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ON THE NUMBER OF COMPONENTS OF A GRAPH

HAMZA ST KADDOUR AND ELIAS TAHHAN BITTAR

ABSTRACT. Let G := (V, E) be a simple graph; for I C V we denote by
I(I) the number of components of G[I], the subgraph of G induced by
I. For V4,...,V, finite subsets of V, we define a function S(Vi,..., V)
which is expressed in terms of I (J;_, Vi) and I(V; UV;) for i < j. If

i=1 "1

Vi, ..., V, are pairwise disjoint finite independent subsets of V', the num-
ber B(Vi,...,Vs) can be computed in terms of the cyclomatic numbers
of G [Ul, Vi] and G[V; UVj] for i # j. In the general case, we prove
that B(Va,...,Vs) > 0 and characterize when 3(V4,...,V,) = 0. This
special case yields a formula expressing the length of members of an
interval algebra [6] as well as extensions to pseudo-tree algebras. Other
examples are given.

1. PRESENTATION OF THE MAIN RESULT

1.1. Main Result. Let G := (V, E) be a graph, where V is the vertex set
and F is the edge set. We suppose that F is a subset of the set [V]? of
unordered pairs of V. Let I be a subset of V', we denote by G[I] the graph
(I, E N [I]?) induced by G on I. We denote by I[(G[I]), or lg(I), or more
simply (1) if there is no ambiguity, the number of components of the graph
G[I]. As much as possible, we abbreviate component of G[I] by component
of I. We assume that [z (@) = 0.

Definition 1.1. To an integer n and a family (V1,...,V,) of finite subsets
of V. we associate a number, denoted Bg(Vi,..., V), or B(Vi,...,Vy) if

there is mo ambiguity, and defined as follows:

B4, ..., V) ::l(&%) - > Z(wuxg)+(n—2)i5(w).

1<i<j<n
Notice that (V1) = 0. Notice also that (Vi,...,V,, @) = 8(V1,..., Va).
So, in the sequel, when we calculate §(V1,...,V,,) we may suppose that each

V; is nonempty.
Let n < m be two nonnegative integers, the set {k € N |n <k <m} is
denoted by [n, m]. For n € N\ {0}, the successor function modulo n denoted
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by sp : [0,n — 1] — [0,n — 1] is defined by s,(n —1) := 0 and if n > 2 and
i € [0,n — 2] then s,(i) ==+ 1.

A path is a sequence of pairwise distinct vertices of G, vg,...,vi_1, such
that, for each index i € [0, k — 2], the pair {v;, v;+1} is an edge; the length of
this path is k. A circuit of G is a sequence o := vy, ..., v_1 of at least three
vertices of G such that, for each index i € [0,k — 1], {v;, vy, (;)} s an edge
and such that all edges in [[o]| := {{vi,vs,;)} | i € [0,k — 1]} are pairwise
distinct; the set of edges ||o|| is called the support of o. A path which is also
a circuit is called a cycle.

Definition 1.2. Let £ := (Vi,...,V,) be a family of subsets of V. A &-
labeled path is a pair (m,1) such that 7 is a path whose vertices belong to
Vi. Let (m,i) and (7',i') be two &-labeled paths with m = vy, ...,vx and

= ,..., v, we say that (m,1) is joinable to (n',i") if i # ' and either
v = v or {vg, vy} is an edge. A &-path-cycle is a sequence of &-labeled
paths (7, 40), - -, (Tk—1,1k—1), k > 3, which satisfies two conditions: (i) for

each index | € [0,k — 1], (m1,14;) is joinable to (7, 1), s, 1)) and (ii) if | # 1
and iy = iy then m and mp belong to different components of Vi,. This
&-path-cycle is 2-colored if the set {ig,...,ix_1} has at most two elements.

We notice that if £ := (Vi,...,V},) is a family of pairwise disjoint sets
of vertices then every {-path-cycle II := (7o, 4g), . .., (Tk—1,ik—1) induces an
ordinary cycle C := 7, ..., m_1 in G; such a &-path-cycle is 2-colored if and
only if the vertices of the induced cycle belong to V; U V; for some indexes
i,].

Recall that a partition k := (Vi,...,V,,) of the set of vertices of a graph
G := (V, F) into independent subsets is said to be a coloration of G. A cycle
C :=vyg,...,v5_1 is 2-colored by k if there are two distinct indexes 7, j such
that for each index [ € [0, k — 1], either v; € V; and v, ;) € Vj or vy € V; and
v, 1) € Vi. Let k= (V1,...,Vy) be a coloration of a graph G. A 2-colored
k-path-cycle induces a cycle which is 2-colored by « and conversely.

We state next the main result of this paper:

Theorem 1.3. Let G := (V, E) be a graph and & := (V1,...,V,,) be a family
of finite subsets of V.. Then
(&) B(Vi,...,Va) = 0;
(b) B(V1,..., V) =0 if and only if every &-path-cycle of G[V1U---UV,)]
18 2-colored.

We give two proofs of Theorem 1.3. The first one (see Section 2) is
algebraic. The second one (see Section 5) is purely combinatorial.

1.2. Motivation. These results originate in the study of Boolean algebras.
Let C be a chain with a first element. The interval algebra B(C) of C'is the
subalgebra of the power set P(C) of C generated by the collection Ij,(C)
of half-open intervals [a,b] with a € C, b € C U {400} and a < b. To
each element z € B(C') we associate an integer, the length of x denoted by
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IB(c)(7), or [(x) when there is no ambiguity, and defined as follows: I(z) := 0
if = @, otherwise /() is the unique integer n such that x = (J,_,,[a2i, a2i41]
and ag < a1 < -+ < agp—1 € CU{+o0}. A formula involving lengths of
unions of elements of an interval algebra B(C) appeared in Pouzet and
Rival [4]. In order to prove that countable lattices are retracts of products
of chains, they proved that for every z,y € B(C):

(1.1) lzUy)+U(zNny) <l(z)+Uy).

Later, Bonnet and Si Kaddour [5], in order to prove that interval algebras
on a scattered chain have a well-founded set of generators, proved that for
every z,y € B(C):

(1.2) lzUy)+U(zny)+1(xz\y) +1(y\z) =1(z)+(y) + (zAy).

Note that (1.2) implies (1.1). The proof of (1.2) needed a lengthy case
analysis. The last author [6], gave an equivalent formulation of (1.2) by
proving that for every pairwise disjoint elements z, y and z of B(C):

(1.3) l(zUyUz)=IlzVUy)+l(zUz)+1(yUz)—Il(z)—U(y) —(2).

He also extended the above formula, proving that for every integer and every
family (z;)1<i<n of pairwise disjoint elements of B(C'):

(1.4) l (U xz> = Z l(z; Uxj) — (n— Q)Zl(a:z)

i=1 1<i<j<n

It was natural to ask if formula (1.4) holds in a more general situation. This
was the motivation for this research. It led us to the Theorems 1.3 and 2.2.

1.3. Application. To conclude, let us explain how to derive formula (1.4)
from Theorem 1.3. Let G = (I;(C), E) be the graph where {z,y} € E if
and only if zUy is an interval. Let (x;)1<i<pn be a family of pairwise disjoint
elements of B(C'). Each w; is an union of /(z;) intervals z;;, where 1 < j <
I(x;), such that the union of z;; and Ti, for j # j' is not an interval of C' (in
particular z;; and z; , are disjoint). For each i set V; := {=z;; | 1 < j <(zi)}.
The V;’s are pairwise disjoint (since the x;’s are pairwise disjoint) contain
I(x;) vertices and are independent. Moreover, G[V; U --- U V,,] contains no
cycle at all. Indeed, if it contains a cycle S, let p be the leftmost half-open
interval belonging to S. Let ¢, r be the neighbours of p in S. Since pUgq and
pUr are intervals, ¢ and r must be on the right of p and hence they have the
same minimum. This contradicts the fact that ¢ and r are disjoint intervals.
From (2) of Theorem 1.3 we have 3(Vi,...,V,) = 0. Since a set of vertices
{p1,...,m} of GIV1 U---UV,] is connected if and only if py U---Up; is
an interval, then lgy,u...uv, ) (U) = lp(c)(UU) for every subset U of vertices;
hence B3(Vi,...,V,) = 0 translates to formula (1.4).

