, €5-1,€541y--.,629+1) +{0,1} - v

by its values on

S = {01 1} : (611 ceey 51,6541, - - -,€2d+1,'U)-

In particular we see that @; j(w), and hence P; j(z + w - y), is determined
for w € {0,1}24F1 by its values on S. Since Q; ; has degree at most i we see
that it is determined on S by its values at arguments which are the sum of
at most 7 elements from {ey,...,es_1,€541,...,€24+1,V}.

Of the Zogjgi (Qd;.rl) possible choices for the values of the polynomials

Q;,; at these arguments, 2 Zogjgi (d;.rl) — 2 of them are already fixed for us

since @; ; is fixed in both A and A’. Tt follows that the number of choices of

. d
(Pij(® + w - ¥))wefo,1y24+1 18 at most |F| to the power 1437 ., (2 ;rl) —
Q(d;.rl). Summing over ¢ and j, it follows that the number of choices for

®(0) subject to our constraints on ®(0;) and ®(0y) is at most |F| to the
d 2d+1 d+1
power » i M;(1+ d<i<i ( J+ ) —2( JJF ))-
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For each such choice the number of O is, by Proposition 4.6, 1 + O(e)
times |F| to the power n(2d+1) — %=1 M; do1gi<i (Qd;rl), and so the total
number of [ is 1 + O(e) times |F| to the power

= d+1
e+ + 0 (12 3 (VT
i=1 1g<i N 7
which is what we wanted to prove. This concludes the proof of Lemma
5.2. O

Recall that A’ C A is the set of points where P(z) = P(x). Now A is
an atom in the factor F, which has degree d — 1, and P is a polynomial of
degree d. We therefore see that if all the points z+w-h, w € {0, 1}4+1\ 09+,
lie in A’ then so does x. It follows from Lemma 5.2 that A’ = A.

This completes the analysis of Procedure 1, and we find ourselves in the
situation that P(z) = P(x) on 1 — O(\/oq) of the atoms in o(F). Call
these the good atoms. To perform procedure 2, we need only show that for
any (bad) atom A = Ay there are good atoms A,, w € {0,1}7+1\ 09+
such that the sequence of coordinates t = ®(A,) € {03 gatisfies the
parallelepiped constraints. To do this it suffices to find just a single paral-
lelepiped (2 +w - h),e(o,1}¢ for which all of z +w-h, w € {0, 13441\ 0941 lie
in good atoms. To see that this is possible, fix x € Ag and pick hy, ..., hgr1
at random. It is clear that for any fixed w # 09!, the probability that
x4+ w - h lies in a good atom is the same as the probability that a random
element of F" lies in a good atom, which is 1 — O(,/04) by Lemma 4.1. If
oq < €272 for sufficiently small ¢ it follows that there is indeed positive
probability that all of the z 4+ w - h, w € {0,1}%+1\ 091 lie in good atoms.

We have now successfully performed Procedures 1 and 2. By earlier re-
marks, this concludes the proof of Proposition 5.1 and hence, by the remarks
at the start of the section, that of Theorem 1.8. U

6. INVERSE THEOREMS FOR THE GOWERS NORM

We can now give a fairly quick proof of Theorem 1.4. We begin with a
preliminary result which is already of interest.

Proposition 6.1. Suppose that |F| > d+1 > 2 and that 6 > 0, let P €
Par1(F"), and write f(x) := ep(P(x)). Suppose that || fl|garr = 6. Then
rankq(P) <g 1.

Proof. Write 9™ P(hy, ..., hg41) := Dp, -+ Dp,,, P(x). Since P has degree

d+ 1, this does not depend on z. From the definition of the U%*! norm, we

have
2d+1

[Epegenyiries (@ P(R)| = || £l|Zae > 02"
Applying Theorem 1.8, we conclude that
ranky (07 P) <45 1.
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But since |F| > d 4+ 1 we have the Taylor expansion

_ 1 d+1
P(x) = (d+1)!8 P(z,z,...,z) + Q(x),
where deg@ < d. Thus the rank of P is itself bounded by Og4s(1), as
required. O

Proof of Theorem 1.4. We fix d and induct on k. The cases k < d are trivial
(since || fl|,4+1 = 1 in these cases), so we first verify the case k = d+ 1. In
this case, we know from Proposition 6.1 that ranky(P) <45 1, thus we can
express f(z) = ep(P(x)) as some function of Oy (1) polynomials of degree
at most d. By Fourier analysis, we can therefore obtain a representation

fla) =) cier(Qj(x)),
j=1
where J = Og45(1), Q; € Pg(F"), and ¢; are complex numbers of magni-
tude Og45(1) for all j € [J]. It follows immediately that f has inner prod-
uct at >gs 1 with at least one of the functions er(Q;(z)), and therefore
| fllya+r >a5 1 as desired.

Now suppose that & > d and the claim has already been proven for
polynomials of degree k. Suppose that P € Py (F"), that f(x) := ep(P(z))
and that || f||ga+1 = 0. By the monotonicity of Gowers norms (see e.g. [19,
Chapter 11]) we have

[fllgss =6
and thus by Proposition 6.1 we obtain

ranky (P) <5 1.

