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BEST SIMULTANEOUS DIOPHANTINE APPROXIMATIONS
UNDER A CONSTRAINT ON THE DENOMINATOR

ISKANDER ALIEV AND PETER GRUBER

ABSTRACT. We investigate the problem of best simultaneous Diophan-
tine approximation under a constraint on the denominator, as proposed
by Jurkat. New lower estimates for optimal approximation constants are
given in terms of critical determinants of suitable star bodies. Tools are
results on simultaneous Diophantine approximation of rationals by ra-
tionals with smaller denominator. Finally, the approximation results are
applied to the decomposition of integer vectors.

1. INTRODUCTION

The first investigations of simultaneous Diophantine approximation with
constraints on the denominator are due to Jurkat [10]. Kratz [11, 12] consid-
ered the following particular problem: let x € R, k > 2,and g(-) = || - ||2.
As in Kratz [11], define for Q > 0 the successive minima A; = A;i(x,Q),
i =1,...,k+1, of x under the constraint |q| < Q as follows: A; is the
minimum of all A > 0, for which there are 7 linearly independent vectors

pj = (pﬂ, e s Djks ij+1) € ZkH,j =1,...,1,such that

S(pixr1x — (pjr, -, pjx)) < Aand [pjryq| < Qforj=1,..., 1

It is known (see e. g. [11]) that the product of the first k successive minima

satisfies

1

A1~--/\k:O(> .

Q
In this paper we are interested in an optimal constant ¢ = ¢(k, || - ||2) such
that

c

Mo k<G
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Kratz proved in [12] that

2
c(2,||- = —.
@11-1l2) = —7
Assume now, that g(-) is the distance function of a bounded star body K
in R. In the following we consider the above problem for g(-) and show
in Theorem 1.5 that
1
C(kr g ) Z N Y
(K)
where A(K) is the critical determinant of K. Let y; denote the Hermite con-
stant. Since the critical determinant of the k-dimensional unit ball equals

Y k/2 we conclude that

k
ek, |- [12) = g

For recent results on the upper bound for c(k, g), see [3].

To obtain these results, we study in detail the simultaneous approxima-
tion of rational numbers by rational numbers with smaller denominator.
Letn = (ny,..., 1, M) € Z51, k > 2, be an integer vector. Assume that
0 < m < ... < ngyq and that ged(ny, ..., ng1) = 1. Consider the prob-
lem of approximating the rational vector (11 /41, ..., g/ ns1) by rational
vectors of the form (my /my.q, ..., mp/mg 1) withm; € Z,i =1,...,k+1,
and 0 < my4q < ng4q. More precisely, we investigate the behavior of the
points
M <m1 Mgy — mk+1nk>

Mj+1 N1
asm = (my,...,mg,myy1) ranges over ZK+1. Since these points form a k-
dimensional lattice A(n) (see Section 2 for details), we make use of tools
from the geometry of numbers.

Given an arbitrary lattice A C QF, we can construct a sequence of integer

vectors 1(t) such that the sequence of corresponding lattices A(n(t)) after
an appropriate normalization tends to A.

Theorem 1.1. For any rational lattice A with basis {by,...,bc}, b; € QF, i =
1,...,kand for all rationals «y, ..., a0 with 0 < a; <y < - < ap < 1, there
exists an arithmetic sequence P and a sequence
n(t) = (ny(t),..., me(t), mea (1)) € ZM Lt e P,
such that
ged(ny (), ..., ne(t), ne1 () =1
and A(n(t)) has a basis a1 (t), ..., a,(t) with

bij 1 .
() al-j(t)—dt—i—O<t2> fori,j=1,...,k,

where d € N is such that d b dzxj bi]- €Zforalli,j=1,...,k. Moreover,

ijr
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dk ¢k

B mea(t) = g5 +OET)
and
©  s= 0 sio(L).

Let a(K) denote the anomaly of a set K, and if f is the distance function
of K, then both A;(f, A) and A;(K, A) denote the i th successive minimum
of the lattice A with respect to the set K.

Theorem 1.2. Let K be a bounded star body in R* and let

Uttt = {x € 7 0<y <o < Xer1, ged(xg, ..., xpp1) =1}

Then
) i sup MUECAD) M A) _ a(K)
nelUk+1 detA(”) ( )
Moreover, for all ay,...,0p € Qwith0 < a3 < ap < -+ < ap < 1, there
exists an infinite sequence of integer vectors n(t) = (n1(t),..., ng(t), nge1(t)) €

UM t € T = {t1,to,...}, such that

MK A(n(t))) - A(K A(n(t))) .
(5)  lim= detAQ(D) CK);

teT

(T
6 tm MY i1k
ey Mi1(t)

and
O lima () =

The proof of Theorem 1.2 is based on the following lemma which is of
independent interest. Let D denote the set of functions f : R¥ — [0, +c0)
which are positive homogeneous of degree 1. We also denote by o the zero
vector.