This approach generalizes. Consider a set P of subsets of some set X.
Let F(P) be the set of finite unions of members of P. The length, I(u),
of u € F(P) is the least n such that there are p1,...,p, € P satisfying
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w = p;p U---Upp. In Section 6 we give a condition which ensures that
formula (1.4) holds for all members of F(P). In Section 7 we give examples
of such P’s:

e The set of intervals of a chain. (Proposition 7.5).

e The set of connected sets of a forest. (Proposition 7.2).

e The set of truncated cones. (Proposition 7.9). This says that for-
mula (1.4) holds for members of pseudo-tree algebras. These boolean
algebras generalize interval algebras [1, 3].

An earlier version of this paper was presented to the symposium held in
2000 at Marseille in the honour of Roland Fraissé.

2. ALGEBRAIC STUDY OF (3

In this section we prove Theorem 1.3, by algebraic means, for the case of
families of disjoint and independent sets of vertices.

2.1. Relation Between [ and the Cyclomatic Number. Following [2]
we give the definition of the cycle space in a graph. Let G be a finite
graph and wi,...,u, be a fized enumeration of the edge set £/ of G. Let
Fy := {0,1} be the two element field. To each subset C' of E, associate
the vector [C] = (c1,...,¢p) € FY with ¢; = 1 if w; € C, and ¢; = 0
otherwise. For each vector D := (dy,...,dp,) € Fh, its support is the set
||D|| := {u; | di = 1}. Note that, if C' is a cycle of G, ||C|| does not mean
the support of a vector in F} just defined (as a cycle is a sequence of vertices,
not a vector in F%), but the support of a circuit defined just before Definition
1.2. The cycle space, S(G), is the Fa-vector space generated by the family
of vectors [||C]]] for C cycle of G. For each cycle C of G, since there is no
ambiguity, we will use the notation [C] instead of [||C]|].

A circuit which visits each edge of G is an Fulerian tour of G. A connected
graph is Fulerian if it has a an Eulerian tour. As proved in [2], S(G) is
characterized by the following;:

Proposition 2.1. Let G := (V, E) be a finite graph such that |[E| = p. A
vector D € FY belongs to S(G) if and only if each component of the graph
(V,1|D]|) is Fulerian.

The dimension of S(G), denoted by v(G), is called the cyclomatic number
of G. We recall the equality—see for example [2] or Corollary 4.7—relating
the numbers v(G) of vertices, e(G) of edges, [(G) of components of a graph
G and its cyclomatic number v(G):

(2.1) v(G) =e(G) —v(G) +I(G).

It turns out that the numbers 3 and v are closely related:

Theorem 2.2. Let G := (V, E) be a finite graph and & := (V1,...,V,,) be a
coloration of G, then:

(@) B(Vi,.... Vo) =v(G) = Y v(GV;UVj));

1<i<j<n
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(b) B(V4,..., V) = v(G) if and only if G contains no cycle that is 2-
colored by &.
Proof. Ttem (a): By definition of 3 we have

n

BV, ..., V) =1 (OV) = D ViUV +(n—2)) (V)
=1

1<i<j<n i=1

=IV)+(n=2)|V[= > UViuV)).

1<i<j<n
From equation (2.1) we have
=v(G)—e(G)+ |V I+ (n=2)| V]
= D MEMUV) —eGuVD+ ViUV |-

1<i<j<n
Hence
=v(@ - Y v(GViuV)
1<i<j<n
+n=1) V= Y |[ViuV]
1<i<j<n
~le@ = > e@viuv)
1<i<j<n
Since (Vi,...,V,) is a coloration of G, we have
(@)= 3 eGViuv) and Y ViUV =(m-1)|V].
1<i<j<n 1<i<j<n
Consequently:

BV, Vo) =v(G) = > v(GV;uVj]).

1<i<j<n
Item (b): Applying item (a) we have
BVi,....Va) =v(G) = ) w(GViUVj])=0
1<i<j<n
< v(G[V;uV;]) =0,forall i # j
<= There is no cycle that is 2-colored by &.
O

We recall that a graph G is triangulated if each cycle C of length greater
than 3 has a chord i.e. an edge joining two non-adjacent vertices of C'. A
graph G is acyclic or a forest if it has no cycle. An instance of Theorem 2.2
is:
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Proposition 2.3. Let G = (V, E) be a finite graph and (Vi,...,Vy) be a
coloration of G. If G is acyclic then 3(Vi,...,V,) =0. If G has no cycle of
even length or is triangulated then B(V1,...,V,) = v(G).

2.1.1. A derivation of formula (1.4) from Proposition 2.3. Associate to the
chain C the chain C” which includes for each element a of C three elements
ay, a, and a,. The order on C’ being defined by: a; < a,, < a, and a, < b
for each a < bin C. Let G’ = (I,(C"), E’) be the graph where {2/,y'} € F’
if and only if 2/ Ny’ # @. This graph as well as its induced subgraphs are
called interval graph. It is well-known that interval graphs are triangulated.!
Let G = (I,(C), E) be the graph defined in Subsection 1.3. For each interval
p := [a,b] of C we associate the interval p’ := [a;, b.[ of C’. We remark that
[a,b[U[c,d[ is an interval of C if and only if

lag, by N [er,dy[ # .

So, G is isomorphic to an induced subgraph of G’. Hence, denoting by
U’ the set of vertices in G’ associated to a set of vertices U of G, we
have Ba(Vi,...,Va) = Ba(V{,...,V,) for any family (Vi,...,V,) of sets
of vertices of G. Since G’ is an interval graph we have by Proposition 2.3,
Ber(V],..., V) =v(G'[V{U---UV,]) whenever the V/s are pairwise disjoint
independent sets. Moreover, in our case G'[V]/ U --- U V/] has no cycle (see
subsection 1.3), hence v(G'[V{ U---UV/]) = 0. Formula (1.4) follows.

2.2. The Sign of 3. For a subset F of the vector space F5, we denote by
(F') the vector subspace generated by F. Let (Vi,...,V,) be a coloration of
G. Given 1 < i < j <mn, a family B;; C S(G) is a cycle basis of G[V; U V}]
if B; ; is a basis of ({[C] € S(G) | C is a cycle of G[V; UV}] }). We notice
that V(GIV; UV;]) = | Biyl.

Lemma 2.4. Let G = (V, E) be a finite graph and {V1,...,V,} be a col-
oration of G. For each {i,j} C [1,n] such that i # j, let B; j be a cycle basis
of G[V; UVj]. Then B := U;<;cj<n Biyj is linearly independent.

Proof. For {k,l} # {1, j}, the set of edges of G[V;UV}] is disjoint from the set
of edges of G[V,UV]] . Hence, if D := (di,...,d|g|) € (Bi;) and 1 < ¢ < |E|
such that d, = 1 then for each vector D' := (d},.. "diE\) € (By,;) we have
d;:(). So, D& (U{ By | 1 <k<l<n{kI1}#{ij}}) ([
Theorem 2.5. Let G be a finite graph and let (Vi,...,V,) be a coloration
of G. Then B(V1,...,V,) > 0.

Proof. Let B; ; be a cycle basis of G[V; UV}]. By Lemma 2.4, U1§i<j§n B; ;
is linearly independent and, since the B; ;’s are pairwise disjoint, we have:
> v(GV;uV]) < u(G).
1<i<j<n

The conclusion follows from item (a) of Theorem 2.2. O

IThe converse of this theorem is false; see for example [7].
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Theorem 2.6. Let G be a finite graph and § := (V1,...,V,,) be a coloration
of G. Then B(Vi,..., V) = 0 if and only if every cycle of G is 2-colored
by &.

Proof. Let B; ;j be a cycle basis of G[V; U V] and let B :={J;; <, Bi;-
Assume that 3(Vi,...,V,) = 0: Then by item (a) of Theorem 2.2:

(22) MG = Y WGIEUV).

