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KNESER-POULSEN CONJECTURE FOR A SMALL
NUMBER OF INTERSECTIONS

IGORS GORBOVICKIS

ABSTRACT. The Kneser-Poulsen conjecture says that if a finite collec-
tion of balls in the Euclidean space E? is rearranged so that the distance
between each pair of centers does not get smaller, then the volume of the
union of these balls also does not get smaller. In this paper, we prove
that if in the initial configuration the intersection of any two balls has
common points with no more than d+ 1 other balls, then the conjecture
holds.

1. INTRODUCTION

Given a positive integer d, we denote by E? the d-dimensional Euclidean
space. Let p = (p1,...,pn) and q = (qy1,...,qnN) be two configurations of
N points, where p; € E? and q; € E?, for eachi = 1,...,N. Let |...]| be the
Euclidean norm. If for all 1 <4 < j < N, |p; — p;| < |q; — q;|, we say that
q is an ezpansion of p and p is a contraction of q. If pg € E?¢, we denote by
Ba(po,r) the closed d-dimensional ball of radius  in E? about the point py.
We define By(po, ) to be an empty set, if » < 0 or if 7 is not a real number.
We also let Vol; represent the d-dimensional volume.

The following conjecture was independently stated by Kneser 7] in 1955
and Poulsen [8] in 1954 for the case when ry = -+ = rx.

Conjecture 1.1. If q = (q1,...,qn) is an expansion of p = (P1,---,PN)

in B9, then for any vector of radii r = (r1,...,7n),
N N

(1.1) Vold U Bd(pi, Ti> S Vold U Bd(qi, 7"1)] .
i=1 i=1

For d = 1, Conjecture 1.1 is obvious. In the case when d = 2, the conjec-
ture was proved by K. Bezdek and R. Connelly in [2].

Theorem 1.2 (Bezdek, Connelly [2]). Conjecture 1.1 holds, when d = 2.
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For d > 3 the conjecture currently remains open.

References to related results as well as the history of this conjecture can
be found in [2| and [5]. In the current paper, we prove the following theorem
which confirms Conjecture 1.1 for d > 3 under some additional assumptions.

Theorem 1.3. Consider a configuration of N closed d-dimensional balls
defined by their centers p = (p1,...,PN) in E¢ and the corresponding radii
r = (ry,...,rn). Assume that the intersection of every pair of these balls
has common points with no more than d + 1 other balls from the considered
configuration. Then for any expansion q = (qi,...,qn) € (EDHN of the
centers p, the inequality (1.1) holds.

As the limiting case of this theorem, we get the following corollary.

Corollary 1.4. Consider a configuration of N closed d-dimensional balls
defined by their centers p = (p1,...,pn) i EY and the corresponding radii
r = (ry,...,rn). Assume that the intersection of every pair of these balls
has common interior points with no more than d + 1 other balls from the
considered configuration. Then for any expansion q = (qi,...,qy) € (EHN
of the centers p, the inequality (1.1) holds.

Corollary 1.4 can be viewed as a generalization of the following theorem
proved in 2]

Theorem 1.5 (Bezdek, Connelly [2]). Conjecture 1.1 holds, if N < d + 3.

The proof of Theorem 1.3 implements the following general idea which
can also be found in other works on related subjects, such as [1], [2] and [3].
Namely, we embed the Euclidean space E? in a higher dimensional space
and instead of considering d-dimensional ball configurations, we consider
the corresponding higher dimensional objects. Viewing p and q as point
configurations in a higher dimensional space, allows us to consider a piecewise
smooth monotone expansion from p to q. At the same time, the higher
dimensional ball configurations still carry some information about the d-
dimensional ones. It appears that under the assumption of Theorem 1.3 we
can use this information to obtain the inequality (1.1).

Since we will work in spaces of different dimensions, it will be convenient
for the rest of the paper to fix d as in Theorem 1.3. Due to Theorem 1.2 by
Bezdek and Connelly [2], we can assume that d > 3. We will use n to denote
the dimension of an object in case we want to emphasize that this dimension
is not necessarily equal to d.

2. VORONOI REGIONS

In this section, we first recall the definitions of truncated Voronoi regions
and the walls between them. Then we formulate Csikés’ formula (Theo-
rem 2.2).