Lemma 1.3. Let {f;} be a sequence of functions in D which converges uniformly
on ||x|| < 1toafunction f in D and let {L;} be a sequence of lattices in RF which
converges to a lattice L. Then

(i) limsup A;i(fi, L) < Ai(f, L), fori=1,...,k
t—o0
(i) If, in addition, f(x) = 0 only for x = o, then tlim Ai(fi, Lt) exists and
equals Ai(f,L) fori =1,...,k.

This lemma clearly implies the following result.
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Corollary 1.4. If {L;} is a sequence of lattices in R* convergent to a full lattice L
and K is a bounded star body then

tlim Ai(K, L) = Ai(K, L) foreachi=1,...,k.

A similar result about centrally symmetric convex bodies was recently
proved by the first author jointly with Schinzel and Schmidt in [4].

Theorem 1.5. Let g(-) be the distance function of a bounded star body K in RF.
Then
1
k,g) > —.

Theorem 1.1 will be applied in Section 8 to the problem of decomposi-
tion of integer vectors, where the problem is considered with respect to the
supremum norm. For recent results on this problem for the Euclidean norm
|| - ||2, see [4]. By tradition, we denote the supremum norm of a vector a by
h(a).

Given m linearly independent vectors 1y, . .., 11, in ZF et H(ny, ..., ny)
denote the maximum of the absolute values of the m x m-minors of the

matrix (n},...,n!,) and let D(ny,...,n,) be the greatest common divisor
of these minors. Then h(n) = H(n) forn # 0. Fork+1 > 1> m > 0let

k—1+1 i

D<”1”m>>k [Tr(),

H(ny, ..., ny) P

where the supremum is taken over all sets of linearly independent vectors
n,..., My in Z¥1 and the infimum over all sets of linearly independent
vectors py, ..., p; in ZF! such that

(8) co(k+1,1,m) = supinf <

!
n; = Zui]-p]-, Ujj € Qforalli < m.
j=1
It has been proved in [14] that for fixed I, m,

) limsupco(k+1,1,m) < oo

k—o0

and in [2] it was shown that

Co(k+1/2,1) S 2 1
(k+1)x
A resultin [7] says that ¢y(3,2,1) =2/ /3. Note that
co(k+1,2,1) = sup inf M
nezb\{o} paezt\(o}  h(m)!7F
dim(p,q)=2

n=up-+ovq,u,0cZ
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In this paper we continue to study the behavior of ¢o(k +1,2,1) and
prove the following theorem.
Theorem 1.6. Fork > 3

hp)h(g) o 1

lim sup inf T > -
nezkt pgeZFH! h(n)lf? (k+1)%
h(n)%oo dim(M):z

n=up+vq,u,0eZ.

A more general result of Chatadus [6] yields a weaker inequality with
1/2 instead of 1/ (k + 1)/%.

2. THE LATTICE A(n), RATIONAL WEYL SEQUENCES AND SYSTEMS OF
LINEAR CONGRUENCES

In this section we construct a special lattice A(n). Its points correspond
to points of the form (1). Given the vector n, there is a basis of the lattice
Z*1 of the form 1, vy, . .., vy. Let

vl = (Ujl — vz‘k+1£,...,vik — Uz‘k+1nk) eRNi=1,...,k
M1 M1
The equality
Ao+ ...+ A =0
implies that
Ney1A101 + oo+ M1 AgO + Agpan =0
with Agpq1 = —A101k41 — - .. — AkUks1. Thus the vectors o4, . .., v} are lin-

early independent. Denote by A(n) the k—dimensional lattice with basis
{v},..., v, }. Since

011 N Ok1 nq
1 =det
U1k ce Okk ny
Olk+1 -++ Okk+1 Mkl
n n n
U1 = Utk lyy e KT Ukt e
= Ny, det i : s " ,
Utk = Ulk+13,; -+ Okk = Ukl s
1

we have det A(n) = 1/ny. Itis easily seen, that for every non-zero vector
v € A(n) there is a unique vector m € Z¥1 such that

= o T here 0 <
v=(m —mp4——,..., Mg — Mg 1—— |, where 0 < my 1 < ngq.
M1 Mit1
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Thus there is a one—to—one correspondence between the points of A(n) \
{0} and the non-zero integer vectors with 0 < m; 1 < 1, 1. Note also that
since v # o, the vectors m and n are linearly independent.