1<i<j<n

By Lemma 2.4, the set of vectors B is linearly independent, and by (2.2)
and the fact that B; jN By, = @ for {i,j} # {k,l}, the set B is maximal,
hence is a basis of S(G).

Since B is a basis, if C is a cycle of G, there is a family {D; ; € (B; ;) |
1 <4< j <n} such that [C] = 37, <, Di;. Since the sets of edges
of G[V; UV;] and of G[V; UV]] are disjoint for {i,j} # {k,l}, we have
I C'[|= Ur<icj<n |l Dij || This implies that |[C|| = [|D;,;| for some i, j
proving that C is 2-colored by &. Indeed, since {3, j} # {k,l}, D;j # @
and Dy # @ would imply, by Proposition 2.1, that ||C|| contains the
support of two cycles with no common edge.

Assume that every cycle of G is 2-colored by &: This means that for
every cycle C there are ¢ # j such that C' is a cycle of G[V; UV}]. Hence
B is a generating family of S(G). By Lemma 2.4 we deduce that B is a
basis of S(G). That is

vG = Y [|Biyl= ), v(GViUV)).

1<i<j<n 1<i<j<n
By item (a) of Theorem 2.2, 5(V4,...,V,) =0.

3. THE CONNECTION GRAPH

In this section we prove that Theorem 1.3 can be derived from the fact
that it holds for the case of families of disjoint and independent sets of
vertices.

Given a graph G := (V, F) and a family (V1,...,V},) of (nonempty) finite
subsets of vertices of G, we show in Theorem 3.6 that 5(V1,...,V,) is equal
to B(V{,...,V}) for a family (V{,..., V) of pairwise disjoint independent
sets of vertices in G(V1,...,V,,), the connection graph, we introduce below.

Definition 3.1. The connection graph of G, denoted by G(Vi,...,V,,), is
defined as follows:
e The vertices of G(Vi,...,V,,) are pairs (p,i) where p is a component
of G[Vi].
e The edges of G(Vi,..., V) are pairs of distinct vertices (p,i), (q,7)
such that p U q is connected.
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To each set ¢’ of vertices of G(Vi,...,V,,) we associate the set 1(¢") of
vertices of G[V4 U ---UV,] defined as follows:

U(q) = J{p| (p.i) € ¢ for some i, 1 <i <n}

Lemma 3.2. A set ¢’ of vertices of G(Vi,...,V,) is connected if and only
if ¥(q') is connected.

Proof. Suppose that 1 (q’) is connected. Let (p,i) and (p/,i’) be elements
of ¢. Pick v € p and v' € p/. Since 9(¢’) is connected and contains p U p/,
there is a sequence vy, ..., v of vertices of (q') such that vg = v, vy, = v/
and {vj,vj11} € E for every j such that 0 < j < k — 1. For each one
of these j’s choose (pj;,i;) in ¢’ such that v; € p;, (p1,91) = (p,?) and
(pk,ix) = (p',4"). Then there is a subsequence of (p1,41), ..., (pg, i) that is
a path in ¢’ containing (p1,41) and (pg,ix). Hence ¢’ is connected.
Conversely, suppose that ¢’ is connected. Assume first that ¢’ is finite.
We prove by induction on the size k := |¢’| of ¢’ that ¢ (q’) is connected.

Assume k = 1: We have ¢ = {(p,7)} and ¥ (¢’) = p which is connected.

Assume k > 1: Since ¢’ is connected, there is some (p,i) € ¢’ such that
q¢" == ¢ \ {(p,i)} is connected. Since ¢’ is connected there is some
(p,i")edqd, (p,i') # (p,i) such that pUp’ is connected. Since p’ C ¥ (q")
and by inductive hypothesis 1(¢") is connected, then 9 (¢") = p U (q¢")
is connected.

If ¢ is infinite, let {v,v'} C 1(¢’). Take {(p, i), (p',7')} C ¢’ such thatv € p
and v’ € p/. There is a finite connected set ¢” such that {(p,i), (p/,i')} C
q" C ¢'. Hence, v and v’ belong to 1(¢"”) which is connected. So, there is a
path between v and v" which lies in ¢(¢”) and a fortiori in ¢(q). O

Remark 3.3: If ¢ is a component of G[V; U---UV,] and p is a component of
G[V;] for some i € [1,n], then either p C gor pNg=@.

If ¢’ is a component of G(V1,...,V,) and (p,i) € ¢, then not only is
pNY(q) =, but p also does not contain a neighbour of a vertex in ¥(q’).
(Otherwise, there is some (p’,4') € ¢’ such that p N p' # @; since ¢ is a
component, (p,i) € ¢'.)

Lemma 3.4. A set ¢ of vertices of G(V1,...,Vy,) is a component if and
only if ¥(q') is a component of G[VyL U ---U V).

Proof. We abbreviate H := G[V4U---UV,| and H' := G(V1,...,V,). Assume
that 1(q’) is a component of H. According to Lemma 3.2, ¢’ is connected.
Let ¢” be the component containing ¢’. Then ¥(q¢’) C ¥(¢"”). By Lemma 3.2,
¥(q") is connected. If ¢ # ¢, take (p,i) € ¢" \ ¢. Then, by Remark 3.3,
p C (") \ ¥(q). Thus ¢¥(q") & ¥(¢"). This contradicts the fact that 1 (q’)
is a component of H.

Conversely, assume that ¢’ is a component of H' but that 1(¢') is not
a component of H. There is v € H \ ¥(¢') such that v is connected to
some v' € ¥(q'). Take (p,i),(p’,4") such that v € p and v' € p’. Hence,
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(p,i) € ¢ and (p',4’') € ¢ are connected which contradicts the fact that ¢’ is
a component of H'. O

Moreover, we have:

Lemma 3.5. Let G := (V,E) be a graph and (Vi,...,V,) be a family of
nonempty finite subsets of V.. For each i, let P; be the set of components of
G[Vi]. Then

le(ViU---UWV,) =lgo,. v (Pt x {1} U~ U B, X {n}).
Proof. Tt suffices to prove that 1 induces a bijection 1)’ from the set of

components of H' := G(Vi,...,V,) onto the set of components of H :=
GWViU---UV,).

¢’ is one to one: Suppose that ¥’ (q) = ¢'(¢) and that (p,i) € ¢\ ¢'. Since
¢’ is a component, by Remark 3.3, p N ¢/(¢') = &, but p C ¥'(q), which
contradicts the fact that ¢'(q) = ¢'(¢).

' is onto: For any component 7 of H, by Remark 3.3 we have:
T = U{p C w | 3i € [1,n] such that p is a component of G[V;]}.
Set
q :={(p,i) | p C m, pis acomponent of G[V] (i € [1,n])}.

We have m = 1(¢'). By Lemma 3.4, ¢’ is a component of H and 7 =
V().
O

A consequence of the previous lemma is the following result:

Theorem 3.6. Let G := (V, E) be a graph and (V1,...,Vy,) be a family of
finite subsets of V. For each i, let P; be the set of components of G[V;].
Then:

5G(V1, ey Vn) = /BG(Vh-u,Vn)(Pl X {1}, .. 7Pn X {n})
Proof. We set H' := G(Vi,...,V,). We notice first that for every subfam-
ily (Viy,..., Vi), the connection graph G(V;,,...,V;,) is an induced sub-
graph of H’. Hence, if U is a set of vertices of G(V;,,...,V; ) we have

1k

lei,,..v;,)(U) = lgr(U). Then, applying Lemma 3.5 to G[V1 U--- U V4],
G[V; UVj] and G[V;] for all 4, j’s we have:

/BG(‘/:[77VTL):ZG<U‘/;>_ Z la (VUV n— ZZG )
i=1

1<i<j<n

1<i<j<n

(n—2 ZIH/ 5 X {i})
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and so,

/BG(‘/la .- 7Vn) = /BG(Vl,...,Vn)(Pl X {1}7 s 7PTZ X {n})
([l

Lemma 3.7. Let G := (V, E) be a graph and § = (V1,...,Vy) be a family of
subsets of V.. For each index i let P; be the set of components of G[V;] and
let & .= (P x{1},..., P, x {n}). The following statements are equivalent:
(i) Ewvery &-path-cycle of G[Vi U ---UV,] is 2-colored.
(ii) Fwvery cycle of the connection graph G(Vi,...,Vy) is 2-colored by &'.