Let p = (p1,...,pn) be a configuration of points in E™ with balls of radii
r = (ry,...,rnN) centered at the corresponding points of the configuration.
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FI1GURE 1. The truncated Voronoi region decomposition of a
union of balls

The following sets are called (extended) Voronoi regions:
(2.1) Chi(p,r) = {po € E" | for all j,|po — ps|> — r} < |po — p;|* — 73}

Remark 2.1. It is easy to check that each Voronoi region C,, ;(p, r) is a convex
polyhedral set, and if (p;,7;) # (pj,7;) for i # j, then all of them together
tile the whole Euclidean space E™.

We consider truncated Voronoi regions (f’n,i(p, r) = By(pi, i) N Cri(p, 1)
and for each pair of distinct indices ¢ # j, we define the wall between two
truncated Voronoi regions as Wy, _1;;(p,r) = CA’m’(p, r)ﬂ(:“’nﬁj (p,r). Figure 1
gives an example of the truncated Voronoi region decomposition of a union of
balls. The common boundaries of the shaded regions are the walls between
the corresponding truncated Voronoi regions.

We define the function V,,(p,r) to be the volume of the union of balls from
the ball configuration determined by p and r, that is

N
U Bn(l)z’; TZ)] .

i=1

(2.2) Vo(p,r) = Vol,

According to Remark 2.1, the function V,,(p,r) can also be expressed as

Vo(p, 1) = i\/oln [C’n’i(p, r)} )
i=1

Consider a smooth (infinitely many times differentiable) motion p(t) =
(p1(t),...,pn(t)) of some configuration of N points in E". Let d;;(t) =
Ipi(t) — p;(t)], and let d;; be the derivative of d;; with respect to t. The
following is Csikds’ formula [4] for the derivative of the function V,,(p(t),r).
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Theorem 2.2. Let n > 2 and let p(t) be a smooth motion of a configuration
of points in E™ such that for each t, all the points are pairwise distinct. Then
the function V,(p(t),r) is differentiable with respect to t and,

d
%Vn(p(t)a I') = Z d/ Vol anl,ij(pa I')] :
1<i<j<N

3. VOLUME OF A POLYHEDRAL SET INTERSECTED WITH A BALL

We notice that both the truncated Voronoi regions and the walls between
them can be viewed as intersections of some polyhedral sets with the corre-
sponding balls. In this section, we give relevant statements about the vol-
umes of such sets. It appears that the volume of such a set can be obtained
from the volume of a certain higher dimensional polyhedral set intersected
with a ball. This will play an important role in our argument.

The following lemma is a reformulation of Corollary 6 from |2].

Lemma 3.1. Let P C E""2 be a polyhedral set, such that all its codimen-
ston 1 facets are orthogonal to some n-dimensional affine subspace X C
En*2. Consider a point po € X. Then for every pair of real numbers v and
s, the following derivative exists and satisfies

d
£Voln+2 [P N Bpt2(po, V12 + s)] = 7Vol, [X N PN Buia(po, V12 + s)} )

The following corollary can be proved by applying Lemma 3.1 several
times.

Corollary 3.2. Given a positive integer k, let P C E" 2k be a polyhedral set,
such that all its codimension 1 facets are orthogonal to some n-dimensional
affine subspace X C B2k Consider a point po € X. Then for every pair
of real numbers r and s, the following derivative exists and satisfies

k

@VOln_A,_Qk; PﬂBn—l—Zk(vam>] =

7* Vol, [X N PN Bpyok(po, V12 + s)} .

Given a positive integer n and a non-negative integer k, let P¥ be the
space of all polyhedral sets in E"*2* that are intersections of n half-spaces.
Every half-space in E"*2* is uniquely defined by an inequality of the form
(u,x) < ¢, where u € S"*2#~1 is a unit vector and ¢ € R is a real number.
This gives a bijection between the set H,, o of all half-spaces in E"*2* and
Srt2k=1 » R. This bijection induces a topology on H,ior. As the map
(Hpyor)" — PF, defined by (Hy, ..., H,) — Hy N ---N H, is surjective, PF
is a quotient space of (H,12x)", carrying a quotient topology.