If A is a lattice, let A* be its polar lattice, see [8]. The lattice A(n) is related
to the lattice A+ (n) of integer vectors orthogonal to . Let A ; (1) be the k-

dimensional lattice obtained by omitting the (k + 1)st coordinate in A*(n).
Then the following holds:

Lemma 2.1. The lattice A, (n) is the polar lattice of the lattice A(n),
Ay (n) = An)*.

The lattice A(n) appears in some problems of number theory. Let 6y, . .., 6,
k > 2, be real numbers and let W be the sequence of k-dimensional vectors

(10)  (i#; mod 1,...,i0y mod 1),i=0,1,2...

W is called a k—dimensional Weyl sequence. We shall consider the case
where

o, = g =%
Mit1 Mkt1
Then W is ny1—periodic and the set
AWo) ={x+y:xcZF ye W}
is a k—dimensional lattice. It can be shown easily that
A(Wk) = A(?l)
Consider the lattice 1, 1A(n) = n; 1 A(Wy) C ZF. The points in (10),
multiplied by 7y, can be written in the form
(iny mod ngyq,...,ing mod ng,q1),i=0,1,2,...
Therefore, any point (xy,...,xx) € ng1/A(n) is a solution of the system
x1+rnp = 0 (mod ngyq)
(11)
Xe+rmm = 0 (mod ngyq)

where r is an integer corresponding to my1. Hence we may consider The-
orems 1.1 and 1.2 as results on rational Weyl sequences and solutions of the
system (11).

3. PROOF OF LEMMA 2.1
Let v be a primitive non—zero vector of A(n) and V = ny1v. Choose a

vector m € Z¥*1 such that

ny Ny
O=\m — M1, M —Mg1— | .
M1 M1
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Let A(m, n) denote the lattice with basis m, n. Since v is primitive, we have
that

A(m,n) = S(m,n) N ZF?,
where S(m,n) denotes the subspace of Q*! spanned by the vectors m, n.

Consider the lattice A+(m,n) of integer vectors orthogonal to S(m,n)
and choose a basis

all — ([111, - /alk/ a1k+1) 4

(12) ;
a_, = (@11, Ok 1k, Ak 1k41)
al = (ax, - - -, Ak, Agk+1)

of the lattice A+ (n) such that the first k — 1 vectors ] ... a, , form a basis
of A*(m,n). It is easy to see that the vectors

m = (ﬂn Ry ﬂ1k),

a = (@ ..., k)

form a basis of Aj,;(n). Consider the matrix

an ... Mk A1kl
A=
Q—11 -+ Ak—1k  Bk—1k+1
and denote by A;; the minor obtained by omitting the ith and jth columns
in A.
Let
V! =mm —nm

and let V; be the vector obtained by omitting the ith entry in V/ (note this
entry is 0). When omitting the ith entry, we preserve the numbering of
the remaining entries. For example, we consider V3 as a vector of the
k—dimensional space with coordinates xi, xp, x4, ..., Xx41. In particular,
Vii1 = V. Let A (m,n) denote the lattice obtained by omitting the ith
entries of all vectors of the lattice A*(m,n), preserving the numbering of
the remaining entries. Denote by Vj; the jth entry of V;. Then the following
result holds.

Lemma 3.1. Vj; = €;;A;j, where €;; = 1 and €x41i€x41j = (—1).
Proof. V! € A(m,n) implies that V! LAt (m,n) and thus V; LA} (m, n).
Hence V; can be represented in the form

(13)  V; = si(external product of the vectors of a basis of A (m,n)),
s;i € R.
Therefore,
V1] = eijtiAij/ €jj = +1,t; >0
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and clearly €, 1;€p41; = ( —1)i*f' . In order to see this, it is enough to note

that the basis {a ...a,_,} of A}(m,n) obtained from (12) is a basis of the
lattice on the right hand side of (13). Further, the equation V;; = —Vj; im-
plies thatt; = t;. Lett = t; = ... = f;. It is well known that

(14)  detA(m,n) = det A*+(m,n),
see e.g. [5], p. 27/28. For the first determinant holds

det A(m,n) = < T::;: m ) E ZA

Z#J
On the other hand, by the Laplace identity (see e.g. [16], Lemma 6D), we
can write the second determinant as
det At (m,n) = det(aia}) (aja}) i‘] 1= ZAU,
#J
andby (14)t =t =... =t =1. O

Since V' = ny1v, Lemma 3.1 implies that the vector v is orthogonal to
the vectors a4, ...,a,_1 and

1
Pk = s Vap = 2= (Viynag + - + Vipaxai)

=+ (A — Ak+1zﬂkz+---+(—1)k YAy ki)

Vlkl

= 4L det A, (n) = +1.