Proof. Let H := GV, U---UV,] and H :=G(WV1,...,V,).

(i) implies (ii): Let C := (po,io),.- ., (Pk—1,ik—1) be a cycle of H'. For
each index [ € [0,k — 1], we have i; # i, ;) and we construct a {-path-
cycle II := (mo,i0),. .., (mk—1,9k—1) such that the vertices of m; belong
to p;. For this, for each index [ we select a pair {x;,y;} C p; such that
{yr, 141} is an edge or y; = zy41. For each index [ we select a path
T = v0,...,V,5 S psuch that x; = v and y = v, ,. Since the
&-path-cycle II is 2-colored then C' is 2-colored by &'.

(ii) implies (i): Let II := (mo,%0), ..., (mk—1,ik—1) be a &-path-cycle of H
and, for each [ € [0,k — 1], let p; be the component of V;, which contains
m. Then C := (po,io),---,(Pk_1,ik—1) is a cycle of H'. Since C is
2-colored by &', II is 2-colored.

O

Proof of Theorem 1.3. In Theorem 3.6, (P x {1},..., P, x {n}) is a family
of pairwise disjoint independent sets of vertices of G(Vi,...,V,). Hence,
item (a) is a consequence of Theorem 2.5; and item (b) is a consequence of
Lemma 3.7 and Theorem 2.6. ]

4. RECURSIVE PROPERTIES OF 3 AND v

In this section we give recursive definitions of 3 and v. These definitions
allow us to give an inductive proof of Theorem 2.2 and a derivation of
equation (2.1).

Given a family (V4,...,V,,), where n > 2, of finite sets of vertices of a
graph G, we will define B(V4,...,V,,) recursively on (n,|V,|) lexicograph-
ically ordered. We notice first that 5(V1,V2) = 0 and 5(V4,...,V,, Q) =
B(Vi,...,V,). Hence, in order to complete a recursive definition of 3 we
require to evaluate 5(V1,...,V, U{v}) — B(V1,...,V,). For this we define
the connection degree:

Definition 4.1. Let G := (V, E) be a graph. Given uw € V and U CV, U
finite. The set of neighbors of u in U is Ng(U,u) :={v € U | {u,v} € E}.
We say that u is connected with U if u € U or Ng(U,u) # &. We denote
by d(U,u) := |Ng(U,u)|. We denote by K(U,u) or K(U,{u}) the set of

components of U which are connected to u. The connection degree of the
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vertex u with the set of vertices U, denoted by x(U,u) or k(U,{u}), is the
cardinality of K(U,u).

Note that x(U,u) = 1 if w € U. The connection degree satisfies the

following lemma which is easy to prove:

Lemma 4.2. Let G := (V,E) be a graph. Let u be a vertex and let U be a
set of finite vertices, we have (U U{u}) =1(U) — k(U,u) + 1.

Lemma 4.3. Let G := (V,E) be a graph. Let v be a vertex and let
(Vi,..., V), where n > 2, be a family of finite subsets of V, the follow-
ing equation holds:

BVi,...,VaU{v}) —B(Vi,..., V)

n—1
= (Z K(V; U Vn,v)> — k(iU UVp,v) = (n—2)k(Vp,v).

i=1
Proof. By application of Definition 1.1 and Lemma 4.2 we have
BVi,..., Vo U{v}) = B(Vh,..., Vp)
=I(Viu---UV,U{v}) —1i(ViU---UVy,)
+ (n = 2)[l(V, U {v}) = U(V},)]

n—1
+ Y ViU VL) = 1(V; UV, U{o})
i=1
=1-r(V1U---UVp,0)

—(n—2)(x (Vn,v)—)
+Z (Vi UV, v) — 1).

O

Definition 4.4. Let G := (V, E) be a graph. Let U CV and a vertezu ¢ U.
We define v(U,u) := v(G[U U{u}]) — v(G[U]).

We will prove Theorem 2.2 using the recursive definition of 8 and a re-
cursive property of the cyclomatic number given by the following lemma:

Lemma 4.5. Let G := (V, E) be a graph. Given a finite set of vertices U
and a vertexr u & U then:

v(GIU U{u}]) —v(GU]) = d(U,u) — (U, u).
Proof. Let Uy, ..., Uy be the components of U. For each i € [1, k| let B; and
B! be subsets of S(G) such that B; is a cycle basis of G[U;] and B; U B, is
a cycle basis of G[U; U {u}]. Then, B := |J!=F B; is a cycle basis of G[U]
and, if B := | .=} " B/, then BUB' is a cycle basis of G[UiU{u}]. Therefore,
v(Uu) =S8 V(U,, w).
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In order to conclude, it is sufficient to show that v(U;,u) = d(U;,u) — 1
for each index 4. In fact, if a vertex u is connected with a connected set of
vertices W, such that u & W, then v(W,u) = d(W,u) — 1. Indeed, suppose
that W is a connected subset of V. Let v1,...vgmw,,) be an enumeration of
the set of neighbors of w in W. For each [ € [1,d(W,u) — 1], we choose a
path m := v, 20,...,2j,,vi+1 in W. Thus, C; := u,v;,x0,...,Tj,vi4+1 is a
cycle. It is straightforward to show that if B is a cycle basis of G[W] then
BU{Cy,...,Cqwu)—1} is a cycle basis of G[W U {u}]. O

Proposition 4.6. Let G = (V,E) be a graph. If (Vi,...,Vp_1,V, U{v}) is
a family of pairwise disjoint finite independent subsets of V., withv € V\V,,
then:

B(‘/Ylv s V-1, VU {U}) - ﬁ(Vl, .. 7Vn)
n—1
=v(ViU--UVp,0) = Y v(V; UV, ).
i=1

Proof. Since (Vi,...,Vy—1,Vi—1,V, U {v}) is a family of pairwise disjoint
independent subsets of V', then:

n—1
(Zd(w,v)) —d(ViU---UVy,v) = 0.
=1

Since V,, U {v} is independent, x(V,,v) = 0. By lemmas 4.3 and 4.5, we
have:

BVi,..., Vo U{v}) —B(Vi,..., V)

n—1
:< E(ViUVn,U)>—K(V1U'”UVn,U)
1

(]

|
—

n

[d(V; UV, v) —v(V; UV, v)]
1
+v(ViU---UV,,v)—d(V1U---UV,,v)

%

n—1

=v(ViU---UVp,v) = Y v(V;UVp,v)
=1
n—1
+ <Zd(Vi,v)> —d(ViU---UVp,w)
i=1
n—1
=v(ViuU---UVp,v) =) v(V;UV,,v).

=1

Now, we are able to give an inductive proof of Theorem 2.2.
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Proof of Theorem 2.2. We prove item (a) only, from which item (b) is a
direct consequence. Let G = (V, E) be a graph and (V3,...,V},) be a col-
oration of G. We give a proof by induction on (n,|V,|) lexicographically
ordered.

Initial step: If n = 2 then G = G[V; U V3], and v(G) = v(G[V1 U V3]), on
the other hand 3(Vi, V2) = 0, so item (a) holds.

Inductive step: Suppose that {V1,...,V;,_1,V, U{v}} is a family of pair-
wise disjoint independent subsets of V' and that, by inductive hypothesis
(I.H.), item (a) of Theorem 2.2 holds for the family (V3,...,V},). Then
by Proposition 4.6:

ﬁ(Vl, ey Vn—h Vn U {U})

n—1
=BVi,.... Vo) +v(Vi U+ UV, 0) = > v(VUV,,0)
=1
n—1
yeniu-- o)) - S UGV U )
=1
- ) w(GV;uy)
1<i<j<n—1
n—1
v(ViU---UV,,v) — v(V; UV, v)

=1

n—1
=v(GVLU---UV,U{v}]) —Zy(G[%UVnU{U}])
=1
- Y u@miuv).
1<i<j<n—1

O

As a corollary of Theorem 2.2, and using the notations of Section 2, we
have the classical result:

Corollary 4.7. The cyclomatic number v(G) of G, is given by the formula:
v(G) =e(G) —v(G) + I(G).

