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ASPECTS OF SINGULAR COFINALITY

ASSAF RINOT

ABSTRACT. We study properties of closure operators of singular cofi-
nality, and introduce several ZFC sufficient and equivalent conditions
for the existence of antichain sequences in posets of singular cofinality.
We also notice that the Proper Forcing Axiom implies the Milner-Sauer
conjecture.

1. INTRODUCTION

1.1. Background. Assume (P, <) is a poset. We say that C' C P is cofinal
in Piff P = C, where C := {z € P |3y € C(x < y)}. Define the cofinality of
(P, <) to be cf(P) = cf(P, <) := min{|C| | C is cofinal in P}. For x,y € P,
we say that x and y are incomparable iff x £ y and y £ x. A C P is said to
be an antichain iff x,y are incomparable for all distinct x,y € A.

In [10], Pouzet proved his celebrated theorem stating that any updirected
poset with no infinite antichain contains a cofinal subset which is isomorphic
to a product of finitely many regular cardinals (for a proof, see, for instance,
§4.13, and in particular §4.13.5, of [2]). Since any poset with no infinite
antichain is the union of finitely many updirected subposets, we have:

Theorem 1.1 ([10]). Assume (P,<) is a poset. If cf(P,<) is a singular
cardinal, then P contains an infinite antichain.

This lead to the formulation of a very natural conjecture, first appearing
implicitly in [10], and then explicitly in a paper by Milner and Sauer.
Conjecture ([9]). Assume (P, <) is a poset. If cf(P,<) = X > cf()\) = &,
then P contains an antichain of size k.

For C, a class of posets, denote by MS(C) the statement: for all (P, <) € C,
P contains an antichain of size cf(cf(P)). For a cardinal A\, denote by MS )
the statement MS({(P, <) | (P, <) is a poset of cofinality A}).

Thus, the Milner-Sauer conjecture is the statement VA(A > cf(A) — MS)),
and Suslin’s hypothesis is the statement MS(7 ), where 7 denotes the class
of all ever-branching Ni-trees.

For a set A and a cardinal p, let [A]<# := {X C A | |A] < u}, [A]SH =
{X CAJ[A] < p}, and [A):={X C A[|A] = p}.
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The current state of the conjecture is the following:

Theorem 1.2 ([6],[12]). Let X be a singular cardinal. If cf([\]<¢FV), C) = A,
then MS,.

This result was obtained independently by Magidor and by the author,
using completely different arguments.

1.2. Supplemental axioms for set theory. Our paper is dedicated to the
research of the combinatorial aspects of singular cofinality, and is carried out
purely within ZFC, the usual axioms of set theory. However, the hypothesis
“cf([\]<*,C) = A", for a singular cardinal ), is independent of ZFC.

Naturally, assuming supplemental axioms for set theory, more can be said
on the Milner-Sauer conjecture, thus, in this small subsection, we briefly
discuss results obtained in this direction.

The most famous supplemental axiom for set theory is probably the Gen-
eralized Continuum Hypothesis (GCH) stating that 2* = AT for any infinite
cardinal A\. A weakening of the GCH is Shelah’s Strong Hypothesis (SSH)
from [14]. Fix a singular cardinal A, and let s := cf(\). To define the SSH,
let us say that (\ a,F) is an appropriate triplet iff a C X is a set of k
many regular cardinals satisfying sup(a) = A, and F is an ultrafilter over a
containing no bounded subsets. Consider the ultraproduct [[a/F. It is a
linearly ordered set and cf(][]a/F) > AT. Finally, define the pseudopower

pp(\) = sup {cf <H a/]—') | (\,a,F) is an appropriate triplet} )

The SSH states that pp(\) is just AT for any singular cardinal \.

It is well known that the hypothesis of Theorem 1.2 is a consequence of
the SSH (for a proof, see [12]). Recently, Viale proved in [15] that the SSH
is a consequence of the Proper Forcing Axiom (PFA), and hence:

Corollary 1.3. PFA implies the Milner-Sauer conjecture.

For completeness, we mention that a poset (P, <) is proper iff for any
regular uncountable cardinal u, (P, <) preserves stationary subsets of [u]“.
Thus, PFA is the assertion that for any proper poset (P, <) and all sequences
(Do | @ < wy) of cofinal subsets of P, there is an updirected G C P such
that GN D, # @ for all @ < w (see further [1]). It is also worth mentioning
that Suslin’s hypothesis is, as well, a consequence of PFA.

We conclude this subsection with the following two additional results.

Theorem 1.4 ([3]). Assuming GCH and the existence of a cardinal 6 being
01t strong, it is possible to obtain a model of ZFC with cf ([N <tV C) >
A > cf(X) +MSy

Theorem 1.5. Let \ be a singular cardinal. If cf([N] <N, C) = X, then
any poset of cofinality A contains an antichain sequence of size A and length

cf(N).
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Thus, Theorem 1.4 shows that Theorem 1.2 cannot be improved to an
“iff” theorem, and Theorem 1.5 shows that the hypothesis of Theorem 1.2
will not only imply the existence of an antichain, but also the existence of
an antichain sequence (see Definition 3.2).

The proof of Theorem 1.5 involves an inner-model argument combining
Corollary 2.3 from [12] together with Theorem 1.2 from [8]. We shall not
include the proof, but only mention that it is a straight-forward modification
to the proof of Theorem 2.8 from [12].}

1.3. Organization of this paper. In Section 2, we study the abstract
notion of cofinality in the general context of closure operators and derive
basic properties of singular cofinality, most of them were already known in
the private case of partial orders. One advantage of this approach is that it
allows us to study posets of singular cofinality which are embedded in other
posets, not necessarily of the same cofinality.

We also introduce the notion of exact spectrum of cofinalities which is be-
ing used extensively throughout this paper, and conclude this section, reveal-
ing a restriction on the spectrum induced by a potential counter-example.

In Section 3, we present a linear hierarchy of sequences (normal, one-
sided, upwards-extendible) approximating Hajnal-Sauer’s original definition
of antichain sequences from [5], and prove that the existence of an upwards-
extendible sequence is equivalent to the existence of an antichain sequence.

We also establish that in the context of the Milner-Sauer conjecture, it
suffices to restrict our research to explore properties of externally homoge-
neous posets and principal one-sided sequences.

In Section 4, we prove MS(C) for several classes C. We show that normal
sequences with untight mutual relations between their components can be
refined into antichain sequences, and also notice that a counter-example to
the Milner-Sauer conjecture cannot embed a tree (or even a pseudotree) of
the same cofinality.