By taking, if necessary, —v instead of v, we may assume that va; = 1. This
shows that v € Ay, (n)*. Thus A(n) is a sublattice of Ai;(n)*. Since

det A(n) = det(Al, (1)) = n:ﬂ

these lattices coincide.

4. PROOF OF THEOREM 1.1
Let {b], ..., b; } be the basis of the polar lattice A* given by

¥ 1/ i = j/
bi'bj = { 0, otherwise.

We shall apply Theorem 1 of [15], where m = 1, F = 1, and Fy,, v
1,...,k+ 1 are the minors of order k of the matrix
M=M(T,Ty,...,Tx)
dbj, T+ Ty aby,T . dby, T dZ _q ;b5 T
db;, T dby,T+To ...  dbyT dzlkzl «; b T

dbi, T dbi, T ... db; T+ T dYs abiT
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where T, Ty, ..., Ty are variables. Let M; = M;(T, Ty, ..., T) and let B} be
the minor obtained by omitting the ith column in M or in the matrix

* * * k *
biy b ... by Z;’{:l a;by;
* * * *
by by .o by Yigaiby
. . . . 4
* * % k 1%
ba b - by L eiby

respectively. As in the proof of Theorem 2 in [15] we have that

(15)  [Bi,| = | det(bj)] # 0,

(16)  [Bf| = ailBy,,l,

17 M; = dkB;k T + polynomial of degree less than kinT

and Mj, ..., My have no common factor. By Theorem 1 of [15] there exist

integers t1, ..., f, and an arithmetic progression P such that, for t € P, we
have

ng(Ml(t, tl, N ,tk), .. .,Mk+1(t, tl, N ,tk)) =1.
Let
n(t) = (My(tt, .o t), o (D) Mg (b £, . 1)),
Then (3)and (4) hold.
To prove the equality (2), consider the lattice Ay (n(t)), t € P with

basis
ay(t) = (dbjyt + t1,dbi,t, ..., dbst),
as(t) = (dbsyt,dbs,t +t, ..., db5t),

ai(t) = (dbiyt,dbit, ..., dblt + t).
By Lemma 2.1, A(n(t)) is the polar lattice of the lattice A", (n(t)). Let
{ay(t), ..., ar(t)} be a basis of A(n(t)) such that

000 ={ 5 b

0, otherwise.

Consider the matrices A*(t) = (aj‘j(t))fijzl and B* = (b;})ﬁj:]. Let A;“j(t)
and Bj; be the minors obtained by omitting the ith row and jth column in
A*(t) and B*, respectively. Then, in particular,

(18)  Aj(t) = d“ 1 1BE + O(H2).

Moreover,

ai(t) = A" (AL (1), —Ap(t) ..., (1) TTAL(H),
where A* = det A(n(t)) = (det Ag; (n(t))) ' To check this, note that
det Agyy (n(t)) = af (1) (AR (1), —AL(H) ..., (1) LAL(H)).

Analogously,
bi = /\( ;kl, - ?2/ B (_1)k_1B?k)’
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where A = (B}, ;) "' = (det B*)~!, since clearly
detB" = b} (B, ~Bj..., (—1)*"1BY).
By (17)
/\* — (dktk)Lfl _i_o(tkfl))fl‘
Thus by (18),

i dkfltklef+O(tk72) i dk—ltk—le
— -1 1 _ —1 i 1
al](t) - (_1) dktk/\—ljro(tk—l) - (_1)] dktk/\’l(l—‘rO(]%)) +0 (TZ)

. ABj, bii
= (-7 F+0(@) =7 +0(z)

5. PROOF OF LEMMA 1.3

The functions f;, f all are positive homogeneous of degree 1. Hence
ft — f uniformly on any bounded set. Thus
(19) I} — limplies f;(ly) — f(I) as t — oo.

(i): Let € > 0. Choose linearly independent vectors [y, ...,Iy € L such
that

(20)  max{f(h),..., f(l))} <Ai(f,L)+efori=1,...,k

By Theorem 1 of [8], pp. 178-179, there exist vectors ly1,...,l; € Lt such
that

(21) lt]-—>l]-ast—>ooforj:1,...,k.

