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CONSTRUCTIONS OF SMALL COMPLETE ARCS WITH
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Abstract. We use arcs found by Storme and van Maldeghem in their
classification of primitive arcs in PG(2, q) as seeds for constructing small
complete arcs in these planes. Our complete arcs are obtained by taking
the union of such a “seed arc” with some orbits of a subgroup of its
stabilizer. Using this approach we construct five different complete 15-
arcs fixed by Z3 in PG(2, 37), a complete 20-arc fixed by S3 in PG(2, 61),
and two different complete 22-arcs fixed by D5 in PG(2, 71). In all
three cases, the size of complete arcs constructed in this paper is strictly
smaller than the size of the smallest complete arcs (in the respective
plane) known so far.

1. Introduction

Let PG(2, q) be the projective plane over the field with q elements which
we denote by GF(q). A k-arc in PG(2, q) is a set of k points, no three
of which are collinear. A k-arc in PG(2, q) is called complete if it is not
contained in a (k + 1)-arc in PG(2, q). See [4] for an introduction to arcs.
Let t2(q) denote the smallest size (number of points) of a complete arc in
PG(2, q). It is known that for q prime (which is the case throughout this
paper), t2(q) > (

√
3q + 1)/2 [1]. The best known asymptotic upper bound

on t2(q) is O(
√

q logc q) [6]. Explicit constructions of complete arcs with
about q/2 points can be found in [4, Chapter 9].

If we consider the coordinates of the points of a complete arc in PG(2, q)
as column vectors in GF(q)3, we obtain the parity check matrix of a q-ary
linear code with codimension 3, minimum Hamming distance at least 4, and
covering radius 2 [5, Section 1.3]. It can be shown that arcs and linear
maximum distance separable codes (MDS codes) are equivalent objects, see
[5]. Indeed, it is the coding theory which often motivates the study of the
spectrum of values of k for which a complete k-arc exists in PG(2, q) for a
fixed value of q.
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The index of a point P with respect to the arc T is the number of bisecants
of T through P , see [4, Chapter 9]. The occurrence of points of high index
with respect to an arc increases the saturation of that arc (the number of
external points that lie on bisecants of the arc) as it decreases the number
of points covered by more than one bisecant and thus it is a frequent feature
of small complete arcs.

In [8] Storme and van Maldeghem classified all arcs in PG(2, q) admitting
a transitive primitive group of projective transformations. It turns out that,
in cases when these arcs are not complete, they still exhibit high saturation
when compared to arcs of the same cardinality in the same plane. This
suggests the idea of using these arcs as “seeds” for constructing complete
arcs which are then obtained as the union of such “seed arc” with some
orbits of a suitable subgroup of the stabilizer of the seed arc. This process
has been implemented as a computer search using the computer algebra
system MAGMA [2].

In the following three sections we give examples of complete arcs con-
structed in this way. In each of the three planes, the sizes of our arcs are
strictly smaller than the sizes of complete arcs obtained by heuristic search
[3], and our arcs are the smallest known complete arcs in the respective
planes—see [3] and [7] for tables of sizes of the smallest known arcs before
this paper.

2. Complete 15-arcs in PG(2, 37)

Suppose that w is a primitive third root of unity in GF(q) (i.e. w3 = 1,
w 6= 1) and let b ∈ GF(q). Define the following nine points in PG(2, q):

p1 = (1, 1, 1) p2 = (1, w, w2) p3 = (1, w2, w)
p4 = (1, 1, b) p5 = (1, w, w2b) p6 = (1, w2, wb)
p7 = (b, 1, b) p8 = (b, w,w2b) p9 = (b, w2, wb).

Then K = {p1, p2 . . . , p9} is the set of points from [8], Proposition 1 in which
we are taking without loss of generality d = 1 throughout this paper. Under
certain conditions on b (see [8], page 204), the set K is an arc in PG(2, q),
and we will henceforth assume that K is an arc. The arc K is fixed setwise
by the group G = 〈A,B〉 isomorphic to Z3 × Z3 generated by (recall that
we take d = 1 in [8])

A =





1 0 0
0 w 0
0 0 w2





and

B =





0 0 1
1 0 0
0 b 0



 .