The section is concluded with the formulation of an equivalent condition
for the existence of antichain sequences in terms of boundness by ideals.

2. CLOSURE OPERATORS

Definition 2.1. Assume X is a set and ¢ : P(X) — P(X) is a function.
@ is a closure operator over X iff

(a) ACBC X = AC p(A) Cp(B)C X and
(b) for all AC X, p(p(A)) = p(A).
© is a topological closure operator over X if, additionally
(¢) p(@) =9 and
(d) A, BC X = ¢(A) Up(B) =¢(AUB).
Note that by property (a), A, B C X implies p(A) Up(B) C p(AU B).

1Added in proof: a major improvement to both Theorems 1.4 and 1.5 has recently been
established. See [13].
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Closure operators are common objects in mathematics. Except the obvi-
ous example of topological closure, the operator A +— Span(A) for a subset
A of a vector space V' is a closure operator, as well. The operation A — (A)
(the subgroup generated by A) for a subset A of a group G is a closure
operator. Another important example is described in the following.

Definition 2.2. Assume (P, <) is a binary structure, and fiz A C P.
The downward closure of A, is A:={zx € P |3y € Az <y)}.
The upward closure of A, is A:=={x € P |3y € A(y < x)}.

Notice that if (P, <) is reflexive and transitive, then the map A — A (for
all A C P) defines a topological closure operator over P.
We now define the analogue of dimension.

Definition 2.3. Suppose ¢ is a closure operator over some set P.
For a subset A C P, denote cf,(A) :=min{|B| | BC P,A C ¢(B)}.
The spectrum of cofinalities of ¢ is Spec(p) := {cf,(A) | A € [P]<cfe(P)}.
The exact spectrum is ESpec(p) := {cf,(A) | A C P, |A| = cf (A)}.
For a cardinal i < cf,(P), let ESpec,, (p) :={A C P | |A] = cf,(A) = p}.
Lemma 2.4. Suppose ¢ is a closure operator over a set P, then
(a) for AC P, cfy(p(A)) = cfy(A) < |A[;
(b) for AC B C P, cf,(A) <cf,(B); and
(c) for an indexed family (A; C P |i€ 1),

cf,, (U AZ-) <) efy(Ay).

icl icl
Proof. Easy. O

Corollary 2.5. ESpec(y) = Spec(p) U {cf,(P)}. In particular, if X =
cf,(P), then ESpec,(p) # @.

Proof. (C) By definition, we can choose A € [P]*¢(P) such that P C @(A).
By the preceding lemma, cf,(P) < cf,(A) < |A| = cf,(P), hence, A is a
witness that cf,(P) € ESpec(yp). Since ESpec(¢) \ {cf,(P)} € Spec(yp), we
conclude that ESpec(y) C Spec(y) U {cf,(P)}.

The proof of the other inclusion (D) is similar. O

We now introduce an essential property of singular cofinality.

Lemma 2.6 ([5],[8],[4]). Suppose ¢ is a closure operator over a set P, and
A € ESpec(yp) is a singular cardinal, then

(a) Spec,(P)N A is unbounded in A and
(b) T := {u € ESpec(p) | cf(n) = u < A} is unbounded in A.
If cf(\) > N, then, also

(c) ESpec(¢) N Ais aclub in A and
(d) S:={p € ESpec(p) | cf(u) < u < A} is stationary in A.
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Proof. (a) Pick P’ € ESpec,(¢) and let k := cf()\). By k < A, there exists
a sequence (A, € [P'** | a < k) with |J__, A, = P'. Tt follows that

a<k

A =cf,(P') =cf, (UA)chf@(A)

a<k a<k

and by s = cf(\), we must conclude that sup{cf, (A4,) | @ < K} = .

(b) Put ¢ := otp(ESpec(y)) and let o : 6 < ESpec(p) be the order-
preserving bijection. For 8 < §, we have sup(Spec,(P) No(B + 1)) =
o(B), thus, by applying the previous item to o(8 + 1) € ESpec(y), we
must conclude that o(5 + 1) is regular.

(c) ESpec(p) is clearly closed. To see unboundness, pick u < A. By
induction on n < w, use item (a) to pick Ag € [P]<* with cf,(4y) > u,
and Any1 € [P]<) with cf,(Aps1) > |Ay| for all n < w. Finally, put
A=, <, An and notice that p < cf,(Ag) < cf,(A) = |A] < .

(d) Because S contains the intersection of the club, ESpec(p) N A, with
the stationary set S7 := {u < A | Ng = cf(u) < p}. O

Definition 2.7. Suppose ¢ is a closure operator over a set P. For a cardinal
w, we define a cf(u)-complete ideal

T,(9) == (A C P | cty(A) < p}.
Notice that always [P]<* C Z,,(¢) and cf(Z,(¢), C) < cf([P]<H, ).

Lemma 2.8. If ¢ is a closure operator over a set P, and cf,(P) = X is a
singular cardinal, then T,,(¢) # Ix(p) for all p < X.

Proof. Assume the existence of u < A with Z,,(¢) = Z)(¢), then in particular
[P]<* C T,(p) and sup(Spec(p)) = sup{cfy(4) | A € [P} < pu < A,
contradicting Lemma 2.6. O

Thus, for instance, if (X,0) is a topological space and d(X) = A is a
singular cardinal, then for any cardinal p < A, there exists a subspace Y €
[X]<* such that d(Y") > p. (Recall that d(X) := min{|D| | D C X,D = X},
e.g., (X, 0) is separable if d(X) = Ry.)

Definition 2.9 (folklore). Suppose T is a non-trivial proper ideal over a set
P, that is {{z} | 2 € P} C T and P ¢ Z. Let cov(Z) := min{|A| | A C
Z,JUA =P}, non(Z) =min{|A| | ACP,A¢T}.

It is easy to see that cov(Z) < cf(Z,C). Note also that for a closure
operator ¢, an infinite cardinal u € ESpec(yp) iff non(Z,(¢)) = p.

Lemma 2.10. Assume I is a non-trivial proper ideal over a set P. Suppose
C C T and a cardinal \ satisfying |C| < X\ < cov(Z). Then, there ezists
X € [P]4W such that |ANX| < |X| for each A € C. In particular, X € |JB
for all B € [C]<efW,
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Proof. Let {A; | i < A} be an enumeration of C. Put x := cf()\) and fix an
increasing sequence of ordinals {\, | @ < Kk} converging to A\. We build a
kind of Luzin set X = {z, | @ < x} for C, by induction on a < k.