Lemma 3.3. For n > 3, consider a polyhedral set P € P* and a point
po € E"26. Then for every pair of real numbers r and s, the following
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derivative exists and satisfies the inequality

dk+1
(3.1) 0< WVOIn—i—Zk [P N By ok (Po, V72 + 5)} <

1 n—
max {QWkUn_l(’I”Q + 5)22,0} ,

where o1 is the (n — 1)-dimensional surface volume of the n-dimensional
unit ball. Moreover, the derivative %Volnﬁk [P N Bpiok(po, VT2 + 3)}
depends continuously on P and s simultaneously.

Proof. Since P € 737];3 , it can be represented as P = (), H; for some half-
spaces H; C B2k Hence there exists an n-dimensional affine subspace X
that contains the point pg and is orthogonal to the boundary hyperplanes

of the half-spaces Hy,..., H,. Then Corollary 3.2 implies that

dF+1
WVOLH—% [P N By ok (Po, \/7«27_1_3)} _

d
Wk%Voln [X N PN Bpiok(po, V12 + s)} )

Now according to the chain rule,

dk+1
(3:2) oy Volusak [P0 Busok(po, V2 +5)| =

ok d .

Wi deOIn [X NP N Bpyor(Po, 7)) s
Note that X N PN By,42k(po,7) is the intersection of an n-dimensional poly-
hedral set X N P with a ball of radius 7. The derivative of the volume of
this set with respect to 7 is equal to the surface volume of the spherical part
of its boundary. Since this surface volume is non-negative and not greater
than the surface volume of the n-dimensional ball of radius 7, we obtain the
required inequalities (3.1).

Finally, we notice that the surface volume of the spherical part of the
boundary considered in the previous paragraph, depends continuously on
P € PF pg, and s simultaneously. Indeed, if the normal vectors of the
boundary hyperplanes OHy, ..., 0H, are linearly independent, then the affine
subspace X is uniquely determined for the configuration (P, py,s), and for
all nearby configurations. In that case the continuity assertion is obvious.
In case the normal vectors of the boundary hyperplanes 0H,...,0H, are
linearly dependent, then there are infinitely many choices for the affine sub-
space X. However, it follows from (3.2) that the considered surface volume
does not depend on the choice of X. Thus, for a configuration (]5, Po, 5)
that is close to the configuration (P,py,s), we are allowed to choose the

corresponding affine subspaces X and X also to be close to each other. This
implies that the considered surface volumes for the configurations (P, py, s)
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and (]5, Po, §) are close and continuous dependence of these surface volumes
on the configuration follows.
Now it follows from (3.2) and the above continuity assertion, that when

r2 + 5 # 0, the derivative %Volnﬂk [P N Bpaok(po, VT2 + s)} also de-
pends continuously on P and s simultaneously. On the other hand, when

r? + s approaches zero, both the lower and the upper bounds in (3.1) ap-

proach zero as well, which implies that when r? + s = 0, the derivative
dk+l D) . . . .
Wvoln+2k [P N Byok(po, VT2 + s)} is also continuous in P and s simul-

taneously. O

4. THE VOLUMES OF THE WALLS AND THEIR DERIVATIVES

We return to the original setting where we have a configuration of N balls
of radii 71, ..., 7N respectively.

Definition 4.1. Given a vector of radii r = (r1,...,7ry) € RY, we say that
a configuration of N points p = (p1,...,pn) in some Euclidean space E"
is (d,r)-nice, if in the configuration of N balls of radii 71,...,7y centered
at the corresponding points p1, ..., pn the intersection of each pair of balls
has common points with no more than d + 1 other balls.

From now on we fix the radii r = (r1,...,7y) and we consider a one

parameter family
r(s) = («/r%jts,...,\/r]?v—l—s) )

which coincides with the initial vector of radii r, when s = 0.

Proposition 4.2. Let p = (p1,...,pn) C E™ be a configuration of N dis-
tinct points. Then we have the following.

(i) Each Voronoi region C, ;(p,r(s)) is a convex polyhedral set completely
determined by p and r and independent of s.