Let F' be a growth function (depending on k, J, d) to be chosen later. Apply-
ing Lemma 2.4, we can find an F-regular factor F of degree k and dimension
OF k,a,5(1) such that P is measurable with respect to o(F). By Fourier ex-
pansion, we can thus express

flz) = > cQr,...QeeF(Q1(2) + -+ + Qi(2)),
Q1E€Span(Fr),...,QrESpan(Fg)

where the coefficients cg, ... g, are complex numbers of magnitude at most B
for some B = Oy, gim(x;)(1). We may use this expansion to split f as fi1 + fo,
where

(6.1)
fi(z) = Z €Q1,...Qu.0,...06F (Q1(T) + -+ + Qa(x))
Q1€Span(F1),...,Qa€Span(Fy)
and
(6.2) fo(z) = > €@y @uer(Q1(x) + -+ + Qr(x)).

Q1€Span(F1),...,Qk ESpan(Fy)
Qs#0 for some s>d



20 BEN GREEN AND TERENCE TAO

Thus f5 is the part of f which “genuinely has degree larger than d”. We
shall show the U%-norm of this part is small.
Suppose that polynomials Q1 € Span(Fi),...,Qr € Span(Fy) are such

that Qs is non-zero and Qs41,...,Qk_1 all vanish for some s > d. Since F
is F-regular, we have ranks_1(Qs) > F(dim(F)), and thus
(6.3) rank,_1(Q1 + -+ Qx — Q) = F(dim(F)) — 1

for any @ € Py(F™). Applying Theorem 1.8 and the induction hypothesis,
we conclude (if F' is large enough) that

2

2B|Fu| - | Fil

Since the Gowers UFTl-norm obeys the triangle inequality (see e.g. [9,
Lemma 3.9]), it follows that || fa||gx+1 < §/2. Recalling that || f||ge1 > 9,

another application of the triangle inequality implies that || fi||ge+1 = 0/2.
Now by Cauchy-Schwarz we have

ler(Q1 + -+ + Q)| gr+1 <

k+1 k+1_
flEee < IANBIAIR 2

From the bounds on the Fourier coefficients cq, ... q, we have || f1[lco <j,dim(F)
1, and therefore

(fi, f1) = 11115 >ap6.dimF) 1-
From (6.1) and the pigeonhole principle it follows that there exist Q1 €
Fi,...,Qq € Fq such that

[(fr,er(Q1+ -+ Qa))| =€
for some € g1 5.dim(x) 1. On the other hand, from (6.3), Theorem 1.8, and
(6.2) we have
[(f2,er(Q1+ -+ Qa))| < /2

if F' grows sufficiently rapidly. Hence from one further application of the
triangle inequality we have

[(f,er(Q1+ -+ Qa))| = ¢/2,

and thus || f||,« = €/2. Therefore the induction goes through and we have
proved Theorem 1.4. O

7. A RECURRENCE RESULT

Proposition 5.1 had a rather lengthy proof. However, the claim is much
simpler in the case when the factor F is trivial. More precisely, we have the
following slight generalization of [18, Proposition 4.5].

Lemma 7.1 (Non-zero polynomials do not vanish almost everywhere). Sup-
pose that P € Py(F™) and that Pyepn (P(z) = 0) > 1 — 274 Then P is
identically zero.

Remark: This lemma is almost certainly folkloric, but we do not have a
precise reference for it.
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Proof. We proceed by induction on d, the result being obvious for d = 1.
For any fixed h we have Pyepn(P(z + h) = P(z) = 0) > 1 — 271,
Applying the inductive hypothesis to P(x + h) — P(x) € Pgq_1(F"), we see
that P(x+h)— P(x) = 0 for all 2, h. This manifestly implies the result. O

A short consequence of Lemma 7.1 is the following curious recurrence
result.

Lemma 7.3 (Multiple polynomial recurrence). Suppose that d,k > 1 are
integers, that Py, ..., P, € Py(F") are polynomials and that xo € F". Then

Pycrn (Pi(x) = Pi(xo) for alli=1,... k) > 2~ (FI-kd

Proof. Consider the polynomial

k
ew =11 I ®w -0
ZZIi#E‘?IO)

This polynomial has degree (|F| — 1)kd, and clearly Q(z¢) # 0. Applying
Lemma 7.1 in the contrapositive, we conclude

P, (Q(xz) # 0) > 2~ (FI-1kd
and the claim follows. .

Remark: In the case d < |F|, one could also obtain a qualitative version of
Lemma 7.3 by combining Lemma 2.4 (applied to the factor generated by
Py, ..., Py) followed by Lemma 4.1. Of course, the bounds obtained by this
approach are far weaker.

8. REPRESENTATIONS THAT RESPECT DEGREE

The results of this section and the next are somewhat technical, and by
necessity some of the notation is a little fearsome. First-time readers may
wish to skip to the discussion of the counterexample of Theorem 1.5, which
is presented in §10.

In previous sections we showed discussed the notion of low-rank poly-
nomials P € Py(F™), which can be expressed as B(Q1,...,Qk) with @Q; €
Pg—1(F™). In this section we show how (under a regularity assumption on
the factor generated by the ;) the function B can be chosen to be a poly-
nomial with controlled degree.