Clearly,

(22)  Iy,...,ly are linearly independent for all sufficiently large t.
Thus

Ai(fr, Le) <max{fi(ln),..., fi(ls)} <max{f(ly),...,f(I;)} +e
< Ai(f,L) +2efori=1,...,kand all sufficiently large ¢

by (22), (21), (19) and (20), concluding the proof of (i).

(ii): Let 0 < € < 1. Since f; — f uniformly for ||x|| = 1, f(x) > 0 for
||x|| = 1and f; and f all are positive homogeneous of degree 1, there is an
« > 0 such that

(23)  aflx|| < (1—¢€)f(x) < fi(x) for all x and all sufficiently large ¢.

For such t the function f;(x) is positive for x # 0. Thus the star body
{x: fi(x) <1} is bounded. Hence we may choose

(24)  In,..., I € Ly, linearly independent, such that

max{fi(ln),..., fr(lti)} = Ai(fr, L), i = 1,..., k for all sufficiently large ¢.
By (23), (24) and (i),

1 1 1
(25) 1] < &ft(hj) < &/\i(ft,Lt) < &)\d(ft/Lt)
< %Ad(f,L) +¢€, j=1,...,kfor all sufficiently large .
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Moreover,
|det(ly, ..., I)| > detL; > det L(1 — €) for all sufficiently large ¢

by (24) and since L; — L and thus detL; — det L.

The sequences (Iy1),...,(l) all are bounded by (25). The Bolzano -
Weierstrass theorem thus shows that by considering suitable subsequences
and re-indexing, if necessary, we may assume that

Zt]' — l] €L, \det(ll,...,lk)\ > detL(l—e) >0,

see [8], pp. 178-179, Theorem 1. Hence [y, ..., I are linearly independent
and fi(l;;) — f(l;) by (19). Thus

Ai(fr, Le) = max{ fi(ln), ..., fr(l))} — max{f(hh),..., f(L})}
> N(f, L), i=1,...,k

Noting (i), this concludes the proof of (ii).

6. PROOF OF THEOREM 1.2
The inequality

MK A®m)) - MK, A(m) _ a(K)
det A(n) = AK)

C(K) = sup

neUk+1

holds by the definition of anomaly (see [8], pp. 191, 192). To show that
equality holds, it is sufficient to prove that
MK, A() - MK A(n)) _ al(K)

det A(n) ~— A(K)

(26) sup

neyktt
Let Ag = Ag(K) be a lattice such that

27)  Ai(K, Ag) - Ak(K, Ag) = §iis det Ag.

The existence of such lattices for bounded star bodies in IR? was proved

in [13] and for all dimensions in [9], see also [17]. Let {ry,..., 7} be a
basis of Ag. Let 0 < 4 < 1 and choose linearly independent vectors
b1(6),...,bx(6) € QF such that
16;(6) —1illo <9, j=1,...,k,
| det(b] (6),...,bL(5)) — det Ag| < ddet A,.
Apply Theorem 1.1 to the lattice A with basis {b1(9),...,bx(d)} and ar-
bitrarily chosen rational numbers «y,...,ax with 0 < a1 < ap < --- <
ar < 1. This gives an arithmetic progression P and a sequence n(t) =
(n(t), ..., ne(t), mee1 (t)) € ZM1, t € P, such that A(n(t)) has a basis
{ay(t),...,ar(t)} where

1 .
dta;j(t) = b;j(6) + O <t> ,ij=1,...,k

(28)
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Here d = d(6) € N such that db;;(0),da;b;j(0) € Z forall i,j = 1,...,k.
Choose any ty = ty(d) € P such that

(29)  ||dtoa;j(0) —rillee <6, j=1,...,k

and tp > 1/6. Put As = ditgA(n(ty)). For § — 0 we obtain an infinite
sequence of lattices { As} and by (29) As — A¢. In view of Corollary 1.4,
a(K)
A(K)

/\1(K,A5> s )Lk(K,Ag) — detAg asé — 0.

We have
M (K, Ag) -+ A(K, Ag)
(d(8)to(0))* '

M(K, A(n(t))) - - - M(K, An(to))) =

and by (3) and (28)

detA e (14 0)det A

(d(6)to(0))* = detA(n(t)) +0(tyh) < m(l + 0O(9)).

Thus, for every € > 0 and for sufficiently small § > 0 there is an integer
vector n = n(ty(6)) such that

A (K, A(m)) -+ Ap(K, A()) > (1—/325‘)(10

This implies (26) and shows that (5) holds for the sequence {n(ty(9))}. For
this sequence equality (6) holds by (4) and (7) holds by (3).

det A(n).