Suppose {zg | # < a} have already been defined and let Y, := {4; | i <
A} U{{zs} | B < a}. Since Y, € [Z]<¥T) we have that X \ |JY, # @, so
we may pick z, € X \ Y. This completes the construction. O

Corollary 2.11. Suppose I is a non-trivial proper ideal over a set P. If
cov(Z) = cf(Z,Q), then non(Z) < cf(cf(Z, Q)).

Proof. Pick C € [Z]'@:S) such that for each A € Z, there exists B € C with

A C B. Now, since |C| = cov(Z), we may appeal to the preceding lemma

and find a Luzin set X € [P]{(v(D) for C. Clearly, |X| = cf(cf(Z, C)).
Since X ¢ B for all B € C, we conclude that X ¢ 7.

It is possible to weaken the hypothesis of the preceding corollary, obtain-
ing the following convergence theorem.

Lemma 2.12. Assume Z is a non-trivial proper ideal over a set P. Suppose
also that 0, \ are cardinals, and for each o < 0, I, is a non-trivial proper
ideal over P satisfying cov(Z,) > A > cf(Z, Q).

If T =UqycgZa, then non(Z) < 6 4 cf(N).

Proof. Fix a cofinal subset C C Z with |C| < A. For a < 6, put C,, := CNZ,.
By [Cal < A < cov(Z,) and Lemma 2.10, we may pick X, € [P]¥ such
that X, ¢ A for all A € Cy. Let X := (J, .9 Xoa. Then [X]| < 6 + cf(N).
Finally, if X € Z, then by the choice of C, there exists some A € C with
X C A, and in particular, there exists some a < # with A € C,. It follows
that X, Z A, contradicting X, C X C A. O

Corollary 2.13 ([7]). Assume ¢ is a closure operator over a set P, and
cfo(P) = X > cf(N) = k. If pis a cardinal satisfying K < p < A\, then
cf(Zu(p), S) > A

Proof. For notational simplicity, put Z,, := Z,(¢). Assume first K < p < A
By cf,(P) = A and Lemma 2.4.c it is clear that cov(Z,) = A. It follows
from Corollary 2.11 that if cf(Z,, C) = A, then non(Z,) < &, contradicting
the fact that [P]® C [P]</ C Z,,.

Consider now Zy. Let (A\y | @ < k) be a strictly increasing sequence of
cardinals converging to A\. Then Ty = {J,.,. Z»,-

Finally, if ¢f(Z), C) < A, then by Lemma 2.12, non(Z)) < &, contradicting
the fact that [P]" C Z,. O

Thus, for instance, if (G, -, 1) is a group, and |G| = A is a singular cardinal,
then G has more than A many subgroups. To be more concrete, if |G| = N,,,
then the set {H < G | H is countable} is of cardinality > N,,.

Corollary 2.14. If ¢ is a closure operator over a set P, and cf ,(P) =\ >
cf(X) = &, then Z+(p) # L, (p).
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It follows that if (P, <) is a p-updirected poset for some cardinal u, then
either cf(P, <) <1 or cf(cf(P, <)) > p.
We shall now revisit Definition 2.3 for the special case of partial orders.

Definition 2.15. Assume (P, <) is poset, and A C P’ C P. Let c¢fp/(A) :=
min{|B| | B C P', A C B}, and cf(P’) := cf p:(P").

Let ¢ denote the corresponding (topological) closure operator A — A (for
all A C P), then denote Spec(P) := Spec(p), ESpec(P) := ESpec(p), and
T, (P) :=Z,(p) for any cardinal .

Finally, for P C P and a cardinal p < cfp(P’), we define

ESpec, (P') := {A C P'| (A, <) is well-founded and |A| = cfp(A) = pu}.

To help our reader get used to the definition, let us take a look at the sets
Iy :={cfp(A) | A C P} and I'y := {cf(A) | A C P} for some poset (P, <).
By Corollary 2.5, we have I'y = ESpec(P) and by Lemma 2.4, we know that
I’y is closed (ie. |JA € T’y for all A C T'y). Also, it is proved in [8] that
Ly 2 {p <cf(P) | p=cf(p)}.

Now, consider the case (P, <) = (N, €). Since it is linearly ordered, we
have I'; = {0, 1,cf(P)}. However, I'y = {p < R, | p = cf(p)}. In particular,
I’y is not closed, and I'; 2 {u < cf(P) | p = cf(p)}.

The essence of being exact is the following.

Lemma 2.16. Suppose (P, <) is a poset, and A € ESpec,,(P) for some p.
Then, whenever A C Q C P, we have, cf(A) = cfg(A) = cfp(A).

Lemma 2.17 ([10]). For a poset (P, <), ESpec(P) = {u | ESpec,(P) # @}.

Proof. Let ¢ be the corresponding operator. To see the non-trivial direction
(C), fix u € ESpec(P). Pick {zo | a < pu} € ESpec,(¢), and let A := {z, |
VB < a(rg # 7o)} Evidently, A € ESpec,(P), thus, ESpec,(P) # @. 0O

Lemma 2.18. Assume (P, <) is a poset and P’ C P is a cofinal subset
(i.e., P C P’), then

(a) for AC P, cfpi(A) = cfp(A) and

(b) cf(Z,(P),C) = cf(Z,(P'),C) for any cardinal p.

Proof. (a) Let A C P’. Clearly cfp(A) < cfpr(A). To see the other inequal-
ity, pick X € P of minimal cardinality such that A C X. For o := | X]|,
fix an enumeration X = {z, | @« < ¢}. By P C P/, for all o« < o we
may pick y, € P’ such that z, < y,, then, Y = {y, | a < o} witnesses
Cfp/(A) < Cfp(A)

(b) Recall that Z,(P') := {A C P' | cfpi(A) < p}. Let f: Z,(P) —
[P']<* be a function such that X C f(X) for all X € Z,,(P). To see that such
a function exists, fix X € Z,(P) and repeat the arguments of the preceding
item: by definition, there exists Y € [P]<# with X C Y. Since P C P/, for
all y € Y, we may find ' € P/ with y <9/, solet f(X):={y' |ye Y}

Put 0 := cf(Z,(P),C) and ¢’ := cf(Z,(P'),C). Pick C € [Z,(P)]’ and
C' € [Z,(P")]? witnessing the cofinalities.
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To prove § < ', we show that {f(B) | B € C'} is cofinal in Z,(P).
Assume A € Z,(P). By f(A) € [P']<* C Z,(P'), there exists B € C’ such
that f(A) C B. It follows that A C f(A) C B C f(B).