Definition 8.1. Let F be a factor of degree d > 1 on a F*. A F-monomial
is any product of the form H;-Izl Qj, where each Q; belongs to one of the
vector spaces Span(Fy,) for some d;j € {1,...,d}. The F-degree of the
F-monomial H}]:1 Qj is defined to be Z}]:l di. If D > 0, we define a
F-polynomial of F-degree at most D to be any linear combination of F-
monomials of F-degree at most D.
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Example 8.2. Let F have large characteristic. If F is the degree 2 factor
on F® consisting of the four polynomials X1 X2 + X3, X1 X2 + X4, Xo + X3
and X1+ X5, where X1, ..., X5 are the coordinate functions, the polynomial
(X1Xo + X3) (X1 + X5)7 + (X1 + X2 + X3+ X5)Y has F-degree 9, and so
does (X3 — X4)* (X2 + X3), since X3 — X4 € Span(F2).

In the above example we saw that the F-degree of a polynomial can
exceed the ordinary degree due to dependencies among the polynomials
in the factor. The following theorem can be viewed as a converse to this
phenomenon.

Theorem 8.3 (Degree and F-degree agree for regular factors). Let 0 <
d,D < |F|. Then there exists a growth function F (depending on d and D)
with the following property. Suppose that P € Pp(F™) is measurable with
respect to o(F), where F is an F-reqular factor of degree d on F". Then P
has F-degree at most D.

Proof. Let d, D be as above, let I’ be a rapid growth function to be chosen
later, and let P, F be as above. Since P is measurable with respect to o(F),
we have a representation

P=B(Pi1,...., Pt Pats o Pangy)

for some function B : ¥ — F. As F is a finite field, we can view B as a
polynomial of dim(F) variables, which has individual degree at most |F| —1
in each of the variables (note that all higher degrees can be eliminated since
z/Fl = z). Thus we can write

d M;
(8.1) P=> ¢ [[]]P.

reR 1=1j=1

where R is the set of all tuples © = (r; j)1<i<d;1<j<M;» and the ¢, are coeffi-
cients in IF.
For each tuple r € R, we define the weight |r| of r by the formula

d M;
Ir| := ZZZ Tij-

i=1 j=1

To prove the claim, it suffices to show that ¢, = 0 for all tuples r with weight
larger than D. Suppose for contradiction that this is not the case. Then
we can find r with |r| > D such that ¢, # 0; without loss of generality we
may assume that |r| is maximal with respect to this property. From (8.1),
we thus have

d M; d M,
Pa) = [ITIPs@+ 30 e[ T )
i=1j=1 s€eR\{r} i=1j=1

Is|<||
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for all # € F". Since P has degree D < |r|, its |r|*® order derivatives vanish.
Thus we have

d M;
O=c Y (DMTI]]Ps+w )

we{0,1}I7! i=1j=1
d M;
+ Z Z (—1)"“|cSHHH~J(a¢+w-h)sm’
S|€1|?<\‘{r|} we{0,1}I7 i=1j=1

for all z € F* and h € (F)I"].

Now if a = (a;;(w)) € {0 satisfies the parallelelepiped constraints,
and if F' grows sufficiently rapidly, then we know from Proposition 4.6 that
there are x € F™ and h € (F")I" such that P, ;(z +w - h) = a; ;(w) for all
i,7 with i € [d] and j < M; and for all w € {0,1}I". We thus conclude that

d M;
0=c, > (=DM @)

wef{0,1}I7 i=1j=1
d M;
+ > > M [ aig(w)
seR\{r} we{0,1}I"l i=1j=1
Is|<]r|

for all ¢ € R{O1" satisfying the parallelepiped constraints. Thus, to obtain
the desired contradiction, it will suffice to locate such an a for which

d M;
(8.2) S )R e #o,

we{0,1}17] i=1j=1

but such that

d M;
(8.3) > UM et =0

we{0,1}17] i=1j=1

for all s € R\{r} with |s| < |r|.

We can do this explicitly as follows. Let us parametrise {0,1}"”| as
H?Zl Hj.‘ﬁl({o,l}i)m, thus we write each w € {0,1}" as w; ;1;, where
1<i<d, 1<j<M;,1<k<iand1<t<ry. Defineac S0 by

Ti,j @

aij(w) = Z H Wi j ke ts

t=1 k=1

where we embed {0,1} into F in the obvious way. Since a; j(w) is a linear
combination of products of ¢ coordinates of w, it is easy to see that a satisfies
the parallelepiped constraints.
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Let us now verify (8.3). For fixed 4, j, a; j(w) depends only on the compo-
nents lying in ({0,1}")", which are disjoint as i,j vary. We can therefore
factorise the left-hand side of (8.3) (with a hopefully obvious notation) as

d M;
HH( 3 (f1)|”|ai,j(o,...,o,n,o,...,o)sw),

i=Lj=1 ne({0,1))"

where the notation is supposed to suggest that n is in the 4, j-part of the
product Hle Hj-\/[:il({O, 1}9)7i3. On the other hand, If |s| < |r| and s # 7,
then from the pigeonhole principle there must be some i < d and some
J < M; such that s; ; < r; ;. Fixing this 4, j, it thus suffices to show that

> (=)Ma,(0,...,0,,0,...,0)% = 0.
ne({0,1}1)ixd

But we observe that a; j(w)®7 is a linear combination of products of is; ;
coordinates of w, which is strictly less than ir; ;, and the claim follows.