7. PROOF OF THEOREM 1.5

We shall show that for every € > 0 there exists a vector x € R¥ and a real
number Q > 0 such that

30 {M(x Q¥ > xrfa-

Let
- {A1(K, A(n)) }r
C1(K) := limsu .
1(K) neUka det A(n)
[[71]cc—00

The proof of Theorem 1.2 can be easily modified to prove that

(31) Ci(K) = ﬁK)

We just have to take for the lattice Ay = A¢(K) any critical lattice of K and
to replace (27) by the equality

det AO
A(K)

{/\1 (K/ AO) }k =
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By (31) there is a sequence {n(t)}, such that ||n(t)|| — oo and for all
sufficiently large t holds
A (K A(n (D)) > (1—e)detA(n(t)) _ 1—e ‘
{( (n(t)))} A(K) (1 B m) A(K)(ngsq1(t) — 1)
Now put x = (n1(t)/ng1(t), ..., me(t) /ng1(t)), Q = ngyq(t) — 1 and note
that A (K, A(n(t))) = A(x, Q).

Remark. The proof of Theorem 1.5 does not yield only rational solutions
x of the inequality (30) for € > 0. In fact, all vectors which are sufficiently
close to a vector x satisfying (30) satisfy (30) as well. Moreover, since we
apply Theorem 1.1 with arbitrarily chosen rational numbers «;, the equality
(4) implies that solutions of (30) approximate any rational point («y, ..., ax)
with0<oc1§oc2§---§1xk§1.

8. PROOF OF THEOREM 1.6

For any € > 0 we have to find a sequence {n(t)} of integer vectors such
that i(n(t)) — oo and for all sufficiently large t the following inequality
holds:

(32) inf hphte)  1=€
sz ()T (k1)
dim(p,q)=2

n(t)=up+ovgqu,o€EZ

Letn = (n1,...,Mk41), 0 < ny < ... < mny,q, be a primitive integer vec-
tor, that is ged(ny,...,1np1) =1, and let m = (my,...,my 1) be an integer
vector, such that m and 7 are linearly independent. Consider the polygon
IT =I1(m, n) defined by
(33) II=A{(xy):|my—nx| <lfori=1,...,k+1}.
Let
(34) ov=ov(m):= <m1 — M1, o, Mg — mkH%) € A(n).
The following lemma is implicit in [2].

Lemma 8.1. Let 0 < ny < ... < nyqq and ¢ > 0. Then there is a centrally
symmetric convex set Mz = Mg(n) C R, such that v(m) € Mg for an integer
vector m if and only if

Moreover,
(35) Vk(/\/lg) > (k+ 1)§k.

Indeed, a set M; satisfying the equivalence stated in Lemma 8.1 is de-
scribed by formula (6) of [2] and the inequality (35) is proved in Lemma 12
ibid. Let f,(-) be the distance function of the set M1 (n). By the definition
of Mg, for v as in (34), we have that
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36)  fulv) = (e A(IT))
Consider a generalized honeycomb Ef given by the inequalities
Ef={xeRF:|x] < 1|x —xj| <1for i,j=1,...,ki#j}.
Observe that
Ef =) {x € R": (xp,x,) € E%}
p<q
Let gi(-) be the distance function of EX. Then clearly

ge(x) = max g ((x;, x;)).

1<i<j<k
By Lemma 1 of [2],
k+1
ok
and Ef has a unique critical lattice A(E¥) with basis

by =(1,1/2,...,1/2),
by =(1/2,1,...,1/2),

Vi(EY = k4+1,A(EF) =

b = (1/2,1/2,...,1).

Lemma 8.2. For any € > 0 there exists a 6 = 6(e) > 0 such that for all integer
vectors n = (N, ..., Mg, Ngp) With1 —6 < ny/npq < ... < ng/ngypq < 1, for
all x € R*\ {0}

falx) > (1-3) &)

Proof. By formula (6) of [2], the set M (n) is the intersection of the sets G,

where
Gogr = {x e R:: (xp,x4) € By (nP W)}

M1 Myt
forp<g<r=k+1and

n n n, n
Gor =4xeRF: (x, — Py, x,— 2x, ) € yBy [ £, -1
par P e T ! n 1,

forp<g<r<k+1,v=ng1/n.Theset By =B;(¢,p),0<a<p<1
is defined by the formulae (8)—(13) of [1]. The boundary of B; consists of
two horizontal segments

1—w 14w
45, = {+(t,1) e R?: — <t< ,
' {( ) 1+~ —1+5}
two vertical segments
1-p 1-8
+S, =< +(1,t) e R*: — <t< ,
. {( ) € 1—|—oc_t_1—a}
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and four curvilinear arcs L, L, with

1-8 1+p
= 2. <t<

11, {i(x(t),tx(t)) ER’: ;- <t< 1+a},
x(t) = —12(14a)?+2t(1—a+p+ap)—(1-B)?