K is a complete arc if and only if q = 13 [8]. Among interesting proper-
ties of K we note that each point in the G-orbit of r = (1, 1,−b − 1) has
index 4 (i.e. the highest possible index) with respect to K, since we have
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w b arc
26 7 K ∪G′((1, 7, 19)) ∪G′((1, 28, 30))
26 9 K ∪G′((1, 24, 24)) ∪G′((1, 28, 29))
26 9 K ∪G′((1, 7, 34)) ∪G′((1, 24, 7))
10 22 K ∪G′((1, 13, 13)) ∪G′((1, 29, 34))
10 22 K ∪G′((1, 31, 33)) ∪G′((1, 31, 22))

Figure 1. Complete 15-arcs in PG(2, 37).

the following collinear triples in PG(2, q): {r, p1, p4}, {r, p2, p6}, {r, p3, p5}
and {r, p8, p9}, where pi are the points of K as above.

Proposition 2.1. We have

t2(37) ≤ 15.

Proof. Let G′ = 〈AB〉 be the subgroup of G isomorphic to Z3 generated by
the product of matrices A and B:

AB =





0 0 1
w 0 0
0 w2b 0





We construct five pairwise non-isomorphic complete 15-arcs in PG(2, 37)
with details recorded in Figure 1. Each row in Figure 1 corresponds to one
arc, with the values of b and w fixed at the beginning of the row. In each
row, the letter K denotes the set K = {p1, . . . , p9} in PG(2, 37) as defined
above for the fixed values b, w ∈ GF(37), and G′(s) denotes the orbit of G′

containing s, again for the same fixed values of b and w.
It can be verified, e.g. using MAGMA [2], that these five sets are non-

isomorphic complete 15-arcs in PG(2, 37). �

3. A Complete 20-arc in PG(2, 61)

Let q be a prime power with q ≡ ±1 (mod 10) and let a be an element
of GF(q) satisfying

(3.1) a2 + a− 1 = 0.

Consider the following two sets in PG(2, q):

M1 = {(1, 1, 1), (1, a, a), (a, a, 1), (a, 1, a), (0, 1, a),(3.2)

(1, a, 0), (a, 0, 1), (a, 1, 0), (1, 0, a), (0, a, 1)}
and

M2 = {(1, 0, 0), (0, 1, 0), (0, 0, 1), (a, 1, 1), (1, a, 1), (1, 1, a)}.
M1 and M2 are projectively equivalent to the sets K1 and K2, respectively,
which are given in [8], Proposition 12. Indeed, if Π is the projectivity defined
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by the matrix




1 −1 0
a a −1
0 0 −a





then Π(Mi) = Ki for i = 1, 2. (The only reason for using a different pre-
sentation of K1 and K2 in our paper is that we find our presentation easier
to work with.) By Proposition 12 of [8], M1 and M2 are arcs in PG(2, q),
both fixed by A5, such that the 10 points of M1 are precisely the points of
PG(2, q) of index 3 with respect to M2.

Proposition 3.1. We have

t2(61) ≤ 20.

Proof. Let us fix the root a = 17 of the equation a2+a−1 = 0 in GF(61). Let
S3 denote the subgroup of PGL(3, 61) consisting of the six 3×3 permutation
matrices; this group fixes the arc M2 setwise. Let b = 13 and c = −b−1 = 47
be the two solutions of y2 +y+1 = 0 in GF(61); then T = {(1, b, c), (1, c, b)}
is an orbit of S3. Let

p = (1, 11, 32) and r = (1, 25, 51).

Now let H be the set of 20 points in PG(2, 61) defined by

H = M2 ∪ T ∪ S3(p) ∪ S3(r),

where S3(s) denotes the orbit of S3 containing the point s. It can be verified
e.g. using MAGMA that H is a complete arc in PG(2, 61). �

3.1. Remarks. For the sake of illustration let us list the points with the
two highest values (namely 9 and 8) of index with respect to the complete
arc H.