Proof. Let {vi,...,v,} be an enumeration of the vertices of G. For each
index i, let V; := {v;}. Thus, £ := (V4,...,V,) is a coloration of G and we
have:

> {wu}) =0(G) —v(G) - e(@).

1<i<j<v(G)
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Since each V; is a singleton, there is no cycle that is 2-colored by £. Hence,
by item (b) of Theorem 2.2 we have that 3({v1},...,{vyq)}) = v(G). Thus

v(G)
V(@) = UG~ Y l({vi7”j})+(U(G)_2)Zl({vi})

1<i<j<v(@)
I(G) — (v(G)* = v(G) — (@) + (v(G) — 2)v(G)
(G) —v(G) +e(G).

5. A COMBINATORIAL PROOF OF THEOREMS 2.5 AND 2.6

In this section we prove Theorems 2.5 and 2.6 by recursive and combina-
torial means. For, we need to define an auxiliary function.

Definition 5.1. Let G be a graph. The function § is defined for any family

of finite sets of vertices (V1,...,Vy), where n > 2, and any vertex v by:
n—1
Vi, ..., Vp,v) := (Z k(V; U Vn,v)> —rk(V1U---UV,,v).
i=1

Remark 5.2: Let G = (V, E) be a graph. Let (Vi,...,V,_1,V,,) be a family
of pairwise disjoint finite independent subsets of V.. Let V,, := V,, \ {v} with
v € V,. By hypothesis V,, is independent, hence k(V,,v) = 0. Thus, by
Lemma 4.3 we have that

,B(Vl, .. .,Vn_l,Vé U {’U}) — ,B(Vl, R VA 7;)

n—1
= (Z K(V; U VM)) —k(ViU--- UV, UV 0)
i=1

=0V, , Vo1,V 0).

Lemma 5.3. Let G := (V,E) be a graph. For any family (V1,...,V,),
where n > 2, of finite sets of vertices and for any vertex v we have:
(a) 0(Vp,...,V,,v) > 0.
(b) 6(Vi,...,Vy,v) = 0 if and only if for each p € K(Vi1 U---UV,,0v)
there is a unique pair (q,1) such thati € [1,n—1], ¢ € K(V;UV,,v)
and q C p.

Proof. Let ¢ be the function which maps (U, j) € U,y 1 K(ViUVp,v) X
{i} to ¢((U', 7)) € K(V1 U---UV,,v) such that U C ¢((U", j)).

This map is onto: let U € K(Vi; U---U Vy,v), and u € Ng(U,v); if
uwe V;UV, let U € K(V; UV,,v) such that u € U’, then U = ¢((U’,1)).
Thus, 377 k(V; UV, v) > &(ViU--- UV, ). Hence §(V4,..., Vi, v) > 0.

Moreover, §(Vi,...,V,,v) = 0if and only if ¢ is one-to-one. This amounts
to the conclusion of (b). O
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Corollary 5.4. Let G := (V,E) be a graph. Let (Vq,...,V,) be a family
of disjoint finite independent subsets of V.. Let (V{,..., V) be a family of
subsets of V' satisfying V! C Vi for all i € [1,n]. Then B(V{,...,V]) <
BVi, ..., V).

Proof. By induction on Z?;ll |Vi|, using Remark 5.2 and Lemma 5.3 (a). O

Proof of Theorem 2.5. By lexicographic induction on (n,|V,]).
Initial step: For n € {1,2} we have §(V1,V},) = 0.

Inductive step: Let v € V,, and V,, = V,, \ {v}. Either V, = & and
then (n —1,|V,—1]) < (n,0), or V;, # & and then (n,|V,|) < (n,|V, U
{v}|). In both cases we may apply the inductive hypothesis. Hence,
BVi,. .., Va1, V!) > 0. On the other hand, §(V1,..., V-1,V v) > 0
by Lemma 5.3. We conclude, by Remark 5.2, that 3(Vi,...,V,—1,V, U
fo) = 0.

(]

Lemma 5.5. Let G = (V, E) be a graph and § := (V1,...,V,_1,Vy) be a
family of pairwise disjoint finite independent subsets of V.. Let V! := V,,\{v}
with v € V,. If every cycle in G[V1 U --- U V,] is 2-colored by &, then
SV, Vi1, V! 0) = 0.

Proof. By instantiating Lemma 5.3 with the family (V1,...,V,-1,V,) and
with the vertex v, we see that it suffices to prove that, for each p € K(V; U
- UV,—oUV,_1 UV v) there is a unique pair (g,) such that i € [1,n —1],
g€ K(V;UV,! v) and ¢ C p. We distinguish two cases, both of which will

lead to a contradiction.

e If there are i # j such that p contains a component of V; UV
connected with v and a component of V; UV, connected with v,
then, there are v; € (V; UV,)) Np and v; € (V; UV,) N p such that
v is connected with v; and v;. Since V;, = V,, U {v} is independent,
necessarily v; € V; and v; € V;. Hence, there is a cycle in G[V; U
-+ UV,] containing v, v;, v, this cycle is not 2-colored by &.

e If p contains two components, p; and ps, of some V; UV, connected
with v, then there are two vertices v;1 € V; Np; and v € V; N poy
both connected with v. But, since v; and vy belong to p there is in
p a path 7 := vy, ug,...,up_1,v2 in G[Vi U---UV,_1 UV/]. Since
p1 and py are two different components of V; UV, the path 7 is not
contained in V; U V,!. Necessarily 7 contains a vertex which belongs
to Vj for some j & {i,n}. Then the cycle v,v1,ug, ..., ur—1,v2, in
G[V1 U---UV,], is not 2-colored by &.

O

We denote by S, the set of permutations of [1, n].
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Lemma 5.6. Let G = (V, E) be a graph and & := (V1,...,Vy) be a family of
pairwise disjoint finite independent subsets of V. The following statements
are equivalent:

(i) For every o € Sy and every v € V, (),

5(V0(1)7 R Vo(n71)7 Vo'(n) \ {U}7 U) = 0.
(ii) Every cycle in G|V U ---UV,] is 2-colored by &.
Proof.

(i) implies (ii): Let C be a cycle in G[V; U --- U V,] not 2-colored by
€. Necessarily C' contains a path vy, v,ve such that (vy,v,v3) € Vo) X
Vo) X V(o) for some permutation o € S,. Let Va’(n) = Vo) \ {v}-
Thus, v1 and vy belong to the same component in Vo) U--- U Vg ,_1) U
|74 (n)» Put v1 belongs to a component of V(1) U V! (ny Which is different
from the component of V) U Va’(n) containing vs. So, by Lemma 5.3,

5(V0(1), ceey Vg(nfl), Vg(n) \ {1)}, ’U) > 0.

(ii) implies (i): We instantiate Lemma 5.5 with (V;(1), ..., Vo=1) Vo(n))
and with the vertex v.
O

Proof of Theorem 2.6. Assume that g(Vi,...,V,) = 0. By symmetry of
the function § with respect to its arguments, for each o € S, we have
B(Ve)s -5 Vomy) = B(Vi,...,Va) = 0. Moreover, by Theorem 2.5 and
Corollary 5.4, for each v € V,(,y we have B(Vy1), -+, Vono1), Vo) \ {v}) =
0; thus, by Remark 5.2 the equality 0(V,(1y,- -+, Votn—1); Vo) \ {v},v) = 0.
We conclude, by Lemma 5.6, that every cycle in G[V; U---UV,,] is 2-colored
by &.

Conversely, we prove by lexicographic induction on (n, |V,,|) that, for each
graph G and coloration & := (V1,...,V,) of G, if all cycles of G are 2-colored
by ¢ then (V1,...,V,) =0.

Initial step: For n € {1,2} we have §(V1,V},) = 0.