Now we verify (8.2). Performing the same factorisation as before, it suf-
fices to show that

(8.4) > (=DMa5(0,...,0,7,0,...,0)7 £0

n€({0,1}9)"

for each i,5. But a;;(0,...,0,7,0,...,0)% is equal to r; ;! TTh_; [T:2% s
(viewed of course as an element of F), plus several other monomials, none
of which involve all of the 7. From this we see that the left-hand side of
(8.4) is simply (—1)iJr; ;. Since r;; < |F|, this expression is non-zero in
IF, as desired. O

Combining this theorem with Lemma 2.4 we immediately obtain the fol-
lowing corollary.

Corollary 8.4 (Minimal-degree representation of polynomials). Let 1 <
d,D < |F|, and let F be a growth function. Then whenever P € Pp(F™)
is measurable with respect to a factor F of degree d on F", there exists an
F-regular extension F' of F of degree d with dim(F') <gpdim(F) 1 such
that P has F'-degree at most D.

9. A NULLSTELLENSATZ

In this section we establish a kind of finite field analogue of Hilbert’s
Nullstellensatz. These results are not needed elsewhere in the paper, but
are illustrative applications of the previous machinery, and may be of some
independent interest.

Proposition 9.1 (Nullstellensatz). Let k > 0 and 0 < d < |F|, and let
Py,.... P, € Py(F™). Let Q € Py(F™) be such that QQ vanishes whenever
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P, ..., P, all vanish. Then there exist polynomials Rq,..., Ri of degree
Oa (1) such that

Q(x) = Pl(.%‘)Rl(iL‘) + -+ Pk(iL‘)Rk(x)
for all x € F".

Proof. Let F be the degree d factor defined by the polynomials Py, ..., Py, Q.
Let F be a growth function to be chosen later. By Lemma 2.4, we can extend
F to an F-regular factor ' of degree d and dimension Ogy r(1). If F is
sufficiently rapid, then by Lemma 4.1 we see that the configuration map
@' . F* — Y’ corresponding to F’ is surjective. Since Pi,..., P, Q are
measurable with respect to o(F’), we can write P; = p; o ® and Q = go @’
for some p;, q : ¥ — F. Our assumption together with the surjectivity of ®’
implies that if z € ¥/ is such that p;(z) =0 for i = 1,...,k then ¢(z) = 0.
By working on each point z separately, one can therefore find functions
r1,...,7 : X' — F such that

q(z) = pr(2)r1(2) + -+ + pr(2)rr(z)
for all z € Y. Composing with ® we conclude that
Q(z) = Pi(x)R1(z) + - - - + Prp(x) Ry (x)

for all z € F*, where R; :=r; o ®. As ¥’ has dimension Og (1), one can
view r1,...,7 as polynomials of degree Og r(1), and so Ri,..., Ry are
also polynomials of degree Og4 r(1). The claim follows. O

In the above result the polynomials R; had bounded degree. However, if
the polynomials Py, ..., P, arose from a sufficiently regular factor, one can
get the sharp degree bound for R;, namely deg(R;) = deg(Q) — deg(F;).

Proposition 9.2 (Exact nullstellensatz). Let D,d,k > 0. Then there exists
a growth function F' (depending on D, d, k) with the following property: given
any F-reqular factor F of degree d and dimension at most D on F", and
gwen any Q € Py (F™) which vanishes whenever the polynomials P; ; defining
F all vanish, there exist polynomials R;j € Py—;(F™) for all i < min(d, k)
and 7 < M; such that

min(d,k)
Q@)= Y Rij()P;x)
1=1

for all x € F".

Before embarking on the proof, we give a technical generalisation of the
regularity lemma, Lemma 2.4. Let us say that an extension F’ of a factor F
of degree d is non-disruptive if we have F; C F] for all i =1,...,d. Clearly
if 7' is a non-disruptive extension of F and F’ is F-regular, then F must
also be F-regular. Our next lemma can be regarded as a kind of converse
to this fact.
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Lemma 9.3 (Relative regularity lemma). Let d,D > 1 and let F be a
growth function. Then there exists a growth function F such that whenever
F is a F-regqular factor of degree d on F", and F' is an extension of F of
dimension at most D, there exists an F-reqular extension F' of F' with the
dimension bound

(9.1) dim(F") <pa,p 1

such that F" is a non-disruptive extension of F.

Proof. Fix d,F, and let F be a sufficiently rapid growth function to be
chosen later. First observe that as the polynomials in F are F’-measurable,
we have the crude bound dim(F) <p 1, and so we may allow our constants
to depend on dim(F) also.