4t(B—at)

and

ey

1o = {H(X(), ~#X(1) € R2: £ <t < TP

1+a
_ —P(1—a)?+2t(1+a+p—ap)—(1-B)*
X(t) = e :

By Lemma 1 of [1], B; is a centrally symmetric convex set.

Assume that there exists an € > 0 such that for all 6 > 0, there exist
an integer vector n = (nq,..., M, ngyq) with 1 —6 < ny/ngq < ... <
ni/npy1 < 1and a point x € RF\ {0} with
B7)  fulx) < (1-5) gk(x).

We shall show that this leads to a contradiction. By (37), there is a point
a=(ay,...,ar) = Ax, A > 0, such that f,(a) = 1 and

-1
(38)  gk(a) = ga((a;,aj)) > (1-5)
for somei,j = 1,...,k, i < j. Leta = n;j/ng,1, p = nj/ngq. Since a €
M (n), we have (a;,a;) € By(a,B).
First, we consider the case 4;4; > 0. By Lemma 2 of [1]
(39)  Bi(w,B) CCi:={x € R*: [|x]]o < 1}
and thus
{(xz-,x]-) S Bl(oc,,[%) D XX > 0} C {(xz-,x]-) S E% DXiXj > 0},

which contradicts (38).
Let us now consider the case 4;a; < 0. Suppose a; = —ta;. We may
assume without loss of generality that

@) (1-5)'-1<t< ((1—%)’1—1)_1.

Otherwise (a;,a;) ¢ C; and we get a contradiction with (39). Since (1 —
B)/(1+ ) tends to 0 and (1 + B)/(1 — «) tends to infinity as ¢ tends to 0,
we have

=)

for 6 small enough. Then y(a;,a;) € +L; for some y > 1. Further, for any ¢
from the interval (40)

1
X(t) — m, asd — 0.

Since g»(1/(1+1t), —t/(1+t)) = 1, we obtain a contradiction with (38) for
all sufficiently small é. O
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Lemma 8.3. For any € > 0, there is an arithmetic progression P and a sequence
of primitive integer vectors n(t) = (n1(t), ..., ng(t), ngs1(t)), t € P, such that
h(n(t)) — oo and for all sufficiently large t € P, for every non—zero vector
v € A(n(t)) the following holds

fuiry(0) > (1 =€) {nm(t)A(E’f)}_ :

G

Proof. Choose rational numbers 1 —é(€) < a3 < ap < --- < ap < 1and
apply Theorem 1.1 to the lattice A = A(EF), the basis {b1, ..., b} of A and
the numbers a7y, a, ..., ;. This yields an arithmetic progression P and a
sequence of primitive integer vectors n(t), t € P such that h(n(t)) — oo
and the corresponding lattices A(n(t)) have bases a;(t), ..., ax(t) where

bij 1Y ..
41) aij(t):dt—f—O(tz>,z,]:1,...,k.
Here d € N is such that db;j, da;b;; € Z for alli,j = 1,..., k. Moreover,

a;(t) == ml) _v0 (1) .

M (t)

Thus for sufficiently large ¢,
n(t) n(t)
1-4(e) < <...<
( M1 (t) M1 (t)
We now show that for sufficiently large t € P
€ _
(42 M(EL A1) > (1 5) fmaa(DAED} .
The equality (41) implies that
dtA(n(t)) — A, as t — oo, t € P.
Thus, Lemma 1.3 implies that

A (EY, dtA(n(t))) — 1, ast — oo, t € P.

< 1.