Inductive step: Let v € V,, and V,) := V], \ {v}. Then, we have all cycles
of the graph G’ := G[V4,...,V,—1,V]] are 2-colored by the coloration
(Vi,..., Vo1, V). Either V] = & and then (n — 1,|V,—-1]) < (n,0), or
V! # @ and then (n,|V,|) < (n,|V,, U{v}|). By inductive hypothesis,
Bar(Viy..., Vo1, V) = 0. Therefore, we have Bg(Vi,...,Vho1,V)) =
Bar(Vi, ..., Va1,V = 0since the graph G’ is induced from the graph G.
On the other hand, by Lemma 5.5, the equality 6(V3,...,V,-1,V,,v) =0
holds. We conclude, by Remark 5.2, that 8(V1,...,V,-1,V, U{v}) = 0.

O
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6. REPRESENTABLE PROPERTIES

In this section we give a characterization of a family of properties for
which we can apply equation (1.4).

Let X be a set, we say that P is a property on subsets of X if P C P(X).
We set P* =P\ {@} and we define the graph Gp = (P*, E) by:

{p1,p2} € E <= (p1Upzs € P and p; # p2) .

We denote by F(P) the set of finite unions of elements of P. A nonempty

element g of P is a P-component of A C X if ¢ C A and if for every p € P
such that p C A and pNq # & we have p C g.
Remark 6.1: Let P be a property on subsets of X. Let p and ¢ be P-
components of A C X; then, either p = ¢ or pN ¢ = &. Hence, for every
u € F(P)\ {2}, the set of P-components of u, denoted by K (u), satisfies
that its elements are pairwise disjoint. The cardinality of K (u) is called the
length of u and is denoted by Ip(u) or I(u). We assume that K (&) = @ and
lp(@)=0.

Definition 6.2. Let X be a set, and P be a property on subsets of X. We
say that P is representable by Gp (or P is representable) if it satisfies the
following properties:
(a) For every u € F(P)\ {2}, K(u) is a partition of u.
(b) For every p1,...,px € P, we have p1 U---Upg € P if and only if
Gpl{p1,---,pk}] is connected.

Example 6.3. The two properties of representability are independent. In-
deed,

(b) does not imply (a): Take
X :={a,b,¢,d} and P :={{a,b},{c,d},{b,c}}.

The set of vertices of Gp is independent, Property (b) is satisfied, but
K({a,b}U{b,c}) = 2.

(a) does not imply (b): Take X := {a,b,c} and P = {p1, p2, ps, pa}, with
p1 = {a}, p2 = {b}, p3 = {c} and ps = {a,b,c}. For each u € F(P)\
{pa}, K(u) = {{z} | « € u}; K(ps) = {pa}. Thus Property (a) holds.
But Property (b) does not hold since Gpl{p1,p2,p3}] is not connected

although p1UpaUps € P. Note that lp(u) = g, (K (u)) for allu € F(P).

Remark 6.4: Let P be a property. For all u € F(P), the set K(u) of P-
components of v is independent, this follows directly from Remark 6.1 and
the definition of the edges in Gp. Therefore, lp(u) = g, (K (u)).

Theorem 6.5. Let P be a representable property. For all uy,...,u, €

F(P):
=1 i=1
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Proof. For each g € K(uj U---Uu,) we set

¢(q) :=={¢ € K(w)U-- UK (un) | ¢ Cq}.
By Remark 6.4, it is sufficient to prove that ¢ is a bijection from K (uqU---U

up) onto Kg, (K (u1)U---UK(uy)) which denotes the set of components in
Gp of K(u1)U---U K (uy). We prove the following statements.

Uo(q) = ¢ It is clear that Up(q) C q. Let x € ¢, there is i such that
x € u;, let ¢;» € K(u;) such that x € ¢; . Since ¢, Nq # D, ¢z € P,
Gix CurU---Uuy and ¢ € K(ugU- - -Uuy,) we have that ¢; , C ¢. Hence,
¢i.w € ¢(q) which implies that x € U¢(q), and thus ¢ C Up(q).

#(q) is connected: Since U¢(q) = g € P, by Property (b) of representabil-
ity ¢(q) is connected.

#(q) is a component in Gp of K(uj)U---UK (uy): Let ¢ C K(ui)U---U
K (uy,) be a connected set of Gp such that gN¢(q) # @. Hence, gU ¢(q)
is Gp-connected. By Property (b) of representability (Ug)U(Ugp(q)) € P.
So (Ug)Ugq € P. But Ug C (UK (u1))U---U(UK(uy)). By Property (a)
of representability, for each i, UK (u;) = w;. Then Ug C uj U -+ U uy,.
Since g € K(ujU---Uuy,) and (Ug) Ug € P, we have (Ug)Ug C g. Hence,
Ug C ¢ and so, for each ¢ € g, ¢ Cqand ¢ € K(u1)U---U K (uy). So,
for each ¢’ € g, ¢’ € ¢(q). Thus g C ¢(q).

¢ is one to one: Indeed if ¢(q) = &(¢') then U(p(q)) = U(é(q')), hence
q=q.

¢ is onto: Let g € Kg, (K (u1)U---UK (uy,)). Pickq € g. Since ¢’ € K (u1)U
-+ U K (uy,), there is i such that ¢’ € K(u;). Let ¢ € K(ug U ---Uuy,)
such that ¢’ C ¢q. Hence ¢’ € ¢(q) Ng, so ¢(q) Ng # . But g and ¢(q)
are components, hence ¢(q) = g.

O

Proposition 6.6. Let P be a representable property. For all uy,...,u, €
F(P):

Ip (Uul): Y lp(wiUuy) = (n—2) ) lp(u) +B(K (w), ..., K (un)).
=1

i=1 1<i<j<n
Proof. By Definition 1.1 we have

oy (Umui)): S o (K () UK (1)~ (1-2) 3 lan (K (05) 4.
i=1 i=1

1<i<j<n
where v := (K (u1), ..., K(uy)). We conclude by Theorem 6.5. O

Definition 6.7. Let X be a set. A property P on subsets of X is called a
connection property if and only if:

pLEP,pp e P,piNpr#D = p1Upy €P.

The connection property is equivalent to Property (a) of representability:
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Proposition 6.8. A property P is a connection property if and only if for
every u € F(P)\{@}, K(u) is a partition of u.

Proof. Let P be a connection property. Let u € F(P)\ {@}. Let M :=
{¢1,.-.,qn} € P of minimum cardinality such that u = UM. Let p € P
such that p C u. Necessarily, there is one and only one index 7 such that
pNq; # B, otherwise, there are 7 # j such that pNg; # @ and pNg; # &. By
the connection property pUg; € P and pUq; € P. Hence, by the connection
property again, pUq; Ugq; € P. Let M' := (M \ {¢i,¢;}) U{pUaq Ugq}
Thus v = UM’ which contradicts the minimality of the size of M. Hence,
M is a partition of u and each element of M is a P-component of u. So,
M = K(u).

Conversely, suppose that for every u € F(P)\ {@}, K(u) is a partition of
u. Then K (u) # @, let p1,p2 € P such that p1 Nps # @. Let g € K(p1Up2).
There is i € {1,2} such that p, N ¢ # &, we can assume ¢ = 1. Then
p1 € q. But pos Np; # & implies that po N g # &. So, pa C ¢ and thus
prUpa=q€eP. u

Even though, as seen in Example 6.3, Property (a) of representability
does not imply Property (b) of representability, we have:

Lemma 6.9. Let P be a connection property. For every finite subset q :=
{p1,--,pk} of P, if Gp[{p1,-..,pK}] is connected then pyU---Upyg € P.

Proof. Suppose that P is a connection property. We prove the conclusion
of the lemma by induction on k.

Initial step: If k € {1,2}, the property is true by the definition of Gp.