By replacing F] with F/ UF; for 1 < i < d if necessary (and increasing D
accordingly) we may assume that F’ is a non-disruptive extension of F. We
now keep F fixed and induct on the dimension vector (dim(F7), ..., dim(F}))
of 7' in exactly the same way as in Lemma 2.4 in order to obtain an F-
regular extension F” of F’ obeying (9.1). The key point is that the low-rank
polynomials (J; which arise in the proof of Lemma 2.4 can never arise from
F; if F is chosen sufficiently rapid (thanks to (9.1)). Because of this, we
can easily arrange that the extension F” appearing in the proof of Lemma
2.4 continues to be a non-disruptive extension of F, and the claim easily
follows. (]

Proof of Proposition 9.2. Fix D,d,k > 0. By adding dummy polynomials
to F and enlarging d if necessary we may assume that d > k. Let F} be a
growth function depending on D, d, k to be chosen later, and let F' be an
even more rapid growth function depending on D,d, k, F} and also to be
chosen later.

Let F, @Q be as in the statement of the proposition. Let F/' = (Pi,j)ie[d],ng;
be the factor of degree d formed by adjoining @ to F. Applying Lemma 9.3,
we see (if F' is sufficiently rapid depending on D,d, k, F}) that we can find
an Fi-regular extension 7" = (P ;)ie(q j<my of F of degree max(d, k) which
is a non-disruptive extension of F. Applying Theorem 8.3, we conclude (if
F is sufficiently rapid depending on D, d, k) that @ has F”-degree at most
k. Using the identity =¥l = 2 to eliminate all exponents greater than or
equal to |F|, we have a representation Q(z) = ¢(®"(z)) for all x € F", where
q:¥" — F is a polynomial which takes the form

d M

(92 o) = Y e TTTT e

seSk i=1j=1
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(cs € Fforall s € Si), and Sy is the collection of all tuples (s; ;)1 <i<da;1<j<m?
of non-negative integers 0 < s; ; < |F| obeying the weight condition

d i
Z Z isi,j < k.

i=1 j=1

By hypothesis, Q(x) vanishes whenever all the P;;(x) vanish for i =
1,...,d and 7 < M;. On the other hand, by Lemma 4.1 we see (if F} is
sufficiently rapid) that ®” : F* — ¥" is surjective. We conclude that ¢
vanishes on the coordinate subspace

W:={te¥:t;;=0foralli=1,...,d and j < M;}.

Restricting ¢ to W and then equating coefficients (recalling from the La-
grange interpolation formula that the coefficients are uniquely determined
as long as all exponents are less than |F|) we conclude that ¢, vanishes for
each s € S such that s; ; = 0 for all 4, j with ¢ < d and j < M;. From this,
we can easily obtain a representation of the form

d M;
() =D > tigriy(t),

i=1 j=1

where each r; ; has weighted degree at most k£ — 7 in the sense that it can
be expanded into monomials as in (9.2) but using only exponents from Sj_;
rather than all of S;. In particular r; ; must vanish for ¢ > k. Substituting
t = ®"(z) we obtain the claim. O

10. THE COUNTEREXAMPLE

In this section we analyse the counterexample to the inverse conjecture
for the Gowers norms in characteristic two by proving Theorem 1.5. Recall
what is claimed in that theorem: the elementary symmetric quartic

S4(a:) = Z Ly LijgLijgLiy

1<i1<i2<iz<ig <n

is such that f(z) = (=1)%4®) has large U*-norm on F}, but this function
does not correlate well with any cubic phase.

We begin by establishing that the U*-norm of this function is large. Define
the symmetric bilinear form B : Fy x Fy — [y by

(10.1) Bla,b):= Y ab;

1<6,j <niit
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for a = (ay,...,a,),b= (by,...,b,) in FY. One readily verifies® the identity
DanDCDdS4(x) = Z aibjckdl

1<i,j,k,l<n
1,,k,l distinct

(10.2) = B(a,b)B(c,d) + B(a,c)B(b,d) + B(a,d)B(b,c),
and so
(103) ||f||4[1]4 _ Ea,b,c,dng (_1)B(a,b)B(c,d)+B(a,e)B(b,d)+B(a,d)B(b,C).

To compute this quantity, we need to look at the distribution of the sextuplet
(10.4)
Bg(a,b,¢,d) := (B(a,b), B(a,c), B(a,d), B(b,c), B(b,d), B(c,d)) € FS

as a, b, c,d vary in 5. This distribution can be controlled by standard Gauss
sum estimates such as the following (cf. also Lemma 1.7).

Lemma 10.1 (Gauss sum estimate). For any &ap, Eac, Eads Sbey Ebds Ecd € Fa,
not all zero, we have

Fo 0. dcry (—1)Sor BOO e B0 H6aaBlad +6reBb)+6uBbd) +EaB(ed) — O(971/2),

Proof. By symmetry we may assume &, = 1. It suffices to show that
Ea,bEFS (_1)B(avb)+£acB(aac)+§adB(azd)+£ch(bvc)+£de(b7d)+€ch(C)d) — 0(2_77'/2)
uniformly in ¢,d € F5. But if we fix ¢, d, we can write the left-hand side as
Eq pern (_1)B(a,b)+L(a)+L’(b)

Ol

for some L, L' € P;(F}). Applying Cauchy-Schwarz to eliminate the (—1)*' ()
factor, we can estimate this quantity in absolute value by

’Ea o BEFT (_1)B(a,b)—B(a’,b)+L(a)—L(a’) ‘1/2,
oo 2 )
writing ¢ := a — a’ this becomes

|Ec bery (—1)B(C:b)+L(6) |1/2.
’ 2

Performing the ¢ average using Fourier analysis and using the triangle in-
equality, we can bound this by

[Pecry (B(c,b) = 0 for all b € F3)[!/2.
But B has rank n — O(1), and so
Pecrp (B(c,b) = 0 for all b € Fy) = O(27").
The claim follows. ]

3For a generalisation of this identity, see Lemma 11.2 below.
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From this lemma and Fourier analysis on F$ (as in the proof of Lemma
4.1) we see that Bg is equidistributed in the sense that
Pabedery (Bs(a,b,c,d) = q) =27° + O(27") for all ¢ € FS.
It follows that (10.3) can be rewritten as

_1)\%b%cd+9acqbd+9addb -n
E gt doesdad:he-abargeacFa (—1) 1209 adbe 1 O(277).