(it) Each truncated Voronoi region Cyi(p,r(s)) is an intersection of a

fized convex polyhedral set from part (i) and the ball By(pi, /7% + 5).
11) Fach wall Wy,_1::(p,r(s)) between two truncated Voronoi regions is
b -7

an intersection of the ball By (pi, /72 + s) with an (n — 1)-dimensional con-

vex polyhedral set independent of s and lying in the radical hyperplane of the
balls Bp(pi, i) and By (pj,75).

Proof. (i) As it was noticed in Remark 2.1, the Voronoi region C,, ;(p,r(s))
is a convex polyhedral set. Its independence of s follows from its defini-
tion (2.1).

Parts (ii) and (iii) immediately follow from part (i). O

Now we prove our key lemma.
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Lemma 4.3. (i) Let d > 2, and let k be a non-negative integer. Consider
a (d,r)-nice configuration of N distinct points p = (p1,...,pn) in EI2E
Then for every pair of indices i # j, the (d + 2k — 1)-dimensional volume
Volgiok—1 [Wiatak—1,i;(P,x(s))] of the wall between truncated Voronoi regions
is at least k times differentiable as a function of s in a sufficiently small
neighborhood U of the point s = 0. Also for each s € U, the partial derivatives
k
(4.1) o VOld+2k-1 [(Wator—1,ij (P, r(s))]

are non-negative and locally bounded as functions of (p, s).

(i) If in addition to the conditions of the first part the points of p are
affinely independent, then the partial derivatives (4.1) are locally continuous
in p and s simultaneously.

Proof. For k = 0 the result is obvious, so we can assume that k& > 0.

We denote by H the radical hyperplane of the balls Byiox(pi,r;) and
Bat2k(pj,7j). Then according to part (iii) of Proposition 4.2, the hyper-
plane H contains the wall Wy ox—14;(p,r(s)) which corresponds to these
two balls. Let the point pg be the orthogonal projection of the point p; onto
the hyperplane H and define h = |p; — pol.

Since the point configuration p is (d, r)-nice and the set of (d, r)-nice point
configurations is open, there exists a neighborhood of the origin U C R, such
that for all s € U the configuration p is (d,r(s))-nice. This implies that for
all s € U, the wall Wy ar—14;(p,r(s)) can be viewed as the intersection of

the ball B(pg, /72 — h? + s) with d+1 half-spaces Hy, ..., Hgy1 in H. This

observation together with Lemma 3.3 proves part (i) of Lemma 4.3.

We notice that if the points of the configuration p are affinely independent,
then both the hyperplane H and the half-spaces Hy, ..., Hyy1 depend locally
continuously on p. Thus Lemma 3.3 implies part (ii) of Lemma 4.3. O

5. A PATH BETWEEN p AND ¢

The proof of Theorem 1.3 is essentially based on choosing an appropri-
ate piecewise smooth path in the space of sufficiently high dimension that
connects the configurations p and q. More detailed arguments follow.

Lemma 5.1. If p(t) = (pi(t),...,pn(t)) is a piecewise smooth motion of a
configuration of centers in B¢ with d > 2 and t € [0, 1], such that p(t) is
(d,r)-nice for all t € [0,1] and its points are affinely independent for all but
finitely many values of t in [0, 1], then the following identity holds:

k
51) g VemP(1).1(9) = Vasaulp(O).2(s)) | =
1 k
/ > dy %VOIdJerfl Watar—1,;(p(t), x(s))]|  dt,
0 1<icj<N 9s s=0

where the function Vg is defined as in (2.2) and d;;(t) = |pi(t) — p;(t)].
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Proof. 1t is obvious that

k
aask (Varar(p(1),1(5)) = Vasar(p(0), F(S)))

oo / SiVuae). s

Now according to Csikés’ formula (Theorem 2.2) we get

g 8tvdm (1), x(s)dr

Z d V01d+2k 1[Wd+2k lzj(p(t) I'(S))] dt
0 1<i<j<N

s=0

35’“
s=0

Finally, it follows from Lemma 4.3 that we can change the order of differen-
tiation and integration in the last expression to obtain

83’9/0 Z d VO]dJFQk 1[Wd+2k 1zg(p(t) I‘(S))] dt =

1<i<j<N =0

o
/ di; 95 kV01d+2k 1 Wagar—1,:;(p(t),r(s))]
0 1<icj<n

dt.
s=0

O

Corollary 5.2. Ifd > 2 and p C E*% is a (d,r)-nice configuration of N
points, where N < d + 2k + 1, then the function %Vd+2k(p,r(8))‘ is

locally continuous in the variable p.