To prove 0’ < 0, we show that {P" N f(B) | B € C} is cofinal in Z,,(P’).
Assume A € Z,(P’). By f(A) € [P’]<NEM(P), there exists B € C such
that f(A) C BNP'. By AC f(A) C B and B C f(B), we conclude that

AC PN f(B). O

The proof of the following lemma can essentially be found in [7].

Lemma 2.19. Assume (P, <) is a well-founded poset, and let k denote the
minimal cardinality such that P does not contain an antichain of size kK.
For any ideal T C P(P) satisfying (A € T — A € I), there exists a family
S C [P]<F such that cf(Z,C) < cf(S, D).

Proof. Consider the function p : P(P) — [P]<" defined by letting p(X) :=
{r e X |Vy e X(y £ )} for all X C P. The definition is good because
(X)) is an antichain for all X C P. Denote ¢(X) := u(P\X) for all X C P.

Put § := {¢(X) | X € T}. We claim that cf(Z,C) < cf(S,D). To see
this, fix ¢’ C S witnessing the value of ¢f(S, D) and let C := {P\Y | Y € C'}.

Fix A € Z, we shall find B € C with A C B. Put A’ := A. By the
hypothesis, A" € Z, and clearly A C A’. Since A’ = A’, we have P\ A’ =
P\ A’. By well-foundedness, P\ A’ = $(A’). Find B’ € C' such that
B' C ¢(A), then ¢(A’) D B’ and AC A’ = P\ ¢(A") C P\ B'.

The same argument also shows that C C 7. O

Corollary 2.20. If there exists a poset (P, <), cf(P) = X > cf(\) with no
antichains of size k, then there exists S C [N|<" such that cf(S,2) > A.

Proof. Pick P’ € ESpec,(P) with P C P’. By Lemma 2.18 and Corollary
2.13, cf(Zx(P'),C) > X. Thus, by the preceding lemma, we may find S’ €
[P']<% with cf(S8’,2) > A, and by |P’| = A, this indicates the existence of
S € [\ with ¢f(S,2) > A O

Corollary 2.21 ([10]). If (P, <) is a poset of singular cofinality, then P
contains an infinite antichain.

Corollary 2.22. Suppose (P, <) is a poset of singular cofinality X, with no
antichains of size cf(\). If X is minimal in that sense, then |ESpec(P)| =
cf(A).

Proof. By the preceding corollary, x := cf(\) > Ng. Recalling Lemma 2.6,
we have that C' := ESpec(P)\{A} is a club in A, and hence |C| > cf |C| = k.

Assume towards a contradiction that |C| > k. Then one can find a
singular g € C such that cf(u) = k. Fix p € ESpec(P) with A > pu >
cf(1) = k. By minimality of ), if P’ € ESpec,(P), then P’ (and hence P)
contains an antichain of size k, yielding a contradiction. O
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3. SEQUENCES OF SUBPOSETS

Definition 3.1. Assume A = (A; | j € J) is an indexed sequence, I C J.
We write X CT A iff X = Im(¢) for some choice function ¢ € [Lics A

Our journey begins with the following definition due to Hajnal and Sauer.
Definition 3.2 ([5]). Assume (P, <) is a poset, A = (A, | @ < K) is a
family of sets, and P' C P. A is said to be an antichain sequence for P’ iff

(a) for all B < a <k, |Ag| <|A4| and Ay C P’ and
(b) for all I C k and X C! A, X is an antichain.

K 1s considered to be the length of the antichain sequence. The cardinality
and cofinality (with respect to P) of U, Aa will, respectively, be called the
size and cofinality of the antichain sequence A.

The next lemma motivates the definition of an antichain sequence.

Lemma 3.3. Assume (P,<) is a poset and P’ € ESpec,(P) for cardinals
A > cf(N) = k. If there exists an antichain sequence for P’ of length k and
size N, then P' (and hence P) contains \® antichains of size k.

Proof. Fix A := (A, | a@ < k) like in the hypothesis. For all a@ < k&, set
Aa = |Aql. Finally, since (A, | @ < k) is non-decreasing, converging to A:

{Im(qS) | ¢ € HAQ} = [ 2 ="

a<rk a<k

We now start approximating Definition 3.2 in the following way.

Definition 3.4. Assume (P, <) is a poset and P’ € ESpec,(P) for some
singular cardinal \. Put r := cf(\). A sequence A= (A, € [P | a < k)
is a normal sequence for P’ iff it satisfies
(a) for all o < &, cfp(As) > (|[Va| + )T, where Vi := Us., Ap and
(b) sup{cfp(4n,) | @ < K} = A.
It is a one-sided sequence for P’ if, additionally
(c) for each B < a <k, AgNAy, =02.

The length of the sequence A is k, and the cofinality of A iscf p (U A )

a<k T

Notice that the cofinality in items (a),(b) is also calculated according to P.

Lemma 3.5. Assume (P, <) is a poset and P’ € ESpec,(P) for some car-
dinal X > cf(\) = k. Then

(a) for any sequence of cardinals (Ao | & < K) cofinal in X\, there exists
a normal sequence for P', A = (Ay € [P} | a < k), such that
cfp(Aq) > A for all a < k and

(b) any normal sequence for P’ can be refined to a one-sided sequence
for P'.
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In particular

(c) there exists a one-sided sequence for P', (A, € [P'|<} | a < K) such
that P' C Uyer Aa-

Proof. (a) We build A by induction on a < k.
Induction base:

By Lemma 2.6, we may pick Ay € [P']<* such that cf p(Ag) > (k+ o).
Inductive step:

Assume (Ag € [P']<* | B < a) has already been defined. Since a < k =

cf(A), we have |V,| < A, thus, we may again apply Lemma 2.6 and pick

Ay € [P with cfp(As) > (|Va] + Aa) T

(b) Assume A = (A, € [P']* | a < &) is a normal sequence for P’
Assume a < K, Set B, 1= A, \ Vo Since cfp(An) > Vol > cfp(Va), we
have cfp(B,) = cfp(A,). It follows that B = (B, | @ < k) is a one-sided
sequence for P’ refining A.

(c) By the first item, we may pick a normal sequence for P’, (A, € [P’]
a < k). Put §:= P\ U, Aa- Since |S| < X = sup,., cfp(As), we may
partition S = (J,, Sa such that [S,| < cfp(Ay) for all & < &, and then
consider the normal sequence (A, U Sy | @ < K).

Repeating the proof of the second item, we end up with a sequence (B, €
[P'|<* | a < k) satisfying the desired properties. O

<>\’

Definition 3.6. Assume (P, <) is a poset and P’ € ESpec,(P) for some
singular cardinal \. Assume A = (A, € [P | a < k) is a one-sided
sequence for P', where k = c¢f(\). A is said to be upwards-extendible iff for
all I € [k]<% and X CI A, there exists ¥ € [k]*, such that (A, \ X |y € %)
is a one-sided sequence for P’.