But we can factorise the expectation and rewrite this expression as
(Eqqemy (1)) + 027"

Since E, yep,(—1)% = 3, it follows that 1flge =3 £ +0(27") as asserted in
(1.4) of Theorem 1.5.

Now we turn to (1.5), which asserts that f does not have substantial
correlation with a cubic phase. Let us remind the reader once more that
a better bound is contained in the independent work of Lovett, Meshulam
and Samorodnitsky [15]. Our bound is all but contained in Alon and Beigel
[2, Theorem 7], although we recall that argument here for the convenience
of the reader.

If v = (x1,...,2,) € FY, let |z| denote the number of indices i € [n]
for which z; = 1. Tt is clear that Sy(z) = (lml) (mod 2). Recalling Lucas’
theorem on binomial coefficients (mod p), which states that

wn (=) () e

whenever a = ag+ai1p+ asp®+- - -+akpk and b = by +b1p+bop® + - - -+bkpk'
with 0 < a4, b; < p, we see that

So(z) =

Si(x) =1iff |z] =1 (mod 2)

Sa(x) =11iff |z] = 2,3 (mod 4)

S3(x) = 1iff |z] =3 (mod 4) and
Sy(z) =1iff || =4,5,6,7 (mod 8).

(x
(
(
(x

On the other hand we have, by a technique once known? as “multisection of
series”,

Prery (|7 = a (mod 8) =27" 3 | (n)

j=a(mod 8) J

7 i n
1 Z —2mira/8 (1 + e? zr/8>
2
r=0

= — + 027,

OO

o | =

40One can also interpret this computation as exhibiting (by the usual Fourier-analytic
method) the exponential mixing rate of a simple random walk on Z/8Z.
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From these facts and some computation we easily conclude that

Eyerp (—l)S4(x)+c353($)+CQS2(I)+C151 (2)+coSo _ 0(279(71))

for all coefficients cg, ¢1, co, c3 € Fy. Clearly this immediately implies that
(10.6) Exeﬁm(_1)54(33)+0353(x)+6252(x)+61S1 (@)+c0So—Qo — O(Q*Q(n))
2

whenever Qg € Po(F4) and ¢y, ¢1, c2, c3 € Fa.
Now suppose instead that Q1 € P;1(F5) and ¢, ¢1, ¢z, ¢3 € Fa, and consider
the average

(10.7) Ecpn (—1)54(@)+esSs(@)+eaSa(@)+er51(x)+eoSo—Qn
T 2 .

Then we can write
Q@)= 7+ Qo)
i€l

for some Qo € Po(F%) and some set £ C {1,...,n}. We can thus find a set
I € {1,...,n} of size m := [§] which either lies in E, or is disjoint from
E. By permuting the coefficients we can write I = {1,...,m}. Then by
freezing the coefficients y := (Zpm41,...,2n) € F5~™, we see that we can
write (10.7) as an average of expressions of the form

E,erp (— 1)S4(@)tes,ySs(@)FezySa(z)+ery S1 (@) +eoy So=Coy

for some cgy,...,c3y € Fo and Qoy € P1(F5'). Applying (10.6) and the
triangle inequality we thus conclude that

(10.8) Egep (—1)54(55)‘*‘0353(I)+C252(9€)+0151 (x)+coSo—Q1 (ac)> _ O(Q_Q(n)).
5

Now suppose instead that Q2 € Pa2(F5) and ¢o, 1, ¢2, c3 € Fa, and consider
the average

EIEF; (_ 1)54 (z)+c3S3(x)+caS2(x)+c151(z)+coSo—Q2(x) )

Then we can write
Qa(z) = Y wwj+Qi(z)
{i.5}eE(T)
for some @ € P1(F%) and some graph I' on vertex set [n] . By Ramsey’s
theorem (see e.g. [10, Section 4.2]), we can find a set I C [n] of size m =
Q(logn) such that the complete graph on vertex set I either lies completely

inside E, or is disjoint from FE. We can then repeat the above freezing
argument (using (10.8) instead of (10.6)) and conclude that

]EIEGFS(7]-)54(m)+6353(x)+6252(m)+8151(:E)+COSO_Q2(:E) — 0(2—Q(m)) — O(n_Q(l))

Finally, suppose Q3 € Pi(F5) and cg,c1,c2,¢3 € Fo, and consider the

average
Eocrn (— 1)54(r)+c333(a:)+c252(:c)+c151 (@)+c0So—Q3(x)