Proof. Since p is (d, r)-nice, all point configurations that are sufficiently close
to p, are also (d,r)-nice. If p’ C E9*2* is a configuration of centers that is
sufficiently close to p, then we can connect the configurations p and p’ with
a piecewise smooth path p(t) that satisfies Lemma 5.1. Then Corollary 5.2
follows from the fact that the functions
k
5k Yolar2n-1 (Wasak—1,:5(P(t), r(s))]

s=0
in the right hand side of (5.1) are bounded, as was shown in Lemma 4.3. O

Corollary 5.3. If d > 2 and p,q C E™?* are two configurations of N
affinely independent points, q is an expansion of p, and the configuration p
is (d,r)-nice, then
ok oF
@dek(q,r(s)) > @VH%(P,I’(S))

s=0

s=0
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Proof. According to [1]|, configurations p and q can be connected by a
piecewise smooth motion p(t) so that p(0) = p, p(l) = q, the distances
dij(t) = |pi(t) —pj(t)| are weakly increasing in ¢ and for each ¢, the points of
p(t) are affinely independent. It follows from Kirszbraun’s theorem [6] that
since the distances d;;(t) are weakly increasing and p(0) is (d,r)-nice, p(t)
is (d,r)-nice for all ¢ € [0, 1], and we can apply Lemma 5.1 to get

k
(5.2) §$k<vd+2k<q, r(s)) — Vayor(p, 2(5)))

s=0

k
[ 5y ovolaiseos W10 5(6)

1<i<j<N 5=0

By Lemma 4.3, the derivatives
k
@VOIdJerfl (Watok—1,i(P(t), r(s))]

s=0
are always non-negative, and since d ; =0, the expression under the integral
in (5.2) is also non-negative. O

Proof of Theorem 1.3. Without loss of generality we may assume that the
points in the configuration p are distinct. Indeed, if a pair of points coincide,
then we can exclude the point that corresponds to a smaller radius. This
does not change the volume of the initial configuration, but can decrease the
volume of the final configuration. Thus, the general case of Theorem 1.3
follows from the case when all points of p are distinct.

Let k be a positive integer, such that d+2k > N —1, and we regard E¢ as
the subset E? = E9 x {0} C E? x E?) = E9+2*. We can view p and q as point
configurations lying either in E? or in E4*?* and consider corresponding d-
dimensional and (d + 2k)-dimensional volumes Vy(p,r), Vi(q,r), Varor(p,r)
and Vaior(q, r).

Note that the sets Ufil Bgyok(pi,r;) and UZ]\;l Bgyok(qi, i) are unions
of non-overlapping truncated Voronoi regions and according to part (ii) of
Proposition 4.2, we can apply Corollary 3.2 to them. As a result, we obtain
the following identity.

k
(5.3) 7 (Va(q,r) — Va(p,r)) = %(Vd—i—%(% r(s)) — Varor(p,r(s)))
s=0

By Kirszbraun’s theorem, since p is (d,r)-nice and q is its expansion,
q is also (d,r)-nice. Hence according to Corollary 5.2, the right hand side
of (5.3) depends locally continuously on p and q. Let p/,q’ C E4T2* be small
perturbations of p and q respectively, such that the configurations p’ and q’
consist of affinely independent points, p’ is (d, r)-nice and ¢’ is an expansion
of p’. Then it follows from Corollary 5.3 that

k

(Vagor(d',x(s)) — Vagau(p',x(s)))|  >0.

(5.4)
Os 9k s=0
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By choosing p’ and q’ arbitrarily close to p and q respectively, we get the
following inequality as a limiting case of (5.4).

k
(;g(VdJrzk(q,l“(S)) — Vator(p,r(s))) . > 0.

Together with (5.3) this proves that

Vd(q7 I') 2 Vd(pv I‘).
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