Inductive step: We have p; # @, for all i. Since Gp[{p1,...,pr}] has a

spanning tree, we may suppose w.l.0.g. that, p; is connected in Gp[{p1,

.., prt] with ¢ :== {pa, ..., pr}, where ¢ is connected in Gp[{p1,...,pxr}]-

Thus, by inductive hypothesis u := ps U --- U pr € P. Because p; is

connected with ¢, we may suppose w.l.o.g. that p; is connected with ps

and thus p; Ups € P. From uN(p1 Upa) # &, we have by the connection
property that p; Uu € P.

O

Proposition 6.10. A property P is representable if and only if

(a) P is a connection property.
(b) If pr,...,pk € P and p1 U---Upg € P then Gp[{p1,...,pr}] is
connected.

Proof. By Proposition 6.8 and Lemma 6.9. U

Definition 6.11. A property P is weak-Helly if there is no cycle of pairwise
disjoint sets in Gp.

Lemma 6.12. A representable property P is weak-Helly if and only if there
is no triangle of pairwise disjoint sets in Gp.
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Proof. The first implication is obvious by definition of weak-Helly property.
Conversely if p1, p2, p3, ..., pk is a cycle of disjoint sets in Gp, then by repre-
sentability, psU---Upr € P, poUpsU---Upg € P and psU---UprUpy € P.
Then py,p2,p3 U -+ - Upy is a triangle in Gp of pairwise disjoint sets. O

Proposition 6.13. Let P be a weak-Helly representable property and let
ULy ..., Uy € F(P) be pairwise disjoint. Then:

Ip <U u> = > pwiUy) - (n-2) Ip(u).
=1

i=1 1<i<j<n

Proof. From Lemma 6.12, Gp[K (u1)U---UK (uy)] is acyclic, hence we have
by Theorem 2.6 that Bg, (K (u1),...,K(uy)) = 0. Then we get the equality
by Proposition 6.6. O

7. EXAMPLES OF REPRESENTABLE PROPERTIES

Example 7.1. We give two examples of representable non weak-Helly prop-
erties. The proofs of representability for both examples are straightforward.

(1) The set P of connected sets of a topology on a set X is a representable
property. Note that, in the general case, P is not weak-Helly; for
instance if we consider the set P of connected sets of R? and take a
triangle ABC in R? then the three segments [AB], [BC[, and [CA]
are pairwise disjoint but {[AB[, [BC|[,[CAl[} is a triangle in Gp.

(2) The set of connected sets of vertices of a graph is a representable
property. Clearly, for some graphs this property is not weak-Helly as
soon as the graph contains a cycle.

Proposition 7.2. The set of connected sets of vertices of a forest is a weak-
Helly representable property.

Proof. By item (2) of Example 7.1, we have to prove only the Weak-Helly
property. For contradiction, let C7,Ca,Cs, be pairwise disjoint nonempty
connected sets of vertices in a forest F', with C; U C; connected in F' for
every 4,7 € {1,2,3}. Let ¢; € C1 and ca € Cy such that {cj,co} is an
edge of F. Similarly let ¢, € Cy, c3 € C3, ¢} € C; and ¢§ € C3 such that
{ch,c3} and {c}, c§} are edges of F. Let zg := ¢, 1, ..., 2 := ¢4 be a path
in Co; yo = ¢3,Y1,...,y; := ¢4 be a path in Cs; 2y == ¢}, 21,...,2m =
c1 be a path in . Note that these paths are pairwise disjoint. Now,
TOy Tlye ey ThyY0s YLy -« Yl 20, 21, - - - » 2m 1S & cycle of F', this contradicts the
fact that F' is a forest. ([

An ordered set T is a pseudo-tree (resp. a tree) if for every u € T, the
set {t € T : t < u} is a chain (resp. a well-ordered chain). Let O be an
order. An interval of O is any subset I of O such that if z,y € I, z € O and
xr < z<ythen z € I.
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Example 7.3. The set of intervals of a tree is not necessary representable.
Consider the tree T = {r, a1, as,as, b1, ba,bs, c1,c2,c3} where the only com-
parabilities are: v < a1 < c1 < b, 1 <by <ag <coandr <asz<by<cs.
Put a := {a1,a2,a3}, b := {b1,b2,b3} and ¢ := {c1,c2,c3}. Let P be the set
of intervals of T. We have that a,b,c,aUbUc € P, but Gp[{a,b,c}] is not
connected. Nevertheless, we show in Proposition 7.5 that the set of intervals
of a chain is representable and weak-Helly.

The notation A < B (resp. A < B) for subsets of a chain means a < b
(resp. a < b) for all a € A and b € B. The Boolean algebra consisting of
finite unions of intervals of C is denoted by B(C'). Elements of B(C) satisfy
the following property:

Lemma 7.4. For all elements u and v’ of E(C’), if uU ' is an interval,
then there are intervals p C uw and p’ C v’ such that pUp’ is an interval.

Proof. Each u € B(C) is a finite union of maximal disjoint intervals, called
the components of u. Let p (resp. p’) be the rightmost component of u
(resp. of w'). Then pUp’ is an interval. Otherwise, w.l.0.g. we may suppose
that there is « € C such that p < {x} < p/ which implies that u < {z} < p'.
Since u U v is an interval, there is a component p” of u' such that x € p”,
in this case there is y € C'\ v’ such that p” < {y} < p/; this contradicts the
fact that u U v’ is an interval. O

For a € B(C)\ {@}, define the length of a, denoted by I(a), as the least
integer n such that a is the union of n intervals. If a is the empty interval,
we set {(a) := 0. In [6], it was proved that formula (1.3) holds for any family,
(xi)1<i<n, of pairwise disjoint elements of B(C). Actually this result is a
direct consequence of:

Proposition 7.5. The set of intervals of a chain is a representable weak-
Helly property.

Proof. Let C be a chain and P be the set of intervals of C. The connection
property is trivially satisfied.

Representability: By Proposition 6.10, it remains to prove that for all
P1,---, Pk 67)7

prU---Upp € P = Gp[{p1,-..,pr}] is connected.

For contradiction, assume that C1,...,C),, where n > 2, are the compo-
nents of Gp[{p1,...,pr}]. W.l.o.g. we assume that

Cl - {proup’l’o-i-h cee )p'r‘l})
CQ - {pr1+lap’r‘1+27 s )pT2}7

Cn = {prn71+17p7‘n—1+27 cee 7prn}7
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withrg=1,1r, =k, 79 <11 <--- <r,. Foreach i, let ¢; be the union of
the elements of C;. By Lemma 6.9, each g; is an interval and for all i # j,
¢i N q; = @ and, by Lemma 7.4, ¢; U ¢; is not an interval. Then, since
C is a chain, w.l.o.g. we can assume that q; < g2 < --- < ¢p. Thus, by
Lemma 7.4, g1 U---Ugy is not an interval. But p1U---Upr = q1U- - -Ugn,
therefore p; U - -+ U pg is not an interval. This is a contradiction.

Weak-Helly: Let I, 5, I3 be pairwise disjoint nonempty intervals of C.
W..o.g. we assume that I < Iy < I3. Thus I; U I3 is not an interval
since Iy # .

O

Let T be a pseudo-tree, the pseudo-tree algebra of T is the subalgebra
B[T] of the power set P(T') generated by the family {b; : ¢ € T}, where
by :={u € T :t < u}. For each i € T and I finite antichain of T above
i (that means i < 4’ for all #' € I), e;; := b; \ Uy,eybu- The set ;7 is
called a truncated cone. Let £ be the set of truncated cones: £ := {e; |
i €T, Iis a finite antichain in T" and {i} < I}, then B[T] = F(£). For a
basic exposition of this notion see [1] and [3]. If T"is a chain with a first
element, the pseudo-tree algebra B[T] coincides with the interval algebra
B(T).

Lemma 7.6. Let e;; 1, € € and e;, 1, € £. The following statements are
equivalent:

(i) €., Ui 1, € E.

(ii) Fither (i1 <ig andVj € I, j £ i2) or (ia < i1 andVj € Iy, j £ i1).

(iii) i1 and i are comparable and

€y, Yy 1, = €min{i1ia},(I1\€iy, 1, )UI2\ei; 1, )"

Proof. Each one of statements (i), (ii) and (iii) implies that i¢; and is are
comparable; by symmetry, we may assume that i1 < is.