The next lemma justifies the definition of an upwards-extendible sequence.

Lemma 3.7. Assume (P, <) is a poset and P’ € ESpecy(P) for some sin-
gular cardinal \. If there exists an upwards-extendible one-sided sequence
for P, then P' (and hence P) contains an antichain of size cf()).

Proof. Put k := cf()\). Assume A = (A, € [P|<} | @ < k) is an upwards-
extendible sequence for P’. We build, by induction on o < &, two families
{Ta |a <k} and {z, € A;, | @ < K}.
Induction base:
Put 79 := 0 and pick arbitrary xg € Ayp.
Inductive hypothesis:
Assume I, := {75 | B < a} is increasing and X, = {25 € A, | 8 < a}
is an antichain.
Inductive step:
Since A is upwards-extendible and I, € [k]<", there exists v > sup(l,)
such that A, \ X, # @, so set 7, := v and pick z, € A\ Xa.
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To see that X, U {z,} is an antichain, fix 3 < a. By the choice of z, & Xq,
clearly 3 £ . Since A is one-sided, we also have xg # x,. This ends the
construction. O

Here is a simple case where an upwards-extendible sequence must exist.

Theorem 3.8. Assume (P, <) is a poset, and X\ > cf(\) = k are cardinals.
If there exists P' € ESpecy(P), and u < A, such that [{z} N P'| < p for
all z € P’, then there exists a one-sided sequence for P’ which is upwards-
extendible.

Proof. We present an interesting proof, not necessarily the shortest one.
Assume P’ is like in the hypothesis. Let A := (A, € [P']** | a < k) be a
one-sided sequence for P’, with |A,| > u for all o < k. Fix a < k.

Set Ao = |Vo|T. Put Cp = {X € [Vo]<F | cfp(4a \ X) < Ao} If
Co =, let D, := @. Assume otherwise, let D, C C,, be a maximal subset
of mutually disjoint sets. By [Da| < [Va| < Ao, regularity of A,, and the
defining properties of Cy, we have cfp(|J{As \ X | X € Dy}) < Ay Since
cfp(Aa) > Ao and cfp(Ay \ (X | X € Do}) < Ao, we conclude that
(X | X € Dy} # @. Picky € N{X | X € D,}. Since members of D,, are
mutually disjoint, |Do| < [{y} N P’| < u. Tt follows that ||J Da| < g - k.2

In both cases, we get that if X € [V,]<" and (|JDs) N X = &, then
X ¢ Cy. Set D :=J{X | Jo < k(X € D,)}. Notice that |D| < p - k.

For a < K, set B, := Ay \ D. It follows from cf p(A,) > p -k > |D|, that
cfp(By) = cfp(Ay), thus, B= (B, | @ < k) is a one-sided sequence for P’.

Finally, to see that B is upwards-extendible, pick I € [k]<* and X C! B.
Set ¥ := K\ (sup(I) + 1), and assume v € 3. Since X N D = &, we have
X ¢ C.,, and hence cfp(A, \ X) > A,. Since cfp(A, \ By) < |D| < Ay, we
must conclude that cf p(B, \ X) > A,. It now follows that (B, \ X |y € Z)
is a one-sided sequence for P’. O

Theorem 3.9. Assume (P, <) is a poset and A > cf()\) = k are cardinals.
If there is P' € ESpecy(P) with cfp({x € P' | cfp({z} N P') < A}) = A,
then there ewists an antichain sequence for P’ of length k and cofinality X.

Proof. Let {x; | i < A} be a bijective enumeration of P’. Let (A, | @ < k)
be a strictly increasing sequence of cardinals cofinal in A, with A\¢g > k. Fix
a < kand set A, :={x; € P'|i < Ay, cfp({z;} N P’) < A\y}. Thus

Cfp(A_aﬂP/) =cfp < U mﬂpl>

r€AL

<> cfp({2}NP) < Mg+ Ao = Ao
TE€EAN

Since {Aq | @ < K} is an increasing chain of sets, each of bounded cardi-
nality, and c¢f p(|U,< Aa) = cfp(P') = A, the family ' := {cfp(Aq) | @ < K}

2Notice this is the only usage of the hypothesis in the whole proof.
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is unbounded in A\. Let f : Kk — Kk be the order-preserving injection
defined recursively by letting f(0) := min{y < s | cfp(4,) > s} and
fla) ==min{y <k [ > 5., Arp) <cfp(4y)} for a with 0 < a < k.

To see that the definition is good, it suffices to recall that I" is unbounded
in A, and to observe that, for all a < &, Zﬁ<a Ay(gy is bounded in A, simply
because a < Kk = cf(\).

For all v < k, set W, := g, Af(p) and Bq := Ajf(q) \ (WaUW,). To see
that B := (B, € [P'|<} | @ < k) is an antichain sequence for P’ of cofinality
A, we are left with showing that sup{cfp(B,) | « < k} = \. Fix a < k.

By Cfp(W ) < Cfp(W N P) = CfP(Uﬁ<a Af(ﬁ) N P) < Zﬁ<a )‘f(ﬁ) and
the definition of f, we conclude that cf p(Ay(y)) > cf p(Wo UWo) N P') and
Cfp(Ba) = Cfp(Af(a)). O

Even though it does not look so, it happens that the existence of an
upwards-extendible sequence is equivalent to the existence of an antichain
sequence. We prove this in Theorem 3.11 below.

Definition 3.10. For a poset (P, <), P' C P, cfp(P') = \,cf(\) = k, let
o(P') :={X € [P]" | cfp(P' '\ X) < \}.

Theorem 3.11. Assume (P, <) is a poset. For \ > cf(\) = k, the following
are equivalent:

(a) There ezists Py € ESpecy(P) with cf(p(Py),2) = 0.

(b) There exists P1 € ESpec) (P) with cf(p(P1),2) < A.

(¢) There exists Py € ESpecy(P) such that {P>\ X | X € p(P»)} is not
C-cofinal in I(P) | P, ={A C Py | cfp(A4) < A\}.

(d) There exists P3 € ESpec,(P) and A = (A, € [P3]<* | a < k), where
A is a one-sided, upwards-extendible sequence for Ps.
(e) There exists Py € ESpecy(P) and B = (B, € [P4]<* | a < k), where

B is an antichain sequence for Py =], Ba-

Proof. For the sake of this proof, fix a strictly increasing sequence of cardi-
nals, (A, | @ < k), converging to \.