The point j = (1, 1, 1) has index 9 with respect to H, because it has
index 3 on M2 and, moreover, {j, p, r} (where p and r are defined above) is
a collinear triple, hence j has index 6 on S3(p) ∪ S3(r).

Each point in the S3-orbit of x = (1,−1, 0) has index 9 with respect to H,
because x has index 3 on any orbit of S3 that is a 6-arc, x has index 2 on
the arc M2, and x is collinear with the points (1, b, c), (1, c, b).

Each point in the S3-orbit of y = (a, a, 1) has index 8 with respect to H.
Let us introduce the following notation for the action of H’s stabilizer S3

on the Galois plane under consideration: for a point z = (z0, z1, z2) and
{k, l,m} = {0, 1, 2} let us define zklm = (zk, zl, zm). We note that y has
index 3 on the arc M2, further we have the collinear triples {y, q, r102},
{y, p201, r120} and {y, p, (1, b, c)}, and two more collinear triples containing
y are obtained from the last two triples by the involution (z0, z1, z2) ←→
(z1, z0, z2).
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4. Complete 22-arcs in PG(2, 71)

Proposition 4.1. We have

t2(71) ≤ 22.

Proof. Let us fix the root a = 8 of the equation a2 + a − 1 = 0 in GF(71)
and let M1 denote the 10-arc in PG(2, 71) as defined above in (3.2). Let D5

denote the subgroup of PGL(3, 71) that fixes M1 setwise and additionally
fixes the point (1, 0, 0). D5 is isomorphic to the dihedral group of order 10
and it is generated, for example, by the matrices

R =





1 0 0
0 0 1
0 1 0



 and S =





1 1 −a− 1
0 a + 1 −a− 1
0 a + 1 −1



 .

Using polynomial resultants it can be easily checked that, if T = {(1, b, c),
(1, c, b)} is a two-element orbit of D5, then b and c are distinct roots of
y2 − (2a + 1)y − a + 2 = 0 in GF(71). For our fixed value a = 8 let b = 39
and c = 49. Let

u = (1, 67, 16) and v = (1, 25, 5)

and let D5(s) be the orbit of D5 containing the point s. Define the two arcs

J1 = M1 ∪ T ∪D5(u) and J2 = M1 ∪ T ∪D5(v).

It can be verified e.g. using MAGMA that J1 and J2 are two non-isomorphic
complete 22-arcs in PG(2, 71). �

4.1. Remarks. Again for illustration we list the points with the two high-
est values (namely 10 and 9) of index with respect to the arcs J1 and J2.
These points are the same for both arcs. Let ΠM (x) := MxT denote the
projectivity defined by the matrix M .

Each of the five points in the D5-orbit of s = (0, 1,−1) has index 10 on
J1 and J2 because of the collinear triples of the form {s, p,ΠR(p)} where R
is one of the generators of D5 given above. Notice that the only fixed points
of ΠR in J1 or J2 are (1, 1, 1) and (1, a, a).

Each of the five points in the D5-orbit of t = (−a + 2, a, a) has in-
dex 9 on J1 and J2. Next we give the coordinates of points in collinear
triples through the point t. We use expressions containing a in cases where
the collinearity follows already using the general algebraic condition (3.1)
on a, and we use numerical values (where a = 8) in the remaining cases.
We have the collinear triples {t, (1, a, 0), (a, 0, 1)}, {t, (8, 1, 8), (1, b, c)} and
{t, (1, 1, 1), (1, a, a)}. Another two triples are obtained by applying ΠR to
the first two triples. Let T = RS be the product of the two generators of
D5 given above. For each of J1 and J2, two more collinear triples are of the
form {t, w,ΠT (w)} and {t, (0, 1, 8),ΠU (w)} for suitably chosen point w and
U ∈ D5, and the last two triples are again obtained by applying ΠR. Taking
w = u and U = S−2 yields the arc J1, whereas taking w = v and U = S−1

yields J2.
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