(i) implies (ii): Suppose that j € I; with j < 3. Then, i; < j < is and
J & (ei,.1; Uei, 1,) which contradicts the fact that e;, 1, Ues, 1, € E.

(ii) implies (iii): We prove, in the first place, that (I \ e, 1,) U(2\€i,,1,) is
an antichain. Let j; € 11\ ej, 1, and jo € I\ e;, 1,. Suppose that j; < jo.
Since ig < j2, hence j; and iy are comparable. By (ii) we have j; £ io.
Hence, i3 < ji. Therefore, ji € e;,,1,- That contradicts the hypothesis
J1 € I\ eiy1,. Suppose that jo < ji. Hence, i1 < ia < jo < ji.
Therefore, jo € €;, 1,. That contradicts the hypothesis jo € (I2\ €;, 1,)-

We prove, in the second place, that
€, U €in I © €4y (I\esy 1,)U(I2\eiy 1y )
Let s € e;,,1, Ue€i, 1,

Assume that s € e;, ;,: We have that ¢y < s and, forall j € I, j £ s.
It remains to show that for every jo € Is \ €;, 1, we have jo £ s. Let
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g2 € Io\ €, 1,- Then iy < iy < jo. Since i1 < jo and ja & €;, 1,, there
is ji € €;,.1, such that j; < jo. But j; £ s, then js £ s.

Assume that s € e;, 1, We have that i; < iy < s and, for all j € I,
j £ s. It remains to prove that for every j; € I \ e;, 1, we have
g1 £s. Let j1 € It \ eiy1,. If j1 € Iy, since s € e;, 1, then j; £ s. If
j1 & Is, we study two cases.

Case 1: i3 < ji1: Then j; € b;,. Since ji € I1 \ e;,.1,, there is jo € I
such that jo < j1. Then j; £ s.

Case 2: iy £ j1: By (ii), j1 £ i2. Hence iy and j; are incomparable.
Since io < s then j; £ s.

We prove, at the last, that €ir,(In\eiy, 1) U(I2\esy 1,) C e, Ueir,. Let
5 € €4y (I\eiy,1,)U(I2\ei, 1y Then 7; < s. Assume that s & e, 1,, we have

two cases.

Case 1: iy £ s: By definition, j £ s for all j € I1\e;, 1,. Moreover, j £ s
for all j € Iy Nej, 1, since io £ 5. From s € €i1 (I \eiy 1) U(I2\es, 1, )> WE
have that s € ¢;, 1.

Case 2: i3 < s: Since s € e;, 1,, there is jo € I such that jo < s. But
j & s for every j € I\ e, 1,. Therefore js € e, 1,. For contradiction
suppose that s & e;, 1, then j; < s for some j; € I;. Since jo < s
then j; and js are comparable. Necessarily jo < j1 since jo € €;, 1.
Hence ji € I; \ €,,1,- This implies that s ¢ €iy,(In\eiy, 1) U(T2\es, 1y )-

That contradicts our hypothesis.

(iii) implies (i): This is immediate.

O

Proposition 7.7. The set of truncated cones of a pseudo-tree is a connec-
tion property.

Proof. Let T be a pseudo-tree and &£ be the set of truncated cones of T'. Let
€i1,I» Cin, I, € € such that e;, 1, Nej, 1, 7 @. We may assume, w.l.0.g. that
i1 <idg. Let j1 € I and s € e;,,1, N €4, 1,. Suppose that j; < iy then j; and
s are comparable. We would have s < j; since s € ¢;, 1, and j; < s since
5 € e, 1,- Hence, for all j; € I, j1 £ i2. We conclude by Lemma 7.6 that
e, YUeiy 1, €E. O

Lemma 7.8. Let e;, 1,,€i,,1, € E. Then e;, 1, Uei, 1, € € if and only if
€y, Ne€in1, 7 D 0or 11 € Iy orig € 1.

Proof. By symmetry we may suppose that i; < is.
If e;,,1, Ueiy 1, € € and e;, 1, Nej, 1, = D then there is j; € I7 such that
j1 < io. By Lemma 7.6, j £ is for all j € I1. Hence j; = is, S0 io € I3.
Conversely, if e;, 1, Nes, 1, # @ then, by Proposition 7.7, e;, 1, Ue;, 1, € £.
On the other hand, if e;, 1, Ne;, 1, = @ and @2 € I7, then j £ 4o for all j € Ih
since I; is an antichain. Thus, Lemma 7.6, e;, 1, Ue;, 1, € €. ]
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Proposition 7.9. The set of truncated cones of a pseudo-tree is a weak-
Helly representable property.

Proof. Let T be a pseudo-tree and £ be the set of truncated cones of T.

Representability: By Propositions 6.10 and 7.7, it remains to prove that
for all p1,...,pp €&

pU---Up, € E = Ge[{p1,...,pn}] is connected.

We shall prove the implication by induction on n. The property is
trivially true for n € {1,2}. Assume that it is true for all k& < n. Let
A:={ei 1, €1, €& and let u:= Upycap. Suppose that u € £, we
shall prove that Gg[A] is connected.

Since u € &, we may suppose, w.l.o.g. that i1 < i for all k € [1,n].
If iy = i for all £ € [1,n] then, by Lemma 7.8, G¢[A] is connected.
Assume that i,, is a maximal element in {i1,...,i,} and that iy < iy,.
Necessarily there is | € [1,n] such that i; < iy, and e;, 1, Ue;, 1, € E,
otherwise, by Lemma 7.6, for all i; < 4,,, there is j; € I; such that j; < iy,.
Note that the set consisting of such 4;’s and j;’s is a chain. Let j; be the
maximum of such j;’s. Hence j, € u and i1 < jp < iy, this contradicts
the fact that u € €. Let [ € [1,n] such that i; < i,, and e;, 1, Ue;,, 1,. € €.
Then by Lemma 7.6 we have e;, ;, Ue;,, 1,, = City(I\€in, 1)U (T \esy, 1) Let
A= (A\{ei, s €1 }) U e, Uei,, 1, }. Since u = Upeap € €, we
have by inductive hypothesis that G¢[A'] is connected.

It remains to prove that for each k € [1,n]|\ {l,m} if e;, 1, U (e;, 1, U
€in.Im) € € then e;, 1, Ue;r, € € or ey, Ve, 1, € E If ey, N
(eq,,1, U €in,.1,,) 7 @ then e;, 1, Ne; 1, # @ or e, 1, Nei, .1, # 2 and
we conclude by Proposition 7.7. If e; 1, N (ej.r, Uei,.1,,) = @ then
€irs T NV €y (I\ein 1 )OI \esy. ;) = D+ SINCE €4y 1 Uy (1\ey 1 YU(Im\es, 1) €
&, then by Lemma 7.6 we have two alternatives: either there is j; €
I}, such that ji = 7;, which implies that e;, ;, Ue; 1, € &; or there is
Jr € (1 \ €iny,1n) U (I;m \ €4,,1,) such that j,. = iy, which implies that
i1, Jei, €Eorey,Ue 1, €E.

Weak-Helly: Let e, g, €55 and e; 7 be pairwise disjoint elements of £.
Assume that e;; Ue;j; € £ for every i # j. By Lemma 7.6, for all
i, € {r,s,t}, i and j are comparable, so w.l.0.g. we can assume that
r < s < t. Again by Lemma 7.8, we have that ¢t € R since r < ft,
errNe,r = and e, g U e, € £. Similarly we have that s € R. But
R is an antichain, so s and t are incomparable, thus e;s Ue;p ¢ €. A
contradiction.

O

By Propositions 6.13, 7.2, 7.5 and 7.9 we obtain the main application of
representability:

Theorem 7.10. Let P be either the set of intervals of a chain, or the family
of connected sets of a forest, or the set of truncated cones of a pseudo-tree.
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Let {z1,...,z,} be a family of pairwise disjoint elements of F(P), then:
n

Pl Uz )= D bpl@iva)—(n-2)> lp(w)
i=1

i=1 1<i<j<n
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