(a = b) This implication is trivial.

(e = a) Let B be an antichain sequence for P, like in the hypothesis.
Then by regularity of x, for each X € [P4]<" there exists some a > k such
that X C Ug.,, B, and it follows that Bs\ X = Bs for all § > «, and hence
cfp(Py\ X) > sup{cfp(B;s) | @ < § < k} = A, concluding that p(Py) = @

(b = ¢) Let P; be like in the hypothesis. We claim that P, := P; works.
Assume towards a contradiction that {P, \ X | X € p(P,)} is C-cofinal
in Zy\(P) | P, then cf(Z\(P) | P2,C) < cf({X NP | X € p(P)},D) <
cf(p(P), 2) < A

Clearly, Zy(P) | P> = Uy (Zr.(P) [ P2). Also, by P, € ESpec,(P), we
have cfp(P2) = A and cov(Zy,(P) | P») = A for all @ < k. Thus, if indeed
cf(Zx(P) | P»,C) < A, then by Lemma 2.12, there exists some X € [Py]”
such that X ¢ 7Z)(P), which is an absurd.
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(¢ = d) Fix P, like in the hypothesis and let Y € Z(P) | P» be a witness
to the assumption. That is, Y € P, \ X for all X € p(P,).

Let P3:= P, \Y. By cfp(Y) < A, we have P3 € ESpec,(P). By Lemma
3.5, let us fix a one-sided sequence for P3, A := (A, € [Ps]<* | a < k) such
that P3 C Ua<n@‘

To see that A is upwards-extendible, assume towards a contradiction that
there exists some I € [x]<% and X C! A such that (4, \ X | @ € ) is not
one-sided for all ¥ € [x]*. It follows that cfp(|J,., Ao \ X) < A and hence
cfp(P\ X) < cfp(YUPs\ X) < cfp(Y)T + A, concluding that X € p(Ps).

However, by Y € P, \ X and Y C Py, we get that Y N X # & and hence
Y N X # @, in contradiction with X C! Aand Y N A4, = @ for all o < k.

(d = e) Assume P3 € ESpec,(P) and A given by the hypothesis. If there
exists Q C Py such that cfp({z € Q | cfp(QN{z}) < A}) = A, then Theorem
3.9 completes the proof. Thus, from now on, we may assume

(3.1) cfp({z € Q| cfp(QN{z}) <A}) < Aforall Q C Ps.

For all § < k, denote V? := |J{A, | 6 < v < k}. Notice that by the
hypothesis on A, for all § < x and X C° A, we have cfp(V?\ X) = \.
We now build the following objects by induction on a < &:
(i) Two increasing sequences of ordinals I = (7, < k | @ < k), and
J = (00 < K| a<k).
(ii) An antichain X = {z, € A, | a < Kk}.
(iii) An antichain sequence of the form B = (B, € [V%]|<} | a < k).
Induction base:
By cfp(P3) = A and property (3.1), we may pick 79 < k and zg € A,
such that cf p(Ps N {xo}) = A, hence, by Lemma 2.6 there exists By €
[P N {x0}]<* with ¢fp(By) > Ag. Put & := 79, and notice that since A
is one-sided, indeed By € [V%]<A
Induction hypothesis:
We assume the following objects have already been defined:
(i) Increasing I, := {73 | B < a} and J, :={dg | B < a}.
(ii) An antichain X, :={zg € 4., | B < a}.
(iii) A sequence (Bg € [V N {z}]<* | B < a) such that
— for all < a, A\g <cfp(Bg) < X and
— <7y <aimplies BgN By =2 andB_ﬁﬁBV:Q

Inductive step:
By I, € [s|~" and A being upwards-extendible, we may pick d, >
sup(I, U Jy) such that cf p(Vo% \ X)) = \. Set Q := V% \ X,.
By (3.1), we choose 7, > 0, and z,, € (A, \ Xo) such that cfp({z,} N Q) =
A. Set 0 :=3 5, |Bgl. Since |Bg| < A for all 3 < a, and a < K = cf(N), we
have § < \. Thus, just like in the base case, we may find B/, € [Q N {zq}]<*
with cf p(By,) > Ao + 0. Finally, put By := B, \ Us,, Bs- By cfp(B,,) >0,

we conclude cf p(B,) = cfp(B.).
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Pick 3 < a. Clearly, Bg N B, = @. To see that Bg N B, = @, assume
y € Bg,x € B, with x > y. Since y € Bg C {x—ﬁ}, we must conclude
that > zg. However, B, € [V \ X,]<* and zg € Xq, in particular,
B, C P3\ {25}, therefore, {x5} N B, = @ and = # 25. We conclude that
x % y and this ends the construction.

Evidently, the construction produces B := (B, | a < k) which is an
antichain sequence for Py := (J,., Ba. Finally, since P3 is well-founded,
sup{cfp(By) | @ < K} =sup,c, Aa = A, and |B,| < A for all a < &, we also
have Py € ESpec, (P). O

Thus, Corollary 2.20 may be improved to the following.

Corollary 3.12. Assume (P, <) is a poset, cf(P) = X\ > cf(\) = k. If there
exists no antichain sequence of length k and cofinality A for P, then there
exists S C [A\]<" such that cf(S,2) > A.

Corollary 3.13. Assume (P, <) is a poset, cf(P) = A > cf(\) = k. If any
of the sets

(a) {x € P|cfp({z}) <A} or

(b) {z € P| {z}] < u} for some p < A.
1s of confinality X\, then P contains A* antichains of size k.

Proof. For (a), use Theorem 3.9 and Lemma 3.3. For (b), use Theorems 3.8,
3.11 and Lemma 3.3. O

It is worth mentioning that cfp({z}) = 1 for all x € P. Also, we have
already noticed in the proof of Lemma 2.17 that if cf(P) = A, then there
exists P’ € ESpec, (P) such that [{z}| < A for all z € P.

Definition 3.14 ([8]). Assume (P, <) is a poset. (P, <) is cofinally homo-
geneous iff for all x € P, cfp({z}) = cf(P).
Thus any updirected poset is cofinally homogeneous.

Definition 3.15. Assume (P, <) is a poset. P’ C P is externally homoge-
neous iff for all x € P/,

cfp(P' n{z}) = cfp(P'\ {z}) = cfp(P").

The next corollary tells us that we may restrict our research to explore
properties of externally homogeneous posets of singular cofinality.

Corollary 3.16. Assume (P, <) is a poset, K = cf(\) < A € ESpec(P).
Then at least one of the following conditions holds:

(a) There exists an antichain sequence for P of length k and cofinality \.
(b) There exists an externally homogeneous poset P’ € ESpec, (P).