Then we can write

Qs()= Y wiwjer+Qae)

{é.5,k}eE(T)
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for some Q2 € P2(F%) and some 3-uniform hypergraph I' on vertex set [n].
Applying the bounds of Erdés and Rado for the hypergraph Ramsey theorem
(see e.g. [10, Section 4.7]) we can find a set I C [n] of size m = (loglogn)
such that the complete 3-uniform hypergraph on I either lies completely
inside E or is disjoint from F. Using the freezing argument one last time,
we obtain

(10.9)

Exng (_1)S4(ac)+c3S3(a:)+czSQ(;v)+c151(:v)+coSo—Q3(1:) _ O(m_Q(l))

= O((loglog n)~ ¥V,

This is a bound of the form claimed in (1.5) of Theorem 1.5, except there is
an extra logarithm. To remove it, we run the two Ramsey-theoretic argu-
ments in parallel, by using the following variant of the Erdds-Rado bound.

Lemma 10.2 (Simultaneous Ramsey theorem). Let Ey C ([72‘]) and B3 C
([g]) be a graph and 3-uniform hypergraph respectively. Then there exists a
set I C [n] of size m = Q(loglogn) such that for each j = 2,3, the set (ﬁ)
either lies completely inside E; or is disjoint from E;.

Proof. We generate some vertices x1,...,x; by the following algorithm:

Step 0: Initialise [ = 0 and J := [n].

Step 1: By the pigeonhole principle, there exists J' C J with |J/| >
2700 J| such that for any i, € [[] and = € .J/, the truth value of
the statements {z;,z} € FEs or {z;,x;,2} € E3 are independent of
z. Fix this J'.

Step 2: Set x;41 := min(J"), replace J by J'\{z;+1}, and increment [ to
[+ 1. If J is non-empty then return to Step 1; otherwise STOP.

One easily verifies that this algorithm terminates in k = Q(logl/ 3n) steps
to obtain a sequence 1 < 1 < --- < 7 < n with the property that for
any 1 < i < j <[, the truth value of {z;,2;} € E» is independent of j,
and for any 1 < ¢ < j < k < [, the truth value of {z;,z;, 21} € E3 is
independent of k. By an appeal to Ramsey’s theorem for graphs one can
then find a set I C {x1,...,x;} with |I]| > logk > loglogn with the desired
properties. ([

Note that by applying Ramsey’s theorem for graphs and 3-uniform hy-
pergraphs sequentially, one would only get m = Q(logloglogn) here. The
reader can easily verify that the logarithmic saving in this lemma propagates
through the previous arguments to improve (10.9) to (1.5).

11. GENERAL DEGREES AND CHARACTERISTICS

It is natural to wonder for which F and d the symmetric polynomials Sz on
F™ provide counterexamples to Conjecture 1.3, the inverse conjecture for the
U?-norm. We do not have a complete answer to this question, but we give
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some partial results in this direction here. For a more in-depth treatment
of these issues, we refer the reader to the recent preprint [15].

We begin with a general result that shows that ||ep(Sg)||;« is large when-
ever d > |F|. This result (and in fact a generalisation of it which establishes
the largeness of ||ep(Sq)||¢ya—p+2 for d > 2p, where p = |F|) was shown to
us by the authors of [15] before we wrote this section. The following argu-
ment is a slight variant of theirs which, we believe, is worth having in the
literature.

Theorem 11.1 (Lower bound on Gowers norm). Let F be a finite field, let
n > 1, and let d > |F|. Let Sy be the symmetric polynomial on F™, and let
f:=-er(Sq). Then ||fllya > 1.

Proof. For this, we must find some analogue of the computations earlier
in the section and, in particular, the identity (10.2). For this we need
some more notation. Let II,, denote the collection of all partitions m =
{C1,...,Cn} of [n] into disjoint sets [n] = C1 U --- U Cy,. For any par-
tition 7 = {C4,...,C,} € II,, we associate the multilinear form R, :
F* x --- x F* — F by

PRUCRTCII s Dol § F10)

k=1 j=14€Cy,
Thus for example if 7 is the partition of [3] into {1,2} and {3} then we have
Re(hW, h@ 1®) = (h{VpP o pOp@y (D 4 p®)).
We define the Mobius function u(w) of p at m by the formula
(11.1) u(m) = [0/ (1cel - 1
k

We place a partial ordering on partitions 7 by declaring 7’ < 7 if every
set in 7’ is contained in some set in 7. This has a minimal element my, :=
{{1},...,{n}}. The Mobius function can be shown® to obey the Mdébius
inversion identities p1(mmin) = 1 and >, - p(7’) = 0 if 7 # Tmin.

As a consequence we obtain the following variant of (10.2), which follows
from [15, Proposition 2.7].

Lemma 11.2 (Derivative of symmetric function). For any d > 1 and
RO, R D 2 e T, we have

(112) Dh(l) R Dh(d)Sd(x) = Z M(W)Rﬂ—(h(l), ceay h(d))
Proof. Each R; may be expanded as a sum

1 d)y _ (1 (n)
(11.3) Re(hW, ... n@Dy=" >~ n)m,

TRT(1yeeusin)

5See for instance the series of exercises [4, p. 103], or [7, Lemma 4.1].
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where 7(i1,...,1y) is the partition on [n] induced by the indices i1, ..., iy,
two elements s,t being placed in the same element of this partition if and
only if 15 = 4.