B

Since
M (L An(e)) = HELAAC))

and by (3),
dt = (ng1(t) detA)% (1 +0 <1>>k ,

the inequality (42) holds for all sufficiently large t. By Lemma 8.2 and (42)
for sufficiently large t € P for every non-zero vector v € A(n(t)),

Fun(@) > (1= 5) 84(0) = (1= §) Ar(EL A(n(0)
> (1= &) {mesa (A(E])}F.
The proof of the Lemma 8.3 is complete. O
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After these preparations, the proof of Theorem 1.6 is rather simple. We
shall show that for every € > 0 the sequence {n(t) };p obtained in Lemma 5
satisfies (32) for all sufficiently large t. Let t € P and let p,q € Z¥! be lin-
early independent vectors such that n(t) = up 4+ vq with u,v € Z, that is
n(t) € A(p,q). Since the vector n(t) is primitive, it can be extended to a
basis of the lattice S(p, ) N Z**! by an integer vector m. Consider the poly-
gon IT = TI(m,n(t)) given by (33). By Minkowski’s lower bound for the
product of successive minima and since V,(IT) < 4A(II), for all linearly
independent integer vectors (x1,y1) and (x2,12),

f[h(yim —xin(t)) > M(TLZ2) A (11, Z%) > 2(Vo(IT)) ! >
i=1

(A(IT)~"

Since p,q € A(m,n(t)), we have that

@3)  h(p)h(g) > (D)

By (4), for all sufficiently large t we have h(n(t)) = ng1(t). Finally, by (43),
(36) and Lemma 8.3, for sufficiently large t, we get

h(p)h(q) > 1

Wyt > 2 ) o elm) > 1-e

(k+1)F

ACKNOWLEDGEMENT

The authors wish to thank Professor A. Schinzel for many valuable com-
ments and suggestions.

REFERENCES

[1] L. Aliev, On a Decomposition of Integer Vectors I, Bull. Pol. Ac.: Math. 49 (2001), 151-
157.

[2] I. Aliev, On a Decomposition of Integer Vectors, II, Acta Arith. 102 (2002), 373-391.

[3] I. Aliev, M. Henk, Successive minima and best simultaneous Diophantine approxima-
tions, Monatsh. Math., 147 (2) (2006), 95-101

[4] I Aliev, A. Schinzel, W.M. Schmidt, On Vectors Whose Span Contains a Given Linear
Subspace, Monatsh. Math., 144 (2005) no. 3, 177-191.

[5] E. Bombieri, J. Vaaler, On Siegel’s Lemma, Invent. Math. 73 (1983) 11-32, Addendum,
ibid. 75 (1984), 377.

[6] S. Chatadus, A Note on a Decomposition of Integer Vectors, Bull. Pol. Ac.: Math. 35
(1987), 705-707.

[7] S. Chaladus, A. Schinzel, A Decomposition of Integer Vectors II, PLISKA Studia Math-
ematica Bulgarica 11 (1991), 15-23.

[8] P. M. Gruber, C. G. Lekkerkerker, Geometry of Numbers, North—-Holland, Amsterdam,
1987.

[9] E. Hlawka, Grundbegriffe der Geometrie der Zahlen, Jber. Deutsch. Math.—Verein. 57
(1954), 37-55.

[10] W. B. Jurkat, On Successive Minima with Constraints, Analysis 1 (1981), 33—44.



46 ISKANDER ALIEV AND PETER GRUBER

[11] W. Kratz, Sukzessive Minima mit und ohne Nebenbedingungen, Monatsh. Math. 91
(1981), 275-289.

[12] W.Kratz, On Optimal Constants for Best Two-Dimensional Simultaneous Diophantine
Approximation, Monatsh. Math. 128 (1999), 99-110.

[13] K. Mahler, On the Successive Minima of a Bounded Star Domain, Annali Mat. Pura
Appl. (4) 27 (1948), 153-163.

[14] A. Schinzel, A Decomposition of Integer Vectors, IV, J. Austral. Math. Soc. 51 (1991),
33-49.

[15] A. Schinzel, A Property of Polynomials with an Application to Siegel’s Lemma,
Monatsh. Math. 137 (2002), 239-251.

[16] W. M. Schmidt, Diophantine Approximation, Springer-Verlag, Berlin, 1980.

[17] A. C. Woods, The Anomaly of Convex Bodies, Proc. Cambridge Phil. Soc. 52 (1956), 406—
423.

SCHOOL OF MATHEMATICS, UNIVERSITY OF EDINBURGH, JAMES CLERK MAXWELL
BUILDING, KING’S BUILDINGS, MAYFIELD ROAD, EDINBURGH EH9 3]JZ, UK.
TEL.: +44/131/650-5056 FAX: +44/131/650-6553

E-mail address: 1.Aliev@ed.ac.uk

INSTITUT FUR DISKRETE MATHEMATIK UND GEOMETRIE E104, TECHNISCHE UNIVER-
SITAT WIEN, WIEDNER HAUPTSTRASSE 8-10, A-1040 WIEN, AUSTRIA.
TEL.: +43/1/58801-104 06 FAX: +43/1/58801-104 96

E-mail address: peter.gruber@tuwien.ac.at