Proof. Pick P; € ESpec,(P). Set Py := {z € P, | cfp({z} N P) < A} and
w:=cfp(Py). If p = X then (a) holds as a consequence of Theorem 3.9.
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Assume p < A. Set P3 := P; \ P,. Assume there exists x € P3 with
cfp({z} N Ps) = # < A\. We show that & must be a member of Py, contra-
dicting P3N P, = @. Indeed, pick A € [P]? such that ({z} N Ps) C A.

It follows that ({z} N P;) € ({z} NP)U({z}NP) C AUP,, and x € P,
since cfp({x} N P) <0+ p < \. Thus, cfp({z} N P3) = X for all z € Ps.

Finally, put Py := {z € P3| cfp(P3\ {z}) < A}. If cfp(P;) = A, then
Py satisfies the hypothesis of Theorem 3.11.b and (a) holds. Otherwise, (b)
holds for P’ := P\ Py. O

We now revisit Lemma 3.5, claiming the existence of “principal” one-sided
sequences.

Theorem 3.17. Assume (P, <) is a poset, cf(P) = A > cf(\) = k. Assume
(Ao | @ < K) is a sequence of cardinals cofinal in A\. Then at least one of the
following conditions holds:

(a) There exists an antichain sequence for P of length k and cofinality \.

(b) There exists two families (A, € [P]|"* | a < k) and (x4 € P | a < k)

such that .

(b.1) for all o < Kk, Ao+ K+ |Va])T <cfp(An) <X and Ay C {24},
where Vo := g, Ap, and

(b.2) forall < a <k, AgN{z.} =2.

Proof. Assume (—a). By Corollary 3.16, we may pick an externally homo-
geneous P’ € ESpec, (P). We build the two families by induction on o < .
Induction base:
Pick 29 € P’ arbitrarily. By ({zo} N P') € ESpec,(P), we may use
Lemma 2.6 to pick Ag € [{z,} N P'|<* such that cfp(Ag) > (Mg + &) .
Induction hypothesis:
Assume (x5 € P’ | B8 < a), (Ag € [{zs} N P} | B < a) have already
been defined.
Inductive step:

Pick z, € P'\ V, arbitrarily. Notice that by the choice of 24, ({za} N
V,) = @, and hence Ag N {x,} = @ for all 3 < a. Just like in the base
case, since ({zo} N P’') € ESpec,(P), we may pick A, € [{zo} N P
such that cf p(Ay) > |(Aa+K+|Val)|T. This completes the construction.

U

4. SUFFICIENT AND EQUIVALENT CONDITIONS FOR THE EXISTENCE OF
ANTICHAIN SEQUENCES

Theorem 4.1. Assume (P,<) is a poset, and cf(P) = XA > cf(\) = k. If
there exists P' € ESpecy(P) such that either

(a) ({x} N P') is linearly ordered for all x € P', or
(b) ({z} N P') is linearly ordered for all v € P'.

then there exists an antichain sequence for P of length k and cofinality .
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Proof. (a) Recall that linear orders must have regular cofinality, and hence
cfp({z} N P') < A for all z € P’. The result now follows from Theorem 3.9.

(b) Let (Aq | @ < k) and X = {z4 | @ < k} be as in Theorem 3.17.b. Put
B, = (Aq \ X) for all a < k. Clearly, the refinement B = (B, | a < k) is
also a one-sided normal sequence for P. To see it is an antichain sequence,
assume § < o < x and b € Bg,a € Bg.

Since B is one-sided, we have b # a. Assume b < a. From a € A, C {z4},
we have z, < a. FrombEAf;g@andb<a, we have g < b < a. It
follows that {zq,zg,b} C {a}, thus, by the hypothesis, {z, 23, b} is linearly
ordered by <. We now yield a contradiction, by showing that z, and b are
incomparable:

e since b € Bg C Ag and (As N {z,}) = 9, we have b # z,.
e since be Bg = Ag\ X C (Ag \ {za}), we have b £ z,.
O

Recall that a poset (T, <) is a pseudotree iff ({z}, <) is linearly-ordered
forall x € T

Corollary 4.2. A counter-example to the Milner-Sauer conjecture cannot
embed a pseudotree of the same cofinality.

Thus, if for a cardinal A\, we denote by 7, the class of all A\-Aronszajn
trees, then VA(A > cf(A) — MS(7))) holds.

Recall that for a sequence (A, | @ < k), and @ <, welet Vo, := Uz, Aa
and V1= {J,<, <, Ay. In the following two theorems, we show that normal
sequences with untight mutual relations between their components can be
refined into sequences with no mutual relations at all.

Theorem 4.3 (Upward boundness properties). Assume (P, <) is a poset,
and A > cf(\) = k are cardinals. The following are equivalent :

(1) There exists Py € ESpecy(P) and an antichain sequence for Py of
length k and cofinality X.

(2) There exists Py € ESpec, (P) and A = (A, € [P} | @ < k) which
is a normal sequence, cfp({J,cn Aa) = A, and any of the following
conditions hold:

(2.1) sup{|VeN V| | a <k} <A,
(2.2) sup{|[Ven{z}| |z € Vy,a <K} <A, or
(2.3) sup{cfp(VenN{z}) |z € Vo,a <k} < A

Proof. Obviously, (1 = 2.1 = 2.2 = 23) as V¥NV, = @ for all a < &,
whenever A is an antichain sequence. We show (2.3 = 1).
Set P':= J{An | @ < &} and p :=sup{cfp(V*N{z}) | 2 € Vo, a < k}.
Fix x € P'. Find a < k such that z € A,. We have
cfp({z} N P) < cfp({a} N Var) +cfp({z} N VT
<cfp(Vag1) +p < A
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The implication now follows from Theorem 3.9. U

Theorem 4.4 (Downward boundness properties). Assume (P, <) is a poset,
and X > cf(A\) = k are cardinals. The following are equivalent :

(1) There exists Py € ESpecy(P) and an antichain sequence for Py of
length k and cofinality .

(2) There exists Py € ESpec, (P) and A = (A, € [P]<) | @ < k) which
is a normal sequence, cfp(|J,c,. Aa) = A, and any of the following
conditions hold:

(2.1) sup{|Va NAa| | a < K} <A,
(2.2) sup{|Va N{z}| |z € Ap,a < K} < A, or
(2.3) sup{cfp(VaNAy) | a <K} <A

Proof. Evidently, (1 = 2.1 = 2.2) and (1 = 2.3). By Theorems 3.8 and
3.11, we have (2.2 = 1). We are left with showing (2.3 = 1).