On the other hand, from proof of Theorem 1.5 we have

1 d
Dy, paSa(z) = > hz(l) e hl(.d)
1<, iaSn
(]_14) i1,...,iq distinct

— W,y
Z hy by

T(il 7~~~ain):7"min

The claim now follows from the Mobius inversion formula. O

To apply the identity (11.2), we let V' C F™ be the variety
Vi={z eFy:S(x)=5(x)="---=Sy(xz) =0},
where p = |F| (later on we will specialize to the case p = 2). We claim the
identity
(11.5) Ap - By (Flv) (@) = Ay - Ay (v ) ()
for z, bV, ... (D € F". To prove (11.5), it suffices to show that
Dy Dy Sa(z) =0

whenever z, h(1) ... A9 € F™ are such that the cube {z + wihM + ... +
wgh @+ wi,.. . wg € {0,1}} lies in V. But if z, AN, ... A@ are such
elements then, by definition of V' and differentiation, we have

(11.6) Dy -+ Dyap Sj(@) =0

for all j € {1,...,p} and distinct 41,...,4; € {1,...,d}. Note from (11.1)
that the M&bius function pi(myiy ;) is invertible in F for all 1 < j < p, where
Teriv,j 18 the trivial partition {{1,...,j}} of [j]. By expanding the left-hand
side of (11.6) using the inversion formula (11.2), we conclude recursively
that

Rﬂ’triv,j(h‘(il)? cee h(lj)) =0
for all 1 < j < p and distinct 4y,...,4; € {1,...,d}. This implies that
Ry(hV, ... A D)y =0

whenever all sets in 7 have cardinality at most p. On the other hand, if any
set in m has cardinality greater than p, we see from (11.1) that u(7) vanishes
in F. The claim (11.5) now follows from one last application of (11.2).
Using (11.5) and Definition 1.1, we conclude that
1 v e = (v [lya

But by monotonicity of Gowers norms (see e.g. [19, Chapter 11]) we have

vl = [Ty llor = [VI/E].
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By applying Lemma 7.3 we have |V|/|F"| >y 1, and so
lf1v|ya >F 1.

On the other hand, we have the Fourier expansion

1y = Ege[ppeﬁr(flsl —+ 4 fpSp).

Using the triangle inequality for Gowers norms (see e.g. [9, Lemma 3.9] or
[19, Chapter 11]) we conclude that

| fer(&1S1 + - +&Sp)[|pa >F 1

for some &i,...,& € F. Theorem 11.1 now follows from (1.1) and the
hypothesis that d > p. O

As a consequence of the above theorem, we can completely characterise
the behaviour of (—1)%¢ in the characteristic 2 case.

Theorem 11.3 (Gowers norm behaviour of S; over Fg). Let n > 1 and
d > 1 be integers, let F = Fy, and let f := (—1)5¢ where Sy is the d
elementary symmetric function on Fy.

o Ifd=1,2, then | fllya || fllua = o(1).

e Ifd is not a power of 2, then ranky_1(Sy) < 2 and

1
I£lls > 171 > 5
e Ifd is a power of 2 which is at least 4, then

[fllga > 1 and |[f[l,a = 0a(1),

where 04(1) goes to zero as n — oo for fized d. (In particular,
Congjecture 1.3 fails for the U%-norm on F% for these values of d.)

Proof. The cases d = 1,2 can be computed by hand (using Lemma 1.7 for
the d = 2 case). If d is not a power of 2, then from Lucas’ theorem (10.5)
we can express Sy as a product Sg, Sy, for some di,dy with 0 < dy,d2 < d
and d = dy + d2, which gives the desired bound on rank, 1(Sg). By Fourier
analysis in IFIQ“H we may therefore write

(—1)% = i (1+ (=1)%1 + (=1)%2 4 (—1) 0 T5z)

Thus (—1)%¢ must have an inner product of at least % with at least one
polynomial phase of degree strictly less than d, which gives the lower bound
on ||f|l,« in this case. The lower bound on || f||;;« then follows from (1.2).

When d is a power of 2, one verifies (as in the proof of Theorem 1.5)
that Sy(x) = 1 precisely when z is equal to d,...,2d — 1 (mod 2d), whereas
Sg for d < d is periodic with period dividing d. Using multisection of
series as before, we can conclude an analogue of (10.6) for Sy instead of
Sy, and by repeating the Ramsey arguments one obtains the desired bound
| fllu¢ = 04(1). Finally, the lower bound on || f||a follows from Theorem
11.1. This establishes all the claims of the theorem. (|
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Remark: When F = F9 and d is a power of two, the above theorem shows
that (—1)% does not correlate strongly with any polynomial phase in F} of
degree d—1 or less. However, the argument we used to prove this showed that
Sq was still locally polynomial of degree d — 1 on the subvariety V := {x €
F3 : Si(z) = Sa(x) = 0}, in the sense of [12]. This raises the possibility that
Conjecture 1.3 may be salvaged by working with locally polynomial phases
instead of global ones; in fact this formulation of the conjecture was already
implicit in [12, Section 13].
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