Assume A = (A, € [Py]<} | a < k) is the normal sequence given by the
hypothesis. Put p :=sup{cfp(Voa N As) | @ < k} and A, := cfp(Ay) for all
a < K. By Lemma 3.5 and i, k < A, we may also assume that A is one-sided
and \g > u + k.

For each o < K, let X, € [P]=* be such that V, N Ay, C X,. Define
Co =U{4aNXs5 | a<d <k}, and B, = Ay \ C.

To see that B = (B, | a < k) is an antichain sequence, let y € B,z € B,
for some 3 < o < k. Since V,N{z} C V,NA, C X, and BgN X, = O,
it follows that y £ x. Since A is a one-sided sequence, we also have = £ v,
therefore z and y are incomparable. Finally, to evaluate the cofinality of B,
fix @ < k and observe that A, = B, U Cy, cfp(As) = Aq, while

cfp(Cy) < cfp (U{X5 la<d< /i}) <p- k<A

Hence cf(Bs) = Ao and A = sup{Aq | @ < £k} < cfp(Uyey Ba) < A O

Definition 4.5. Assume a poset (P,<), P' C P, and T is an ideal over
P'.We say that T is unbounded in P’ iff there exists an increasing C-chain
{Uy | @ < pu} C T such that sup{ctp(U,) | @ < p} = ctp(P’).

Corollary 4.6. Assume (P,<) is a poset, P’ € ESpec,(P) for some singu-
lar cardinal \. Then, the ideal [P']<* is unbounded in P'.

Proof. We repeat the proof of Lemma 2.6.a. Put k := cf(\). Let P’ =
Ua<r Ua, where {Uy | @ < &} C [P|<* is an increasing C-chain. It
follows that A = cfp(P') = cfp (UpcrUa) < Pacr cfp(Ua) and hence
sup{cfp(U,) | @ < K} = A O
Definition 4.7. Assume (P, <) is a poset, P’ C P and cfp(P') = \. Define
the ideal J,(P') == {Y € [P} | cf(Z,(P") | Y,C) < A}, where u denotes a
cardinal and Z,(P') | Y :={X CY | cfp/(X) < p}.

For k = cf()\), it is not hard to see that assuming the SSH, the ideal

Jx(P") is k-complete. Consequently, in this case, J.(P’) is unbounded in
P’ iff sup{ctp(U) | U € Ju(P")} =\
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For notational simplicity, we shall further say that J(P’) is unbounded
in P’ to express: Iu < cfp(P’) (J,(P’) is unbounded in P’).

Lemma 4.8. Assume (P, <) is a poset, P’ € ESpec,(P) for a cardinal \.
If X is a singular strong limit cardinal, then J(P') is unbounded in P'.

Proof. Since X is a strong limit, cf(Z,(P') | Y,C) <2Vl < X for all Y €
[P']<*. Thus, J,(P') = [P']<* and we may appeal to Corollary 4.6. O

The proof of the next theorem was inspired by a beautiful idea from [5].

Theorem 4.9 (Boundness by ideals). Assume (P, <) is a poset and \ >
cf(A) = k are cardinals. The following are equivalent:

(a) There exists P’ € ESpecy (P) such that J(P') is unbounded in P’.
(b) There exists P" € ESpecy(P) and A = (A, € [P"]< | a < k) which
18 an antichain sequence of length k and cofinality .

Proof. To help the reader get used to the definition, we start with (b = a).
Assume A = (A, € [P"]"* | a < k) is like in (b). Put P’ :=J,, Aa. To
see that J(P’) is unbounded in P’, it suffices to show that {V, | o < K} C
Ju(P"). Let a < K, we need to verify that cf(Z,(P’) | Vo, C) < A

Evidently, Z,,(P’) | V, is generated by {XNV,, | X € [P'|<“}. By A being
an antichain sequence, it is actually generated by {X NV, | X € [V,]<“}.
It follows that cf(Z,(P") | Vo, C) < |[Val=¥| = |Val < A

(a = b) Assume P’ is like in (a), # < A and {U, | a < k} C Jp(P')
is a witness to the unboundedness property. We define by induction an
increasing function f : K — & and a normal sequence A = (Ay C Uy |
a < k) with property (2.3) of Theorem 4.4.

Induction base:
Let f(0) :=min{y < & | cfp(Uy) > k} and Ag := Uy(q).
Induction hypothesis:
Assume f [ o and (Ag | B < «) have already been defined, such that
cfp(VagNAg) < 6 for all 8 < a.
Inductive step:
Put 7, := supg., f(B) and pq = cf(Zy(P') | Vo, C). By Vo C U, €
Jo(P"), we have V, € Jp(P') and po < A.
Fix {Y; € [P'|<? | i < po} such that {V,NY; | i < pa} is indeed cofinal in
Zo(P') | V. Put f(a) :=min{y < & | (|Ur,| + pa)* < cfp(Us)}.

Now, for all i < g, set B; := {z € Uf(a) | Vo ﬂ@ C Vo NYi}. Since
Uf(a) - P/, we have Uf(a) = U{Bz ’ 1< ,U,a}. By Cfp(Uf(a)) > (‘UTa’—i-/La)—i—,
there must exist some j < p such that cfp(B;) > |Ur,|T. Set A, := B;.

Finally, since (Vo N Aq) C Y}, we have cfp(Vy N Ay) < [Y;] < 6. O

We end with a corollary to [5] or to the preceding theorem.

Corollary 4.10. Suppose X\ is a singular cardinal and MS) fails. Then
there exists a poset (P, <) of cofinality \ with no antichains of size cf()\)
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and no chains of size X. In fact, this (P, <) satisfies
sup{|L| | L C P is linearly-ordered } < .

Proof. Let (@, <) witness = MS). Pick Q" € ESpecy(Q). Put x := cf())

and take an increasing C-chain of sets {A, | @ < &k} C [Q']<} such that

(Uaer 4a) = Q. By the preceding theorem, J,,(Q’) is not unbounded in

@', and hence there is some a < k such that A, ¢ J,(Q'). Fix such a.
Put P :={A,N{z} |z € Q'}. Since

cf ({X C A, | cfo(X) < w}, g) = A

we have cf(P’,C) = A, so let us pick P € ESpec,(P’). We claim that (P, C)
works. Indeed, P cannot contain an antichain of size k, since Q' does not
contain one. Finally, (P, C) is well-founded, hence, for any linearly-ordered
L C P, we have |L| < ||JL|. Tt follows that

sup{|L| | L C P is linearly-ordered } < |A,| < A.
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